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Abstract. We prove that the mixed isomorphisms of Daemi, Fukaya and Lipyanskiy type
between framed instanton homology and the Lagrangian Floer homology of a Heegaard split-
ting intertwine the integral instanton cobordism maps, oriented by almost-complex struc-
tures, with signed symplectic cobordism maps, up to chain homotopy and one overall sign
for each cobordism. This holds for every connected cobordism between connected three-
manifolds carrying a framed arc and an SO(3) bundle trivialized along the ends and the arc.
Where the integral framed instanton homology is nonzero, the symplectic maps are signed
counts of holomorphic triangles, with the Lagrangian correspondence of a compression body
as one boundary condition for one- and three-handles. At three-manifolds whose integral
framed instanton homology vanishes, the complexes are contractible and the maps are zero.
The orientations are transported from the gauge theory through the mixed anti-self-duality
and holomorphic curve equation. Consequently these maps form a projective functor on ho-
mology, independent of the handle decomposition up to sign. The unsigned analysis is that of
the comparison modulo two; the new input is that two degenerations of the mixed equation,
the collapse of a compression body and excision along a torus, preserve orientations. Where
this homology is nonzero, we also prove that the sign by which the orientations change when
a sphere is attached to a strip is constant under small perturbations and invariant under
reversing the splitting. The relation with homology-oriented integral instanton maps is left
open.
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1. Introduction

1.1. The integral comparison. Let M be a closed connected oriented three-manifold.
The framed instanton construction of Kronheimer and Mrowka [KM11a, Section 4.1] re-
places M by M# = M#T 3 and uses an SO(3) bundle which is trivial on M and odd
on a torus in the added summand. A Heegaard splitting determines two Lagrangians in
the moduli space of flat connections on the stabilized surface. Daemi, Fukaya and Lipyan-
skiy construct an isomorphism between the resulting gauge and symplectic Floer homolo-
gies [Flo88a, Flo88b], an instance of the Atiyah–Floer conjecture [Ati88], by counting solu-
tions of a mixed equation [DFL21]. The mixed equation couples the anti-self-duality equation
on a four-dimensional region to a holomorphic curve equation on a surface; the two solutions
have matching flat boundary values.

Floer homologies over Z carry information that is invisible modulo two: every count is
a signed count, and the signs come from coherent orientations of determinant lines. The
construction of [DFL21] gives an integral map for each three-manifold. Functoriality with re-
spect to four-dimensional cobordisms is a separate question. The companion paper [Wue26a],
referred to as Paper I, answers it over the field F2 of two elements: isomorphisms of the type
of [DFL21] intertwine the Kronheimer–Mrowka cobordism maps with maps defined by holo-
morphic curves alone. These maps count holomorphic triangles for two-handles, and for one-
and three-handles holomorphic triangles with the Lagrangian correspondence of a compres-
sion body as one boundary condition; we call the latter compression cups and caps. The
analysis of Paper I rests on two degenerations of the mixed equation: a compression body
collapsing next to a holomorphic strip, and excision along a torus.

This paper proves the integral version, up to one overall sign for each cobordism. The
symplectic maps are the same geometric counts, now with orientations; they are not defined
by conjugating instanton maps through the isomorphism. Three orientation questions arise.

(i) The action of the lifting class used in framed instanton homology, the class in
H1(M#;Z/2) whose action by bundle automorphisms is divided out in [KM11b,
Section 5.1], must preserve orientations, so that the quotient complex is defined
over Z. This is settled by the invariance of the almost-complex orientations under
bundle automorphisms (Section 4), by Proposition 4.2 for the conversions, and by
Proposition 5.4 on the symplectic side.

(ii) The two degenerations must preserve the orientations of individual solutions. This is
the content of Theorems B and C.

(iii) The orientation system transported through a reflected mixed domain must be com-
pared with the dual of the original system. The compression cup supplies a tensor,
and this comparison turns it into a map CF (M,p) → CF (M+, q), the form in which
Paper I states the cup. This is Theorem D.

An unspecified sign on each generator would not suffice: the ambiguity in a cobordism map
must be a single sign.

On the gauge side we use the almost-complex orientations of Kronheimer–Mrowka [KM11b,
Section 5.1], which are invariant under bundle automorphisms. The almost-complex struc-
ture on a cobordism is fixed near the odd torus, and its restrictions to the ends need not be
the reference structures of the objects. We therefore compose with the isomorphism of orien-
tation lines between the two structures, called a conversion. When the index of the operator
interpolating between the two structures is odd, the position of the conversion relative to the
generator orientation line changes the map by the grading operator rather than by a sign

(Section 4). We write I#J for the resulting gauge functor.
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1.2. Statement. The category B is described in Section 2. An object is a closed connected
oriented three-manifold with the framing data needed for its torus summand. A morphism is
a connected oriented cobordismW equipped with a normally framed arc ν joining its ends and
an SO(3) bundle E trivialized at the ends and along the arc. A presentation p consists of a
Heegaard splitting, metric data, small primary holonomy perturbations and regularizing data.
A presentation is small if it is regular and its primary perturbation has norm below a radius
that depends only on the splitting and the metric data (Definition 2.4); small decompositions
of a cobordism are words of elementary moves through small presentations (Section 13.1).

Write CG(M,p) for the integral gauge complex with the almost-complex orientation con-
vention, and CF (M,p) for the symplectic complex with transported orientations. The graded
homotopy category K(Z) and the notation F ≃ ±G are defined in Section 3. For a small de-
composition d of a cobordism, Sd(W ) is the composite of signed holomorphic triangle maps,
compression cups, compression caps, continuation maps, and the pushforwards and conver-
sions induced by frame changes, that is, changes of the trivialization of the bundle at an end
(Section 2), and by other isomorphisms of decorated data (Section 14).

Theorem A (Integral comparison). Orient the gauge complexes by almost-complex structures
and the symplectic complexes by transport through the mixed equation, and let the presenta-
tions be small. Then the mixed maps

Np : CG(M,p) −→ CF (M,p)

are isomorphisms of finite free integral complexes. For every morphism (W,E, ν) :M0 →M1,
small endpoint presentations p0, p1, and small decomposition d, one has

(1.1) Np1I
#
J (W,E, ν) ≃ ±Sd(W,E, ν)Np0 in K(Z).

The sign is one sign for the entire map. Consequently the symplectic maps are independent of
the decomposition up to sign and chain homotopy. On homology they define a projective func-

tor and H(N) is a projective natural isomorphism from I#J to that functor. Each symplectic
homology map has the parity of the corresponding gauge map.

At objects with nonzero integral gauge homology the symplectic maps are the geometric
maps of Paper I with the orientations constructed here. If the integral gauge homology van-
ishes, the complex is contractible; maps incident to it represent the zero morphism in K(Z),
with the convention of Section 12.5. Reduction modulo two recovers the maps of Paper I, up
to chain homotopy in the contractible case.

The Euler characteristic of the framed instanton homology of a rational homology sphere
M is |H1(M ;Z)| [Sca15, Corollary 1.4], so the integral homology is nonzero for every rational
homology sphere; it is also nonzero for #k(S1 × S2) [Sca15, Section 7.8]. Whether framed
instanton homology is nonzero for every closed three-manifold is an open question [Yan23,
Question 1.5]. If the integral gauge homology of an object vanishes, so does its framed
instanton homology with complex coefficients; such an object would answer that question in
the negative. The second paragraph of Theorem A covers this case.

The qualifier “projective” has the usual meaning: maps are identified with their negatives.
Multiplying individual elementary maps by signs is permitted, whereas multiplying different
matrix entries by unrelated signs is not; the composition identities hold up to these signs.

1.3. The orientation comparisons. Theorem A rests on three further statements. The
first two say that the two degenerations of Paper I preserve orientations; the third compares
the transported orientations with their reflections.
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For a two-handle cobordism the mixed domain of the comparison contains a compression
body C next to a holomorphic strip. Paper I shows that, as the metric on C collapses, the
regular index-zero solutions correspond bijectively to those of a limiting problem in which
C is replaced by the Lagrangian boundary condition L(C); stretching ordinary necks then
separates the holomorphic triangles with boundary on the two Heegaard Lagrangians and
on L(C). The limiting solutions carry the orientation induced from the mixed orientations
through the collapse (Definition 7.2).

Theorem B (Orientations under collapse). The orientation of Definition 7.2 is well defined
and coherent at breaks, and the collapse bijection of Paper I between regular index-zero mixed
solutions at small collapse scale and regular index-zero solutions of the limiting problem is
orientation preserving. This holds compatibly with ordinary gauge and strip gluing and in
compact parameter families.

Together with the integral identification of the pieces into which the limiting domain splits
(Lemma 7.6) and of the gauge two-handle map with a triangle map (Lemma 7.7), Theorem B
gives the two-handle square (Theorem 7.8): for a two-handle cobordism the gauge two-handle
map and the holomorphic triangle map are intertwined by the mixed maps in K(Z), up to
one sign.

For one-handles the comparison passes through a mixed domain whose gauge input is a
connected sum along a torus. On the gauge side such a manifold is split by Floer’s excision
theorem, in the form of [KM11b, Theorem 5.6]. Paper I proves the corresponding excision
for the mixed equation over F2 by stretching a torus collar. Let M+ be obtained from M
by k one-handles. The two sides are the torus-summed objects (−M)# and (M+)#, and the
closed cut is Z ∼= (−M)#M+#T 3 (Section 2.5). The folded pair has product Lagrangians

Ai = P̃−
i ×Ri ⊂ X = M−

h ×Mg.

Write N± for the mixed maps of the two sides and NZ for the mixed map of (A0, A1),
with gauge input Z. Let E be the Kronheimer–Mrowka reverse excision map from the tensor
product of the two gauge complexes to the gauge complex of Z. The output complex of the
folded pair is a complex in X. Its identification Kr with the tensor product of the symplectic
complexes has degree |Θ|, the parity of the conversion Θ at the cut. It is canonical up to one
sign and absorbs the conversion’s orientation line (Section 8). Here and below ⊗r uses the
Koszul rule of Section 3, in which signs arise from passing the right-hand factor.

Theorem C (Oriented torus excision). After the conversion at the cut, the mixed map NZ

of the folded pair composed with reverse excision is chain homotopic over Z, up to one sign,
to the tensor product of the mixed maps of the two sides:

KrNZE ≃ ± (N− ⊗r N+).

The chain homotopy is assembled from signed counts of isolated solutions in explicit one-
parameter families, composed or tensored with closed maps (Theorem 8.15).

The third statement concerns the sphere character : the sign by which a coherent ori-
entation of strips changes when a sphere representing the generator of π2(Mh) is attached
(Definition 10.1). For orientation systems induced by relative spin structures, the effect of
sphere bubbling is governed by the background class [FOOO09, Chapter 8], [WW15a]. The
transported system is defined through gauge theory and is not known to be of this form, so
the sphere character has no a priori topological formula; Theorem D uses only its constancy
and its invariance under reflection. The character matters because a coherent continuation
orientation system with prescribed ends exists exactly when the sphere characters at the
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two ends agree (Lemma 12.1). Reflection interchanges the two compression bodies; p̄ is the
resulting presentation of −M .

Theorem D (Reflection and the diagonal cup). Let M have nonzero integral framed in-
stanton homology, and fix a Heegaard splitting, metric data and the reference almost-complex
structure. For primary perturbations in the small ball (Definition 2.4), the sphere character
does not depend on the perturbation, and it is unchanged when the two compression bodies
are exchanged. Consequently there is an isomorphism

Φp : CF (−M, p̄) −→ CF (M,p)∨,

unique up to one overall sign and compatible with the orientations of the determinant lines
over all strip configurations. With Φp, the compression cup of the trivial compression body
(k = 0), whose correspondence is the diagonal, is chain homotopic, up to one sign, to the
symplectic continuation map.

Theorem D needs only that the sphere character is constant in the perturbation and agrees
across a fold; its value is not computed, and no relative spin structure on the compression
correspondence is chosen.

1.4. Strategy. The main new ideas are the constancy and reflection invariance of the sphere
character (Sections 10 and 11), which make the reflection pairing and the identification of
the diagonal cup with continuation possible; the comparison of orientations under collapse
through a two-parameter family of operators (Section 7); and, for excision, the identification
Kr of degree |Θ|, which absorbs an odd conversion at the cut and is read off at a single constant
configuration (Section 8). Because orientations must be transported along configurations
that are not solutions, about a third of the paper is linear analysis on configuration spaces
(Section 5 and Appendices A and B).

The mixed isomorphism (Section 6). The integral mixed map has a unit diagonal in the
filtration used in Paper I. The diagonal configuration is a constant pair, and its orientation
is the canonical orientation of an invertible operator. An odd integer on the diagonal would
give a mod-two isomorphism but not an integral one; the unit diagonal gives the integral
isomorphism.

Collapse (Section 7). Determinant lines are transported through the collapse family, from
the preglued configurations to the solutions. The continuity needed is continuity over smooth
configurations with all derivatives controlled on compact sets and prescribed asymptotics;
strong convergence of solutions alone does not identify the operator families. The preglued
configuration is not a solution, and the chart in which the contraction runs is not the chart
that defines the determinant bundle. Both are interpolated in a two-parameter family of
Fredholm operators that is invertible on three edges of a square (Proposition 7.4), so transport
carries the canonical orientation at the preglued configuration to the canonical orientation
at the solution (Lemma 7.3). The collapse plays the role, for the mixed equation, that strip
shrinking and the composition of seam conditions play in quilted Floer theory, where the
corresponding orientation comparison is made in [WW15a].

Excision (Section 8). On the joined torus domains every solution carries two orientations.
The closed-cut orientation combines the gauge orientation of the reverse excision cobordism,
the conversion at the cut and the orientation of the closed-cut piece; along a long closed
neck its counts become NZE. The product orientation combines the orientations of the two
separate domains across torus completion; at large width its counts are N− ⊗r N+. The two
are related by one isomorphism of lines for each output, read off at the joined constant pair,
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and these isomorphisms assemble into the closed map Kr. The one-parameter families of
Paper I supply the homotopies.

Reflection and the cup (Sections 9–12). A folded triangle in M−
h ×Mg, the folded form of a

quilted triangle with seam condition L(C), gives a tensor in the product of the reflected source
complex and the target complex. Excision identifies this tensor with a relative invariant of
the one-handle filling, which gives a cup formula before any reflection pairing is inserted. It
remains to identify the pairing with the one for the symplectic continuation maps. We prove
that the sphere character is constant under small changes of primary data, and then compare
it across a fold. The doubled folded triangle is a disc with two outgoing strip ends, modelled
on the reflected lower presentation and on the upper one. A sphere attached near one end can
be moved through the unfolded disc to the other end, at zero collapse scale, where the image
of the diagonal is an interior line of the unfolded disc; since node gluing and the transported
orientation are continuous along the move, the two sphere characters agree (Proposition 11.2
and Figure 2). Nonvanishing homology enters here: a generic path of primary perturbations
has a finite subdivision on each piece of which some intersection point persists (Lemma 10.5),
and the character is read off at these points. Lemma 12.1 then identifies the diagonal cup
with continuation. The cup formula gives naturality under small changes of primary data,
the inverse relation between the reflected mixed map and Np, and the one-handle square.
Reflection gives the three-handle square.

Descent (Sections 13 and 14). Over Z, equality on homology does not imply that two
chain maps are homotopic. The proof therefore keeps the homotopies supplied by the one-
dimensional moduli spaces and uses the invertibility of the mixed maps only after the ele-
mentary squares have been established.

1.5. Organization. Section 2 sets up the geometric data, states the analytic foundations
(Propositions 2.1–2.3), defines admissibility and lists the results used from Paper I. Sections 3
and 4 fix the sign conventions and the integral gauge functor. Section 5 constructs the
transported orientations, and Section 6 proves that the mixed maps are integral isomorphisms.
Theorem B is proved in Section 7, Theorem C in Section 8, and Theorem D in Sections 9–12.
Sections 13 and 14 prove Theorem A. The appendices prove the analytic foundations, the
relative preparation and shifting, a sign calculation, and the ordinary integral excision of
Kronheimer and Mrowka, with lifting groups, that the mixed excision uses.

1.6. Scope. The almost-complex convention used for I#J is part of the statement. We do
not identify it with Scaduto’s homology-oriented integral cobordism maps [Sca15]: an odd
conversion can introduce a grading operator rather than an overall sign, and Section 4 de-
scribes the additional grading information a comparison would need. We likewise do not
identify Np with the integral map of [DFL21]; their reductions modulo two are compared
in Paper I. Comparison of the transported orientations with the relative-spin orientations
of quilted Floer theory [WW15a, WW10] is a separate question: the curves and correspon-
dences are those of Paper I, but an equality of mod-two counts does not supply an integral
orientation comparison. Disconnected objects, units, counits, closed pairings and nontrivial
bundles on the objects are outside the present statement; bundles on cobordisms may be
nontrivial relative to the trivialized ends.

1.7. Notation. The following symbols are used throughout; the references give the place of
definition.
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M#, ϕM torus-summed object and its lifting group (Section 2)

I#J integral gauge functor with almost-complex orientations (Section 4)
CG(M,p), CF (M,p) integral gauge and symplectic complexes of a presentation p
Np, N

†
p mixed map of p; transpose of the reflected mixed map (Section 13)

K(Z), ≃ ± graded homotopy category; equality up to chain homotopy and one sign
(Section 3)

⊗r tensor product of maps with the right sign rule (Section 3)
grC , Θ, |Θ| grading operator of a complex; conversion between almost-complex

structures and its parity (Section 4)
Σh, Mh stabilized Heegaard surface of genus h and its moduli space of odd flat

connections
h, L(C) primary perturbation; Lagrangian of a compression body C
Ui, Vi, Ch,g, LC compression bodies and correspondence of the one-handle geometry

(Section 2.5)

t, ζi, Ri, P̃i height, height functions, height Lagrangians, lower Lagrangians (Sec-
tion 2.5)

X, Ai, Di, Z product target, folded pair, gauge pieces, closed cut
W±,R, W±,∞, W

J
λ collared, completed and joined torus domains

E, E excision and reverse excision maps of Kronheimer and Mrowka
K, Kr identification of the output lines of the folded pair with those of the

two sides, absorbing the cut conversion; Kr = Kgr|Θ| is the closed form
ϵ collapse scale (Section 7)
LG(a), LS(x), o(L) orientation lines of a gauge generator and of an intersection point; group

of orientations of a line L
Γc transported orientation of a configuration c (Section 5)
B, r∗, rχ ball of primary data on which the sphere character is constant, its

radius, and the small radius (Sections 10 and 13.1)
θG, θS , SW2

two-handle top cycles and triangle map (Section 7.1)
UC , VC , ǓC , np compression cup and cap, unpaired cup, transposed reflected mixed

map (Sections 9 and 12)
χp, κp, Φp sphere character, reflection ratio, reflection isomorphism (Sections 10–

11)
Sd symplectic map of a small decomposition d (Section 14)
(I1)–(I15) principal results used from Paper I (Section 2.7)

2. Geometric data and analytic foundations

2.1. Framed objects and cobordisms. Fix an oriented ball inM and formM# =M#T 3

along that ball. Write T ◦ = T 3 \ intB3. Choose a torus T0 ⊂ T ◦, a neighbourhood N(T0),
and an odd bundle PT → T 3 with ⟨w2(PT ), [T0]⟩ = 1. The bundle PM →M# is obtained by
joining PT to the trivial bundle on M . The lifting class

αM = PD[T0] (mod 2) ∈ H1(M#;Z/2)

acts on the determinant-one configuration space by bundle automorphisms that do not lift
to determinant-one gauge transformations; the framed complex uses the quotient by ϕM =
⟨αM ⟩, as in [KM11b, Section 5.1]. A class in H1( · ;Z/2) acting in this way is called a lifting
class, and a group of such classes a lifting group.

For (W,E, ν) as in the introduction, remove a tube around the normally framed arc and
insert T ◦×[0, 1]. Denote the result by (W#, E#). The lifting subgroup ϕW is the one induced
by this torus tube, with the endpoint restrictions ϕMi . At an intermediate disconnected cut
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we retain the full subgroup specified by the tube; it need not be the product of the groups
on the components. This distinction is essential in the excision calculation in Section 8.

The category identifies isomorphic decorated cobordisms and uses gluing along the fixed
endpoint data for composition. The connected source and target condition permits a handle
decomposition with one-, two-, and three-handles, together with changes of presentation. As
in Paper I, elementary words also include metric changes, Heegaard moves and frame changes.
A frame change of an object M is a map u : M → SO(3) equal to 1 near the fixed ball; it
changes the trivialization of the bundle at an end and defines a morphism [u] : M → M
(Paper I, Section 4.5). On the symplectic side it acts through the symplectomorphisms of Mh

induced by bundle automorphisms. A filling frame of a two-handle cobordism trivializes the
bundle over the pieces of the standard decomposition, with a transition of the bundle’s lifting
class over one of them (Paper I, Definition 4.6); the global frames are the trivializations over
the two ends obtained from it (Paper I, Section 4.4). The presentation graph is connected
and the gauge cobordism map is independent of such a word. These are the geometric inputs
to the descent at the end of the paper.

2.2. Compression bodies and the symplectic complex. IfM = H0∪ΣH1 is a Heegaard
splitting, adjoin [0, 1] × T 2 to each handlebody. The resulting torus compression bodies Ci

have boundary Σh ⊔ T 2, where Σh is the stabilized Heegaard surface and h is its genus, one
more than that of Σ. Let Mh be the moduli space of flat connections on the odd SO(3)
bundle over Σh, with the lift convention of [DFL21, Section 2]. Its symplectic form is the
usual Atiyah–Bott form. Restriction of flat connections on Ci gives a Lagrangian L(Ci) ⊂ Mh.

Primary perturbations hi are finite sums of averaged holonomy functions supported in C◦
i ,

away from the fixed collars; they move the Lagrangians. Their critical equations are

(2.1) ∗3FB +∇Bhi = 0.

We use a sign-sensitive trace convention for fixed-determinant U(2) holonomy: on each solid
torus choose a continuous square root of the determinant holonomy and take the trace of
the resulting SU(2) part. The choices are made once for the finite family. Equation (2.1)
determines perturbed Lagrangians Pi = Lhi(Ci). At transverse data, their intersection points
correspond to the gauge critical orbits. Secondary perturbations are holonomy perturbations
supported in the interior of a mixed domain, away from the matching boundary and the
collars, or, on a gauge cobordism, in compact collars of its ends as in [KM11b, Section 3.7];
they make the moduli spaces regular. End perturbations are the perturbations of the Floer
equation on the gauge ends. The regularizing data of a presentation are its end perturbation,
the cutoff of the end perturbation in the mixed equation, and its secondary data; as in Paper I,
Section 3.5, the secondary data may include a compact deformation of the almost-complex
structure of the section away from the matching line.

For each intersection point x, let ax be the corresponding gauge critical point and LG(ax)
its real determinant line. For a real line L, write o(L) for the rank-one free abelian group
generated by its two orientations with the relation [−o] = −[o]. The integral symplectic chain
group is

(2.2) CF (M,p) =
⊕

x∈P0∩P1

o(LG(ax)).

The differential counts rigid strips with the transported orientation system of Section 6. The
mod-two reduction of (2.2) is the chain group of Paper I.
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2.3. Mixed configurations. A mixed domain consists of a gauge region and a symplectic
surface meeting along a matching boundary. On the gauge side a connection satisfies a
perturbed anti-self-duality equation. On the symplectic side a map to Mh, or to a product
of such spaces, satisfies a perturbed Cauchy–Riemann equation. Along a matching boundary
the surface restriction of the connection is flat and represents the value of the map. A
piece, end or configuration is ordinary if it is purely gauge-theoretic or purely symplectic, as
opposed to mixed. At ordinary ends we prescribe irreducible nondegenerate gauge limits or
transverse Lagrangian intersection points. At a mixed end the asymptotic values range over
a critical manifold; we keep them as finite-dimensional stationary coordinates, separate from
the decaying part, as in the extended weighted spaces of [DFL21, Definition 3.9].

The mixed domain on which Np is defined is the special quintuple of [DFL21, Section 3.1];
a domain of DFL type has the same pieces and ends, up to compactly supported changes
of the seam placement and of the neck lengths and to the translation-invariant data on the
mixed ends, with the metrics and data allowed in (I1). The mixed domains used below are
the domain defining Np, mixed and folded triangles, their strip gluings, the closed-cut mixed
domain, the finite-width torus domains, their completed limits, and the collapse families. We
also use ordinary strips, continuation strips, and the disks obtained by doubling and capping
a folded triangle. Statements about determinant lines apply on configuration spaces, not just
on their solution subsets.

We use the smooth topology on these spaces: in fixed end trivializations all derivatives
converge on compact sets, the asymptotic limits converge with their parameters, and the
decaying parts converge in the chosen weighted norms at every derivative order. On a com-
pleted torus domain of Paper I, Definition 10.1(b), the torus tail T × [0,∞)r × Rθ is one of
these ends, with limit the odd flat connection α: in the fixed product trivialization of the tail,
the difference of the connection from α is a decaying part, measured in Hm

δ with the weight
τ0(θ) of Paper I, Definition 10.1. A continuous compact family means a family continuous
in this topology. Sobolev completions are used locally to construct Fredholm operators and
determinant lines. They do not replace the smooth topology when a holonomy family is
differentiated repeatedly.

2.4. Analytic foundations and shifting. The unsigned moduli spaces, their energy-index
estimates, and the low-dimensional compactifications are those of Paper I. The linear analysis
used in addition is collected in the next proposition. It is proved in Appendix A from
the local theory of [DFL21, DFL24], the end models of Paper I, and standard results on
pseudoholomorphic curves. The comparison at affine centres and the independence of the
end weights, described after the proposition, are Propositions 7.4 and 5.3, proved in Section 7
and Appendix A.10.

Proposition 2.1 (Analytic foundations). For each domain listed above, and each compact
family of smooth configurations and data used below, the following hold. The families may
vary the almost-complex structures and perturbations smoothly, the metrics among those
which near every matching seam are products up to a conformal factor depending on the
base coordinates, the finite torus lengths and widths in compact ranges, and the collapse scale
in compact intervals of positive scales; on the completed torus domains they are compact in
the topology above.

(a) Every smooth configuration with fixed asymptotics has local matching-boundary charts.
The realized operators of Definition 5.1 and their formal adjoints on the dual weighted
spaces satisfy local estimates and compact-remainder estimates uniform on the family.
They are Fredholm, their kernels and cokernels consist of smooth elements, and they
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form continuous families. Changes of chart and the permitted changes of realization
give the same determinant line.

(b) At ordinary ends the weights lie in common spectral gaps; at mixed ends the station-
ary coordinates are separated from the decaying part. The scalar Neumann operator
d∗AdA is invertible on the weighted spaces at every configuration whose restriction to
an odd surface or torus collar is irreducible, with bounds uniform on the family. Reg-
ular zero-dimensional solutions and the constant reference pairs with no secondary or
inhomogeneous data have invertible realized operators, including the constant pairs on
the finite, completed and joined torus domains and on the closed-cut piece; by openness
the same holds for sufficiently small data. For the preglued families of Lemma 8.5 the
estimates of (a) are uniform as the torus lengths tend to infinity, with the completed
domains as limits. At positive collapse scale the estimates are uniform on compact
intervals of scales bounded away from zero. The zero-scale limit domains are included.

(c) The pure symplectic continuation, cap and strip-gluing moduli spaces have regular
low-dimensional compactifications, with no additional bubbling boundary in the di-
mensions used here, and along the gluing paths from preglued configurations to regu-
lar solutions determinant transport preserves the canonical orientations. Let a disc
contain an interior node and be separated from the matching and boundary collars.
Then the real Cauchy–Riemann part of a mixed or pure operator glues at the node:
the determinant lines form a continuous line bundle in the plumbing topology, the
node contributes its complex fibre, canonically oriented and even, and node gluing is
associative and commutes with ordinary strip gluing.

The weights lie in the signed spectral gaps of the ends, the adjoints use the opposite
signed weights, and every stationary and parameter column lies in the weighted target. The
fixed-positive-scale comparison at affine centres (Proposition 7.4) uses one sufficiently small
weight in the indicial gaps; independence of the weight within the full spectral gap is proved
for solutions and their counts (Proposition 5.3). The constants are uniform on each fixed
compact family. As the collapse scale tends to zero the estimates of (b) are not uniform;
Lemma 7.1 works with the logarithmic loss of Paper I.

The second input concerns relative preparation and shifting in families. Daemi, Fukaya
and Lipyanskiy state the one-input shift on their special quintuple, the model mixed domain
of [DFL21, Section 3.1] on which their isomorphism is defined, and sketch its family version
[DFL21, Lemmas 4.62 and 4.64]; the domains, topology and families used here, and the
several-input form, are not covered there. The following proposition is proved in Appendix B.

Proposition 2.2 (Relative preparation and shifting). Let a compact family of smooth con-
figurations be given on one of the domains below, with fixed asymptotic labels, where the data
and geometry may vary as in Proposition 2.1.

(a) On a one-input mixed domain (the domain defining the mixed map, a separate finite
or completed torus domain, or the closed-cut piece with its ordinary input Z), relative
preparation makes the original tails stationary beyond a common cutoff, preserving
members already stationary there. The subsequent shift deforms the family to gauge
paths followed by a constant mixed pair Cc, where c is a representative of the critical
point over the output label (Appendix B), keeping members which are already of this
form in that subspace.

(b) On the triangles and folded triangles at positive collapse scale, and on the finite-width
joined torus domains, the deformation of Definition 5.5 retains the ordinary cobordism
and reaches the reference configuration described there, taken for the torus domains
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at the closed cut of (I2); its relative form preserves the subspace of configurations
already of that form.

These deformations are continuous in the topology of this section jointly in configurations
and data, and coherent with ordinary gluing at the gauge input.

Coherence of the orientations at the output end is proved in Proposition 5.4 for the domains
of (a), after Proposition 5.4 for the triangles, and in Lemma 8.3(ii) on the joined torus
domains.

Limiting triangle orientations are not obtained by shifting to a constant triangle; they are
defined by inverse collapse (Definition 7.2).

Section 8 uses Propositions 2.1 and 2.2 on the separate, completed and joined torus domains
and on the closed-cut piece; its opening paragraph describes how they enter.

Proposition 2.3 (Ordinary determinant-one self-gluing). Consider the nonsingular gauge
cobordisms and designated closed cuts in the torus-excision construction of Section 8. Fix
the ordinary Floer data on the original ends, including their trajectory perturbations. The
end critical sets are finite, irreducible and nondegenerate, the low-dimensional trajectories are
regular, and the restricted lifting groups act freely on these sets. There are compatible data
on the new torus ends and invariant secondary perturbations, supported in fixed compact end
collars, for which the cut moduli spaces and the required parameter families are regular. For
these choices the following hold.

(a) For fixed regular cut data and all sufficiently large neck lengths, the index-zero so-
lutions are exactly the gluings of matched determinant-one cut solutions on the pre-
scribed bundle. The gluing fibre is the torsor of Lemma D.1, and the neck-length
threshold can be chosen uniformly over all index-zero solutions.

(b) Determinant gluing uses the graded symmetry of Section 3. Its signs are determined
by the ordered degrees and the fixed orientation choices. In the nonseparating torus
case the determinant-one count is twice the graded partial trace, before the larger
lifting-group quotient is taken.

(c) Relative regular families give the integral composition and change-of-data homotopies.
In a family the data parameter is shared by the pieces and occurs once in the lineariza-
tion.

The proof is in Appendix D. It applies the ordinary instanton compactification of [KM11b,
Section 3.9] and its signed self-gluing formula [KM11b, Proposition 5.5]. Regular cut data
are essential: nondegeneracy of the end critical points alone does not regularize a cut so-
lution. Part (c) is a statement about parametrized moduli spaces, rather than a pointwise
gluing bijection in every fibre of a family that is regular as a parametrized family. Neither
Proposition 2.1 nor Proposition 2.2 is used in this proposition.

2.5. The one-handle geometry. The one- and three-handle comparisons, and the excision
of Section 8, use the following geometry from Paper I, Section 10.1.

Compression bodies. Let a presentation p of M consist of torus compression bodies U0, U1

with boundary Σh ⊔ T 2, h ≥ 2. For k ≥ 0 let C = Ch,g, g = h + k, be a compression body
from Σh to Σg which adds k one-handles, and put Vi = C ◦ Ui. Then V0 ∪ (−V1) is the

torus-summed object of M+ =M#k(S1 × S2). Restriction of flat connections on C gives an
embedded Lagrangian correspondence LC ⊂ M−

h ×Mg.
Height Lagrangians. The clean intersection L(Vi) ∩ (L(Ui) ◦ LC) is a copy of SU(2)g−1.

Choose a primary perturbation ζi of Vi, the height function, whose restriction to it is a
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product Morse function with 2g−1 critical points. For small t > 0 perturb the primary data
of Vi by tζi; the resulting Lagrangians Ri ⊂ Mg are the height Lagrangians at height t. The

lower data are perturbed Lagrangians P̃i ⊂ Mh of Ui close to L(Ui).

The folded pair. In X = M−
h × Mg put Ai = P̃−

i × Ri. The incidence conditions require
the three pairs among (A0, LC , A1) to be transverse and their triple intersection to be empty.
Holomorphic triangles in X with boundary on (A0, LC , A1) are the folded form of quilted
triangles with seam condition LC ; the compression cups and caps count them. The gauge
pieces are Di = (−Ui) ∪T 2 Vi, with ∂Di = (−Σh) ⊔ Σg; flat connections on Di restrict
bijectively to pairs of flat connections on Ui and Vi, so L(Di) = L(Ui)

− × L(Vi), perturbed
to Ai. The closed cut of the folded pair is

Z = D0 ∪ (−D1) ∼= (−M)#M+#T 3.

The torus domains (Figure 1). Near the torus component of its matching surface, the
special quintuple XD of a pair of torus compression bodies contains a flat product region
NX = T × [−1, 0]s × Rθ. Since the moduli space of the odd torus is a point, the matching
condition on its face only requires the restriction of the connection to each torus fibre to be
flat. Attaching T × [0,R]r × Rθ along the face gives the collared domain WR, with the same
flat-fibre condition at r = R; for R = ∞ it is the completed domain W∞, whose torus tail
is an end with limit the odd flat connection α. For the two sides, the reflected presentation
of M (subscript −) and the enlarged presentation of M+ (subscript +), the joined domain
W J

λ glues the collars of width λ along their torus faces; the glued collar T × [−λ, λ] × Rθ is
the bridge. The domains W±,R and W±,∞ are called separate. The joined domain has gauge

inputs (−M)# and (M+)# and strip output at A0 ∩ A1. It contains a closed hypersurface
Zcut

∼= Z in its gauge part, which cuts it into the reverse excision cobordism Eλ of Kronheimer
and Mrowka [KM11b, Section 5.3] and a domain Mλ of DFL type for the folded pair with
gauge input Z; see (I2).

2.6. Small presentations.

Definition 2.4. Fix a Heegaard splitting with its metric data. Its small ball consists of
the primary perturbations in the span of a finite family of sign-sensitive holonomy functions,
containing the fixed family F0 of Section 10 and subject to the conditions of Paper I, Defini-
tion 3.3 (in particular containing the family F∗ of (I5)), whose norm (10.2), a Lipschitz norm
of the gradient, is less than a radius rχ > 0. The radius depends only on the splitting and its
metric data, and is transported by isomorphisms of decorated data. A presentation is small
if it is regular and its primary perturbation lies in the small ball of its splitting and metric
data. Small presentations are admissible in the sense of Paper I (see (I5)).

The radius rχ is fixed in Section 13.1, so that the perturbed Lagrangians lie in the neigh-
bourhoods of (I5) and of Section 9. Small fold pairs, compatible handle data and small
decompositions are defined there in terms of small presentations.

2.7. Principal results used from Paper I. The following results of Paper I are stated
there over F2; only their unsigned content is used. In addition, Sections 7 and 8 and Appen-
dix A adapt arguments of Paper I, Sections 7 and 10, to stabilized families of configurations
that are not solutions; each adaptation states which steps change.

(I1) Deformation invariance of the mixed map (Paper I, Lemma 9.7). Let D be a domain
of DFL type for a pair of perturbed compression-body Lagrangians, transverse or
clean as in Paper I, with the end types of the special quintuple and regular invariant
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XD NX collar
flat face

r = R

s r ∈ [0,R]

mixed end, θ → +∞

mixed end, θ → −∞
WR

XD,− XD,+bridge

[−λ, λ]

slices Di,λ on the two arms

W J
λ

Figure 1. The torus region, drawn in the base coordinates (normal coordi-
nate horizontally, the end coordinate θ vertically); every point carries a torus
T with the flat odd connection. Left: the collared domain WR of Section 2.5,
with the flat product region NX of XD, the collar and the flat face at r = R;
for |θ| ≥ 2 (dotted lines) the region lies in the mixed ends. The completed
domainW∞ has R = ∞. Right: the joined domainW J

λ , in which the collars of
the two sides are glued along their flat faces into a bridge of width 2λ. (After
Paper I, Figure 5.)

data, whose metric is conformal to a product near each seam and on each mixed end,
and whose almost-complex structure on the section is ∗Σ near the seams. Then the
index-zero count of D is chain homotopic over F2 to the mixed map of that pair. The
translation-invariant data on the mixed ends may differ from those of the quintuple.

(I2) The closed cut (Paper I, Lemma 10.18). The joined torus domain W J
λ contains a

closed hypersurface Zcut, identified with Z = D0 ∪ (−D1), which separates it into the
reverse excision cobordism and a domain of DFL type for the folded pair (A0, A1)
with gauge input Z.

(I3) Torus completion (Paper I, Theorem 10.32, with Propositions 10.27 and 10.30). For
large collar length and width, gluing gives bijections between the index-zero solutions
on the completed torus domains and those on the collared and joined domains. The
linearized operators at the preglued configurations are invertible with uniform bounds,
and each glued solution is the unique zero of the equation in a ball of fixed radius in
the gluing chart.

(I4) The folded triangle modulo two (Paper I, Theorem 11.8). One has NZ ◦ µW ≃ µX ◦
(N0 ⊗ N1) over F2, where µW is the gauge triangle of the pieces D0, C, D1 and µX
the holomorphic triangle map in X = M−

h ×Mg; here N0, N1 are the mixed maps of
the pairs (A0, LC) and (LC , A1), and NZ that of (A0, A1).

(I5) Admissible neighbourhoods (Paper I, Definition 11.12). Paper I fixes, with each Hee-
gaard splitting, a finite family F∗ of primary perturbations containing the height
functions and having the submersion property of Paper I, Section 3.2; the generic
corrections of the height Lagrangians are taken from its span.

For each sufficiently small height t > 0 there is a C1-neighbourhood N (t) of the
pair of compression-body Lagrangians and of the reflected pair, depending only on
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the splitting, metric data and height functions. For the product compression body
(k = 0), every lower pair in N (t) and every height Lagrangian at height t, with
correction g ∈ spanF∗, |g| ≤ δ(t), satisfy:
(a) the unfolding statements of Paper I;
(b) the auxiliary generators are the nondegenerate critical points of a Morse function

C2-close to t times the height function, with the same indices;
(c) their critical actions satisfy 2maxa,x |Ai(a)−Ai(x)| < 2π2.
For a finite family F ⊇ F∗ the set UF (t) is the path component of zero in the set of
primary data in spanF whose Lagrangians, and those of their reflections, lie in N (t);
the mod-two folded triangle and the mod-two cup formula of Paper I hold at every
regular point of UF (t), for a height Lagrangian of that family satisfying the incidence
conditions, by (I14)(ii), first for end and secondary data below its threshold and then,
on homology, for the prescribed data by Theorem 3.8(ii) and Paper I, Section 11.5.

The admissible neighbourhood U(F ) is the path component of zero in UF (t∗) ∩
UF (t

′
∗) for two heights t′∗ ≤ t∗ fixed with the splitting. It is an open neighbourhood

of zero in spanF , and U(F ) ⊆ U(F ′) for F ⊆ F ′. Admissibility is a condition on the
primary data through the path joining them to zero, not on their Lagrangians alone.

(I6) Uniform stationary gap (Paper I, Proposition 10.7). The stationary operators on the
slices of the mixed ends of the torus domains are self-adjoint with kernel the tangent
space of the critical manifold, and their nonzero spectrum avoids a fixed interval about
zero, uniformly in the collar length and, on the joined slices, in the width λ ≥ λ∗.

(I7) Neck gluing and families (Paper I, Theorems 5.1 and 5.4). For regular pieces joined
along closed or ordinary ends, the index-zero solutions at large neck length are the
gluings of matched index-zero solutions of the pieces, and the count of the joined
problem is the composite of the counts of the pieces; the same holds with one index-
one trajectory or one index −1 member of a family. A family of data on one domain,
with fixed ends and critical data, a compactly supported parameter derivative and
endpoints regular through index one, gives after a small generic perturbation invariant
under the lifting group a chain homotopy between the endpoint counts, counted by
its index −1 solutions, with one boundary branch for each such solution and each
index-one trajectory at an end.

(I8) Collapse inverse and contraction (Paper I, Propositions 7.15, 8.1 and 8.3). Let V
be a regular index-zero solution of the limiting problem. For small collapse scale ϵ
the linearization of the mixed equation at the preglued configuration Wϵ =Wϵ(V ) is
invertible, with inverse bounded by a constant times 1 + log(1/ϵ), and in the strong
norms of Paper I, Section 8.1, by a constant times (1+log(1/ϵ))m+1. In the matching
chart the nonlinear part of the equation has derivative bounded by a constant times
the strong norm on a ball of fixed radius. The contraction gives a unique regular
solution Wϵ+ z∗ in that ball, with ∥z∗∥ bounded by a power of 1+ log(1/ϵ) times the
pregluing error eϵ, which tends to zero as a positive power of ϵ.

(I9) Weighted parameter column (Paper I, Lemma 10.15). The conclusions of the families
statement in (I7) hold for families whose variation is translation invariant on the
mixed ends rather than compactly supported, provided the critical set on each mixed
end is connected and, with a family of stationary references solving the equation,
independent of the parameter, the variation vanishes on the gauge and ordinary ends,
and the stationary operators keep a uniform gap and an energy decay at a rate larger
than the weight.
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(I10) Invariant regularity (Paper I, Theorem 5.6). Under the compactness and gluing hy-
potheses of (I7), generic small holonomy perturbations invariant under the lifting
group, from a finite-dimensional space of directions supported near the fixed pertur-
bation supports, with loops of zero lifting class joined to an original end whose limit
is flat on a collar of an odd surface, and with supports and loop regions in a fixed
compact set, make all moduli spaces of index at most one regular, relative to strata
that are already regular.

(I11) Product collar at a closed cut (Paper I, Lemma 9.12 with stages (A) and (B) of its
proof, the corresponding stages in the proof of Theorem 11.8, and Lemma 10.18(v)).
On the triangle domain of a two-handle cobordism at a positive collapse scale, the
closed three-manifold which separates the two gauge inputs from the output (Paper I,
Lemma 9.11) receives a product collar along a path of metrics: (A) the compression
scale over the collapsing region is raised to one; (B) the metric is interpolated linearly
to one which is a product on a collar of the cut. Along the path the scales stay in
a compact positive range, the parameter derivative is supported in a compact set
disjoint from the ends, and the data are invariant under the lifting group. The folded
triangle, with the cut Z, has the corresponding path. On the joined torus domain
W J

λ , a change of metric supported near the two arcs of the cut, away from the bridge
ends, the arms and the matching lines, gives Zcut a neighbourhood (−1, 1)×Zcut with
the product metric.

(I12) Torus-fibre slice (Paper I, Lemma 10.9). There are eT > 0 and C0, depending only
on T , with the following property. Let Ω ⊂ R2 be simply connected, and let A be a
connection on T × Ω which near every fibre is, after an even gauge transformation,
within eT of α in C1. Then there is a unique even gauge transformation g of T × Ω
such that g∗A = α + b + ϕ1 dz1 + ϕ2 dz2, where b(z) is a one-form on the fibre with
d∗αb(z) = 0 and ∥b(z)∥C0(T ) ≤ C0eT , and the ϕj(z) are sections of ad on the fibre.
The connection g∗A is the torus-fibre slice of A. If in addition the curvature is small
in Ck+1, the fibrewise Sobolev norms of b, ϕ and their base derivatives are bounded
by those of the curvature on the fibre.

(I13) The auxiliary grading (Paper I, Lemma 9.1 and Section 11.3, including Lemma 11.7).
At the height data, the intersection points of the auxiliary pairs (A0, LC) and (LC , A1)
are the critical points of the height function on the clean intersection Q ∼= SU(2)r,
r = g − 1, of Section 2.5, a product Morse function. On their complexes a relative
integer grading m is defined by m(a)−m(x) = ind(u)− 8κaux(u), where the relative
class κaux ∈ 1

2Z is the topological energy corrected by the critical actions at the
endpoints; the same relation holds for every gauge, mixed or strip configuration u
from a to x. For small height, m is the Morse index of the height function for (A0, LC)
and of its negative for (LC , A1), and there is a unique generator q∗i of maximal m;
at uncorrected height data it is the maximum or the minimum of the height function
according to the order of the pair, and under the corrections of the height Lagrangians
of Paper I, Section 11.6, the generators and q∗i are their continuations. For small
height, end perturbation and secondary perturbations, κaux ≥ 0 on every counted
configuration (Paper I, Lemma 9.1(iii)); at corrected height data and at changed
lower data the same follows from (I14).

(I14) Changes of the end data (Paper I, Lemma 11.7). Fix the height t and a finite family
F ⊇ F∗. The end data of an auxiliary pair are its lower primary datum, in spanF ,
and the primary datum thi + g of its height Lagrangian, in spanF∗; the height data
are (0, thi).



ATIYAH–FLOER COBORDISM MAPS II 17

(i) For |g| ≤ δ(t) there is a ball NC,R about zero in spanF , depending on C, on R
and on F , such that, for end and secondary data below the threshold of (ii) with
c = 2π2, under changes of the lower primary data within NC,R the relative classes
and the grading of (I13) are transported from the height data, with the endpoint
values of the height function replaced by the critical actions Ai of the changed
pairs, and the coefficient of q∗i in Niθi, and in the filling invariant, remains 1 over
F2; the representing solutions need not remain flat.

(ii) Along a smooth path of end data starting at the height data, on which the gen-
erators of the auxiliary pairs remain nondegenerate and continue those at the
height data with their gradings and relative classes, and twice the maximal differ-
ence of their critical actions stays below a constant c < 4π2, the following hold at
the endpoint, for end perturbations along the path and secondary perturbations
at the endpoint satisfying

4 sup ∥f∥∞ + 2 sup ∥η∥2L2 < 4π2 − c

and the thresholds of Paper I, Theorem 3.8. Every counted gauge trajectory,
mixed solution and strip has κaux ≥ 0; the differential of the auxiliary gauge
complex vanishes, its 2r generators matching the rank of its free homology; the
filling invariant is the generator θi of maximal m; and Niθi = q∗i , both on chains
over F2.

Paper I proves (ii) by transporting the filling class along a fine subdivision of the path
by gauge continuation maps, which are isomorphisms triangular with respect to m,
and by identifying the mixed coefficient at the endpoint through the isomorphism of
Theorem 3.8(i), triangular with respect to m by the index formula, and Lemma 9.2;
(i) is the case of the path that first corrects the height datum and then moves the
lower datum along a segment. The hypotheses of (ii) hold with c = 2π2 along every
smooth path of lower data from zero whose Lagrangians stay in the neighbourhood
N (t) of (I5), preceded by the correction thi 7→ thi + g, g ∈ spanF∗, |g| ≤ δ(t), of the
height datum.

(I15) Generation and connectivity (Paper I, Propositions 12.1 and 13.2). Any two admissi-
ble presentations of an object are joined by presentation moves: changes of disk sys-
tem, stabilization and destabilization away from the ball, isotopies fixed near the ball,
and changes of the metric and primary data. Every morphism (W,E, ν) : M → M ′,
with any admissible presentations p of M and q of M ′, is the composite of a word
of elementary moves from (M,p) to (M ′, q): presentation moves, frame changes,
one-handle attachments, two-handle cobordisms between the presentations of a sub-
ordinate triple with their global frames, and three-handle attachments. Each handle
move may be taken between presentations satisfying the height and neighbourhood
conditions of Paper I, Section 13.2.

3. Complexes, graded signs and determinant lines

3.1. The homotopy category. A complex is a finite free Z/2-graded abelian group C =
C0 ⊕ C1 with an odd differential dC . For a homogeneous map F : C → D of degree f , set

(3.1) δF = dDF − (−1)fFdC .

A closed map satisfies δF = 0. Thus an odd closed map anticommutes with the differentials.
We allow sums of the two degrees when discussing homotopies of the composites below.
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The category K(Z) has these complexes as objects and closed maps modulo boundaries as
morphisms. In particular

F ≃ G ⇐⇒ F −G = δK.

For homogeneous F,G of degree f , the homotopy K can be chosen of degree f + 1. The
notation F ≃ ±G means that one of F −G,F +G is a boundary, with a single choice of sign.

If A and B are closed and B has degree b, then

(3.2) (δK)A = δ(KA), BδK = (−1)bδ(BK).

These identities justify composition of every homotopy used below. They also show that
projectivizing by the relation [F ] = [−F ] is compatible with composition.

Lemma 3.1. An acyclic finite free Z/2-graded complex over Z is contractible. An even
quasi-isomorphism between finite free complexes is a chain homotopy equivalence.

Proof. Let Bi = im(d : Ci−1 → Ci). Each Bi is free as a subgroup of a finitely generated

free group. If the complex is acyclic, the exact sequence 0 → Bi → Ci d−→ Bi+1 → 0
splits. Relative to these splittings the differential identifies the complementary summand
of Ci with Bi+1. Its inverse on this summand, and zero on the complement, defines a
contracting homotopy, denoted s, with ds + sd = 1. Apply this to the mapping cone of a
quasi-isomorphism to obtain the second assertion. □

Over Z the lemma is applied only to acyclic complexes and to quasi-isomorphisms; a map
that induces zero on homology need not be null-homotopic.

3.2. The tensor convention. The orientation lines of the generators precede the determi-
nant lines of trajectories and cobordisms. With this ordering the tensor differential is

(3.3) d(x⊗ y) = (−1)|y|dx⊗ y + x⊗ dy.

For homogeneous maps F,G we use

(3.4) (F ⊗r G)(x⊗ y) = (−1)|F ||y|Fx⊗Gy.

The superscript in ⊗r records that signs arise from passing the right-hand factor, as for F r

and Θr. Closed maps tensor to a closed map of degree |F | + |G| with this rule. The usual
left tensor differential is related to (3.3) by the even chain isomorphism

T (x⊗ y) = (−1)|x||y|x⊗ y.

Thus a formula imported in a left tensor convention is conjugated by T at each tensor end
before it is used here.

Lemma 3.2. For a disconnected gauge end Y1⊔Y2, with the orientation lines of the generators
ordered as L(a1)⊗ L(a2), gluing index-one trajectories on the two components gives (3.3).

Proof. A trajectory on Y1 has an odd determinant line. To place it next to L(a1), move it

past L(a2); this gives (−1)|a2|. A trajectory on Y2 is already adjacent to the orientation line
of its generator. Summing the two contributions gives the formula. □

Put grCx = (−1)|x|x. If a homogeneous map F of degree f commutes strictly with the

differentials, the map F r = FgrfC is closed. For strictly commuting maps F,G of degrees f, g,
respectively,

(3.5) (FG)r = (−1)fgF rGr.
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The discrepancy is one sign per composite. By contrast the factor grC is not generally an
overall sign.

For example, on C0 = C1 = Z with zero differential, the map interchanging the two
generators and its product with grC are not equal up to sign. The difference persists on
homology. This elementary example explains why an integral comparison must specify the
convention for odd cobordism maps.

3.3. Duals, evaluation and tensors of maps. The graded dual has

d∨f = −(−1)|f |f ◦ d, F∨(f) = (−1)|F ||f |f ◦ F.

The canonical even double-dual map is

evC : C −→ C∨∨, evC(x)(f) = (−1)|x||f |f(x).

The sign is necessary: the unsigned double-dual identification does not commute with the
differential in this convention. There is an unsigned chain isomorphism

(3.6) β : C∨ ⊗r D −→ Hom(C,D), β(f ⊗ y)(x) = f(x)y.

Indeed, substituting the dual differential in (3.3) gives exactly (3.1) after evaluation on a
homogeneous x. For a tensor in C ⊗r D the bending map is

bendC = β ◦ (evC ⊗r1) : C ⊗r D −→ Hom(C∨, D).

If ei is a homogeneous basis of C, the tensor corresponding to a homogeneous map F : C → D
is

ten(F ) =
∑
i

e∨i ⊗ F (ei).

This expression is independent of the chosen basis. It is a cycle if and only if F is closed. For
F = 1, it is the coevaluation tensor in the present convention.

3.4. Determinant lines. For a real Fredholm operator D : X → Y set

detD = Λmax kerD ⊗ (Λmax cokerD)∗, |detD| = indD (mod 2).

We use the graded determinant convention of [Zin16]. Stabilization by a finite-dimensional
map V → Y with D ⊕ V surjective gives the local trivializations. Enlarging the stabiliza-
tion gives compatible transition maps. This construction applies to continuous families of
Fredholm operators without requiring constant kernel dimension.

For direct sums the determinant lines are ordered in the order of the summands. Inter-
changing two summands gives (−1)indD1 indD2 . The dual of a tensor reverses the order of
its factors and uses nested evaluation. An invertible operator has the canonical determinant
orientation of R; a continuous path of invertible operators preserves this orientation.

Lemma 3.3 (Ordinary gluing). Suppose two Fredholm problems have matching ordinary ends
with invertible asymptotic operator. Gluing with a sufficiently long neck gives a determinant-
line isomorphism

detD1 ⊗ detD2 −→ det(D1#D2)

well defined up to a positive scalar. It is continuous in compact parameter families, natural
under bundle automorphisms, and associative for disjoint necks. On invertible operators it is
the canonical identification.
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Proof. Choose finite-dimensional stabilizations supported away from the ends so that the two
stabilized operators are surjective. Patch their right inverses using cutoffs. The error tends
to zero with the neck length, so a Neumann series corrects the patched operator to a right
inverse. Projection of the patched kernels to the kernel of the glued stabilized operator gives
an isomorphism for long necks. Its top exterior power and the stabilization isomorphisms
define the asserted map.

Enlarging stabilizations commutes with this construction. Changing cutoffs, projections
or neck length gives a path of kernel isomorphisms, so the sign does not change. For two
disjoint necks use stabilizations supported away from both; the two successive patching maps
are homotopic to the direct three-piece patching map. This proves associativity, with only
the graded signs caused by reordering the factors. When both operators are invertible, no
stabilization is needed and the map is R ⊗ R → R. The gauge version is the determinant-
line construction accompanying ordinary Floer gluing [Don02, Proposition 5.11]; the strip
version uses the same stabilization argument for real Cauchy–Riemann operators as for the
cylinders of [FH93], with the gluing of determinant lines along strip-like ends of [WW15a,
Proposition 2.4.3]. □

Gluing a constant cylinder is the positive identity: its operator is invertible, and the
patched kernel map converges to the identity as the neck grows. Weighted gluing is treated
by conjugating with the exponential weight. The resulting asymptotic operator must be
invertible, and matched ends must use compatible weights. At a mixed end, ordinary gluing is
applied together with the stationary coordinates, which are kept as separate finite-dimensional
factors.

4. The integral gauge convention

4.1. Almost-complex orientations with free ends. Choose an S1-invariant almost-
complex germ JT near S1 × N(T0), with T0 an almost-complex torus in its specified
orientation. On an object, such a structure is equivalently specified by a nonvanishing vector
field on M#, normalized near T0. Choose such a structure J0

M for each object, called the
reference almost-complex structure of M . On a cobordism require JW to agree with the
fixed germ near N(T0) × [0, 1] and to be translation invariant on its end collars. Its end
restrictions J ′

0, J
′
1 are not prescribed in advance.

Lemma 4.1. Every decorated cobordism admits an almost-complex structure of this kind.

Proof. The fibre of the bundle of compatible oriented almost-complex structures is
SO(4)/U(2) ∼= S2. Let A = N(T0) × [0, 1]. The primary relative obstruction lies in
H3(W#, A;Z) and maps to W3(W

#) = 0. Here an oriented four-manifold admits a spinc

structure; equivalently its second Stiefel–Whitney class has an integral lift. The remain-
ing relative class is in the image of the connecting map from H2(A;Z). The restriction
H2(W#;Z) → H2(A;Z) is surjective: the torus summand supplies a class pairing once with
T0, and this class extends by the Mayer–Vietoris sequence across S2 × [0, 1], along which the
tube is attached, since it restricts to zero on the boundary sphere of the punctured torus
summand. Thus the connecting map vanishes.

The secondary obstruction lies in H4(W#, A;Z). Since A ≃ T 2, its third cohomology
vanishes; since W# is connected with nonempty boundary, H4(W#;Z) = 0. The relative
group therefore vanishes. Homotopy extension makes the structure equal to the prescribed
germ, and a collar reparametrization makes it translation invariant near the ends. □
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The end restrictions are left free in Lemma 4.1, since prescribing both of them would
change the obstruction problem. The passage to the reference structures of the objects is
made by the conversion maps of Section 4.3.

The almost-complex deformation of the anti-self-duality operator has a complex-linear
endpoint. The complex orientation of its kernel and cokernel orients its determinant line. This
construction is invariant under the full group of bundle automorphisms, which act complex
linearly at that endpoint [KM11b, Section 5.1]. Ordinary determinant gluing preserves these
orientations. In particular the action of ϕM on the orientation lines has no additional sign
twist.

4.2. Comparison of two almost-complex orientations. Let v, v′ be the normalized
vector fields corresponding to J, J ′ on S1 × Y , where Y = M#. Their difference class
δ(v, v′) ∈ H2(Y ;Z) satisfies

2δ(v, v′) = c1(ξv′)− c1(ξv).

The difference class is the obstruction to homotoping v to v′ over the two-skeleton. When
H2(Y ;Z) has two-torsion, it is not determined by the displayed Chern-class difference.

Proposition 4.2. If α ∈ H1(Y ;Z/2) is the reduction of an integral class, the comparison of
the J- and J ′-orientations changes around a loop with lifting class α by

(4.1) ξJ,J ′(α) = (−1)⟨δ(v,v
′),PDα⟩.

In particular it is 1 on ϕM when J and J ′ agree near T0.

Proof. Represent the loop by a path of connections whose endpoints are identified by a bundle
automorphism of class α. Closing up gives a bundle Pα on S1 × Y with

w2(Pα) = pr∗Y w2(P ) + [dt]⌣ α.

The determinant-line comparison for this closed operator is divided by the comparison for
the constant loop. The P -independent orientation factor therefore cancels.

For completeness, the bundle-dependent comparison can be computed on a reducible model
R⊕L. The anti-self-dual operator on the L-summand has both the complex structure induced
by J and that of L. On the summand where these structures are opposite, conjugation changes
the determinant orientation by (−1)indC . The index formula gives, for two almost-complex
structures, the ratio

(−1)⟨c1(L)⌣δ(v,v′),[S1×Y ]⟩.

This is the relative form of the usual almost-complex orientation calculation [Don87, Sec-
tion 3(c) and the proof of Proposition 3.25]. Changing the instanton number does not change
the ratio: instanton addition preserves both complex orientations.

Because α has an integral lift, so does the displayed Stiefel–Whitney class. The reducible
model therefore computes the desired ratio. Only the term [dt] ⌣ α survives after division
by the constant-loop comparison; integration over the circle gives (4.1). The closing-up iden-
tification is made in pair form detD⊗ (detDconst)

∗, so it introduces no choice of orientation
at the closed end. It is the real excision identification, independent of J and J ′. Finally αM

is dual to T0, and the difference class restricts to zero there when the structures have the
same germ. □

We call ξJ,J ′ the lifting-class sign of the conversion from J to J ′ (Section 4.3): it is
the sign by which the orientation of the interpolating operator changes around a loop with
lifting class α. The lifting classes of the framed objects are reductions of integral classes, so
Proposition 4.2 applies to every lifting class used below.
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4.3. Conversion maps between almost-complex structures. A conversion is the iso-
morphism CG(Y, J) → CG(Y, J

′) between the gauge complexes oriented by two almost-
complex structures, obtained by gluing to the orientation line of each generator an oriented
operator that interpolates the two complex-linear operators; it compares the orientation lines
of [KM11b, Section 5.1] for J and J ′. For a critical point a, let Qa interpolate the complex
operators for J and J ′. Choose a weight for which this operator is Fredholm and choose
an orientation ϑa of its determinant line. Transport ϑa along paths of connections. Since J
and J ′ agree near T0, the lifting-class sign ξJ,J ′ is trivial on ϕM by Proposition 4.2, so this
transport is consistent on the framed quotient. It is unique up to one sign after a choice at
one reference connection.

Let DJ,a be the operator on R × Y that interpolates the complex-linear operator for J
and the operator at a; by [KM11b, Section 5.1], the generator orientation line L(a) of a in
CG(Y, J) is detDJ,a. Let

γ : detDJ,a ⊗ detQa −→ detDJ ′,a

be the determinant-line gluing of Lemma 3.3 along the complex-linear end, with the factors
in the displayed order. We place ϑa after the generator orientation line and obtain

(4.2) Θr
J→J ′ : CG(Y, J) −→ CG(Y, J

′), x 7−→ γ(x⊗ ϑa).

Its parity, written |Θ| = indQa (mod 2), is independent of a. Moving the odd trajectory line
past ϑa shows that

dΘr = (−1)|Θ|Θrd.

Thus it is a closed isomorphism of degree |Θ|. If Θl denotes the convention with ϑa placed
before the generator orientation line, then

(4.3) Θr = Θlgr|Θ|.

Composition of conversion maps agrees with the direct conversion up to one sign. The sign
is the same for all generators, because the orientations ϑa are transported over the connected
space of connections.

Definition 4.3. For (W,E, ν) choose a structure JW as in Lemma 4.1, with end restrictions
J ′
0, J

′
1. Define

(4.4) I#J (W ) = Θr
J ′
1→J0

M1

I(W#, E#, JW )ϕWΘr
J0
M0

→J ′
0
.

At the induced end structures the middle map uses the almost-complex orientations and the
stated ordering of its determinant line. Tensor ends use (3.4).

Proposition 4.4. The homotopy class of (4.4) is independent of JW up to one sign. These
classes define a projective gauge functor, and their reduction modulo two is the framed gauge
functor of Paper I.

Proof. Compare two choices of JW after inserting their endpoint conversions. They orient the
same real determinant line over the space of connections with fixed endpoint limits. Their
ratio is continuous and takes values in {1,−1}, so it is constant on that space. Gluing a path
at either endpoint shows that the ratio does not change when the limiting critical point is
changed. All structures involved have the fixed germ near the odd torus, so the lifting-class
sign of Proposition 4.2 is trivial on the lifting groups of the ends; this makes the assertion
invariant under changing the lift of an end critical point. Thus the ratio is one sign for all
entries of the map.
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Change the metric and the secondary perturbations on W# along a path, varying JW
continuously among compatible structures with the fixed germ. The almost-complex orienta-
tions then orient the parametrized moduli spaces of [KM11b, Section 3.9] continuously, and
the oriented boundary of the one-dimensional family gives a chain homotopy between the
two maps, up to one sign. A change of the Floer data on an object is the case of a product
cobordism.

For composition choose an almost-complex structure on the composite as in Lemma 4.1,
and make it cylindrical at the intermediate cut. The restrictions then have identical structures
there, and the ordinary gauge composition theorem applies [KM11b, Proposition 5.4]. Its
hypothesis is that the subgroup of H1(W ;Z/2) used on the composite contains the image of
the Mayer–Vietoris connecting map H0(Y ;Z/2) → H1(W ;Z/2) of the cut Y . This image
vanishes when Y is connected, and composition in B takes place at connected cuts. Insert
the conversions to the reference structures of the objects. The two right-placed conversions at
the common end are inverse conversions between the same two structures, so their composite
is ±1. Independence of JW gives the result for the original choices. The product cobordism
gives the identity class. All orientation signs disappear modulo two. □

4.4. Reflection, transposition and other orientation conventions. Choose the refer-
ence structures of M and −M in pairs:

J0
−M = Ψ∗ρ∗J

0
M .

Here ρ reverses the cylindrical direction and Ψ is the fixed identification of the reflected torus-
summed presentation with (−M)#. Take T0 = {θ0}×T 2 and the product germ there; require
Ψ to preserve the odd torus, its germ, and its lifting class, and choose the pairing involutive,
so that it returns J0

M when applied to J0
−M . Define ΦG,M by the bent product cylinder: the

product cobordism [0, 1]×M#, with both ends bent to incoming ends, is a cobordism from
(−M)#⊔M# to the empty set. Since H1([0, 1]×M#;Z/2) = H1(M#;Z/2), its lifting group,
generated by the class of the torus tube, restricts to the diagonal subgroup of ϕ−M ×ϕM . Its
count on CG(−M) ⊗ CG(M) is therefore the orbit count (D.2), summed over all lifts of the
two end orbits. Its gauge map, with the ordered determinant gluing and the almost-complex
orientations of the paired reference structures, is a pairing ⟨·, ·⟩M : CG(−M)⊗ CG(M) → Z,
and we put ΦG,M (y)(x) = (−1)|y|⟨y, x⟩M . The sign makes ΦG,M a chain map: the pairing

is closed for the right tensor differential (3.3), so ⟨y, dx⟩M = −(−1)|x|⟨dy, x⟩M , and with the
dual differential this gives d∨ΦG,M = ΦG,Md. Its index-zero solutions are the constant ones,
which pair a critical point with its reflection; their operators are invertible and their end
lines even. Over a pair of orbits ([ā], [a]) the two diagonal classes are those of (ā, a) and
(ā, αMa). Since ϕM acts freely on the critical points and commutes with reflection, only the
first contains a constant solution. In the bases of generators, matched by reflection, each
entry of the pairing is therefore 0 or ±1, with exactly one nonzero entry in each row and
column. Hence

(4.5) ΦG,M : CG(−M) −→ CG(M)∨, ΦG,−M = Φ∨
G,M ev,

is an even isomorphism. For the identity, the bent cylinder of −M is that of M with its two
incoming ends exchanged, since the pairing of reference structures is involutive; exchanging
the input lines of y and x costs (−1)|x||y|, so ⟨x, y⟩−M = (−1)|x||y|⟨y, x⟩M . Since the pairing

vanishes unless |x| = |y|, the two signs (−1)|x| and (−1)|y| in the definitions cancel, and this
is the displayed identity.
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For a morphism (W,E, ν) : M0 → M1, the reversed morphism W : −M1 → −M0 is the
same oriented decorated manifold, read in the opposite direction.

Lemma 4.5 (Gauge transpose). For every morphism (W,E, ν) :M0 →M1,

I#J (W )∨ΦG,M1 ≃ ±ΦG,M0 I
#
J (W ) in K(Z).

The same identity holds for gauge continuation maps, with W the product cobordism carrying
the two sets of data.

Proof. By Proposition 4.4, I#J (W ) may be computed with the same JW . Its end restrictions
are then Ψ∗ρ∗J

′
1 and Ψ∗ρ∗J

′
0, and its conversions are the reflections of those of W . Reflection

carries each operator Qa to an operator of the same index, so the conversions of W have
the parities |Θ0|, |Θ1| of the conversions Θ0,Θ1 of W at its incoming and outgoing ends, and

I#J (W ) and I#J (W ) both have degree |Θ0|+ |Θ1|.
Let y ∈ CG(−M1) and x ∈ CG(M0). Gluing the bent cylinder of M1 to 1 ⊗r I#J (W ),

and that of M0 to I#J (W ) ⊗r 1, gives the same bent cobordism. It carries JW , the paired
reference structures at its ends, and a conversion at each end. The first composite orders the
lines as L(y), L(x), ϑ0, det, ϑ1 and the second as L(y), L(x), ϑ̄1, det, ϑ̄0, where det is the line
of the cobordism operator, even at the counted solutions, and ϑi, ϑ̄i are the orientations of
the conversion lines. The two orders differ by the constant (−1)|Θ0| |Θ1|, and each ϑ̄i differs
from the transported ϑi by one fixed sign; the constant solutions of the bent cylinders have

even lines. The rule (3.4) contributes (−1)(|Θ0|+|Θ1|)|x| to (I#J (W )⊗r 1)(y⊗x) and no sign to

(1⊗r I#J (W ))(y ⊗ x). Hence

⟨y, I#J (W )x⟩M1 = ±(−1)(|Θ0|+|Θ1|)|x|⟨I#J (W )y, x⟩M0 ,

with one sign for all x and y. Both sides vanish unless |x| = |y|+ |Θ0|+ |Θ1|. Evaluated on
y and then on x, the two sides of the identity in the lemma give

(−1)(|Θ0|+|Θ1|)|y|+|y|⟨y, I#J (W )x⟩M1 and (−1)|y|+|Θ0|+|Θ1|⟨I#J (W )y, x⟩M0 .

These agree up to the one sign, because whenever the pairing is nonzero

(|Θ0|+ |Θ1|)(|x|+ |y|) ≡ |Θ0|+ |Θ1| (mod 2).

Thus the degree-dependent reordering of an odd conversion line is absorbed by the graded
dual and by the rule (3.4), and no grading operator remains. The product cobordism with
varying data gives the identity for gauge continuation. □

If the conversion lines are instead placed on the left, put Il(W ) = Θl
1I(W )Θl

0. In the
induced end gradings the unconverted gauge map I(W ) is even. If the two conversions have
parities |Θ0|, |Θ1|, then

(4.6) I#J (W ) = (−1)|Θ0| |Θ1|Il(W )gr|Θ0|+|Θ1|.

This is an identity of maps in the stated conventions. The factor gr|Θ0|+|Θ1| depends on the
degree, so on an object whose homology has both parities the two maps differ by a grading
operator and not by an overall sign.

A Z/4 grading compatible with all the orientation data would provide a further regrading

η(x) = (−1)g(x)(g(x)−1)/2x. The elementary identity

η(g + d)η(g)−1 = (−1)dg+d(d−1)/2
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explains how an odd grading operator can then be converted into a conjugation and one sign
per cobordism map. The comparison of such a lift with the grading data of Scaduto [Sca15]

is left open. Theorem A is therefore stated for I#J , and the mod-two equality of the two gauge
functors is not used to identify the integral maps.

5. Determinant lines on mixed configuration spaces

This section orients the mixed moduli spaces over the integers. The orientation of a con-
figuration is obtained by deforming it, with the shifting of Proposition 2.2, to a gauge path
followed by an invertible constant pair, and transporting back the almost-complex orienta-
tion of the path tensored with the canonical orientation of the constant pair. Proposition 5.4
shows that this is independent of the deformation for domains with one gauge input; Defi-
nition 5.5 gives the corresponding construction for triangles and joined torus domains. The
first two subsections fix the operators whose determinant lines are oriented and show that
the orientations of solutions do not depend on the choices made in realizing them, including
the end weights.

5.1. Realizations of the linearized mixed operator. Let c be a smooth configuration
on a mixed domain, with its specified limits. Denote the mixed equation by F(c) = 0.
A chart Φ centred at c incorporates the exact matching condition and the normal seam
condition. Its differential identifies a fixed linear boundary problem with the tangent space
to the configuration space.

Definition 5.1. A permitted realization of the linearized problem at c is an operator of the
form

(5.1) Lc =
(
S dFc, λ

2d∗,g
′

A′ πA
)
dΦ0.

It acts on the prescribed weighted spaces with stationary mixed-end coordinates included.
Here πA denotes the connection component of a tangent vector to the configuration space.
At mixed ends we use spatially Coulomb stationary tangent representatives and matching
lifts whose remaining divergence decays, so that the scalar row takes values in the weighted
target. Both rows are transported by the chart differential. A change of stationary lifts
likewise transports their finite scalar columns as well as the equation columns. The map S is
a continuously chosen invertible target identification, equal to the identity outside a compact
set. The slice centre A′ is a smooth connection differing from the connection in c only on a
compact core and sufficiently little in C0. The metric is g′ = f2g, with f = 1 off the collapse
region and f depending only on the coordinates of the planar factor near a seam, and λ > 0
equals one outside a compact set. The chart has the same end and seam conventions as the
original mixed problem. Changes of all these choices are taken inside their fixed components.
In a comparison of weights, the definition also requires that the full stationary and parameter
columns belong continuously to every intervening weighted target.

The last condition is part of the definition because a configuration which is not a solution
may decay more slowly than the weights of a spectral gap allow. The restriction on the target
identification prevents an arbitrary reversal of orientation from being included as a change
of realization. The reference identification is the one induced by the geometric charts, and
its permitted component is fixed before orientations are transported.

For the collapse contraction we also use the extended realization of Proposition 7.4. Its
centre and geometric target identification can have stationary limits different from those of
the configuration and the identity, respectively. Its source representatives are Coulomb for the
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varying centre, both rows are transported, and differentiation of the moving equation target
contributes the residual term specified there. These extended realizations form a separate
family at a fixed positive scale; they are not compactly supported changes in the sense of
Definition 5.1.

Lemma 5.2 (Realization comparison). Under the Fredholm and continuity statements of
Proposition 2.1(a), permitted realizations at a fixed configuration have canonically identified
orientation double covers. The identification is continuous in compact families and commutes
with ordinary gluing. At a regular zero of index zero it preserves the canonical determinant
orientation.

Proof. Changes of charts act on the entire operator in (5.1). Together with target identifi-
cations, they are bounded invertible changes of source and target and induce the standard
naturality maps on determinant lines. An interval of weights permitted by Definition 5.1 gives
a continuous Fredholm path after conjugation to fixed spaces, and hence an identification of
orientation covers. At a solution, improved asymptotic decay identifies the kernels, cokernels
and common stabilized determinant lines throughout the permitted gap. For a change of
slice centre at a solution, split the tangent space into infinitesimal gauge directions and a
fixed complement. Gauge invariance gives dFc dAc = 0. The gauge-fixed operator is then
block triangular. Its gauge block is invertible by the Poincaré estimate and the smallness of
A′−Ac; its other block is the intrinsic linearized equation on the quotient. Thus invertibility
at a regular zero of index zero is unchanged.

Conformal changes in the specified unperturbed region change neither the anti-self-duality
equation in four dimensions nor the surface Cauchy–Riemann equation or the normal seam
subspace. The same block argument applies to the gauge row. Positive row multiplication
preserves orientations. These paths give the comparison. A homotopy between two such
paths gives an orientation cover over a square, so its endpoint identification is unchanged.
The gluing statement follows by choosing the changes away from the ordinary gluing collars
and then using continuity. At a regular zero of index zero every operator in these paths is
invertible, so the canonical orientation is preserved. □

The lemma uses the Fredholm families of Proposition 2.1(a), including those on the com-
pleted domains. Two situations are treated separately. At a configuration which is not a
solution, the block-triangular argument above does not apply to a change of Coulomb centre;
where such a configuration occurs, in the collapse argument, the two-parameter determinant-
line comparison of Proposition 7.4 is used instead. A reference path in a small weighted space
may fail to lie in a larger weighted space. For weight comparisons of its endpoint orientations,
truncate its decaying coordinates on a common far end while retaining the exact stationary
family. The truncation homotopy is taken at the initial small weight. The truncated path,
together with the endpoint truncation segments at solutions or stationary references, admits
the larger weights. Determinant transport around this homotopy gives the comparison; the
decay of the original path is left unchanged.

5.2. Independence of the end weights. Reverse incoming ends to outward coordinates.
Write an autonomous end operator as ∂s −Ae. Its stationary kernel is the primary tangent
space on a mixed end; at an ordinary end it is zero. Choose γe, γ

opp
e > 0 so that the negative

spectrum is at most −γe and the positive spectrum is at least γoppe ; they need not be equal.
The permitted positive primal weights satisfy re < γe, and the formal adjoint is paired at the
dual weight −re. Mixed-end stationary coordinates remain a separate finite summand.
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Proposition 5.3. Consider the mixed domains and ordinary strips used here, with a weight
in the open gap above at each autonomous end, or the weight zero at an ordinary end. So-
lutions, the gauge transformations between them with prescribed stationary limits, and the
determinant lines of the linearized operators at solutions do not depend on the choice of
weights. The identifications are transitive, respect the lifting actions and ordered gluing, and
give the same oriented counts and homotopies whenever their small-weight compactifications
have been established.

The proof, in Appendix A.10, compares decay rates, kernels, cokernels and stabilized de-
terminant lines across the weights by the standard arguments for asymptotically translation-
invariant operators with a spectral gap. Two points are specific to mixed ends. The com-
ponent of a solution in the stationary kernel of Ae is integrated from infinity and uses the
prescribed limit in the stationary critical family, which is carried as a separate finite sum-
mand at every weight. The component in the positive spectral subspace is also integrated
from infinity, so decay at every rate below γe holds without any restriction from the opposite
gap γoppe .

Proposition 5.3 concerns solutions. A configuration which is not a solution and decays
slowly need not lie in a space with a larger weight; reference paths are compared by the
truncation described after Lemma 5.2.

5.3. Orientations transported from constant pairs. A constant pair Cx joins the gauge
critical point ax to the symplectic intersection point x. Its operator is invertible. Let LS(x) =
LG(ax). More generally, a constant pair Cc may be built from any representative c of the
critical point over x (Appendix B). It is equivalent to Cx under the lifting group, by a
gauge transformation when c lies in the orbit of ax. Its operator is invertible at the data in
use, which are small, by the invertibility clause of Proposition 2.1(b). Its positive element
corresponds to that of Cx under conjugation, and the almost-complex orientation identifies
LG(c) with LG(ax), compatibly with transport (Appendix B). For a mixed configuration c
with gauge input a and symplectic output x, shifting and gluing identify it, through a path
of configurations, with a configuration of the form A#Cc′ , where A is a gauge path from a
to a representative c′. The configurations of this form make up the terminal subspace Tx of
Appendix B: they agree with a constant pair outside the gauge input end.

Proposition 5.4. Let c be a configuration on a one-input domain of Proposition 2.2(a), with
gauge input a and output x. There is a relative orientation isomorphism

(5.2) Γc : LG(a)⊗ detDc −→ LS(x),

defined up to a positive scalar, which at a configuration A#Cc′ of the terminal subspace is
the almost-complex orientation of A followed by the canonical orientation of the invertible
constant pair. It is independent of the shifting path, natural under the lifting group, and
coherent under ordinary gluing of gauge paths at the input and of strips at the output.

Proof. The construction follows [DFL21, Section 4.7], where the orientation is fixed by gluing
to an invertible constant pair. Here it is carried out on configurations rather than gauge
classes, relative to the terminal subspace, using Propositions 2.1 and 2.2. On Tx a common
gluing length identifies the determinant line of A#Cc with the gauge line of A tensored with
the determinant line of the invertible constant pair. The gauge factor is oriented by the
almost-complex construction and the second factor canonically, so this terminal orientation
is continuous on compact families in Tx.
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Let p1, p2 be two shifting paths from c, ending at terminal configurations t1, t2. Apply the
relative family shifting of Proposition 2.2(a) to the compact one-parameter family p−1

1 p2 from
t1 to t2. Its relative clause keeps the tracks of the two endpoints in the terminal subspace, and
the family ends in it. This gives a square whose top edge and two sides lie in the terminal
subspace, where the terminal orientation is continuous. Since the square is contractible,
transport along p1 and along p2 gives the same orientation at c. In particular t1 and t2
are joined in the terminal subspace. For a loop ℓ at c, taking p2 = ℓ · p1 shows that the
orientation monodromy of a loop with fixed limits is trivial. This proves path independence
of the orientation transported from the constant reference.

For a strip attached at the output, first shift the original mixed configuration to A#Cc.
Then shift Cc together with the attached strip to another gauge path followed by Cc′ , with
c′ a representative over y. Associativity of determinant gluing identifies both orders of this
construction with gauge gluing at the final reference. Continuity transports that equality
back to the original configuration. The gauge-end statement is the same argument with the
extra path attached before shifting.

The lifting automorphism preserves gauge orientations, conjugates the constant-pair op-
erator, and commutes with gluing. Conjugation preserves the canonical orientation of an
invertible operator. Hence the construction descends to the framed quotient. If shifting
reaches the other lift of ax, the two end lines are identified by this same action. □

The pure strip orientation is defined by applying (5.2) to Cx#u and cancelling the constant
pair. This is the transported orientation construction of [DFL21, Section 4.7].

Domains with two gauge inputs are oriented in the same way, after the output region
has been separated from the inputs by a closed cut. For a mixed triangle, the closed three-
manifold that separates the two gauge inputs from the output (Paper I, Lemma 9.11) writes
its gauge region as an ordinary two-input cobordism followed by a truncated output DFL
domain. For the folded triangle the cut is Z and the compression-body arms of the output
domain are D0, D1 (Section 2.5). A configuration is not required to be critical at this finite
cut. On a compact family at positive collapse scales, the cut first receives a product collar.
This is done by a change of metric at fixed configuration, on compact ranges of positive
scales, which raises the compression scale near the cut to one and makes the metric a product
there (I11).

The finite-width joined torus domains W J
λ of Section 2.5 have the same structure, with

no collapse scale. By (I2), the closed cut Zcut
∼= Z decomposes W J

λ into the reverse exci-
sion cobordism, which is the ordinary two-input cobordism, and the closed-cut piece Mλ, a
truncated output DFL region for the pair (A0, A1) with compression-body arms D0,λ, D1,λ.
After the compactly supported metric change of (I11) near the arcs of the cut away from the
bridge ends and the matching lines, the cut has a product collar. The configuration spaces
do not depend on the metric (Appendix B.1), so the change is a transport along a path of
data. The construction below applies verbatim with the output region Mλ and the cut Zcut,
on compact ranges of widths.

Prepare the output DFL region and extend it positively, as in the proof of [DFL21,
Lemma 4.62]. Then shift the output region far along the cut collar until it becomes a con-
stant mixed pair, leaving the two-input gauge cobordism unchanged; Appendix B.5 gives the
formulas. We call this deformation the localized shift. It ends at a configuration AE#C

c: a
constant mixed pair Cc, with c a representative over the output label y, glued at a parallel
copy of the cut inside its product collar to a configuration AE on the ordinary two-input
cobordism with the original inputs.
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At the end of the deformation remove the compact nonprimary terms whose dependence
or output crosses the cut. On the constant mixed factor use its zero-secondary reference
datum, retaining the fixed compatible end structures. These are homotopies of Fredholm
data supported in a compact set, used only to transport orientations. Ordinary determinant
gluing then gives the ordinary cobordism line tensored with the canonically oriented constant-
pair line.

Definition 5.5. Let c be a configuration on a mixed triangle or a folded triangle at a
positive collapse scale, or on a finite-width joined torus domain W J

λ . A configuration is

terminal if it agrees with a constant pair Cc′ beyond a parallel copy of the cut in its product
collar and on a two-sided collar of that copy; the configurations AE#C

c′ above are terminal.
The reference orientation at a terminal configuration is the almost-complex orientation of
the ordinary cobordism line of AE , with the input lines in cyclic order, tensored with the
canonical orientation of the invertible constant-pair line through ordinary determinant gluing
at the copy of the cut, after the compact data homotopy above. The orientation at positive
scale of c is the isomorphism obtained by transporting the reference orientation back to c
along the localized shift. Its source is the tensor product, in this order, of the input lines, the
conversion line at the cut when one is present, and detDc; this placement of the conversion
line is Convention 8.1, stated at the beginning of Section 8. Its target is the output line. On
the joined torus domains the reference orientation is given explicitly by (8.3).

The relative form of the localized shift (Proposition 2.2(b)) keeps terminal configurations
terminal. The square argument in the proof of Proposition 5.4 therefore shows that the
orientation of Definition 5.5 is independent of the deformation and coherent with ordinary
gluing. Associativity is applied before any factor is reordered.

5.4. Boundary orientations of one-parameter families. A parametrized family is ori-
ented by placing the oriented parameter space before the determinant line of the vertical
operator. At a regular point this induces the usual orientation of the finite-dimensional zero
set. To see continuity when the vertical kernel dimension changes, choose one stabilization
on a neighbourhood in the parameter space. The orientation is then the exterior-power ori-
entation of the stabilized kernel with the fixed stabilization factor cancelled. Transition maps
between such neighbourhoods are the determinant-bundle transition maps, so no basis of the
moving kernel is chosen.

For a one-parameter regular family, the boundary orientation is outward normal first. At
a strip break the translation vector is the positive vector ∂su. Moving its odd line past the
preceding generator factors gives exactly the signs in (3.3). At a parameter endpoint the two
outward normals are opposite. It follows that a compactified one-dimensional family yields
an identity of the form

(5.3) F1 − F0 = δK,

with the Koszul signs already included in δ. If an orientation for the whole family has
been chosen only up to sign, the corresponding endpoint identity has one overall sign, not
independently chosen signs for its separate matrix entries.

The compatibility of a geometric boundary collar with this determinant-line orientation
rests on ordinary linear gluing at the end where the break occurs (Lemma 3.3) and on the
direction of the translation vector along the gluing collar; the computation is carried out in
Lemma 8.12. This comparison of collars, and not only an orientation of the interior of the
moduli space, is what (5.3) requires.
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6. The mixed isomorphism over the integers

6.1. Differentials and the mixed map. For an index-one gauge trajectory or holomorphic
strip, its sign is positive when the relative orientation agrees with its translation vector. For
a regular index-zero mixed solution, its sign is the comparison of (5.2) with the canonical
element of its invertible determinant line. Set

dGoa =
∑
b

∑
[A]∈M0

G(a,b)

sign(A)ob,

dSox =
∑
y

∑
[u]∈M0

S(x,y)

sign(u)oy,(6.1)

Npoa =
∑
x

∑
[c]∈M0

N (a,x)

sign(c)ox.

The superscript 0 denotes dimension after quotienting translation when that action is present.
All sums are finite by the compactness and energy-index bounds of Paper I.

Proposition 6.1. The transported orientations give d2S = 0 and dSNp = NpdG over Z.

Proof. The compactified one-dimensional strip space has two-level broken strips as its bound-
ary. Coherence in Proposition 5.4 identifies their boundary orientation with the product of
the two zero-dimensional signs, with the sign from the translation factor. The oriented
boundary count is zero, yielding d2S = 0. For the mixed domain defining Np, the two types of
boundary are a gauge trajectory followed by a mixed solution and a mixed solution followed
by a strip. The outward-normal orientations of the two ends give opposite signs. Their sum
is dSNp − NpdG. The index and energy restrictions exclude additional boundary strata in
this dimension. □

6.2. The unit diagonal. The filtration used in Paper I orders the finite generator set so that
every index-zero mixed solution goes from a generator to a generator of no larger filtration.
At equal filtration the only solutions are the unique small deformations of the constant pairs.
This is a statement about the set of solutions, before orienting it.

Lemma 6.2. Let F be an integral endomorphism of a finite filtered free module. (For the
mixed map, the source and target bases are identified through LS(x) = LG(ax).) Suppose its
associated graded map is diagonal with each diagonal entry in {1,−1}. Then F is an integral
isomorphism. Its inverse preserves the filtration.

Proof. Write F = D(1+U), withD the diagonal sign matrix and U strictly filtration-lowering.
If there are r filtration steps then U r = 0, and

F−1 = (1− U + U2 − · · ·+ (−1)r−1U r−1)D−1.

All coefficients are integral. □

Each diagonal solution is one regular point and contributes 1 or −1, so Lemma 6.2 already
gives the invertibility of Np. With the normalization by constant pairs the diagonal entries
are +1.

Proposition 6.3. The map Np is a chain isomorphism. Its diagonal entries are +1 in the
constant-pair normalization. Its homotopy class is independent of regularizing data, after the
corresponding gauge continuation is inserted; for a change of the ordinary strip structure the
symplectic continuation map is inserted at the output.
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Proof. Take the segment from zero regularizing data to the chosen small data. At a constant
pair the linearization is invertible. The chart implicit-function theorem therefore supplies a
nearby branch of regular solutions. The uniqueness statement in the triangularity argument
identifies this branch with the diagonal solution. The charts and the continuous Fredholm
families of Proposition 2.1(a) make the branch, which is continuous in the chart norm, con-
tinuous for determinant-line transport; the constant pair is invertible by Lemma A.2. Its sign
is locally constant and begins at the canonical sign +1.

The filtration now gives an inverse integral matrix. Since Np commutes with the differen-
tials, its inverse does too. At fixed ordinary ends, a regular compact-data homotopy gives
(5.3). A change of the gauge-end function is treated by the inserted-cylinder comparison in
Proposition 6.4(i), which retains the ordinary continuation map, and a change of the ordinary
strip structure by part (ii) of that proposition. This proves the stated independence. □

The normalization uses two properties of the segment. The secondary perturbations are
supported away from the strip end, so the strip operator is constant along it. The segment
lies in a star-shaped neighbourhood of zero on which all reference constant-pair operators are
invertible. A general path of perturbations has neither property, which is why the segment
is used.

6.3. Changes of the ordinary end data. A change of a far-end equation is not compactly
supported on the mixed domain. It is compared by inserting the ordinary continuation
domain.

Proposition 6.4. Fix primary data and the mixed domain defining a mixed map, such as
the domain defining Np, or the domain of the pair (A0, A1) with gauge input Z at a fixed
positive width. Its mixed maps satisfy the following integral chain homotopies.

(i) If f0, f1 are two sufficiently small invariant gauge trajectory perturbations vanishing
near the whole primary critical set, with the same symplectic end datum, then

N1 contG(f0, f1)−N0 = dSHG +HGdG,0.

(ii) If the gauge end is fixed and J0, J1 are regular ordinary strip structures on the same
ordered primary pair, then

contS(J0, J1)N0 −N1 = dS,1HS +HSdG.

For the pair (A0, A1) the output pair is the product pair and the structures and con-
tinuation are split.

The homotopies HG and HS count the isolated points of parametrized moduli spaces of vertical
index −1.

The proposition concerns changes of the ordinary end data at fixed primary data. Changes
of the primary data, for presentations in one small ball, are treated in Proposition 13.1.

Proof. This is the usual neck-stretching argument for continuation maps; we record the points
specific to the mixed equation. The argument uses Propositions 2.1 and 2.2, and the neck
gluing and families results recalled in (I7).

The stretched domains. For part (i), let β rise from zero to one on [−1, 1], and let χ be
the cutoff of the end perturbation in the mixed equation, equal to one for s ≤ −3 and zero
for s ≥ −2. On the incoming gauge end use the end perturbation

qT (s) = χ(s)
(
f0 + β(s+ T )(f1 − f0)

)
, T ≥ 5.
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It equals f0 on the far end and f1 on the long cylinder between the transition band and the
mixed piece. Translate a fixed regular ordinary continuation perturbation with the β band,
and keep the secondary data of N1 on the mixed piece. For large T the supports of these
two perturbations, and the regions on which they depend, are disjoint. The continuation
piece is then a fixed nonautonomous cylinder, so a rigid continuation trajectory has index
zero and is not divided by translation. For part (ii), choose a continuation structure J01(σ, t)
from J0 to J1, with zero Hamiltonian and constant end collars. On the outgoing strip of N0,
keep its original structure until s = T − 1 and use J01(s − T, t) afterwards. The far output
equation is J1 for every finite T , and the gauge end and the stationary mixed ends do not
change. In both parts the far-end equations are fixed, and the derivative of the data in T
is supported in the translated transition band. In coordinates in which the two pieces are
fixed, the stretched domain is their gluing along a neck of length about T that carries the
fixed autonomous equation; this is the setting of (I7).

Step 1: energy and critical points. The smallness neighbourhood for f0, f1 is chosen so that
no new critical points occur: otherwise compactness of the perturbed critical equation would
give a critical point of the functional with the primary perturbation outside the neighbour-
hood of the critical set on which both functions vanish. The two end perturbations therefore
have the same critical points and Hessians. In part (i) the energy identity for the modified
curvature is

ET = 8π2κ+ 2∥ηT (A)∥2 + 2

∫
∂sqT (s)(As) ds, ∂sqT = β′(s+ T )(f1 − f0) + χ′(s)f1.

where κ is the topological energy and ηT the secondary perturbation of the stretched domain.
The last integral is bounded in absolute value by ∥f1 − f0∥∞ + ∥f1∥∞, and the translated
secondary perturbations have uniformly bounded norm. The gradient of the autonomous
function f1 on the growing middle cylinder is part of the modified curvature, so it is not
estimated as a compactly supported source. In part (ii) the Hamiltonian is zero, so the
energy of a section is twice its symplectic area even for domain-dependent J , with no term
involving the derivative of J , and the transition adds no curvature or boundary term. In both
parts, configurations with the same intermediate critical lift have cancelling actions at the
neck, and ordinary determinant gluing makes the index additive. The relation between index
and topological energy therefore gives an energy bound and a lower bound for the index that
do not depend on T .

Step 2: transversality. Regularity is needed for the stretched domains and for the in-
terpolating families used below. In these families the gauge perturbations vary with fixed
compactly supported dependence and output, and the strip structures vary on a compact
set. The far ends and the collars of the genus matching surfaces stay fixed. Coefficients at
an ordinary Lagrangian boundary component vary through a compact family of compatible
structures with the same totally real boundary condition, and on a product target the struc-
tures stay split. A change of the principal coefficients of the section operator on a compact
set is not a relatively compact perturbation. Instead, local elliptic estimates, a finite cover
of the parameter space and the fixed parametrices on the ends give Fredholm estimates with
a compact remainder. The local estimates for the operator and for its weak adjoint vary
continuously with the coefficients, and both rows and all stationary columns of the operator
are transported.

For mixed solutions, with the strip structure prescribed, invariant holonomy perturbations
supported in a fixed compact set detect the whole cokernel, as in Paper I, Theorem 5.6(ii).
The scalar component of a cokernel element vanishes because the scalar Neumann operator
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is invertible. The gauge component vanishes on the support region, because it pairs to zero
with the holonomy perturbations along loops of zero lifting class supported there. Every
perturbation term has its output in that region, so the adjoint equation is local outside it,
and unique continuation on the connected gauge region gives vanishing everywhere. The
section component vanishes by Green’s formula on a genus matching arc, extension by zero
and unique continuation, applied on each component of the section. This uses that every
component of the section meets a genus matching arc and that the gauge region is connected,
which holds for the domains of the proposition.

For continuation strips with domain-dependent J in the class above, let u be a nonconstant
solution. The set where ut ̸= 0 is dense in any region where J may vary: if ut vanished on
an open set, so would us, and unique continuation would make u constant. If a cokernel
element of the parametrized operator is nonzero, choose a point of that set at which it is also
nonzero (its zero set has empty interior, by unique continuation for the adjoint equation).
There the variations Y 7→ Y ut of compatible structures span the tangent space of the target,
contradicting the pairing with the cokernel element. Because the variations are localized in
the domain, the strip need not be injective. At a constant solution, the energy identity for
the linearized operator on the fixed tangent Lagrangians makes the decaying kernel zero. Its
index is zero by deformation to an autonomous constant strip, during which the asymptotic
operators stay invertible by transversality. For product targets use independent variations
on each nonconstant factor; each constant factor is invertible. This direct transversality
argument for the linearized strip operator supplies the continuation-strip input in the proof
of Proposition 2.1(c).

We choose perturbations inductively in the index, starting from the lowest index allowed
by the energy bound. At each stage the solutions of smaller index are already regular, those
of negative index, counting the parameter, are absent, and outside a neighbourhood of the
already regular broken configurations the solutions of the next index form a compact set, and
a finite-dimensional space of perturbations makes it regular. This space is then fixed, and
later choices are small enough to preserve the earlier regularity and the end collars. The Sard–
Smale theorem for parametrized families then gives data that are regular for parametrized
families through index one, with the data parameter counted once. In the parametrized
operator (v, τ) 7→ Dbv + τCb the single column Cb contains (∂bJb)ut, the transport of the
target and the variation of the gauge perturbations; ordinary gluing copies this column once,
onto the piece that carries it. Monotonicity and the exclusion of bubbles, each of which costs
index four, make the regular continuation spaces compact up to breaking through index one.

Step 3: compactness and gluing. For large T , the results of (I7) apply to the two pieces:
the continuation piece and the mixed piece of N1 in part (i), and the mixed piece of N0 and
the continuation strip in part (ii). A limit of solutions of index d consists of the two pieces
and broken trajectories Wj along the neck, with

d− I1 − I2 −
∑
j

indDWj = 4n, Elost = 4π2n, n ≥ 0,

where I1, I2 are the indices on the two pieces; the continuation piece contributes its full index.
Both pieces are regular, so their indices are nonnegative, and every nonconstant trajectory
on the neck has positive index. Hence for large T there are no solutions of negative index,
simultaneously for all labels by the uniform lower index bound. At d = 0 both pieces have
index zero, there are no broken trajectories and n = 0. The continuation pieces keep their full
transition data in the limit, and no energy term involving the derivative of J arises. By (I7),
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gluing is then a bijection from the matched pairs of rigid solutions on the two pieces onto the
rigid solutions of the stretched domain, with one length threshold for the finitely many pairs.

The quotient by the lifting group is kept in the gauge construction. The connected cylin-
der adds no lifting class, since the connecting image from H0 of the connected cut van-
ishes [KM11b, Proposition 5.4]; its bundle automorphisms identify the lifting groups of its
two ends, and the fibre product over the common critical orbit gives exactly the multiplicity
of matrix composition. A strip adds no gauge region and no lifting factor. In both parts the
orientations are compared by ordinary determinant gluing (Lemma 3.3) before the line of the
intermediate generator is cancelled. For a nonautonomous continuation, the full stabilized
operator is kept on its compact part, with its two prescribed end models, and the autonomous
inverse is used only on the matched tail. The gluing exact sequence and its independence
of the cutoffs then apply with both far ends fixed, without replacing the continuation by an
autonomous trajectory. Relative mixed shifting (Propositions 2.2 and 5.4) and associativity
preserve the constant-pair normalization, and the constant strip carries its canonical orien-
tation. All maps here are even. Thus for large T the count FT of rigid solutions on the
stretched domain is

FT = N1 contG(f0, f1) in (i), FT = contS(J0, J1)N0 in (ii),

with no independent sign for a component or a matrix entry.
The homotopy. Fix such a length T∗. If necessary, make an arbitrarily small compactly

supported perturbation of the endpoint data that makes index one regular; by compactness
and local uniqueness it does not change the regular rigid count. In part (i), interpolate
the inserted data to those of N0 by replacing β with bβ, b ∈ [0, 1], and interpolating the
compactly supported perturbations; the far input stays f0. In part (ii), interpolate to N1

through compactly supported changes of the strip structure and of the gauge perturbations,
with far output J1. Along either path the far ends are fixed and the data change in a compact
set, so the parametrized moduli spaces are regular through index one by the transversality
above. Compactness holds with the coefficient family on the compact part, with index loss
in nonnegative multiples of four and positive indices of ordinary breaks. As in (I7), the
compactified one-dimensional parametrized space has as boundary only the two endpoint
counts and breaks along index-one trajectories at ordinary ends, with collars given by gluing
at the ordinary end. With the parameter oriented first, (5.3) gives the displayed identities,
with HG or HS the count of parametrized solutions of vertical index −1; this holds also when
the two data differ in the strip structure on a compact set. Finally Proposition 5.3 extends
these counts from their common small weight to all permitted weights; slow reference paths
are prepared before their weights are compared. □

6.4. Orientations in families of data. The same reasoning applies to compact parame-
ter families of primary and geometric data whenever their asymptotic intersections remain
transverse. Locally choose fixed-centre charts and stabilizations. A nearby regular solution
has small coordinates in such a chart. The line orientation pulled back from Proposition 5.4
varies continuously, by Proposition 2.2 for families with varying data, while the canonical
orientation of an invertible operator is continuous on the invertible locus. Their ratio is con-
sequently locally constant. This fact is used in the collapse and closed-cut comparisons; it is
a local statement in the parameter and uses only these charts.
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7. Triangles and orientations under collapse

7.1. Two-handle data and the triangle product. Let W2 : M0 → M1 be a two-handle
cobordism, attached along a framed link with n components, with the bundle trivial at both
ends and a filling frame as in Paper I, Section 4.4. Following Paper I, Section 9.1, choose a
Heegaard triple (Σ;H0, H1, H2) of genus g subordinate to the link. Then H0∪H1 and H0∪H2

are Heegaard splittings of M0 and M1, and Y12 = H1 ∪H2 is a connected sum of r = g − n
copies of S1×S2. Let Ci be the torus compression body of Hi (Section 2), so that h = g+1,

and write Y #
ij = Ci ∪ (−Cj); thus Y

#
01 = M#

0 and Y #
02 = M#

1 . The three Lagrangians in Mh

are

P0, P1 = L(C1), P2 = Lh2(C2),

where P0 is the image of Lh0(C0) under the symplectomorphism of Mh induced by the filling
frame. The primary perturbation of C1 is zero. The Lagrangians L(C1) and L(C2) meet
cleanly in Q ∼= SU(2)r, and h2 is a small positive multiple of the height function ζQ of
Paper I, Section 9.2, a Morse function on Q with a unique maximum q∗. The perturbation
h0 is small, with P0 transverse to P1 and P2 and disjoint from P1 ∩ P2. The point q∗ is the

top generator of CF (P1, P2), and the corresponding critical point of Y #
12 is again written q∗.

Write Nij for the mixed map of the pair (Pi, Pj), from the gauge complex of Y #
ij to

Cij = CF (Pi, Pj). Let Fr be the filling of Y #
12 by the boundary sum of r copies of S1 ×D3

and one copy of T 2 ×D2. Its relative invariant θG is the signed count of index-zero solutions

on Fr with cylindrical end Y #
12 , projected to the framed complex; it is a cycle, equal to ±oq∗

(Paper I, Proposition 9.4, and Lemma 7.7). Put θS = N12θG. The torus-summed triangle
X# is the union of ∆×Σh and ∆×T 2, for a triangle ∆ with edges e0, e1, e2, with the pieces

ei ×Ci attached along ei × (Σh ⊔ T 2). Its ends are Y #
01 , Y

#
12 and Y #

02 , and W
#
2 = X# ∪

Y #
12
Fr

(Paper I, Section 9.3). Its lifting group ϕX is the quotient of (Z/2)3, with one coordinate

for each compression piece, by the diagonal; the class it restricts to on Y #
ij is the sum of the

i-th and j-th coordinates, written sij . Let µG : CG(Y
#
01 )⊗rCG(Y

#
12 ) → CG(Y

#
02 ) be the gauge

map of X# with lifting group ϕX . The symplectic map of the two-handle is

SW2 = µS( · ⊗ θS),

where µS is the triangle product of (P0, P1, P2) defined below, composed on both sides with the
frame transports of Paper I, Theorem 9.13, which we suppress from the notation. Theorem 7.8
compares SW2 with the gauge map of W2.

Order three Lagrangians L0, L1, L2 by the boundary orientation of the triangle. Write
Cij = CF (Li, Lj). Use the end gradings induced by its chosen almost-complex gauge triangle.
Holomorphic triangles carry the limiting triangle orientation of Definition 7.2: the mixed
triangle at small positive collapse scale is oriented by Definition 5.5, this orientation is pulled
back along collapse, and the lines of the corner pieces are then cancelled. The corner pieces of
the zero-scale limit domain are the one-input mixed pieces V01,V12 attached at its incoming
ends along ordinary strip necks (Section 7.3). Put all generator orientation lines before the
determinant line of the triangle. The resulting product

µ : C01 ⊗r C12 −→ C02

satisfies

(7.1) dµ(a, b) = (−1)|b|µ(da, b) + µ(a, db).
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Indeed the first strip break requires its translation line to pass the second input generator;
the second break does not. This is the boundary calculation for the one-dimensional triangle
space.

If θ ∈ C12 is a homogeneous cycle, then Rθ(a) = µ(a, θ) is a closed map of degree |θ|.
The product itself is even in this convention. For a change of reference almost-complex
structure at any of the three ends of the triangle, the corresponding symplectic conversion is
diagonal on the same generator orientation lines. Applying the conversions with (3.4) gives
the product for the new reference structures. If the three conversions Θ01,Θ12,Θ02 have
parities |Θ01|, |Θ12|, |Θ02|, the converted product has degree m = |Θ01| + |Θ12| + |Θ02| and
satisfies

dµ(a, b) = (−1)m
(
(−1)|b|µ(da, b) + µ(a, db)

)
.

Inserting a cycle θ then gives a closed map of degree m + |θ|. All subsequent changes of
reference structure use this converted formula, with the right tensor convention.

7.2. Collapse preserves the transported orientations. This subsection proves Theo-
rem B. The decisive step is Proposition 7.5, which rests on Lemma 7.3: if a continuous family
of Fredholm operators over a square is invertible on three edges, then transport along the
fourth edge carries the canonical orientation to the canonical orientation. Proposition 7.4
supplies such a square at a fixed small collapse scale ϵ, for a regular index-zero limiting so-
lution V . Its edge s = 0 is constant, equal to the linearized operator at the preglue Wϵ(V ),
which is invertible, with inverse bounded by a fixed power of 1 + | log ϵ|, by the attachment
inverse of (I8). Its edge t = 0 is the derivative of the contraction equation of (I8) along the
chart segment from Wϵ(V ) to the solution Gϵ(V ); it is invertible because the inverse bound
at the preglue dominates the quadratic bound on the contraction ball. Its edge s = 1 is the
operator at Gϵ(V ) with its slice centre moved from Wϵ(V ) to Gϵ(V ); it is block triangular,
with the invertible linearization on the quotient by gauge directions and an invertible scalar
block. Its edge t = 1 is the path of linearized mixed operators along the segment, which car-
ries the transported orientation. Lemma 7.3 therefore transports the canonical orientation at
the preglue to the canonical orientation at the solution, and Lemma 7.1 identifies the former
with the canonical orientation at V .

The bijection of solutions is Paper I’s; what is new here is the comparison of determinant
lines. The estimates below serve two purposes. Lemma 7.1 extends the linear analysis of
Paper I from regular solutions to compact families of limiting configurations, whose operators
may have kernel and cokernel; this is needed because orientations live on configuration spaces.
Proposition 7.4 constructs the square; it is needed because the preglue is not a solution, so
the block-triangular comparison of Lemma 5.2 does not apply along the segment.

The comparison must be defined on compact families of limiting configurations, where
kernels and cokernels may occur. We first give that construction. Stationary mixed-end
coordinates are included as finite-dimensional domain factors throughout.

Lemma 7.1 (Collapse of stabilized families). Let {Vb}b∈B be a compact smooth family of
limiting configurations with the specified autonomous end models and separated stationary
coordinates. Assume that their remainders have a common exponential rate β at every re-
quired derivative order, and choose the comparison weights in common gaps strictly below that
rate. Assume that the collapse datum is unperturbed, as in Paper I: the primary perturbation
vanishes on the inserted compression body, and the dependence region and the output of every
other perturbation avoid a fixed neighbourhood of the collapse. Primary data on the remaining
pieces may vary in a compact regular family, and the length of the collapse arc may vary in
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a compact range. For sufficiently small ϵ > 0, pregluing gives a continuous isomorphism of
orientation lines

(7.2) detDVb
−→ detLWϵ(Vb).

It is independent, up to positive homotopy, of the stabilization and cutoff choices, and it
commutes with the lifting actions. It also commutes with ordinary gauge and strip gluing at
an original end, in the following sense. There are constants C and T0, and a threshold ϵ0
independent of the neck length T ≥ T0, such that the square formed by (7.2) and the gluing
isomorphisms of Lemma 3.3 commutes in the cofinal neck-and-scale regime

T ≥ C log(1 + | log ϵ|) + T0, 0 < ϵ < ϵ0,

and hence, by continuity, for all T ≥ T0 and 0 < ϵ < ϵ0. At a regular index-zero solution both
operators are invertible and (7.2) carries the canonical element to the canonical element.

Proof. Stabilization. Choose a finite-dimensional real space F and smooth compactly sup-

ported target columns jb : F → Yb so that D̂b = (DVb
, jb) : Xb ⊕ F → Yb is onto. Such

columns exist by smoothness of the cokernel on the limit domain (Proposition 2.1(a),(b),
which includes the zero-scale limit domains) and density of compactly supported tests; a

finite cover of B and parameter cutoffs give one F . Write Kb = ker D̂b. These kernels form
a vector bundle. Choose projections Γb : Xb ⊕ F → Kb whose restriction to Kb is the iden-
tity. They can be formed from compactly supported pairings, together with the stationary
coordinate projections at original ends and the coordinate tests on F : a nonzero kernel ele-
ment cannot vanish in all three sets of tests. The F tests also detect redundant or inactive
stabilization columns. A finite selection works over each compact parameter patch. A fam-
ily of arc lengths in a compact range is identified with a family of metrics on one domain
by diffeomorphisms supported along the arc; the constants of Paper I, Sections 7.1–7.7, are
uniform on such families. Any free stationary coordinate at an artificial exterior end is also
detected by compact pairings on Kb, after enlarging the compact set. Choose those pairings
instead of an artificial-end limit projection: the artificial end will disappear on attachment.

Then (D̂b,Γb) is an isomorphism, with uniformly bounded inverse over B.
Transport the columns to the preglued domain, away from the transition annuli, and denote

them by jϵ,b. Patch kernel fields by the harmonic lift on the collapsed compression and by
the usual cutoffs elsewhere. Call this map Jϵ,b. Transport the compact pairings in Γb in the
same manner, retaining their finite-dimensional factors in the original order. This defines

Aϵ,b = (LWϵ(Vb), jϵ,b,Γϵ,b) : Xϵ,b ⊕ F −→ Yϵ,b ⊕Kb.

Four estimates. Put A = 1 + | log ϵ|, and fix a weight δ∗ < min(β, γ/2), where γ is the
transition gap of Paper I, Proposition 7.9. The arguments of Paper I, Sections 7.1–7.7,
which are written for a regular index-zero solution, give the following four estimates for the
stabilized family, with constants CB, N and σ > 0 independent of ϵ and b. They are proved
in Appendix A.5.

(i) (Decay.) The stationary columns of the auxiliary exterior operator of Paper I, Sec-

tion 7.7, built from the truncation of Vb at radius ϵ1/4, differ from those of DVb
by

O(ϵ1/4) + O(ϵ(β−δ∗)/4), uniformly on B. The common rate β replaces the decay of
solutions.

(ii) (Exterior inverse.) The auxiliary exterior operator, augmented by jb and Γb, is invert-
ible, with inverse bounded uniformly in ϵ and b at the end weight δ∗, and by CBA

N

at the end weight δL ≍ A−1 on the new ends. This replaces Paper I, Proposition 7.13.
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(iii) (Attachment inverse.) ∥A−1
ϵ,b ∥ ≤ CBA

N . This extends the attachment inverse of (I8)

to the stabilized family.
(iv) (Kernel patching.) For k ∈ Kb, ∥Aϵ,bJϵ,bk − (0, k)∥ ≤ CBϵ

σAN∥k∥. This carries the
kernel estimate of Paper I, Proposition 7.8, from the model strip to the glued domain.

By (iii) and (iv), ∥A−1
ϵ,b (0, k) − Jϵ,bk∥ ≤ C2

Bϵ
σA2N∥k∥, which tends to zero. Hence k 7→

A−1
ϵ,b (0, k) identifies Kb with ker(LWϵ(Vb), jϵ,b) and is asymptotic to the patched kernel map.

Cancel detF in the two identities detD = det ker(D, j) ⊗ (detF )∗ to obtain (7.2). Its
independence of the stabilization and cutoff choices, and its compatibility with the lifting
actions and with gauge and strip gluing, are proved in Appendix A.5.

At a regular index-zero solution the stabilization may be taken to be zero. ThenKb = 0, the
realized operator is invertible, and the estimate above makes the preglued operator invertible,
so (7.2) carries the canonical element to the canonical element; by stabilization independence
the same holds for every stabilization. This proves all the assertions. □

Definition 7.2 (Limiting orientation). Let V be a configuration on the zero-scale limit
domain of the triangle, with gauge inputs a01, a12 and output x02. For 0 < ϵ < ϵ0, with ϵ0 as
in Lemma 7.1 for a compact family containing V , the limiting orientation of V is the map

LG(a01)⊗ LG(a12)⊗ detDV −→ LS(x02)

obtained from the orientation of Definition 5.5 at the preglue Wϵ(V ) through (7.2). Let V01,
V12 be the corner pieces of the zero-scale domain (Section 7.1). For a configuration u on
the triangle domain with inputs x01, x12 and output x02, let V = Cx01#Cx12#u be obtained
by gluing the constant pairs on the corner pieces to the inputs of u. The limiting triangle
orientation of u is the map

LS(x01)⊗ LS(x12)⊗ detDu −→ LS(x02)

obtained from the limiting orientation of V by cancelling, in cyclic order, the canonically
oriented lines of the two invertible constant pairs, with LG(axij ) = LS(xij). The folded
triangle is treated in the same way, with the pieces of the pairs (A0, LC) and (LC , A1).

The orientation of Definition 5.5 at scale ϵ is formed after moving the metric, with the
configuration fixed, along stages (A) and (B) of (I11), to a metric with a product collar at
the cut. The configuration spaces do not depend on the metric (Appendix B.1), so this is
transport along a path of data, continuous in ϵ. By part (V1) of Lemma 7.6 below, the strip
actions of the corner pieces are those of C01 and C12. A limiting triangle need not admit
a shift to a constant triangle, because the triple intersection of its boundary labels can be
empty; the orientation is therefore defined by collapse rather than by shifting.

The limiting orientations are independent of ϵ and of the auxiliary choices, and they are
coherent at breaks, by the following arguments.

Continuity for 0 < ϵ < ϵ0 on a compact configuration family compares sufficiently small
scales. On overlaps choose a common smaller scale. Stabilization independence and ordinary
gluing compare the auxiliary columns, corner pieces and necks. For a symplectic strip at an
incoming end, apply the one-input comparison Cx#u ∼ A#Cy in its corner piece, away from
the central collapse neighbourhood, and absorb A into the ordinary cobordism factor. Thus
the full end-gluing diagram commutes before the lines of the corner pieces are cancelled.

The same comparison applies with nonconstant configurations on the corner pieces. If
c01, c12 are such configurations, for instance solutions or the preglued configurations Cx#w

used below, shift each to Aij#C
c′ij inside its domain defining the mixed map (Proposi-

tion 2.2(a); Appendix B covers the domains defining the mixed maps). This is a compact
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family on a fixed limiting domain, of the kind allowed in Lemma 7.1. Its compatibility with
gauge gluing at the original inputs, together with the coherence of the positive-scale orienta-
tion under input gauge gluing, absorbs Aij . Hence at c01#c12#u the pulled-back orientation
is Γc01 ⊗ Γc12 ⊗ o(u), in cyclic order. At an incoming break of the one-dimensional trian-
gle space the internal neck grows with the breaking parameter. Regroup Cx#T (w#T ′u′) as
(Cx#w)#Tu

′ on a domain with a longer internal neck. This neck runs along the collapsing
arc: the output strip of a corner piece is bounded by P0 and P1, and in the limit domain the
only P1 boundary is the collapse arc (Paper I, proof of Theorem 9.10). Lemma 7.1 allows
compact families of lengths of this arc, so the pulled-back orientation does not depend on the
neck length over compact ranges. This proves coherence of the defined triangle orientation
without an independent component sign.

For a nonsolution reference family supplied only in a strong weighted topology, use a
comparison weight below its remainder rate. Solutions are used with their exponential decay,
without truncation.

Now let V be a regular index-zero limiting solution. Its realized operator and the operator
at its preglue are invertible. Let Gϵ(V ) be the nearby solution obtained from the preglue by
the contraction mapping argument of (I8). It remains to compare the operator at the preglue
with the operator at Gϵ(V ). The chart used for the contraction estimate need not be the chart
used to define the determinant bundle, and the second derivative of a fixed mixed chart need
not be bounded uniformly in the collapse norm. The comparison is therefore made around a
square of operators.

Lemma 7.3 (Transport around a square). Let Ds,t be a continuous family of Fredholm
operators on a square. Suppose the operators on three edges are invertible. Parallel transport
of orientations on the fourth edge carries the canonical orientation at its first endpoint to the
canonical orientation at its second endpoint.

Proof. The orientation double cover of the determinant bundle is trivial over the square.
Transport around its boundary is therefore the identity. On each of the three invertible edges
the canonical orientation is a continuous section, so transport is positive. The remaining edge
must have the same property at its endpoints. □

Proposition 7.4 (Affine centres at positive collapse scale). Fix the collapse datum of
Lemma 7.1 and a sufficiently small positive scale ϵ. Let cs = Φ(sz∗) = (As, us), 0 ≤ s ≤ 1,
be the segment in the exact matching chart from the preglue c0 = Wϵ(V ) to the solution
c1 = Gϵ(V ) obtained by the contraction mapping argument of (I8). At a common sufficiently
small weight on the original ends there is a continuous Fredholm family Ds,t, 0 ≤ s, t ≤ 1,
whose t = 0 edge is the derivative of the contraction equation and whose t = 1 edge is
the linearized mixed operator at cs with slice centre As. It retains the finite stationary
coordinates, both operator rows, and their weak-adjoint domains. If V is regular of index
zero, the other three edges are invertible.

The Fredholm construction also holds in compact smooth families of these small matching-
chart neighbourhoods, including nonsolutions, with bounds depending on the positive scale.

Proof. The proof has three steps. Step 1 constructs the family Ds,t. Step 2 proves that it is
a continuous family of Fredholm operators. Step 3 proves that the edges t = 0, s = 0 and
s = 1 are invertible when V is regular of index zero.

Step 1: construction of Ds,t. Write g = gϵ, λ = λϵ and ĝ = λ−2g for the metrics and
rescaling in Paper I, Sections 7–8. Put

(7.3) Cs,t = (1− t)A0 + tAs.
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The centre need not solve the primary equation at a mixed end. The exact chart fixes the
normal connection trace, so the covariant Neumann condition is common to all these centres.
A single normal gauge for A0, applied to the whole family, makes this trace zero without
changing the affine relation. For each fixed ϵ, the changed compression region is compact and
its minimum scale is positive. Paper I’s strong norms are then equivalent to ordinary weighted
Sobolev norms, with the stationary coordinates adjoined; these equivalence constants need
not be uniform as ϵ→ 0.

At an original mixed end e, choose the primary representatives Be(p) in the spatial Neu-
mann Coulomb slice of Be(0):

(7.4) d∗Be(0)
(Be(p)−Be(0)) = 0, (Be(p)−Be(0))(n) = 0.

The spatial scalar inverse and implicit function theorem give this local section of the family
of primary solutions. Extend it into the matching chart after subtracting its stationary value.
This ensures that the affine scalar equation has weighted target. If an initial local primary
section is used instead, its small spatial gauge gives this normalization; extend that gauge with
a fixed longitudinal cutoff. The correction is quadratic in the stationary parameters when
the initial tangent is Coulomb. It occurs on the fixed original-end geometry and preserves
the initial collapse operator and the quadratic estimates of Paper I. The chart segment is
smooth in all stationary-subtracted norms.

We first compare scalar operators without assuming compact support of Cs,t − As. With
dµ = λ2dVĝ = λ−2dVg, the operator PC,A = λ2d∗,gC dA has weak form

(7.5) ⟨ξ, PC,Aη⟩µ =

∫
⟨dCξ, dAη⟩ĝ dµ.

The two factors on the right are generally different. Let CP be the Poincaré constant for A,
and let a bound the bracket with C −A in the rescaled metric. Then

Re⟨ξ, PC,Aξ⟩µ ≥ (1− aCP )∥dAξ∥2µ.

If aCP < 1, the bounded coercive form gives a weak inverse. Conjugating by an original-
end weight w = eω adds form terms controlled by ∥dω∥∞ and its square. For a common
sufficiently small weight they are absorbed. Neumann elliptic regularity gives the higher
Sobolev inverses at this fixed scale. The identical spatial argument makes d∗CdB invertible
when B is the perturbed-flat limit of cs at a mixed end and C is sufficiently close to it,
whether or not C is perturbed flat.

We next specify all stationary columns. Let φs,0,e(p) be the connection value of the
contraction-chart column at the limit Be(s) of cs at the end e, and let C = Cs,t,e be the
corresponding limit of the centre. Define

(7.6) ψs,t,e(p) = (d∗CdBe(s))
−1d∗Cφs,0,e(p), φs,t,e = φs,0,e − dBe(s)ψs,t,e.

The new value is C-Coulomb and has the same primary boundary class. At t = 0 the
correction vanishes by (7.4). Extend ψ by a fixed end cutoff to Ξs,t(p) and put

Hs,t(p) = Hs,0(p)−GsΞs,t(p), Gsξ = (dAsξ, 0), Js,t(w, p) = Jdec
s w +Hs,t(p).

Here Jdec
s is the decaying derivative of the exact chart. Reading the primary classes at

infinity and subtracting Hs,t proves that Js,t is a source isomorphism. It is the derivative of a
matching chart: solve the nonlinear spatial C-Coulomb equation based at Be(s) and extend
its small gauge with the same cutoff. This leaves the configuration cs fixed and differentiates
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to the displayed formula. The scalar stationary image vanishes, and all remaining scalar
columns belong to the weighted target. Equivariance gives

(7.7) ∇FcsGsΞ = ρ∗(Ξ)F(cs).

This weighted equation column is retained; it need not vanish at a nonsolution.
There is also a target derivative. On the section factor choose Sc by pointwise parallel

transport from u(z) to u0(z) along the short geodesic in the target. The gauge target is
fixed. Shrinking the chart gives uniform normal neighbourhoods; Sc0 = 1 and ∇S|c0 = 0.
Pointwise multiplication estimates preserve Paper I’s quadratic bound and initial operator.
Differentiating gives

(7.8) d(SF)c[v] = Sc∇vF +Rcv, Rcv = (∇vS)cF(c).

The coefficient of Rc tends to zero on the original ends, where the residual tends to zero. It is
compact from the weighted decaying H1 domain to L2, by compact truncation and Rellich,
and its stationary columns are weighted finite rank. Since ∇S|c0 = 0, the formula (7.8) gives
Rc0 = 0 even though the preglue is not a solution; also Rc1 = 0 since c1 is a solution. The
target map itself may have a nonidentity stationary limit.

The required square is

(7.9) Ds,t =
(
Scs∇Fcs + (1− t)Rcs , λ

2d∗,gCs,t
πA

)
Js,t.

At t = 1 the residual term is absent and the centre is As, so this edge is the path of linearized
mixed operators at cs.

Step 2: Fredholm property and continuity. The family (7.9) is a continuous family of
Fredholm operators on the whole square. On the changed compact core, which is smooth at
this fixed scale, this follows from the local estimates of [DFL21, DFL24]. On each mixed end
the operator differs from the translation-invariant end operator at the stationary limit by a
zeroth-order term bounded by a constant times the C0 distance between the centre and that
limit; when this distance is small, a Neumann series gives the end inverse and the inverse
of its adjoint. The estimates are given in Appendix A.6. The smallness conditions used in
Steps 1 and 2 follow from the contraction bounds of (I8). On the unchanged original ends
the spatial gaps and cylinder constants are fixed. The stationary correction is bounded by
C(1 + | log ϵ|)m+1eϵ → 0, with eϵ the pregluing error of (I8). The strong-control estimate of
Paper I, (8.1), bounds the variation sz∗ on unit patches of the rescaled metric by its strong
norm, so Sobolev embedding gives ∥As − A0∥C0(ĝ) → 0. The temporal component in this

norm is the rescaled component, with no additional ϵ−1 factor. The preglue’s uniform scalar
Poincaré estimate therefore persists, and both scalar and end smallness conditions hold for
sufficiently small ϵ.

Step 3: the three invertible edges. The t = 0 edge of (7.9) is exactly the derivative of the
contraction equation, including the affine scalar row and (7.8). By (I8) the operator at the
preglue is invertible in the strong norms, with inverse bounded by a fixed power of 1+ | log ϵ|.
The derivative of the nonlinear part of the contraction equation along the segment is bounded
by a constant times ∥z∗∥, which is at most a fixed power of 1 + | log ϵ| times the pregluing
error, a positive power of ϵ. Hence this entire edge is invertible. Strong invertibility implies
first-order invertibility: kernels regularize into the strong domain, and a weak cokernel would
annihilate every smooth target reached by the strong inverse. The first-order operator has
closed range, being Fredholm by Step 2, and the smooth targets reached by the strong inverse
are dense in its target, so such a cokernel element vanishes. At s = 0, the centres and source
maps are constant and R = 0, giving the invertible preglued operator used in (7.2).
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At s = 1, equivariance gives ∇Fc1G1 = 0. The scalar inverse splits the source into hori-
zontal vectors and decaying gauge directions. The resulting blocks are the intrinsic quotient
linearization and PC1,t,A1 . Changing (7.6) changes only the representative of that quotient
tangent; (7.7) now vanishes. Regularity and index zero make the quotient block invertible,
and scalar coercivity makes the second block invertible. This proves invertibility of the third
edge.

Compact parameter families use finite local covers; the transition gauge transformations
transport both rows and all stationary columns. Ordinary gluing at fixed positive scale com-
mutes with these identifications by the bordered determinant construction, with corrections
placed on the mixed factors and fixed ordinary end models. □

Proposition 7.5. The map (7.2), followed by transport from Wϵ(V ) to Gϵ(V ), preserves the
sign of the zero-dimensional solution.

Proof. Use the family (7.9) of Proposition 7.4. Its contraction edge is invertible by the
nonlinear estimate, its preglue edge is the initial invertible collapse operator, and its solution
edge is invertible by the quotient and scalar block decomposition. Lemma 7.3 identifies the
canonical orientations along the remaining edge, the path of linearized mixed operators at
cs. Composing this identification with (7.2) proves the claim.

That path, the edge t = 1, is an extended realization, not an permitted one in the sense of
Definition 5.1: its target map Scs may have a nonidentity stationary limit, and its source is
the chart at c0. It differs from a permitted realization Lcs along the same configurations by
bounded source and target isomorphisms depending continuously on s. At s = 0 these are
the identity, since Sc0 = 1 and the chart is centred at c0. The naturality maps of determinant
lines under these isomorphisms commute with transport, and at s = 1 both operators are
invertible, so the naturality map carries the canonical element to the canonical element.
Hence the identification along the edge t = 1 is the one in the determinant bundle of the
permitted realizations along cs, which carries the transported orientation. □

If the conformal metric in the collapse estimate is changed within the unperturbed collar
class, the zero set of the mixed equation is unchanged. At a solution Lemma 5.2 compares
the gauge rows by invertible paths, so the sign is unchanged. This permits use of the metric
of Paper I without introducing a new orientation convention.

The construction is compatible with compact parameter families because its stabilizations
and operator bounds may be chosen locally uniformly. Associativity of ordinary gluing identi-
fies the determinant maps at broken ends. This proves Theorem B. Together with Lemmas 7.6
and 7.7 below, it gives the two-handle square, Theorem 7.8.

7.3. Mixed maps of the degeneration pieces and the two-handle map. The de-
generations of the mixed triangle contain one-input mixed pieces which are not the special
quintuples on which the mixed maps are defined. At the collapsed end these are the two DFL
pieces V01,V12 of the zero-scale domain, cut off along ordinary strip ends; they are the corner
pieces of Section 7.1. Each carries an original mixed end and a new mixed end of Paper I,
Proposition 6.9. At the end with the long cut collar the piece is the DFL piece V02 of the

pair (P0, P2) beyond Y
#
02 . The folded triangle of Lemma 9.2 has the corresponding pieces for

the pairs (A0, LC), (LC , A1) and (A0, A1). Each such piece V is a domain of DFL type in the
class of (I1) (Paper I, the paragraph following Lemma 9.7, and the proof of Theorem 11.8).
By (I1) its count is chain homotopic over F2 to the mixed map of the pair; Lemma 7.6 gives
the integral statement.
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Orient the configurations on V by the map ΓV of Proposition 5.4; Proposition 2.2(a) applies
to V by Appendix B.1. Let Vst be the special quintuple of the same pair, carrying the data
of its mixed map N . Suppose that V has the same ordinary end data, including the almost-
complex structure on the gauge end collar; otherwise compose with the continuations of
Proposition 6.4 and the conversions of Section 4. Let NV be the count of regular index-zero
solutions on V, signed by ΓV . For a regular strip u from x to y at the output, the action
RV(u) : LS(x)⊗ detDu → LS(y) is defined as in Section 8.2: glue u to the constant pair Cx

on V and evaluate ΓV on the positive element of the invertible constant-pair operator.

Lemma 7.6 (Integral identification of the degeneration pieces). Let V be a domain of DFL
type in the class of (I1), for a transverse pair whose mixed map N is defined on the special
quintuple Vst of the pair, and joined to Vst by the path of domains and data in the proof of (I1).
Suppose that V and Vst have the same ordinary end data, including the almost-complex struc-
ture on the gauge end collar. Let NV be the count of regular index-zero solutions on V signed
by the orientation map ΓV of Proposition 5.4, and let RV(u) be the strip action defined above.
The degeneration pieces of this section and the closed-cut piece Mλ0 of Proposition 8.14 are
domains of this kind.

(V1) RV(u) = RVst(u) for every regular strip u at the output. Thus the strip orientations
transported through V are those of the target complex of N .

(V2) NV is closed and even, and NV −N = δHV over Z. Here HV is the signed count of
the isolated parametrized solutions of vertical index −1 along the path of domains and
data from Vst to V used in the proof of (I1).

Proof. The proof of Paper I, Lemma 9.7, joins Vst to V by a path Vb, b ∈ [0, 1], of domains
and data with fixed end types and fixed ordinary end data, which stays in the class of that
lemma. It consists of compactly supported changes of the conformal structure of the section
region, of the seam placement, of the metrics near the mixed ends and of the neck lengths,
followed by a change of the translation-invariant data on the mixed ends. The configuration
spaces along the path are identified by the decorated diffeomorphisms of Appendix B.1,
and the data vary as permitted in Proposition 2.1. Hence ΓVb

varies continuously with b, by
Propositions 2.2 and 5.4, as for the parametric orientations of Section 6. With no secondary or
inhomogeneous data the constant pair Cx is a solution on every Vb, with invertible linearized
operator (Lemma A.2); by openness, uniformly on the compact path, the operator remains
invertible for the small data used here. Glue u at the output with one long neck along the
whole path (Lemma 3.3). Then RVb

(u) is a continuous family of isomorphisms between the
fixed lines LS(x) ⊗ detDu and LS(y), hence constant. This proves (V1); it is the argument
of Corollary 8.7.

For (V2), choose small invariant secondary perturbations along the path, supported in
the cores and regular as a parametrized family through index one (Paper I, Theorems 5.4
and 5.6(iii)). At b = 0 they are the regular data of N . At b = 1 they are the data of V,
after an arbitrarily small compactly supported change which makes index one regular; by
compactness and local uniqueness this change leaves the index-zero count NV unchanged, as
in the proof of Proposition 6.4. On the compactly supported part of the path the parameter
column is compactly supported; on the change of mixed-end data it is the weighted column
of Paper I, Lemma 10.15, whose hypothesis of uniform energy decay is verified in the proof
of Paper I, Lemma 9.7. This is the mixed-end family of Section 8.5, now on V, with Ω = ΓVb

and f = 0. The proof of Lemma 8.12 uses only three properties of Ω: its compatibility with
gauge paths at the input, its compatibility with strips at the output, and the constancy of the
output differential along the family. For ΓVb

the first two are Proposition 5.4 and the third is
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(V1). That proof therefore gives NV −NVst = δHV , and its last assertion gives closedness at
both ends. By construction NVst = N , and all these counts are even because their solutions
have index zero. This is the construction which produces HM in Proposition 8.14. □

The piece counts are replaced by the mixed maps through the following identity. If
F, F ′, G,G′ are closed even maps and F ′ − F = δH, G′ −G = δK with H,K odd, then

F ′ ⊗r G′ − F ⊗r G = δ
(
H ⊗r G′ + F ⊗r K

)
,

since (3.3) and (3.4) give δ(H ⊗r G′) = δH ⊗r G′ and δ(F ⊗r K) = F ⊗r δK. Composition
with closed maps preserves such identities by (3.2).

Consider the cycles θG and θS = N12θG of Section 7.1. The unit diagonal of N12 and the
filtration of C12 by the Morse index of ζQ identify θS with the top generator oq∗ , up to the
chosen sign. The mixed triangle family has one endpoint equal to the gauge triangle followed
by the count NV02 on the DFL piece beyond the cut, and the other endpoint is the symplectic
triangle with the two counts NV01 , NV12 of the zero-scale domain as inputs. Proposition 7.5
compares the counts at the collapse endpoint with the transported orientations, and the
two endpoints of the family are related by its oriented boundary (5.3). By part (V1) of
Lemma 7.6, the input strip orientations entering the limiting triangle orientation are those
of C01 and C12, and the output strip action at the long-collar end is that of C02. Along the
family the output strip action is defined through the terminal constant pairs on the truncated
output regions, which are invertible (Lemma A.2); it is therefore constant, by the argument
of Corollary 8.7, and the output differential is that of C02 throughout. The broken boundary
terms give a homotopy NV02µG ≃ ±µS(NV01 ⊗rNV12). Since µG and µS are closed and even,
part (V2) of Lemma 7.6, the identity for tensors of homotopies above and (3.2) replace the
three piece counts by N01, N12 and N02, hence

(7.10) N02µG ≃ ±µS(N01 ⊗r N12).

The gauge two-handle map is itself a triangle map over the integers.

Lemma 7.7. With the almost-complex orientations, the ordering of Lemma 3.2 and the
conversions inserted as in Proposition 4.4,

I#J (W2) ≃ ±µG( · ⊗ θG),

where µG is the framed gauge triangle map of the torus-summed triangle (Paper I, Sections 9.3
and 9.4) and θG = ±oq∗.

Proof. Paper I, Proposition 9.5, proves the identity modulo two, and its argument is integral

once three points are checked. First,W#
2 = X#◦W ′ is cut along Y #

01⊔Y
#
12 , and the connecting

image in [KM11b, Proposition 5.4] vanishes by the H0 computation in the proof of Paper I,
Proposition 9.5. That proposition and the Künneth isomorphism of [KM11b, Section 5.2]
hold over Z; the latter is written in the left convention, and its transfer to the ordering of

Lemma 3.2 is trivial on a⊗ θ̃G, because the invariant θ̃G of the filling is even in its induced
grading. Second, an element of the lifting group with s12 = 1 is realized by an automorphism
supported on the torus region. The almost-complex orientations are invariant under all bundle
automorphisms (Section 4), so it maps solutions to solutions preserving their signs, and the

orbit count of Paper I gives µ{s12=0}(a ⊗ b) = µϕX (a ⊗ πb) over Z, with no factor two. The
lifting-class sign of the conversion is trivial on these classes by Proposition 4.2, because JW
equals the fixed germ on the torus region. Third, the conversions to the reference structures
of the objects are inserted and cancelled as in the proof of Proposition 4.4. Finally, the
filling has exactly one index-zero solution, with limit q∗ and invertible operator (Paper I,
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Proposition 9.4), so θG = ±oq∗ . Paper I, Proposition 9.5, and [KM11b, Proposition 5.4] are
stated on homology. The composition holds at chain level, up to an integral chain homotopy,
by the stretching formula [KM11b, Section 3.9, (23)], with the conversions treated as in
Proposition 4.4; so the identity holds up to chain homotopy. □

Theorem 7.8 (Two-handle square). Let W2 : M0 →M1 be a two-handle cobordism with the
data of Section 7.1, and let p0 and p1 be the presentations of M0 and M1 given by the pairs
(P0, P1) and (P0, P2), transported to the global frames as in Paper I, Section 9.8. Then

(7.11) Np1I
#
J (W2) ≃ ±SW2Np0 in K(Z).

Proof. The frame transports of Paper I, Theorem 9.13, are pushforwards under diffeomor-
phisms and bundle isomorphisms preserving the torus decoration; their mixed squares are
those of Section 14. Evaluate the second input of (7.10) on the cycle θG, and apply Lemma 7.7.
Since N12θG = θS , this gives (7.11). Changing the reference structures conjugates this iden-
tity by the right-placed conversions and uses (3.2). Twisting the bundle on the two-handle
changes the gauge triangle class but not the orientation argument; its relative bundle is
retained throughout the mixed family. □

For simultaneous gluing at two triangle ends, use one stabilization off both ends. The
determinant comparison is independent of the order of gluing, up to the graded reordering
already present in (3.4). Thus the triangle systems are coherent at corners, which is needed
when the same product is later folded into a compression cup.

8. Torus excision over the integers

This section proves the integral mixed excision theorem, Theorem 8.15, and with it Theo-
rem C. The torus domains, the closed cut Z = D0∪(−D1) ∼= (−M)#M+#T 3 and the reverse
excision cobordism are those of Section 2.5. The gluing tori Ta ⊂ D0 = (−U0) ∪T 2 V0 and
Tb ⊂ D1 are homologous odd tori in Z, the lifting group of Z is generated by sZ = PD[Ta]
(mod 2), and excising Z along Ta and Tb gives Z ′ = (−M)# ⊔ (M+)#. Write E : CG(Z) →
CG(Z

′) for the excision map of Kronheimer and Mrowka and E for the reverse excision map.
The ordinary gauge theory is in Appendix D. There the almost-complex structures at the
closed cut are chosen with (D.1), so that the conversion at Z is defined on the quotient com-
plex. Proposition D.3 then shows that E and E are inverse over Z up to one sign, with the
lifting groups retained: EE is chain homotopic to the identity up to one sign, and both maps
are chain homotopy equivalences. Three points of that proof are not in the literature.

(i) Regular cut data exist with secondary perturbations supported in fixed collars of the
original ends and invariant under the lifting groups, while the new three-torus ends
carry the unperturbed equation.

(ii) For the nonseparating three-torus cut of the composite of excision and reverse exci-
sion, the raw determinant-one count is twice the graded partial trace over the full
two-generator complex of the three-torus; the larger lifting-group quotient is taken
afterwards.

(iii) The parameter-first orientation of homotopies used here and the fibre-first orienta-
tion of [KM11b, Section 3.9] are related by K = −H0gr, where K and H0 are the
homotopies in the two conventions and gr is the grading operator.

The mixed content is in Sections 8.1 to 8.7: the orientation maps on the separate, completed
and joined torus domains, their compatibility with torus completion, and the oriented com-
parison families, which together give the chain homotopy of Theorem 8.15. The position of
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the conversion line at the closed cut is fixed by the following convention, which is also used
in Sections 5 and 9.

Convention 8.1. The determinant line of the conversion at an interior cut is placed after the
complete input generator orientation line and before the complete configuration determinant
line. Its position is fixed relative to the entire configuration, independently of where the
geometric cut is drawn.

Suppose the configuration is written as a sequence of glued pieces. Moving an odd con-
version line with the cut through that sequence would move it past the determinant line of
the intervening piece. The sign would then depend on its index. Convention 8.1 avoids this
dependence: moving the line to a fixed reference position costs a sign determined by the
entire configuration, which is unchanged by moving the cut. At index zero the alternative
fixed placement after the complete configuration line agrees with this one.

8.1. The torus domains and their orientation lines. The remainder of this section
proves the integral mixed excision theorem. The torus domains, namely the separate collared
domains Wa,R (a = ±, 0 ≤ R < ∞), their completions Wa,∞ and the joined domains W J

λ
(λ > 0), with the bridge and the closed cut, are described in Section 2.5. The unsigned
content is Paper I, Section 10: the index and energy formulas and the loss formula (Paper I,
Theorem 10.13 and Proposition 10.14), the torus-completion bijections (I3), the collar and
width families, and the closed-cut decomposition (I2). We use those results as they are proved
there. The domain list of Section 2 includes the finite-width torus domains, their completed
limits and the closed-cut mixed domain, so Proposition 2.1 and Proposition 2.2 apply to them
and to the compact families below. What we add is an orientation for every count and every
one-dimensional family, and the resulting chain homotopy over Z.

At R = 0 the separate domain is the original special quintuple, and its count is the mixed
map Na. For every λ > 0 the closed cut of (I2) (Paper I, Lemma 10.18) decomposes the
joined domain as

W J
λ = Eλ ∪Z Mλ.

Here, as in Section 2.5, Eλ is the reverse excision cobordism of Kronheimer and Mrowka
[KM11b, Section 5.3], with inputs (−M)# and (M+)#, and Mλ is a mixed domain of DFL
type for the pair (A0, A1), with compression bodies D0,λ, D1,λ and single ordinary input Z.
The lifting group is the fibre product ϕJ = ϕE ×ϕZ

ϕM over ϕZ = ⟨sZ⟩.
Labels and lines. An input label is an ordered pair a = (a−, a+) of critical points on

(−M)# and (M+)#, with generator orientation line Ia = LG(a−)⊗LG(a+). An output label
is a point

x = (x−, x+) ∈ A0 ∩A1 = (P̃0 ∩ P̃1)× (R0 ∩R1).

Let CS,− and CS,+ be the target complexes of N− and N+, with their transported orientation
systems, and let L±(x±) be their generator orientation lines. Put

Vx = L−(x−)⊗ L+(x+), CI = CG((−M)#)⊗r CG((M
+)#), CV = CS,− ⊗r CS,+.

In Section 9 these are CF (p̄) and CF (q).
Choose the invariant ordinary datum fZ on Z to vanish on a neighbourhood of the entire

critical set. The determinant-one critical classes on Z over x are exactly two, as in [DFL21,
Lemmas 2.43 and 2.45]: the two genus matching components permit two central signs, and
a constant central gauge on either compression piece changes both, which leaves {1,−1}2
modulo its diagonal. A bundle automorphism of lifting class sZ = PD[Ta] (mod 2), the
projection of cos(πρ)+sin(πρ)n on a genus collar, exchanges them, and it acts freely (Paper I,
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Lemma 10.18(iv), for the lifting classes). Both are irreducible [DFL21, Lemma 2.43 and
the discussion after (2.44)] and, the intersection being transverse, nondegenerate [DFL21,
Lemma 2.47], so the quotient critical set is A0 ∩ A1. Let βx be either lift. The complex
CZ = CFX(A0, A1) is the target of NZ ; its generator orientation line over x is

Zx = LM
G (βx),

the gauge line of βx in the almost-complex structure of the mixed piece. The two lifts have
lines identified by the action of sZ , as in Proposition 5.4.

Finally, let Qx be the conversion line at βx from the structure induced by Eλ to that of
Mλ, and let |Θ| be its parity, the degree of the conversion Θ at Z. By Section 4, |Θ| is
independent of x. Choose one orientation of Q at a reference connection and transport it
along paths of connections on Z. Take the structure of Mλ with the product germ near the
fibres Ta, Tb on its torus region, as in Section D.1, so that (D.1) holds for both structures
at Z. By Proposition 4.2, the transport therefore gives coherent orientations ϑx of all Qx,
invariant under ϕZ . The composite NZE always means the composite through the right-
placed conversion Θr at Z, with its line in the position of Convention 8.1; it has degree
|Θ|.

Lemma 8.2. Let CM,x be the constant pair on Mλ over x, with limit βx on its ordinary
input, for the primary perturbations alone, with no secondary or inhomogeneous data. Its
linearized mixed operator, with stationary columns and scalar row, is invertible for every
finite λ > 0. It is also invertible along the path of domains and data used to prove the
deformation invariance (I1) of the mixed map, which joins Mλ0 to the special quintuple of
(D0, D1) by changing the finite torus-neck lengths and the compact metric. The inverse bounds
are uniform on compact subfamilies.

Proof. The path is that of the deformation invariance (I1) of the mixed map, as applied in
Paper I, Proposition 10.21. The lemma is part of Lemma A.2 in Appendix A: the kernel
vanishes by the quadratic identity of [DFL21, Lemma 4.40] adapted to these domains, and
the index is zero by [DFL21, Proposition 3.19] at the special quintuple and continuity along
the family. The proof of that lemma uses the local theory of Section A.1, Lemma A.1, Paper I,
Theorem 10.13, Lemma 8.4(iii) and Lemma 8.5. □

The determinant line of an invertible operator has the canonical positive element 1, and
conjugation by a gauge transformation preserves it.

8.2. Orientation maps on the torus domains. The proof of Theorem 8.15 compares
two orientations of the same index-zero solutions on the joined domains. The closed-cut
orientationG combines the gauge orientation of the reverse excision cobordism, the conversion
at Z and the orientation of the closed-cut piece Mλ; along a long closed neck its counts
become the composite NME. The product orientation Π combines the orientations of the two
separate domains across torus completion, and at large width its counts are the tensor product
N−,∞ ⊗rN+,∞. Proposition 8.8 shows that G and Π are related by one isomorphism of lines
K0,x for each output label x, read off at the joined constant pair. Proposition 8.9 shows that
these isomorphisms form a closed isomorphism Kr of degree |Θ|. The one-parameter families
of Sections 8.5 and 8.6 supply the remaining homotopies.

All orientation maps below are defined up to positive scalars and take values in the lines
of Section 8.1.

Separate maps. For a configuration c on Wa,R, 0 ≤ R ≤ ∞, Proposition 5.4 gives

Γa
c : LG(aa)⊗ detDc −→ La(xa).
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For a configuration c on the closed-cut pieceMλ, with ordinary input β, the same proposition,
with the positive orientation of Lemma 8.2 at the terminal constant pair, gives

ΓM
c : LM

G (β)⊗ detDc −→ Zx.

Strip actions. For b ∈ {−,+,M} and a regular strip u from x to y at the output of
the corresponding domain, glue u to the constant pair at x and evaluate Γb on the positive
constant element. This defines an even map

Rb(u) : Lb(x)⊗ detDu −→ Lb(y),

with LM (x) = Zx. Proposition 5.4 gives the coherence

(8.1) Γb
c#u

(
i⊗ (d#e)

)
= Rb(u)

(
Γb
c(i⊗ d)⊗ e

)
,

where d#e is the ordered determinant gluing of d and e. The differentials of CS,± and
CZ count index-one strips with these actions. For a split product strip u = (u−, u+) put
n− = indDu− and

(8.2) RV (u)(v− ⊗ v+ ⊗ e− ⊗ e+) = (−1)|v+|n− R−(u−)(v− ⊗ e−)⊗R+(u+)(v+ ⊗ e+).

The sign is the move of detDu− past L+(x+). A regular index-one product strip for split
data has exactly one nonconstant factor, of index one, since each nonconstant factor has a
translation vector in its kernel and a constant factor at a transverse intersection is invertible.
Thus (8.2) gives the right tensor differential (3.3) on CV .

The decorated closed-cut map. A configuration on W J
λ is terminal, in the sense of Defini-

tion 5.5, when it agrees with a constant pair Cc
M,x, for some representative c of the critical

point over x, on the part of Mλ beyond a parallel copy of Z in the product collar of the
cut, and on a two-sided collar of that copy. Its remaining factor e, the reverse excision
cobordism enlarged by the collar, is an arbitrary configuration with the given inputs. Or-
dinary gluing at the copy of Z identifies its determinant line with detDe ⊗ detDCc

M,x
, and

the lines at c are identified with those at βx as in Section 5. Let γe : Ia ⊗ detDe → LE
G(βx)

be the almost-complex orientation of the gauge cobordism, with the ordered inputs, and let

Θx : LE
G(βx)⊗Qx → Zx be the conversion. Define

(8.3) Gc(i⊗ ϑ⊗ de ⊗ 1) = (−1)|Θ| indDe Θx

(
γe(i⊗ de)⊗ ϑ

)
.

The sign moves Qx from its fixed position after the input line to the position adjacent to
the cut. For a general configuration c on W J

λ , the localized several-input shift of Section 5
(Definition 5.5) and Proposition 2.2 retains the ordinary cobordism and reaches a terminal
configuration. Transport (8.3) back along it. This defines an even map

(8.4) Gc : Ia ⊗Qx ⊗ detDc −→ Zx.

Lemma 8.3. The map (8.4) is independent of the shifting path, natural under ϕJ , and
continuous on compact families of finite widths. It has the following compatibilities.

(i) If A is an ordinary path at the input, then

GA#c

(
i⊗ ϑ⊗ (dA#d)

)
= (−1)|Θ| indDAGc

(
γA(i⊗ dA)⊗ ϑ⊗ d

)
.

(ii) If u is a regular strip at the output, from x to y, then, with the coherent orientations
ϑx, ϑy,

Gc#u

(
i⊗ ϑy ⊗ (d#e)

)
= RM (u)

(
Gc(i⊗ ϑx ⊗ d)⊗ e

)
.
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(iii) If c = A#Zc
′ is an ordinary gluing at the closed cut of a configuration A on Eλ from

a to β and a configuration c′ on Mλ from β to x, then, with the coherent orientations
ϑ = ϑx and ϑβ,

Gc

(
i⊗ ϑ⊗ (dA#d

′)
)
= (−1)|Θ| indDA ΓM

c′
(
Θβ(γA(i⊗ dA)⊗ ϑβ)⊗ d′

)
.

Proof. Path independence is the square argument in the proof of Proposition 5.4, with the
relative localized shift of Proposition 2.2(b). Apply it to a path whose endpoints are terminal.
The endpoint tracks and the final edge remain terminal, where (8.3) is continuous. The
orientation double cover over the parameter square then shows that the original path preserves
(8.3). Applying this to the concatenation of two shifting paths from c proves independence.
The bundle automorphisms of the lifting group ϕJ preserve the almost-complex orientations,
the lifting-class sign of the conversion on ϕZ and the positive constant element, and they
map terminal configurations to terminal ones. The pullback of a shifting path by such an
automorphism is a shifting path, so path independence shows that they preserve (8.4).

For (i), the path A is attached at an original input, away from the localized shift. At a
terminal configuration, ordinary associativity gives γA#e(i⊗ (dA#de)) = γe(γA(i⊗dA)⊗de),
and the two sides of (i) carry the exponents |Θ|(indDA+indDe) and |Θ| indDA+ |Θ| indDe.
Continuity along the shift gives (i).

For (ii), glue u to the whole shifting family of c with one long neck. At the terminal end

the configuration is e#Cc
M,x#u; shift C

c
M,x#u to B#Cc′

M,y with B an ordinary path on Z of

index n = indDu, and insert a long product neck at Z so that B lies on the Eλ side beyond
a two-sided collar of Z; then e#B#Cc′

M,y is terminal. The ordinary action of B in the two

structures satisfies the line form of the right conversion convention (4.2):

γMB
(
Θx(v ⊗ ϑx)⊗ dB

)
= (−1)|Θ|nΘy

(
γEB(v ⊗ dB)⊗ ϑy

)
.

The right side of (ii) at the terminal configuration therefore carries the exponent |Θ| indDe+
|Θ|n. The left side places Q before the determinant of e#B, with exponent |Θ|(indDe + n).
The other factors agree by associativity and the definition of RM (u). Continuity gives (ii).

For (iii), shift c′ onMλ to B#Cc
M,x and glue A to the whole family at Z with one long neck.

Both sides of (iii) are continuous orientations of the same line along this family. At its end the

configuration A#B#Cc
M,x is terminal, and by (8.3) its left side carries (−1)|Θ|(indDA+indDB).

On the right, ΓM
B#Cc

M,x
is the action of B in the structure of Mλ, which by the display above

contributes (−1)|Θ| indDB ; the prefactor contributes (−1)|Θ| indDA . The two sides agree at the
end, hence along the family. □

The reference comparison. Let C
(λ)
J,x be the joined constant pair on W J

λ with output x. Its

incoming labels are the critical points ax± , so its input line is LG(ax−)⊗ LG(ax+) = Vx. Its
operator is invertible for every λ (Lemma 8.4(iv) below). Evaluating (8.4) on the positive
element gives an even isomorphism Gref : Vx ⊗Qx → Zx. Define the even map

(8.5) K0,x : Zx −→ Qx ⊗ Vx, K0,xGref(v ⊗ ϑ) = (−1)|Θ| |v|ϑ⊗ v.

The lines are fixed and Gref varies continuously with λ, so K0,x does not depend on λ. Re-

placing C
(λ)
J,x by the joined constant pair of another representative conjugates the operator

by a gauge transformation. It is assembled from the automorphisms relating the represen-
tatives on the two sides; these are central on T , and after multiplying one of them by −1
they agree there and glue across the bridge. The positive elements correspond, and so do the
identified lines, by the remark on representatives in Appendix B; hence K0,x is unchanged.
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Let Kϑ
x : Zx → Vx be the map defined by K0,x(z) = ϑx ⊗Kϑ

x (z), that is, K0,x followed by
the isomorphism Qx ⊗ Vx → Vx, ϑx ⊗ v 7→ v. It has degree |Θ|. Put

(8.6) K = Kϑ, Kr = Kϑgr
|Θ|
CZ
.

The isomorphism ϑx ⊗ v 7→ v involves no sign. The map ϑ∗x ⊗r 1 of (3.4), with ϑ∗x(ϑx) = 1,

differs from it by (−1)|Θ| |v|.

8.3. Product orientations across torus completion. On the completed pair W−,∞ ⊔
W+,∞ the product of the separate maps is

(8.7) Π(c−,c+)(i− ⊗ i+ ⊗ d− ⊗ d+) = (−1)|i+| indDc− Γ−
c−(i− ⊗ d−)⊗ Γ+

c+(i+ ⊗ d+).

We extend it to large finite widths through the torus cutoff of Paper I. On the far torus tail
of a completed side write a configuration as α+ b in the torus-fibre slice of (I12). A compact
family is in torus normal form beyond r0 if every member has this form for r ≥ r0, with b
bounded in every weighted norm and with the weighted norms of b on r ≥ r1 tending to zero
uniformly as r1 → ∞. For a pair c = (c−, c+) in torus normal form beyond r0 and λ ≥ 2r0+2,
the preglue Pλ(c) replaces b by χλb on both tails, with χλ(r) = χ(r − λ/2), and joins them
by α on the bridge, as in Paper I, Lemma 10.25. On one side the truncation PR(ca) on Wa,R

is defined in the same way; it equals α near the face and so satisfies the flat-fibre condition.

Lemma 8.4. (i) Every compact family on the completed domains, in the topology of
Section 2, is in torus normal form beyond some r0 after a continuous family of small
even gauge transformations which are the identity for r ≤ r0 − 1 and on the ordinary
ends.

(ii) Let F be a compact family of pairs in torus normal form beyond r0. The residual
F(Pλ(c))− χλF(c), with χλ extended by 1 off the tails, is supported where χ′

λ ̸= 0 or
χ2
λ ̸= χλ, and tends to zero in every weighted norm, uniformly on F, as λ→ ∞. The

same holds for PR on one side.
(iii) The constant pairs Ca,xa = Cca whose representatives ca are α on T , such as those

produced in Appendix B, are equal to α on the whole added tail. Then PR(Ca,xa) is

the constant pair on Wa,R, and Pλ(C−,x− , C+,x+) = C
(λ)
J,x is the joined constant pair.

(iv) The operators at these constant pairs are invertible for every R and every λ.

Proof. (i) Continuity and compactness make the set of tail differences A−α compact in Hm
δ .

Their norms on r ≥ r1 therefore tend to zero uniformly as r1 → ∞. Sobolev embedding
on unit boxes, whose geometry is fixed on the flat tail, makes them uniformly small in C1

beyond some r1. By (I12) there is then a unique small even gauge transformation into the
torus-fibre slice on r ≥ r1, continuous in the family. Cut off its logarithm on [r1, r1 + 1], as
in Paper I, Lemma 10.11, and take r0 = r1 + 1. The resulting gauges are connected to the
identity by the path of logarithms, so determinant transport along them is canonical, and
every orientation map below is natural under them.

(ii) Only the tail is changed. There the residual is (dχλ ∧ b)+ + (χ2
λ − χλ)(b ∧ b)+, which

is bounded by the norms of b on r ≥ λ/2− 1.
(iii) Choose the stationary representatives equal to α on the whole torus region of the

slice, not only on the far collar. For a stationary representative B = BT +Br dr, flat on the
torus band [b, R] and equal to α near r = R (Paper I, Proposition 10.7), solve ∂rg = −Brg,
g(R) = 1, on a slightly larger interval [c,R] in the determinant-one gauge bundle. Then Bg

has no radial component there, and flatness gives Bg = α on T × [b,R]. With a cutoff η
equal to zero near c and one near [b,∞), the gauges qt(r) = g

(
R + tη(r)(r − R)

)
, t ∈ [0, 1],
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form a path from the identity, supported in a fixed collar, with Bq1 = α on T × [b,∞). They
preserve the classes of the perturbed-flat representatives and the genus germs, and depend
smoothly on compact families of primary data. The constant pairs are pullbacks of these
representatives, so they equal α on the tail and the truncation and the preglue have no cutoff
error; the results are the constant pairs on Wa,R and W J

λ , which are solutions.
(iv) This is Lemma A.2. □

The next lemma is the linear gluing across the torus bridge. The bridge is not an ordinary
end, since its cross-section T × Rθ runs into the mixed ends, so Lemma 3.3 does not apply
to it.

Lemma 8.5 (Determinant lines across torus completion). Let F be a compact family of
pairs in torus normal form beyond r0. For c ∈ F let Dλ(c) be the linearized mixed operator
at Pλ(c), in the realization of Definition 5.1 with the end weights of Section 5.2, and let
D∞(c) = Dc− ⊕Dc+.

(i) There are a finite-dimensional space E, a linear map Λ : E → Y into smooth target
sections supported in a compact subset KΛ of the completed domains, chosen after F,
and λ1 with KΛ ⊂ {r ≤ λ1/2}, such that Dλ(c)⊕Λ is onto, with a uniformly bounded
right inverse, for all c ∈ F and λ ∈ [λ1,∞]. If every D∞(c) is onto, one may take
E = 0.

(ii) The kernels of Dλ(c) ⊕ Λ form a continuous vector bundle over F × [λ1,∞]; in
particular indDλ(c) = indD∞(c) for λ ≥ λ1. Near λ = ∞ its local frames are
ιλ(v) = βλv−Qλ(Dλ ⊕Λ)βλv, where βλ is multiplication by χλ on both tails and Qλ

is the right inverse of (i).
(iii) Consequently the lines detDλ(c) form a continuous line bundle over F×[λ1,∞] whose

fibre at λ = ∞ is detDc− ⊗detDc+. This structure does not depend on Λ. Where the
operators are invertible, the canonical positive elements form a continuous section.

(iv) Let an ordinary path or strip be glued, with a long neck, at an original gauge input or
at the strip output, to every member of F. The identification of (iii) commutes with
the ordinary gluing isomorphism of Lemma 3.3.

The same statements hold for a compact family in torus normal form on one completed side
and its truncations PR(c) on Wa,R, R → ∞. They also hold for every family of operators with
the properties listed at the beginning of its proof in Appendix A.9, in particular for the lin-
earizations in the torus-completion chart (Paper I, Definition 10.23) and for the interpolating
operators in the proof of Lemma 8.10.

The proof is given in Appendix A.9. Once a uniformly bounded right inverse is avail-
able, the construction is the standard gluing of determinant lines along a long neck, as in
Lemma 3.3. Two points are specific to the torus bridge. First, the uniform estimates must
be proved directly, because the cross-section of the bridge runs into the mixed ends; they
are obtained by patching the flat odd-torus model on the bridge with the stationary models
on the mixed ends, as for the uniform inverse of Paper I, Proposition 10.27. Second, the
stationary columns at finite and at infinite width differ on the whole mixed ends, not only on
the tails; their difference tends to zero exponentially in the width, because of the fibre gap
µT on the torus neck.

Let F be a compact family of pairs of configurations on the completed domains. By
Lemma 8.4(i) we may assume it is in torus normal form. Examples are a pair of index-zero
solutions and a pair of constant pairs with strips glued at their outputs. For c ∈ F define

(8.8) ΠPλ(c) : Ia ⊗ detDPλ(c) −→ Vx, λ ≥ λ1,
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as the continuous extension of (8.7) along {Pλ(c)}λ∈[λ1,∞] given by Lemma 8.5. It is contin-
uous on F× [λ1,∞] and natural under the joined lifting group ϕJ ∼= ϕ− ⊕ ϕ+.

The separate shifts of Proposition 2.2 give, for c ∈ F, a homotopy ν 7→ Hν(c), ν ∈ [0, 1],
continuous in the topology of Section 2, from c to (A−#C

c−
−,x− , A+#C

c+
+,x+

) with A± ordinary

paths and representatives c± which are α on T . Its image is compact. By Lemma 8.4(i) it
can be put in torus normal form beyond a common r0, and by Lemma 8.4(iii) its endpoints
equal α on the tails. Applying (8.8) to this larger compact family gives Π on the rectangle
{Pλ(Hν(c))}. At λ = ∞ it is (8.7), which along ν is the transport defining Γ± in Propo-

sition 5.4. At ν = 1 the configuration is (A− ⊔ A+)#C
(λ)
J,x , and there Π is the ordinary

orientation of A− ⊔A+ followed by the positive element of the invertible constant factor, by
Lemma 8.5(iii),(iv). The rectangle is contractible, so this description of Π at Pλ(c) through
ν = 1 does not depend on the chosen shifting homotopy.

The same device compares the separate orientations on the finite and completed domains.
By construction, Γa on the finite domain Wa,R is a continuous orientation over its configura-
tion space, defined by the one-input shift on that domain.

Lemma 8.6. Let F be a compact family on Wa,∞ in torus normal form. For R ≥ R1, the
orientation Γa of Wa,R at PR(c) is the continuous extension of Γa

c along {PR(c)}R∈[R1,∞] given
by Lemma 8.5.

Proof. Consider the rectangle {PR(Hν(c))}, with Hν the separate shift in torus normal form.
The extension from R = ∞ is continuous on it by Lemma 8.5. For fixed finite R the orientation
Γa of Wa,R is continuous in ν. At ν = 1 the configuration is A#PR(Ca,x), and PR(Ca,x) is the
constant pair of Wa,R by Lemma 8.4(iii). There Γa is the ordinary orientation of A followed
by the positive element of the constant factor. The extension from R = ∞ is the same: by
Lemma 8.5(iv) it commutes with gluing A, and the constant factor is invertible for every R
(Lemma A.2) with positive element continuous up to R = ∞. The two orientations therefore
agree at ν = 1, and hence on the whole rectangle. □

Corollary 8.7. The strip actions R±(u) computed on W±,R do not depend on R ∈ [0,∞],
and RM (u) computed on Mλ does not depend on λ and agrees with the action on the special
quintuple of (D0, D1) defining NZ . Thus each of CS,± and CZ carries one orientation system.

Proof. Each action is an isomorphism between fixed lines, defined through an invertible con-
stant pair with a strip glued at its output. For finite R it varies continuously with R, since
the constant pairs are invertible for every R (Lemma A.2); at R = ∞ use Lemma 8.6 with
F = {Ca,x#u}, which is α on the tail, together with Lemma 8.5(iv) for the strip glued at the
output. For RM use the width interval and the family of Paper I, Lemma 9.7, along which
CM,x stays invertible by Lemma 8.2. A continuous family of isomorphisms between fixed
lines is constant. □

Proposition 8.8. On the family Pλ(Hν(c)), c ∈ F, for λ ≥ λ1 and ν ∈ [0, 1],

(8.9) K0,xGc = (1Qx ⊗Πc)(σI,Q ⊗ 1det),

where σI,Q moves Qx past the entire input line. Let Gϑ
c (i ⊗ d) = Gc(i ⊗ ϑx ⊗ d) be the map

obtained by evaluating Gc on ϑx in its middle factor, and let m = indDc (mod 2). Then

(8.10) KGϑ
c = (−1)|Θ| |I|Πc, KrGϑ

c = (−1)|Θ|(m+1)Πc.

Proof. Both sides of (8.9) are continuous on the rectangle at finite λ, so it suffices to verify

it at ν = 1. There the configuration is (A− ⊔ A+)#C
(λ)
J,x . Let kA be the total parity of
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detDA− ⊗ detDA+ and let v = γA(i ⊗ dA) ∈ Vx, so |v| = |i| + kA. By Lemma 8.3(i),

Gc(i⊗ ϑ⊗ (dA#1)) = (−1)|Θ|kAGref(v ⊗ ϑ), and by (8.5)

K0,xGc(i⊗ ϑ⊗ (dA#1)) = (−1)|Θ|(kA+|v|)ϑ⊗ v = (−1)|Θ| |i|ϑ⊗Πc(i⊗ d).

This is the right side of (8.9). For the second assertion, the tensor of maps 1Q ⊗ Πc with

even Πc introduces no sign, so removing the factor ϑx as in the definition of Kϑ
x gives

KGϑ
c = (−1)|Θ| |I|Πc. Since Gc is even, |Gϑ

c (i ⊗ d)| = |i| + |Θ| + m, and gr|Θ| contributes

(−1)|Θ|(|i|+|Θ|+m). The product is (−1)|Θ|(|Θ|+m) = (−1)|Θ|(m+1). □

At index zero the coefficient in (8.10) is (−1)|Θ|; at the isolated points of a one-parameter
family, where m is odd, it is +1.

Proposition 8.9. Kr : CZ → CV is an isomorphism of graded groups, and

dV Kr = (−1)|Θ|KrdZ .

Thus Kr is a closed isomorphism of degree |Θ|.

Proof. K0,x is an isomorphism of lines, and the generators of CZ and CV are both indexed by
A0 ∩A1; hence Kr is an isomorphism. Let u = (u−, u+) be a regular index-one product strip
from x to y for the split data. Apply Proposition 8.8 to the pair of separate configurations

(C−,x−#u−, C+,x+#u+), which is in torus normal form, and to its preglue C
(λ)
J,x#u. By (8.1)

on each side and (8.7), the product orientation at λ = ∞ is

ΠCJ#u

(
v ⊗ (1#e)

)
= RV (u)(v ⊗ e).

Indeed, Γ±
C±

(v± ⊗ 1) = v±, the determinant of C±#u± is (1#e±) with indDC−#u− = n−,

and (8.1) gives Γ±(v± ⊗ (1#e±)) = R±(u±)(v± ⊗ e±). Formula (8.7) with i± = v± then

contributes (−1)|v+|n− , which is the sign in (8.2); reordering the even constant elements costs
nothing. By continuity in λ, and Lemma 8.5(iv) for the strip glued at the output, the identity

holds at large finite widths. By Lemma 8.3(ii) with c = C
(λ)
J,x ,

GCJ#u

(
v ⊗ ϑy ⊗ (1#e)

)
= RM (u)

(
Gref(v ⊗ ϑx)⊗ e

)
.

Apply K0,y and use (8.9) for CJ#u and (8.5). Both sides of the resulting identity, evaluated

on Gref(v ⊗ ϑx)⊗ e, equal (−1)|Θ| |v|ϑy ⊗RV (u)(v ⊗ e). Let Ju : Qx → Qy be the conversion
transport along the ordinary path obtained by shifting CM,x#u; by coherence Juϑx = ϑy.
Hence

K0,yRM (u) = (Ju ⊗RV (u))(K0,x ⊗ 1detDu),

with Q to the left of both V and the strip determinant; since RV (u) is even, the tensor
of maps inserts no sign. Removing the factors ϑx and ϑy as in the definition of Kϑ gives

Kϑ
yRM (u)(z⊗e) = RV (u)(K

ϑ
x z⊗e). Summing over index-one strips gives dV K = KdZ . Since

dZgr
|Θ| = (−1)|Θ|gr|Θ|dZ , the assertion for Kr follows. □

8.4. Signed counts at large torus length. Fix regular data in the following order, as in
Paper I, Section 10.11: the separate mixed maps N±, the closed-cut and joined data at a
width λ0 ≥ λ∗, regular data on the completed domains, and lengths R ≥ R0 and λ ≥ λ1.
The completed index-zero sets are finite and regular, and there are no completed solutions
of negative index. By the torus completion (I3) (Paper I, Theorem 10.32(i) and (ii)), the
gluing maps GR and Gλ are bijections onto the regular index-zero solutions on Wa,R and W J

λ ,
and there are no solutions of negative index on these domains. Write Na,∞ for the completed

separate counts, oriented by Γa, and N
(R)
a for the counts on Wa,R. On W J

λ let FΠ
λ : CI → CV
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count index-zero solutions oriented by Π, and FZ
λ : CI → CZ the same solutions oriented

by Gϑ; their degrees are 0 and |Θ|. The orientation Π at these solutions is defined by the
following lemma.

Lemma 8.10. Let V be a completed index-zero solution, or a pair of them. For L ≥ L1
let GL(V ) = ΨL(zL(V )) be the glued solution of (I3), where ΨL is the gluing chart at the
preglued configuration PL(V ) and zL(V ) is the unique small zero in that chart (Paper I,
Proposition 10.30). Consider the rectangle of configurations

RV = {PL(V ) : L ∈ [L1,∞]} ∪ {ΨL(szL(V )) : s ∈ [0, 1], L ∈ [L1,∞)},

with P∞(V ) = V . Here V is represented in the gauge in which its torus tail lies in the torus-
fibre slice (the adapted representative of Paper I, Lemmas 10.11 and 10.25), so that the two
edges meet, and the gauge transformation of Lemma 8.4(i) is the identity by the uniqueness
of that slice (I12). The determinant lines of the linearized mixed operators form a continuous
line bundle over RV , and determinant transport carries the canonical positive element at V
to the canonical positive element at GL(V ).

Proof. Over the first edge the line bundle is that of Lemma 8.5 with F = {V }, and its
extension clause covers the chart operators used below; the second edge is a continuous
family on a fixed domain for each L.

Use also the chart operators T of Paper I, Definition 10.23. At the preglues they are in-
vertible with a uniform bound by Paper I, Proposition 10.27; at L = ∞ the chart is centred
at V and the operator is invertible, since it has index zero and is injective at the regular
completed solution V , by the argument of Paper I, Proposition 10.27. Along the contraction
path the chart operator is DL +DNL(szL) with ∥DNL(szL)∥ ≤ 2Cquadr ≤ (2Cinv)

−1, by the
quadratic estimate of Paper I, Lemma 10.29(c), and the choice of radius in Paper I, Proposi-
tion 10.30, so it is invertible. The chart operator at ΨL(sz) is centred at the preglue. Moving
its slice centre, trace chart and target projection to the configuration itself changes it by at
most C∥sz∥ in operator norm, which is small, so the straight path between them consists
of invertible operators. Here both operators are read in the fixed end trivializations, and
∥DΨL(sz) −DΨL(0)∥ ≤ C∥sz∥ by the second-derivative bounds of the face chart (Paper I,
Lemma 10.28(c)) and of the genus chart (Paper I, Lemma 10.29(c)). The resulting operator
and the realization of Definition 5.1 at the same configuration have the same decaying block;
their stationary columns and scalar rows differ by a bounded finite-rank map (Paper I, Re-
mark 10.24). The straight path between these two is therefore a continuous Fredholm path,
and these identifications are continuous over RV . The positive elements of the invertible
chart operators thus give a continuous nonvanishing section of the determinant bundle of the
linearized mixed operators.

At the two solutions V and GL(V ) this section is the canonical positive element. Indeed,
there the change of stationary columns is unipotent: the chart lifts and the Coulomb lifts differ
by infinitesimal gauge directions dψe and by decaying fields already in the domain; this holds
because both lift the same deformation of the stationary limit with zero normal component,
and the corrected lifts differ from the uncorrected ones by decaying fields (Paper I, (10.5)).
A unipotent change of source coordinates preserves the positive element. The change of the
scalar row is block triangular with invertible gauge block, as in the proof of Lemma 5.2. At
V the gauge block is the Neumann map of Paper I, Lemma 10.26(ii), with L = ∞. At GL(V )
the Cm hypothesis of that lemma is not available, since Paper I, Proposition 10.30, bounds
zL(V ) only in XL; there the gauge block is invertible by Proposition 2.1(b), the connection
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being irreducible on the odd surface and torus collars. At these points every operator of the
interpolating paths is invertible. □

Extend (8.8) from Pλ(V ) to Gλ(V ) along the second edge of RV . Both sides of (8.9) are
continuous along it, so the comparison persists at Gλ(V ).

Proposition 8.11. Fix the data as at the beginning of this subsection, and let N
(R)
a , Na,∞,

FΠ
λ and FZ

λ be the counts defined there, oriented by Γa, Π and Gϑ. Then, for R and λ
sufficiently large,

N (R)
a = Na,∞ (a = ±), FΠ

λ = N−,∞ ⊗r N+,∞, KrFZ
λ = (−1)|Θ|N−,∞ ⊗r N+,∞.

Proof. Let V be a completed index-zero solution on a separate side. By Lemma 8.6 with
F = {V }, the orientation Γa of Wa,R at PR(V ) is the continuous extension of Γa

V ; along
the second edge of RV it is continuous on the fixed domain. By Lemma 8.10 the canonical
positive element is also transported continuously from V to GR(V ). Hence Γa(i⊗ 1) has the
same sign at GR(V ) as at V . The bijection GR preserves labels and lifting orbits, so the counts
agree entry by entry.

In the joined case Π at Gλ(V ) is, by definition, the continuous extension of (8.7) over
RV , and the same lemma transports the positive element. At index zero indDV− = 0, so
(8.7) evaluated on the positive element is the product of the two separate signs. The joined
lifting group is ϕ− ⊕ ϕ+, and Gλ is a bijection from pairs of classes with no further gluing
parameter (I3), so the orbit counts multiply. The generator factors in (8.7) are those of the
right tensor of maps (3.4) of the even maps N±,∞. This proves the second identity. The third
follows from the second and (8.10) with m = 0, applied solution by solution, since (8.9) holds
at Gλ(V ). □

8.5. Boundary orientation of the comparison families. The comparison families below
are those of Paper I: Propositions 10.16 and 10.17 for collar length and width, with the
weighted parameter column of (I9), Lemma 10.20 for the change of data at fixed width, the
relative regularization of (I7) (Paper I, Theorem 5.4) for compactly supported changes of
secondary data, and the mixed-end family of the deformation invariance (I1) of the mixed
map, as in Lemma 7.6(V2), which produces HM in Proposition 8.14. In each case the data are
constant near b = 0, 1 and the endpoints are regular in index at most one. A relative invariant
regularization then gives finitely many isolated parametrized solutions of vertical index −1,
each with invertible augmented operator (v, τ) 7→ Dv + τC. It also gives a compact one-
manifold of parametrized index-zero solutions, whose boundary consists of the two endpoint
fibres and one branch for each pair of an index −1 solution with an index-one trajectory at
an ordinary end. Here C is the parameter column. On a varying mixed end it is the weighted
column of (I9): since the stationary references solve the equation for every parameter, the
parameter derivative lies in the weighted target, although it is not compactly supported.

Let Ω denote the orientation map in use: Γa on a separate domain, ΓM on the closed-cut
piece, or G on a joined domain. Put f = 0 in the first two cases and f = |Θ| in the third. The
endpoint counts F0, F1 are oriented by Ω on the positive element. At an isolated parametrized
solution c, orient the parameter first: choose dc ∈ detDc such that db ⊗ dc is the positive
element of the invertible augmented operator, and count c by Ω(i⊗dc), or Ω(i⊗ϑ⊗dc) when
f = |Θ|. Let H be the resulting count. Its degree is f + 1.

Lemma 8.12. Let one of the comparison families above be regularized relatively as described,
and let Ω, f , the endpoint counts F0, F1 and the count H of its isolated parametrized solutions
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of vertical index −1 be as above. Then

(8.11) F1 − F0 = doutH + (−1)fHdin = δH.

For a fixed regular datum, the index-one boundary gives doutF = (−1)fFdin, so F is closed
of degree f .

Proof. Orient the parametrized index-zero space by det(Tb[0, 1])⊗detD and Ω, as in Section 5;
the boundary is oriented by the outward normal first. At b = 1 the outward normal is ∂b,
and at b = 0 it is −∂b; there the vertical operators are invertible, so these contribute F1−F0.

At an outgoing strip break (c, u) let pT be the preglued configuration of the augmented
pair, with the strip translated to u(s−T, ·). In the gluing of (I7) (Paper I, Theorem 5.1(iv)),
for an index −1 piece of a family, the glued solutions are UT = PpT (zT ). Here PpT is the
chart of Paper I, Lemma 5.3, and zT ∈ imQpT , a parameter increment together with a field,
is the fixed point

zT = −Q′
pT

(
ĜpT (0) +NpT (zT )

)
.

The operator QpT is the patched right inverse of the augmented operator at pT , whose image

is complementary to the cut-off translation vector, Q′
pT

is the right inverse of DĜpT (0) with

the same image, and the map z 7→ −Q′
pT
(ĜpT (0) + NpT (z)) is a contraction with constant

at most 1
2 . Identify the domains by maps which fix the mixed core and translate the strip

core, and patch QpT with cutoffs translated together with the strip. Then ĜpT , NpT and Q′
pT

are differentiable in T with bounded derivatives, the T -derivative of ĜpT (0) is exponentially
small in T , and the T -derivative of pT is the cut-off translation vector −∂su plus an error
which is exponentially small in T . Differentiate the fixed-point identity in T and absorb
the term containing the derivative of zT by the contraction constant. This bounds the

T -derivative of zT by a constant times ∥ĜpT (0)∥ + ∥zT ∥ plus the T -derivative of ĜpT (0),
and all three tend to zero. For pseudoholomorphic curves this T -derivative estimate, with
exponential decay, is [FOOO24, Theorem 6.4]; the same argument applies with the fixed
mixed core and on the fixed ordinary gauge end. Hence ∂TUT = −∂su + o(1) on the strip
core after projection to the slice. Linear gluing (Lemma 3.3) identifies detAc ⊗ detDu with
the determinant along the branch, and the positive translation vector ∂su orients detDu. The
outward direction at T = ∞ is ∂T , which is negative in this order. With the parameter already
first in detAc = det(Tb[0, 1]) ⊗ detDc and (8.1) or Lemma 8.3(ii), this branch contributes
−doutH.

At an incoming break (A, c), with A an index-one trajectory, the trajectory is translated
to A(s+T, ·), and the same argument gives ∂TUT = +∂sA+o(1), positive in detDA⊗detAc.
The outward direction is again ∂T . Moving the one-dimensional parameter line to the front
past the odd line detDA contributes −1. The input compatibility of Ω (Proposition 5.4 for
Γ, Lemma 8.3(i) for G) contributes (−1)f , because indDA = 1. This branch contributes
−(−1)fHdin. For a joined domain with two inputs, the other-arm permutations are those
of the right tensor differential, by Lemma 3.2. The total signed boundary vanishes, which
is (8.11). Every branch is counted once with its matched lifting orbit. The relative regular-
ization of (I7) gives one branch for each pair (Paper I, Theorem 5.4(ii)). The gluing of (I7)
matches lifting orbits, since the lifting group of the glued problem is the fibre product of
those of the pieces (Paper I, Theorem 5.1(ii),(iv), under hypothesis (H5) there).

For a fixed datum the same computation without the parameter line gives −doutF +
(−1)fFdin = 0. The sign determinations use only the direction of the translation vector, the
ordinary linear gluing of Lemma 3.3 at the ordinary end where the break occurs, and the
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invertibility of the bordered augmented operator along the gluing paths. By Corollary 8.7
the output differential is the same at every point of the family. □

For a simple check of the incoming sign, take DA : Rv → 0, Dc : 0 → Ry and C : Rµ→ Ry
the identity. In the order detDA ⊗ detAc the kernel is oriented by v. In the parameter-first
order µ⊗ v ⊗ y∗ cancelling µ against y leaves −v.

8.6. Chain homotopies across collar length, width and the closed neck.

Proposition 8.13. Let N± be the regular mixed maps at R = 0, and fix a regular joined
datum at a width λ0 > 0. Choose R and a width λ2 as in Proposition 8.11, and at these
lengths add small invariant secondary perturbations supported in the cores which make index
one regular and preserve the index-zero counts. Then there are maps P± of degree one and
BJ of degree |Θ|+ 1 with

Na,∞ −Na = δPa, FZ
λ2

− FZ
λ0

= δBJ .

Proof. The added perturbations exist as in Paper I, Section 10.11: the index-zero sets are
finite and regular, so openness and compactness preserve them, their signs and the absence of
negative indices. For the separate side, join the data at R = 0 to those at the large length by
one family which first changes the collar length and then makes a compactly supported change
of secondary data. Its endpoints are regular through index one. Paper I, Proposition 10.16,
with the weighted parameter column of (I9), and the relative regularization of (I7) give its
relative regularization and compactification, applied to the concatenated family, whose two
segments each satisfy the hypotheses of (I9) (Paper I, Lemma 10.15), and Lemma 8.12 with

Ω = Γa gives N
(R)
a − Na = δPa. Proposition 8.11 replaces N

(R)
a by Na,∞. For the joined

side use one family consisting of the width change of Paper I, Proposition 10.17, from λ0
to λ2, followed by the change of secondary data at width λ2, regularize it relatively as a
single family, and apply Lemma 8.12 with Ω = G. The joined families lie at finite widths
throughout, so G is defined along them. □

With the right tensor convention, δ(F ⊗r G) = (−1)|G|δF ⊗r G+ F ⊗r δG. Since N± and
N±,∞ are even and closed,

(8.12) P = P− ⊗r N+ +N−,∞ ⊗r P+, δP = N−,∞ ⊗r N+,∞ −N− ⊗r N+.

By Proposition 8.9 and (3.2), δ(KrBJ) = (−1)|Θ|KrδBJ . Together with Proposition 8.11 this
gives

(8.13) (−1)|Θ|KrFZ
λ0

−N− ⊗r N+ = δ
(
P −KrBJ

)
.

Proposition 8.14. Let NM be the count on the closed-cut piece Mλ0 of the decomposi-
tion (I2), oriented by ΓM . Its data are the ordinary datum fZ and the metrics on Z used
for NZ at width λ0, and the regular invariant secondary data chosen on this piece in the
closed-cut data (Paper I, Section 10.9). There are maps Bcut of degree |Θ| + 1 and HM of
degree one with

NME− FZ
λ0

= δBcut, NZ −NM = δHM .

Proof. Paper I, Proposition 10.21, inserts a closed neck [−ℓ, ℓ]× Z carrying the cut-off term
fZ . It shows that for large ℓ, after a small invariant perturbation making index one regular,
the joined index-zero solutions are exactly the gluings A#Zc

′ of index-zero solutions on E
and on Mλ0 , one for each matched lifting orbit. The lifting group is the fibre product over
ϕZ and all three pieces are connected, so by Lemma D.1 the gluing fibre is trivial and the
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quotient count is the matrix composite. By Lemma 8.3(iii), at index zero the orientation G

of A#Zc
′ is ΓM

c′ applied to the right-placed conversion of γA; the prefactor (−1)|Θ| indDA is
one. Linear gluing along the long neck is continuous and the operators along the gluing paths
are invertible, so the sign is that of the composite. Hence the count at the long-neck data
is NME. Paper I, Lemma 10.20, connects the data at width λ0 to the long-neck data by a
family with compactly supported parameter derivative, and Lemma 8.12 with Ω = G gives
Bcut.

For the second identity, the path of domains and data of the deformation invariance (I1) of
the mixed map, as applied in Paper I, Proposition 10.21, changes the finite torus-neck lengths
of Di,λ0 to those of the special quintuple of (D0, D1), together with a compact interpolation
of the metric, with the ordinary datum on Z fixed. This is a noncollapsing family with the
weighted parameter column of (I9). Concatenate it with the compactly supported change
from the secondary data of Mλ0 to those of NZ (relative regularization (I7)), and regularize
the concatenated family relatively as a single family; this is the family used in the proof of
Lemma 7.6(V2), which applies verbatim toMλ0 , a domain of DFL type in the class of (I1) with
the ordinary end data of NZ , whose constant pairs are invertible along it by Lemma A.2(c);
it is traversed in the opposite direction, so that HM = −HMλ0

. Lemma 8.12 with Ω = ΓM

gives HM . The input complex CG(Z) is the same at both ends, since fZ is fixed. □

Since E, with the conversion at Z, is closed, δ(HME) = (NZ − NM )E by (3.2). With
B = Bcut +HME,

(8.14) NZE− FZ
λ0

= δB.

8.7. The mixed excision theorem.

Theorem 8.15 (Mixed excision). The mixed map NZ of the folded pair (A0, A1), composed

with the reverse excision map E, is chain homotopic over Z to (−1)|Θ| times the tensor product
N−⊗rN+ of the two separate mixed maps, once the target of NZ is identified with the tensor
product of their targets by the closed isomorphism Kr. The homotopy is an explicit sum of
signed counts. Precisely, with the conversion at the closed cut placed as in Convention 8.1
and Kr as in (8.6),

(8.15) (−1)|Θ|KrNZE−N− ⊗r N+ = δH, H = P −KrBJ +KrB.

Each term of H is a signed count of isolated parametrized solutions in a one-parameter family,
or its composite or right tensor product with closed counts and with Kr. Here E is the reverse
excision map at the closed-cut data of Proposition 8.14; by Proposition 2.3(c) it is chain
homotopic to the map at the data of that proposition. In particular

(8.16) KrNZE ≃ (−1)|Θ|(N− ⊗r N+).

For z ∈ CG(Z) in the structure of E, write NZz for NZΘ
rz, as in the composite NZE. Then

for a homogeneous cycle z,

(8.17) [KrNZz] = ±[(N− ⊗r N+)Ez].

The gauge complexes of (−M)# and (M+)# carry the orientations defined by their reference
almost-complex structures.

Proof. By (3.2) and Proposition 8.9, δ(KrB) = (−1)|Θ|KrδB. Adding this, applied to (8.14),
to (8.13) gives (8.15), and (8.16) is its restatement. For (8.17) apply (8.16) to Ez. After
the continuation homotopy of Proposition 2.3(c), the capped comparison gives [EEz] = ±[z]
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for this homogeneous class, with one sign (Proposition D.3), and applying KrNZΘ
r gives the

claim. □

The sign (−1)|Θ| in (8.16) refers to the fixed choices of ordinary orientations, of the ori-
entation of Q chosen in Section 8.1 and of the reference comparison (8.5). Changing one of
these choices changes the identity by one overall sign; no choice changes individual matrix
entries.

Equality (8.17) is equality of homology classes of tensors. If the tensors differ by a bound-
ary, applying the chain isomorphism (3.6) produces a boundary in the Hom complex. This is
the mechanism by which the cup formula of Proposition 9.3 becomes a chain homotopy. No
inference from equality of induced maps on homology is involved.

9. The compression cup before reflection

This section proves the cup formula, Proposition 9.3: the compression cup, before a reflec-
tion pairing is chosen, is chain homotopic, up to one sign, to the composite of the transposed
reflected mixed map of Section 9.3, the gauge one-handle map and the mixed map of the
upper presentation. The two inputs are the oriented folded triangle comparison, Lemma 9.2,
and mixed excision, Theorem 8.15, applied to the gauge invariant of the one-handle filling.

9.1. The tensor supplied by the folded triangle. We use the one-handle geometry and
notation of Section 2.5. A presentation p of M has torus compression bodies U0, U1 of genus
h ≥ 2, the compression body C = Ch,g with g = h + k adds k handles, Vi = C ◦ Ui,

and M+ = M#k(S1 × S2). The correspondence LC , the height functions ζi, the height

Lagrangians Ri at height t, the lower Lagrangians P̃i, the product X with Ai = P̃−
i ×Ri, and

the incidence conditions on (A0, LC , A1) are as defined there.
The upper data may carry generic corrections γ from the span of the family F∗ of (I5); these

may move the generators, whose labels and gradings are continued (Paper I, Section 11.6).
They are taken in a closed ball |γ| ≤ δ(t) in that span. On this ball the corrected Lagrangians
remain height Lagrangians at height t, and the restriction map of the family of perturbed
flat connections parametrized by the primary perturbations remains a submersion [DFL21,
Section 2.3]. Hence for k = 0 the incidence conditions hold for generic corrections, as in the
proof of Paper I, Proposition 11.10; for k ≥ 1 the upper data are fixed first, and the incidence
conditions, for the pair and for its reflection, hold for generic lower data chosen afterwards
(item (4) of Section 13.1; Paper I, Section 10.1). The resulting upper presentation is the
upper height presentation of Definition 9.1.

Fix the height t. Choose an open C1-neighbourhood NC(t) of the pair (L(U0), L(U1)),
together with the corresponding neighbourhood NC̄(t) of the reflected pair, for the reflected
compression, with the following property: for every lower pair in NC(t) and every correction
in the ball, the two auxiliary height intersections remain transverse, and their critical points
continue uniquely from the product Morse model. Such a neighbourhood exists by openness
of transversality for these compact intersections and compactness of the ball of corrections.
For k = 0 we shrink it so that it lies in the neighbourhood N (t) of (I5) at the same height.
For k ≥ 1 the upper Lagrangians Ri are fixed, and the lower primary data are in addition
required to lie in the neighbourhood NC,R of (I14)(i). The lower data are small presentations
(Section 13.1) whose norm is small relative to t, so that their Lagrangians, and those along the
segment joining them to zero in the small ball, lie in NC(t). In both cases the grading, action
and coefficient statements of (I13) and (I14) hold for the lower data: for k ≥ 1 by (I14)(i),
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and for k = 0 by (I14)(ii) applied along the path that first corrects the height datum and
then follows that segment.

The two auxiliary complexes are CFX(A0, LC) and CFX(LC , A1). Their distinguished top
cycles are q∗0 and q

∗
1, respectively. Top degree refers to the auxiliary integer gradingm of (I13),

whose differences satisfy m(a) − m(x) = ind(u) − 8κaux(u). Here κaux is the relative class
of Paper I’s auxiliary pair. Let Ai denote its critical action: the values at the intersection
points of the local exact-graph primitive of the perturbed pair, with the sign fixed by the
ordered pair. Writing ωX for the symplectic form of X, the relation is

4π2κaux(u) =

∫
u∗ωX −

(
Ai(a)−Ai(x)

)
.

At the flat height data, Ai is the height function tζi with the sign of the ordered pair. Under
small changes of the primary data, Ai is the primitive of the changed pair, not the function
tζi. Thus the symplectic area includes an endpoint correction; its quotient by 4π2 is the
total topological energy. Attaching a positive generator sphere increases κaux by 1/2 and the
index by 4, leaving m(a)−m(x) unchanged. The normalization of m agrees with the Morse
grading. A top class is defined by m, not by the parity grading. Depending on the order
of the pair, the corresponding critical point is, at uncorrected height data, the maximum or
minimum of the height function, and in general its continuation.

Denote the upper height presentation by q = C ◦ p; this notation includes its height
perturbation. With a split almost-complex structure on X, folding identifies the output
complex with CF (p̄) ⊗r CF (q). Let Kr be the closed identification (8.6) of Section 8, with
its transported orientation lines. It uses the orientation system transported independently at
p̄; the reflection pairing with CF (p)∨ is constructed in Section 11. The triangle product for
the ordered triple (A0, LC , A1), including the conversion Θ at its closed gauge cut Z in the
position of Convention 8.1, is denoted by µΘX . It gives the cycle

(9.1) zC = KrµΘX (q
∗
0 ⊗r q∗1) ∈ CF (p̄)⊗r CF (q).

Definition 9.1. Fix a height t, the ball of corrections |γ| ≤ δ(t) and the neighbourhood
NC(t) above.

(a) The upper height presentation at height t has the compression bodies V0, V1, the
Lagrangians R0, R1, possibly corrected by some γ in the ball, and its height and
auxiliary regular data (Paper I, Lemma 11.3).

(b) Let p be lower data as above (small, with norm so small relative to t that the La-
grangians along the segment from zero lie in NC(t), and, for k ≥ 1, primary data in
NC,R) which satisfies the incidence conditions of Section 2.5 with the upper height
presentation q = C ◦ p. The unpaired compression cup is

(9.2) ǓC = bendCF (p̄)(zC) : CF (p̄)∨ −→ CF (q),

where bend is the bending map of Section 3 and zC is the cycle (9.1).
(c) Let k = 0, so that LC is the diagonal, and write r for the upper height presentation.

A small fold pair (p, r) at height t consists of a small lower presentation p whose
norm is so small relative to t that the Lagrangians along the segment from zero lie in
NC(t), and an upper height presentation r at height t whose primary data lie in the
ball B of Section 10. The pair is subject to the incidence conditions and the auxiliary
regularity conditions above (see also Section 13.1). For such a pair put B(p, r) = ǓC .

Thus a fold pair is a particular pair of nearby presentations with a fixed diagonal triangle
and its two height caps. Unfolded along the seam, the folded triangle is a quilted triangle
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whose seam carries the correspondence LC . Paper I, Remark 11.6, relates the mod-two cup
to the quilted invariant of LC ; that comparison is not used here.

Let Z0 = D0∪(−C) and Z1 = C∪(−D1) be the gauge inputs of the auxiliary pairs (A0, LC)
and (LC , A1), each diffeomorphic to Vi ∪ (−Vi); let N0, N1 be their integral mixed maps, and
let θi ∈ CG(Zi) be the relative invariant of the auxiliary filling Fi = Vi × [0, 1] of Zi (Paper I,
Lemma 11.1(i) and Lemma 11.2). The top cycles are normalized by q∗i = ±Niθi. The sign
is one sign of each distinguished cycle. This is an integral normalization, for the following
reason. The auxiliary gauge complexes CG(Zi) are the framed complexes of #r(S1 × S2),
with 2r generators, and I#(#r(S1 × S2)) is free of rank 2r [Sca15, Section 7.8] (Paper I,
proof of Proposition 9.4), so their differentials vanish. Along a fine subdivision of the path
of end data from the height data, the gauge continuation maps between them are therefore
isomorphisms, and they are triangular with respect to m by the energy bound in the proof
of Paper I, Lemma 11.7(ii), which uses no signs; a triangular isomorphism has a triangular
inverse, so each maps the generator of maximal m to ± itself (the argument of Paper I,
Lemma 9.2, over Z). At the height data the relative invariant of the filling is ± that generator,
there being one regular solution (Paper I, Proposition 9.4; Lemma 7.7), and composition at
the connected cut Zi together with the data-change homotopy of Proposition 4.4, applied
to the filling as in the proof of Lemma 7.7, transport it by these maps, the continuation
cylinder being the product cobordism with varying Floer data; the differentials vanishing,
the homotopies are equalities on chains. Hence θi is ± the generator of maximal m. The
unit-diagonal calculation in Proposition 6.3, whose proof applies to the auxiliary pairs at
their end data (the entry from the top generator to q∗i has κaux = 0, so its solutions are
the small deformations of the constant pair at the continued q∗i ), gives the coefficient ±1 on
q∗i , and the other coefficients vanish by the grading argument of Paper I, Lemma 9.2 and
Proposition 9.4, with (I13) and (I14) for the folded pairs, which use no signs.

9.2. The relative invariant of the one-handle filling. Let Bk be the gauge filling whose
closed boundary is the three-manifold Z = D0 ∪ (−D1) of Section 2.5, obtained from the
folded triangle and its two auxiliary fillings. Its relative invariant is a homogeneous cycle
ψBk

∈ CG(Z). Choose on this filling the almost-complex structure of Section D.1, which
satisfies (D.1), and use its restrictions on the pieces. Let Θ′ be the right-placed conversion at
Z from the restriction of this structure to the restriction of JE (Section D.1), the structure
in which (8.17) is stated, and write EψBk

for EΘ′ψBk
. Since a composite of conversions

agrees with the direct conversion up to one sign (Section 4), NZΘ
rψBk

, with the conversion
of Lemma 9.2, agrees up to one sign with NZΘ

rΘ′ψBk
, with the conversion of (8.17). After

excision the resulting relative invariant is a cycle on CG(−M)⊗r CG(M
+). It is the relative

invariant of the bent cobordism W#
k : by Paper I, Lemma 11.1(ii), Bk ∪Z E ∼= W#

k with the
incoming end read as outgoing and with lifting group ϕWk

. Gluing at the connected cut Z has
no extra gluing fibre (Lemma D.1), and the orbit count (D.2) gives the integral coefficients.

Reading the incoming end of the one-handle cobordism Wk as an outgoing end, that is,
bending it, gives the identity

(9.3) (ΦG,M ⊗r 1)[EψBk
] = ±[ten(I#J (Wk))].

To check the sign convention, let ς be the relative invariant of the product cylinder with
both ends bent outgoing. Gluing the doubly incoming cylinder of Section 4 to it along −M
gives the product cylinder. In ordered determinant gluing the line of x ∈ CG(M) passes

the −M factor of ς =
∑
ς1 ⊗ ς2, so the glued map is x 7→

∑
(−1)|x||ς1|⟨ς1, x⟩M ς2, and it is

±1. By the definition of ΦG,M , ⟨y, x⟩M = ev′(ΦG,My ⊗ x), where ev′(f ⊗ x) = (−1)|f |f(x)
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is the closed evaluation for (3.3). The same composite formed with ev′ and ten(1) is the
identity, so (ΦG,M ⊗ 1)ς = ± ten(1), with one sign. Glue Wk to its second end and use the
ordered determinant gluing. This gives the tensor of the right-placed map. An odd endpoint
conversion is already part of that map through (4.3); moving it to the other side would change
the tensor by a grading operator. The residual signs in (9.3) are therefore scalar. The same
argument holds for k = 0, when the cobordism map is gauge continuation.

9.3. The cup formula. Define the transposed reflected mixed map

(9.4) np = ev−1
CG(M)(Np̄Φ

−1
G,M )∨ : CF (p̄)∨ −→ CG(M).

It is an even chain isomorphism when the reference almost-complex structures of M and
−M are paired and the gauge end data at p̄ are the reflections of those at p, as for the
bent product cylinder defining ΦG,M . The remaining regularizing data of the mixed domain
defining Np̄ are chosen independently, as in Paper I, Section 11.2. Other gauge end data at
p̄ change Np̄ by the gauge continuation of Proposition 6.4(i), and np is then an even chain
homotopy equivalence. The definition uses only gauge duality and the mixed map at the
reflected presentation.

The integral version of the mod-two folded triangle comparison (I4) is the folded form of
the triangle comparison (7.10).

Lemma 9.2 (Folded triangle comparison). Let N0, N1 be the integral mixed maps of the
product-target pairs (A0, LC) and (LC , A1), with gauge inputs Z0 = D0∪ (−C) and Z1 = C ∪
(−D1), and let µW : CG(Z0)⊗r CG(Z1) → CG(Z) be the integral gauge map of the cobordism
formed by the pieces D0, C, D1. With the conversion at Z placed as in Convention 8.1,

µΘX (N0 ⊗r N1) ≃ ±NZΘ
rµW .

Proof. The unsigned argument is the proof of Paper I, Theorem 11.8: the family of data of
Paper I, Lemma 9.12, collapses the middle compression body C, which is an odd compression
body with Lagrangian LC , stretches the two ordinary necks cutting off the domains defining
the mixed maps of (A0, LC) and (LC , A1), and stretches the closed cut Z. We orient every
configuration in the family by the several-input construction of Section 5, with the conversion
line at Z in its fixed position. At the collapsed end, Theorem B identifies the orientations of
the index-zero solutions with the orientations of the symplectic triangle glued to the mixed
domains of the two auxiliary pairs. It applies to this collapse: Section 7 rests on the col-
lapse analysis of Paper I, Sections 6–8, and the proof of Paper I, Theorem 11.8, supplies its
inputs for the collapse of C = Ch,g, with product target, both boundary surfaces matched
and the lower sheet reversed, using the two-trace slice space H1(Σh; ad) ⊕H1(Σg; ad). The
sign comparison of Proposition 7.5 uses only canonical orientations along paths of invertible
operators, so the reversed sheet does not enter it. Ordinary gluing along the two stretched
necks (Lemma 3.3) gives the count µΘX (NV0⊗rNV1), with the input lines in cyclic order, where
V0, V1 are the corner pieces of the zero-scale domain, the one-input mixed pieces for (A0, LC)
and (LC , A1) attached at its incoming ends. Likewise the mixed map obtained below at the
stretched cut is the count NVZ

on the piece VZ of DFL type for (A0, A1) beyond Z. By
Lemma 7.6, the strip actions of these three pieces are those of the target complexes of N0,
N1 and NZ , and the three counts differ from N0, N1 and NZ by boundaries δH with H odd.
Along the family, the output strip action is defined through the invertible terminal constant
pairs on the output regions (Lemma A.2). It is constant by the argument of Corollary 8.7;
this is used at the breaks below. Since µΘX and ΘrµW are closed, the identity for tensors of
homotopies in Section 7.3 and (3.2) reduce the lemma to the same statement for NV0 , NV1 and
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NVZ
. In the rest of the proof N0, N1 and NZ denote these three counts. At the stretched cut,

gluing at the connected closed cut Z has no extra gluing fibre (Lemma D.1). The stretched
cut decomposes the domain into the triangle cobordism of D0, C, D1, glued at Z to the piece
VZ . Lemma 8.3 is stated for W J

λ , but its proof uses only a decomposition at a closed cut,
the localized shift, which Proposition 2.2(b) supplies on folded triangles, and Convention 8.1.
The same proof gives parts (i)–(iii) for this decomposition, and part (iii) identifies the orien-
tation with that of the gauge cobordism followed by the conversion and the mixed map; this
gives NZΘ

rµW . Parts (i) and (ii) give the compatibility at the input and output breaks. The
family between the two ends is a compact one-parameter family with compactly supported
parameter derivative. Its boundary strata are the two endpoints and ordinary breaks at the
two gauge inputs, ordered by Lemma 3.2 as in the proof of Lemma 8.12, and at the output
strip; the collapse-scale stage is a family of the same kind. Lemma 8.12, with f = |Θ|, turns
its compactified index-zero space into the stated homotopy. The overall sign reflects the fixed
orientation choices at the two ends. □

Proposition 9.3 (Cup formula). Let p be lower data and q = C ◦ p the upper height presen-
tation at a height t, as in Definition 9.1(b), and let Wk : M → M+ be the cobordism of the
k one-handles. With np as in (9.4),

(9.5) ǓC ≃ ±NqI
#
J (Wk)np.

In particular, for a small fold pair (p, r) (Definition 9.1),

(9.6) B(p, r) ≃ ±Nr contG(p, r)np.

Proof. Apply Lemma 9.2 to the two distinguished input cycles q∗i = ±Niθi. Since the gauge
filling Bk is the triangle cobordism glued to the two auxiliary fillings, ψBk

is homologous to
±µW (θ0 ⊗ θ1) by gauge composition. Hence the folded triangle output is, up to a boundary
and one sign, NZΘ

rψBk
with the conversion of Lemma 9.2, hence NZΘ

rΘ′ψBk
with the

conversion of (8.17). Apply (8.17) to the homogeneous cycle Θ′ψBk
. With the convention for

EψBk
stated above, the result is

[zC ] = ±[(Np̄ ⊗r Nq)EψBk
].

Equation (9.3) identifies this with the tensor of NqI
#
J (Wk)np. The identification follows

directly from (3.6) and the graded double-dual map in (9.4). Since the difference of the
tensors is a boundary, their images under bendCF (p̄) differ by δK. This proves (9.5). The
same calculation with k = 0 gives (9.6). □

This proves a formula for the cup tensor without selecting the reflection pairing needed for
the source of Paper I’s map. The next sections construct that pairing and show that it gives
the ordinary symplectic continuation when k = 0.

10. Sphere characters under small holonomy perturbations

The sphere character of a coherent strip orientation system is the sign by which the orien-
tation changes when a sphere inMh is attached to a strip (Definition 10.1). It decides whether
coherent continuation orientations with prescribed ends exist (Lemma 12.1). Theorem 10.6
shows that it is constant on the ball B of primary perturbations at an object with nonzero
integral gauge homology. Nonvanishing is used only to find an intersection point that persists
through each birth–death singularity of a generic path (Lemma 10.5); the character is read
off at that point.
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10.1. The character of an orientation system. For a transverse pair P = (P0, P1) let
P(P0, P1) be the path space of paths in Mh starting on P0 and ending on P1. For h ≥ 2, the
compression-body Lagrangians are simply connected and have vanishing second homotopy
group (Paper I, Section 3.2). The relative homotopy classes of strip configurations with fixed
ends are consequently a torsor for π2(Mh) ∼= Z in the lift convention of [DFL21, Section 2].
Fix its positive generator Sh; attaching it changes the index by four. For h = 1 the moduli
space is a point and the sphere-character assertions below are empty.

Definition 10.1. Let p be a presentation whose Lagrangians P = (P0, P1) intersect trans-
versely (its regularizing data need not be regular), and let Γp be the transported coherent
orientation system on its strip configurations (Section 6). The determinant line of a sphere
operator, together with the inverse determinant line of the tangent space of Mh at its node,
carries its complex orientation. Attach a sphere to a strip configuration at an interior node.
The orientation given by Γp on the glued configuration differs from the node-glued orienta-
tion, formed from Γp and this complex orientation, by a sign. The sign depends only on the
class of the sphere, and it defines the sphere character

(10.1) χp : π2(Mh) −→ {1,−1}.
Associativity of node gluing makes χp a homomorphism to {±1} (a character). Multiplying

generator orientation lines by signs does not change it: the two endpoint factors occur in both
sides of the comparison. Multiplying them by their grading signs has the same property.
Thus the character is information about the orientations of the determinant lines over all
strip configurations, beyond the signs of the differential. The relation of χp to the orientation
systems induced by relative spin structures in quilted Floer theory [WW15a] is not studied
here; only the constancy of χp and its invariance under reflection are used.

At a transverse point x, a second description is available. Attach a fixed representative
sphere to the constant mixed pair Cx and compare its transported mixed orientation with
the product of the canonical orientation of Cx and the complex node orientation. Denote the
ratio, the pointed character, by χ(h, x; d), where h is the primary perturbation and d contains
the regularizing and almost-complex data.

Lemma 10.2. If the Lagrangians of the presentation p with data (h, d) intersect transversely,
then χ(h, x; d) = χp(Sh) for every intersection point x. The ratio is constant along any
compact smooth family of primary data carrying a persistent transverse intersection point.
It is also independent of small regularizing data at fixed primary data and fixed reference
almost-complex structure.

Proof. Glue a strip to the constant pair and attach the sphere away from the ordinary gluing
collar; moving the sphere from the constant pair to the strip keeps the node in the interior
of a pure strip, where Proposition 2.1(c) applies. The two possible orders of these operations
induce the same determinant-line isomorphism. The sphere and node factors are complex,
hence even as real graded lines, so commuting them with the strip factor gives no sign.
Cancelling the strip orientation gives equality of the pointed and strip definitions. A strip
configuration exists between any two intersection points, in some relative homotopy class; it
need not solve the holomorphic equation. Applying the same argument to that configuration
shows independence of x.

For a family with a persistent point, the constant-pair operators and the node-gluing map
vary continuously by Proposition 2.1, and the transported orientation of Proposition 5.4 by
Proposition 2.2. The ratio is a continuous function to {1,−1} and is therefore constant. To
vary regularizing data, use the segment to zero data. The perturbations are supported off
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the strip end, and the constant-pair operators stay invertible. Transporting their canonical
orientations along the segment proves the last assertion. Compatible almost-complex struc-
tures can be varied through the same argument, with the reference almost-complex structure
held fixed. □

The persistent point need only remain transverse at that point. Other intersections of
the two Lagrangians may become degenerate. The lemma is about determinant lines over
configurations and therefore does not require a regular moduli space along the family.

10.2. A common ball of primary perturbations. Let Ci be the finite real span of the
sign-sensitive holonomy functions on C◦

i , modulo constants. Use the norm

∥hi∥i = sup
B

∥∇Bhi∥L∞ + sup
B ̸=B′

∥∇Bhi −∇B′hi∥L2

∥B −B′∥L2

,(10.2)

∥h∥ = max(∥h0∥0, ∥h1∥1).
The suprema are taken over smooth connections in a fixed determinant bundle. Cylinder
functions have finite norm by the holonomy estimates of [DFL21, Proposition 6.1]. If the norm
vanishes, the gradient vanishes on the affine connection space, so the function is constant;
thus this is a norm modulo constants.

Choose a finite trace family F0 whose restrictions to the compact flat-connection moduli
spaces give embedding coordinates. In the model L(Ci) ∼= SU(2)h−1, quaternion coordinates
can be obtained from sign-sensitive traces using the fixed holonomies on the odd torus. Such
traces distinguish central sign changes; passing to unsigned SO(3) traces would lose that
property. For a finite family F containing F0, put

B(F ) = {h ∈ spanF : ∥h∥ < r∗}, B =
⋃
F

B(F ).

The radius is independent of the additional functions in F , for the fixed splitting and metric
data. These sets are nested under inclusion of finite families and are convex. They differ
from the sets U(F ) of Paper I, Definition 11.12. The small ball of Section 13.1 is defined
in the same way with a smaller radius rχ and with F subject to the conditions of Paper I,
Definition 3.3, chosen so that its elements are also admissible in the sense of Paper I.

Proposition 10.3. Fix the splitting and the metric data. The radius r∗ > 0 in the defini-
tion of B can be chosen, independently of the finite family F ⊃ F0, so that every primary
perturbation h with ∥h∥ < r∗ has the following properties.

(i) The perturbed flat moduli space of each compression body is a smooth compact man-
ifold identified with its unperturbed moduli space; its boundary restriction is an em-
bedded Lagrangian close to the unperturbed one.

(ii) The connection representatives and their first derivatives in the moduli parameters
are close in L2

1 and L2, respectively, uniformly as ∥h∥ → 0.
(iii) The functions from F0 remain embedding coordinates on these perturbed moduli

spaces.
(iv) If the two boundary Lagrangians intersect transversely, the corresponding closed gauge

critical points are nondegenerate and are exactly the lifts of those intersections.

Proof. The norm gives ∥FB∥L∞ ≤ ∥hi∥i for an hi-flat connection. If a sequence with norm
tending to zero escaped every gauge neighbourhood of the flat moduli space, Uhlenbeck
compactness on the compact compression body would give a subsequence weakly converging
in W 1,4, after gauge, to a flat connection. The W 1,4 embedding in C0 is compact in three
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dimensions. A Coulomb–Neumann slice relative to the flat limit and the elliptic estimate for
(d∗B, dB) then improve this to convergence in L2

1, a contradiction. The boundary slice and
compactness statements are the versions for a manifold with boundary in [Weh04].

In a slice at a flat connection split into the finite-dimensional harmonic space and its com-
plement. The linearized perturbed-flat operator on the complement has a bounded right
inverse. The second term of (10.2) makes the holonomy part a small Lipschitz perturba-
tion in L2, so the contraction gives a graph over the harmonic space. Differentiating its
fixed-point equation in the finite-dimensional parameter gives the asserted first-derivative
control. Hodge decomposition and boundary elliptic regularity identify these solutions with
the smooth perturbed-flat solutions; the exact regularity inputs are recorded in Appendix A.
Compactness of the flat moduli space makes the thresholds uniform over finitely many slice
charts.

For a trace function τ , its bounded Lipschitz gradient extends the identity

τ(B′)− τ(B) =

∫ 1

0
⟨∇B+s(B′−B)τ,B

′ −B⟩ ds

to L2 connections. Differentiating on the graph family shows that the trace-coordinate map
remains C1-close to its unperturbed embedding. Openness of embeddings of a compact
manifold proves (iii). The matching exact sequence for the two compression-body boundary
problems identifies the kernel of the closed Hessian with the tangent intersection of the
Lagrangians, using the restriction and deformation sequences of [DFL21, Propositions 2.10
and 2.16], as in [DFL21, Lemmas 2.45 and 2.47]; hence transversality gives (iv). □

The norm controls exactly the two estimates used in this proposition. On a fixed finite-
dimensional perturbation family all higher smooth seminorms are finite and are handled
separately in compact-family regularity statements.

10.3. Paths with only birth–death singularities. Enlarge F to include the monomials of
degree at most five in the trace coordinates F0. These remain cylinder functions: a monomial
is a smooth invariant function of the joint finite holonomy family.

Lemma 10.4. Two regular primary data in B can be joined within a common B(F ) by a
smooth path with finitely many singular parameters. At each singular parameter there is one
quadratic tangency, with versal normal form

(10.3) St(x, y) = x3 + σ(t− t∗)x+Q(y), σ ∈ {1,−1},
where Q is nondegenerate. All other intersections are transverse.

Proof. Start with the segment from ha to hb and perturb it to

ht = (1− t)ha + thb + β(t)c,

where β vanishes near the endpoints and is positive on the interior where singularities may
occur. The segment is compact in the open convex ball, so small c keeps the path in the ball.

Variation of the holonomy function induces an exact Lagrangian deformation; its Hamilton-
ian on the perturbed Lagrangian is the restriction of that function to the connection moduli
space, by the Lagrangian cobordism of [DFL21, Proposition 2.18]. The trace coordinates
remain embedding coordinates by Proposition 10.3. Polynomials of degree at most three in
embedding coordinates realize arbitrary third jets at one point. Polynomials of degree at
most five realize arbitrary second jets at two distinct points. For the latter assertion, choose
an affine function ℓ with ℓ(a) = 0 and ℓ(b) = 1. Given a second jet at b, multiply ℓ3 by the
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quadratic Taylor polynomial at b of that jet divided by ℓ3. The product has degree at most
five, realizes the prescribed jet at b, and vanishes to order three at a. Use (1 − ℓ)3 in the
same way for the jet at a, then add the two polynomials. Restriction of ambient jets to an
embedded submanifold is surjective.

In a Weinstein chart, varying one Lagrangian changes the relative generating function by
this Hamiltonian to first order. The map on its jets is triangular with identity diagonal. Para-
metric transversality therefore excludes higher singularities, two simultaneous tangencies, and
tangencies with zero crossing speed: these strata have codimension at least two. A generic
one-parameter path meets only the codimension-one birth–death stratum, transversely. Its
parameter-dependent splitting normal form is (10.3).

The singular-parameter set is closed by compactness of the Lagrangians. Each singular
parameter is isolated by the normal form, and the endpoint neighbourhoods are regular. It
is consequently finite. No uniform separation of the two points in the two-point jet argument
is required; transversality is applied on the open configuration space of distinct pairs. □

Lemma 10.5. Suppose H(CG(M)) ̸= 0. The path in Lemma 10.4 has a finite subdivision
with regular subdivision points such that each subinterval carries a continuous transverse
intersection point throughout the subinterval.

Proof. Every regular primary datum has at least one intersection. Otherwise its gauge com-
plex would have no generators by Proposition 10.3(iv), contradicting invariance and nonva-
nishing of the gauge homology.

At a birth–death time the local pair in (10.3) is absent on one side. If it were the only
intersection at the singular time, compactness would force the nearby regular intersection set
on that side to be empty. Thus another intersection exists at that time and is transverse.
The implicit function theorem continues it across the wall.

On a closed interval with no walls, the incidence set of intersections is a compact one-
manifold projecting locally diffeomorphically to the interval. It is a finite covering, hence a
disjoint union of sections. Extend the chosen transverse point from each wall to neighbouring
regular subdivision times. This gives the required finite collection of persistent sections. □

Theorem 10.6 (Constancy of the sphere character). Fix a splitting, metric data and a
reference almost-complex structure, and suppose H(CG(M)) ̸= 0. Then the sphere character
χp(Sh) takes the same value at every regular presentation p with these data whose primary
data lie in B.

Proof. First remove the regularizing data at both endpoints using Lemma 10.2. Join the
primary data by the subdivided path of Lemma 10.5. On each subinterval the pointed
character is constant along its persistent transverse point. At a regular subdivision time the
pointed character equals the global character for any choice of point, so one may switch to the
persistent point for the next subinterval. Chaining these equalities gives constancy along the
whole path. Restore the endpoint regularizing data. The same argument allows variation of
the compatible almost-complex structure on Mh, with the reference almost-complex structure
of the object fixed. □

The argument uses nonvanishing only to find a point persisting through each birth–death.
It does not assume that individual generators persist along an arbitrary path, or that the
regular locus of the perturbation ball is connected.
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11. Reflection of the transported orientations

This section constructs the reflection pairing Φp : CF (p̄) → CF (p)∨ (Definition 11.4 and
Proposition 11.5). Its existence rests on Corollary 11.3: the transported systems of p and p̄
have the same sphere character. The proof compares the characters across the diagonal fold
(Proposition 11.2), moving a sphere through the unfolded triangle at zero collapse scale.

11.1. Reflection of strip orientation systems. The reflected presentation p̄ interchanges
the two compression bodies. As in Paper I, Section 11.2, its ordinary strip data are the
reflections of those of p, namely J(−s, 1 − t) and −H(−s, 1 − t) with the full one-form
transformation, so that reflection is a bijection between the strip moduli spaces of p and p̄.
This convention is used in Proposition 11.5, which asserts a chain isomorphism. A strip is
reflected by

ū(s, t) = u(−s, 1− t).

This map preserves the orientation of the strip domain and keeps the surface almost-complex
structure. It reverses the translation direction. The target symplectic manifold retains the
original orientation; the reversed order of the Lagrangians supplies the dual complex. The
formula reflects strips only; the transported system of p̄ is obtained through the mixed domain
of p̄.

For a strip from x to y, the reflection of its coherent orientation has differential sign

(11.1) signdual(ū) = −(−1)|y| sign(u).

The minus sign is the reversed translation vector; the other sign is the graded transpose.
In general the reflection transpose from p to p̄ assigns to the reflection of a strip of index
n on p the sign (−1)n|w|, relative to the identification of determinant lines induced by the
reflection, where w is the target of the strip on p. Thus this reflected system is the one for
which the paired generator bases give the graded dual differential. The reflection transpose
from p̄ to p is the same construction with p and p̄ exchanged; its sign is read on the target
of the strip on p̄. The two reflection transposes are not inverse to each other: on a strip of
index n their composite is (−1)n, the graded evaluation sign in Proposition 11.5. The inverse
of the reflection transpose from p to p̄, whose sign is again read on the target of the strip on
p, is called the unfolding transpose; it occurs in Lemma 11.1.

Attaching Sh changes the index by four. The determinant factor at a sphere node is
complex and even. The additional transpose sign is (−1)4|y| = 1. Consequently reflection
of a coherent strip system preserves its sphere character. What remains is to compare this
reflected system with the system transported through the reflected mixed domain.

11.2. Capped folded triangles: strip gluing and unfolding. We record the end-gluing
comparison before using it to compare sphere characters. For a capped folded configuration
c with outputs x on p̄ and y on r, write Fc for its determinant line after contracting the two
normalized auxiliary cap factors. The conversion line at Z is retained in its fixed position.
Transport from the mixed configuration gives Γc : Fc → Lp̄(x)⊗rLr(y). Thus this is a tensor
with two outgoing ends. Bending the first end gives a map from Lp̄(x)

∨, not from Lp̄(x).

Lemma 11.1. Let u be any smooth outgoing strip from x to x′ on p̄, and w any smooth
outgoing strip from y to y′ on r. Capping commutes with their determinant gluing. For
k = 0, unfolding along the diagonal commutes with the same gluing, with the first outgoing
strip reflected into an incoming strip by the unfolding transpose. These statements hold for
arbitrary strip indices and configuration classes.
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Proof. Put du = detDu and dw = detDw. The assertion about the end systems is the
commutative diagram

Fc ⊗ du ⊗ dw
(Γu⊗rΓw)Γc−−−−−−−−−−−→ Lp̄(x

′)⊗r Lr(y
′)yG ∥∥

Fc#(u,w)

Γc#(u,w)−−−−−−−−−−−−→ Lp̄(x
′)⊗r Lr(y

′).

In the upper arrow the strip determinant factors are inserted next to their corresponding
generator factors using the right tensor convention. In particular moving du past Lr(y)

contributes (−1)ind(u)|y|.
Here G is ordered determinant gluing, including the cap contractions. Before contraction

take the order

I , detΘ, detDc, detDa0 , detDa1 , du, dw,

where I is the complete generator input line in cyclic triangle order and a0, a1 are the two
caps. If a sphere is attached, append its complex node factor last. Both routes use this
order. Associativity regroups factors without interchanging them; any permutation needed
for an end convention is performed on both routes with its graded sign. In particular the
conversion line is never carried through the moving configuration determinant. The unit cap
maps contract their paired generator and determinant factors by even evaluation maps. No
assumption that the individual cap generator has even parity is needed.

First consider the completed mixed triangle at positive scale. Its localized shift retains
the ordinary two-input cobordism and ends at that cobordism followed by a constant mixed
pair. There ordinary determinant associativity gives the end-gluing diagram, with the con-
version line and the fixed unit cap maps in the order above. The relative family construction
transports it over the positive-scale configuration families.

Pull back the entire ordered diagram through Lemma 7.1. Its ordinary-gluing compatibility
applies to the strip and cap operators at their ends in the cofinal neck-and-scale regime
defined in the statement of Lemma 7.1. Only after this diagram commutes do we cancel the
lines of the corner pieces and contract the two cap factors. The fixed-width closed-cut line
comparison retains the conversion factor; its completion is expressed through the separate
output lines through the reference comparison K0,x of Proposition 8.8, not by completing the
fixed closed-Z input itself. This proves the first diagram for the limiting configurations. The
limiting triangle is reached by collapse, not by a shift to a constant triangle, which does not
exist because the triple intersection of its boundary labels is empty.

For unfolding with k = 0, first choose doubling data retaining the Hodge almost-complex
structure and zero inhomogeneous germ in the collapse neighbourhood, the compatible ordi-
nary ends and the fixed cap models. Choose a folded configuration obtained from a smooth
configuration on the unfolded strip. The two coefficient systems are then restrictions of one
smooth system. At the W 1,p → Lp realization, p > 2, equal traces along the diagonal are
exactly the condition for the two sections to join to a W 1,p section after reflecting the lower
side. Restriction is the inverse, and the same identification holds for Lp target sections. This
is an operator identification. At higher Sobolev orders equal traces alone would not suffice.
Instead identify the higher-order determinant lines through their common smooth kernels and
cokernels, using smooth stabilization columns. Elliptic regularity makes these identifications
commute with gluing and parameter variation.

The comparison is first made on this doubling locus. Any finite set of smooth configuration
classes has representatives there: smooth the joined maps in a small collar of the diagonal and
keep the end data fixed. The smoothing is a relative homotopy and changes no sphere class.
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Interpolate the auxiliary almost-complex and perturbation data to doubling data within the
admitted data space, preserving these germs and end values; Proposition 2.1(a) gives the
continuous Fredholm families. Determinant transport extends the resulting comparison back
to the original finite configuration families. The first gluing diagram and path independence
in Proposition 5.4 make it independent of these homotopies. With stabilizations off the
joining regions the operator identification on the doubling locus gives

Fc ⊗ du ⊗ dw
G−→ Fc#(u,w)yUord

yU
dRu ⊗ detDUc ⊗ dw

G−→ detDRu#Uc#w.

Here Ru runs from x′ to x on p, so it attaches to the incoming end of Uc, which runs
from x to y. The left arrow Uord applies unfolding and reflection and then interchanges Fc

and du, with sign (−1)|Fc| ind(u). At the operator level the maps are restriction, reflection
and the same ordinary-end cutoff patching, whose supports are disjoint from the diagonal.
Their two composites agree. This is a diagram on the zero-scale section problem: unfolding
is applied only to zero-scale operators, after collapse. The displayed graded interchange
expresses that agreement in the chosen tensor order. Cancelling the ordered stabilizations
proves the displayed statement. The diagonal normal factor has its complex orientation and
is even. Reflection of the strip u of index n moves its index line across the paired endpoint line
Lp̄(x) and contributes the sign (−1)n|x|. This is the unfolding transpose defined after (11.1):
the inverse of the reflection transpose from p to p̄, applied to the strip Ru, which runs from
x′ to x on p, so that the sign is read on the target x of Ru on p. It is not the reflection
transpose from p̄ to p, whose sign (−1)n|x

′| is read on the target x′ of u on p̄ and differs

from (−1)n|x| by (−1)n. At index four both signs equal 1, as for (−1)4|y| above. For a strip
counted modulo translation the reversed translation vector adds the minus sign in (11.1). To
check the total sign, put a = |x|, b = |y| and f = |Fc| = a + b. The outgoing gluing sign
is (−1)nb. On bending, the reflected input sign (−1)na and the swap (−1)nf have product

(−1)n(a+f) = (−1)nb. Thus the diagrams give the same sign at every index. □

11.3. Sphere characters across the diagonal fold. Fix one small fold pair with lower
primary datum p̃ and upper height datum r, both in the small ball. Choose the height after
the radius of that ball, as in Section 13. Double the folded triangle and attach its auxiliary
caps. Before bending, the resulting disk has two outgoing strip ends modelled on ¯̃p and r
(Figure 2). By Lemma 11.1, its transported orientation is coherent with the independently
transported strip system on ¯̃p and the transported outgoing system on r. The comparison
with the dual system on p is made only after the sphere characters have been identified.

Proposition 11.2. The sphere character of the reflected lower presentation equals that of
the upper height presentation:

χ
¯̃p(Sh) = χr(Sh).

Proof. Choose a smooth reference configuration c0 on the doubled disk. Insert a represen-
tative sphere on the first outgoing strip end at a fixed small positive plumbing parameter.
Move this smooth inserted configuration through the unfolded disk to the second outgoing
end, then refold. The two resulting configurations lie in the same relative class. Under di-
agonal unfolding the two sphere classes are identified with the same generator of the relative
sphere group. In the product description this moves the class between the two factors modulo
the diagonal class. A reversal of its representative replaces the generator by its negative and
does not change the sphere character, whose values are ±1.
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LC

A0

A1

cap at q∗0

cap at q∗1

A0 ∩A1

(a) folded triangle in X

q∗0

q∗1

P̃0
R0

P̃1 R1

¯̃p rSh

(b) doubled, capped and unfolded

unfold

Figure 2. The comparison of Proposition 11.2, for k = 0, where LC is the di-
agonal. (a) A folded triangle in X = M−

h ×Mh with boundary on (A0, LC , A1),

Ai = P̃−
i ×Ri, with the two height caps at its auxiliary corners and its output

end at A0 ∩A1. (b) Doubling, capping and unfolding along the diagonal give
a disc with two outgoing strip ends, modelled on ¯̃p and on r; the image of
the diagonal is the interior dashed line joining the two caps. At zero collapse
scale a sphere representing the generator of π2(Mh), attached at an interior
node near the first end, is moved through the disc to the second end. Node
gluing and the transported orientation are continuous along the move, so the
two sphere characters agree.

There is a continuous orientation on the determinant bundle along this path. Its construc-
tion on the folded domain uses the collapse transport of Section 7, the closed-cut conversion,
and the reference comparison of Proposition 8.8. For the endpoint comparisons place the
sphere in an ordinary strip factor attached away from the collapse neighbourhood. At the
fixed positive plumbing parameter, Lemma 7.1 commutes with gluing that entire strip. Its
interior-node determinant comparison is the usual punctured Cauchy–Riemann bordering
and complex evaluation map; the gauge rows are absent on this pure strip. Ordinary-gluing
associativity thus gives the endpoint comparison with the complex even node factor appended
last. The collapse scale and ordinary neck can be chosen after this plumbing parameter, so
the node and the collapse never degenerate together. At the two ends, the first diagram
of Lemma 11.1 identifies the transported orientation with both specified strip-node gluing
orientations. No Koszul sign is introduced by moving the complex node factor.

It remains to carry the node-glued orientation along the path, on which the node crosses
the image of the diagonal. Carry out the move at zero collapse scale, on the doubling
locus, with the doubling data of Lemma 11.1: the Hodge almost-complex structure and zero
inhomogeneous germ in the collapse neighbourhood. There the folded operator is identified
with the unfolded pure real Cauchy–Riemann operator, by the W 1,p → Lp identification
in the proof of that lemma, and in the unfolded picture the image of the diagonal is an
interior line, not a matching or boundary collar. Along the whole path the node lies in a disc
separated from the matching and boundary collars, so Proposition 2.1(c) makes the node
gluing a continuous isomorphism of line bundles along the path. Hence transport carries the
node-glued orientation at the start to the node-glued orientation at the end. The transported
orientation is continuous along the same zero-scale path by Lemma 7.1: the path is a compact
smooth family of limiting configurations, and the collapse datum is unperturbed near the
diagonal. The ratios at the two ends are therefore equal, giving the assertion.
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This comparison uses arbitrary smooth configurations, not only holomorphic solutions.
To justify coherence where the fold is attached to prescribed strip configurations, select one
reference configuration for each of the finitely many generator pairs and their required sphere
classes. With the height already fixed, choose the ordinary neck lengths and then the collapse
scale so that ordinary gluing applies to this finite set, in the order of choices of Section 13.
The determinant-line construction then extends over each configuration component by path
independence. Proposition 2.1 and Proposition 2.2 are used on all the domains in this finite
construction, not only at the constant solution. □

Changing the reference almost-complex structure on the closed cut changes the output
generator lines by a fixed diagonal conversion. That conversion cancels in a sphere ratio.
Thus the character comparison is unchanged by the conversion required in Section 8, although
that conversion remains essential for the cup identity as a chain-level formula.

Corollary 11.3 (Reflection invariance). Let p be a small presentation of an object with
nonzero integral gauge homology. Then p and its reflection have the same sphere character:

χp̄(Sh) = χp(Sh).

Proof. Apply Theorem 10.6 on −M to compare p̄ with ¯̃p. Apply Proposition 11.2 to compare
the latter with r. Apply character constancy on M to compare r with p. The reflected ball is
the same ball under the chosen reflection identification. Gauge duality makes nonvanishing
for M and −M equivalent. □

11.4. The reflection pairing.

Definition 11.4. Let p be a small presentation of an object with nonzero integral gauge
homology. On the strip configurations of p̄ compare two orientation systems: the transported
system of p̄, and the dual system of (11.1), which is the reflection transpose from p to p̄ of
the transported system of p. Fix a reference intersection point x0. For an intersection point
x, let κp(x) ∈ {1,−1} be the ratio of the two systems on a strip configuration of p̄ from x0
to x. The reflection pairing is

(11.2) Φp : CF (p̄) −→ CF (p)∨, op̄x 7−→ κp(x)(o
p
x)

∨.

Thus Φp is the integral form, for transported orientations, of the standard duality
CF (L1, L0) ∼= CF (L0, L1)

∨ given by reversing strips, here with (L0, L1) = (P0, P1).

The ratio of the two systems is constant on smooth configuration components and multi-
plicative under concatenation. Changing the configuration from x0 to x changes its class by
a sphere; Corollary 11.3 says that the ratio on this sphere is one. Hence κp(x) is well defined,
and the ratio on a strip from x to y is κp(x)κp(y), independent of the strip class.

Proposition 11.5. The map Φp of (11.2) is an even chain isomorphism. The comparison
of the orientations of the determinant lines over all strip configurations determines it up to
one sign. The pairings may be chosen so that

(11.3) Φp̄ = Φ∨
p ev .

Proof. Equation (11.1) and the ratio just computed give exactly the dual differential under
(11.2). The paired reference almost-complex structures make the sum of the two endpoint
parities zero, so the map is even. Any two comparisons have constant ratio: configurations
exist between every pair of intersection points, and the ratio on all those configurations fixes
the relative generator signs. Only the initial reference sign is free.



ATIYAH–FLOER COBORDISM MAPS II 73

Apply to a strip of index n with endpoints x, y the reflection transpose from p to p̄ and then
the one from p̄ to p, which defines κp̄. Their signs are read on the two different endpoints and

multiply to (−1)n(|x|+|y|) = (−1)n. The corresponding change of the paired basis is the sign
in the graded evaluation map. Thus the pairing obtained by the second reflection is exactly
Φ∨
p ev, after the common reference sign is fixed. This proves (11.3) for the orientations over

all strip configurations. □

A chain-map condition alone would not determine κp up to one sign. If the differential
splits into two subcomplexes, one can change the sign on one summand and still obtain a
chain map. The preceding construction uses all strip configurations, including those which
are not solutions, to exclude that extra freedom.

Put

(11.4) Φ̂p = Φ∨
p ev : CF (p) −→ CF (p̄)∨.

This is the reflection pairing which will be composed with the cup map (9.2).

12. Continuation and the diagonal compression cup

12.1. Coherent orientations with prescribed ends. A continuation datum from p to q
has a strip-like surface with Lagrangian boundary conditions varying on a compact interval
and equal to those of p, q at its ends. The almost-complex and Hamiltonian data are like-
wise constant outside that interval. Throughout this section the primary paths lie in the
common convex ball of Proposition 10.3; after Hamiltonian identification, their exact-graph
primitives lie in a fixed convex neighbourhood. Homotopies have fixed endpoints and remain
in this neighbourhood. Almost-complex and Hamiltonian continuation data are varied with
these fixed boundary identifications. All statements of independence below concern this class
of data. For generators x, y, let Bp,q(x, y) be its smooth configuration space, with the pre-
scribed exponential limits. A coherent orientation system assigns relative orientations to the
determinant lines over these spaces and commutes with attaching strips at either end.

The space of configurations in a fixed relative homotopy class is path connected. One
may first choose a continuous relative homotopy, smooth it relative to the fixed ends and
labels, and then make it constant beyond common end cutoffs. Local charts are given by an
exponential map for a metric making the boundary labels totally geodesic. The topology in
Section 2 makes these paths continuous. The relative classes are a torsor for the same sphere
group as fixed-label strips, and the index changes by four under its generator. In particular
there is at most one index-zero component for fixed endpoints.

Lemma 12.1 (Rigidity of coherent systems). Fix a continuation datum from p to q in the
class described at the start of this subsection. Two coherent continuation orientation systems
with the same end systems differ by one sign. Such a system exists if and only if the sphere
characters at the ends agree.

Proof. The ratio of two systems is constant on each configuration component. If a strip is
attached at either end, the common end orientation cancels, so the ratio does not change.
Choose one reference configuration from x0 to y0. For any x, y, choose strips from x to x0
and from y0 to y. Attaching these strips transports the ratio to a configuration with ends
x, y. Any difference in relative class can be supplied by a sphere class on either strip. Since
the end systems are the same, this also leaves the ratio unchanged. Thus there is only one
sign for all configurations.
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For existence choose a reference orientation and extend it by the same gluing procedure.
The determinant bundle on each configuration component is orientable: the boundary La-
grangians are the parallelizable compression- body Lagrangians [WW15a, Theorem 5.1.6],
and the remaining sphere factors have complex orientation. The only compatibility left when
the gluing paths are changed is moving a sphere class from the incoming end to the outgoing
end. The two extensions agree precisely when the two sphere characters agree. This also
proves necessity by moving the node of one sphere through a continuation configuration.
The construction is continuous because the determinant line is a line bundle over the smooth
configuration space. □

In an index-zero comparison a finite form of the lemma suffices. Choose one strip for each
input generator and one for each output generator, in the classes needed to reach the index-
zero component. Coherence on that finite collection fixes the ratios of all zero-dimensional
counts. This form allows the neck lengths and collapse scales to be chosen after a finite set
of configurations has been fixed, so that estimates are needed only on that finite set.

At an object with nonzero integral gauge homology, Theorem 10.6 supplies existence when-
ever p and q have the same splitting, metric data and reference almost-complex structure,
and primary data in the ball B of Section 10. This includes the auxiliary upper data of
Section 13.1, which lie in B but in general not in the small ball. For a lower datum and an
auxiliary upper height datum, the folded configuration itself also supplies a coherent system
and hence the required character equality; moving the node through the unfolded configura-
tion crosses the image of the diagonal, and this is justified as in the proof of Proposition 11.2.

12.2. Parity and continuation maps. For a continuation configuration c from x to y, the
continuation parity

par(p, q) = |y| − |x| − indDc (mod 2)

is independent of the configuration and its end generators. It is additive under composition of
continuation data. The configuration description by sphere classes, together with a homotopy
in the specified small family, shows its independence of the chosen datum in that family. For
the paired reference almost-complex structures of this paper, par(p, q) = 0 at the data used
in the comparison, at an object with nonzero integral gauge homology. The proof uses the
integral cup formula, so that only the nonvanishing of the integral homology enters.

Indeed, at a small fold pair (p, r) the map B(p, r) is homogeneous and (9.6) identifies it
up to homotopy with the even homotopy equivalence Nr contG(p, r)np. On nonzero integral
homology this map cannot be both even and odd. Thus its degree is zero. The doubled
configuration has the same index as the continuation problem, and the gauge reflection pairing
is even; hence par(p, r) = 0. A common upper height datum and additivity give par(p, q) = 0.
The integral cup formula used here is proved in Section 9 without symplectic continuation
maps, which are introduced only below.

With a coherent system define

contS(p, q) : CF (p) −→ CF (q)

by the signed zero-dimensional continuation count. It is even and commutes with the dif-
ferential. The compactification of a one-dimensional continuation moduli space proves this
exactly as in Proposition 6.1.

Proposition 12.2. Let p, q, r be regular presentations of an object with nonzero integral
gauge homology, with the same splitting and metric data and with primary data in the ball B
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of Section 10, and define their continuation maps as above. These maps satisfy, up to sign
and chain homotopy,

contS(q, r) contS(p, q) ≃ ± contS(p, r),(12.1)

contS(p, p) ≃ ±1.(12.2)

Their homotopy classes are independent of the continuation datum. They are homotopy
equivalences.

Proof. For a long strip neck, ordinary gluing identifies the zero-dimensional solutions with
pairs of continuation solutions. The determinant gluing is coherent, so the signed matrix is
the composite matrix. The glued orientation system has the same end systems as the chosen
direct continuation system. Lemma 12.1 compares them by one sign. Varying the neck length
gives the chain homotopy in (12.1).

A homotopy of continuation data, constant near the ends, gives the corresponding ho-
motopy by its oriented one-dimensional boundary. The pure symplectic compactness and
gluing used here are Proposition 2.1(c). For constant data the zero-dimensional solutions
are constant strips, with canonical positive orientation. This normalizes the unit. Apply
composition to a datum and its reverse to obtain a homotopy inverse. □

12.3. Continuation maps under reflection. There is no translation quotient for a con-
tinuation configuration. Reflecting it therefore has the reflection transpose sign of Section 11
but no additional translation sign. Using the pairings of Proposition 11.5 gives

(12.3) contS(p̄, q̄) ≃ ±Φ−1
q contS(q, p)

∨Φp.

To verify coherence of the reflected system, glue an input strip, a continuation configuration,
and an output strip, and reflect the three pieces in reverse order. If their indices are nu, nc, nw,
the reordering sign is (−1)nunc+nunw+ncnw . Combining it with the three transpose signs leaves

(−1)nu par(p,q) = 1. The generator corrections κp and κq identify the reflected end systems
with the transported systems of p̄ and q̄. Rigidity then gives the one sign in (12.3). This
argument also shows why parity zero is needed here.

12.4. The diagonal compression cup equals continuation. For k = 0 the compression
correspondence is the diagonal. Double the folded triangle, glue the two distinguished caps,
and unfold along that diagonal. The resulting surface is a continuation strip. This is the
geometric identification used in Paper I. To obtain an integral statement we compare its
coherent systems before counting.

Proposition 12.3 (Diagonal cup). At every small fold pair (p, r),

(12.4) B(p, r)Φ̂p ≃ ± contS(p, r).

Proof. Use both diagrams of Lemma 11.1. After unfolding, the incoming system is the image
of the transported system of p̄ under the unfolding transpose, the inverse of the reflection
transpose from p to p̄ (see the paragraph after (11.1)). Its comparison with the system on p is
the ratio of orientation systems over all strip configurations that defines κp (Definition 11.4).
Indeed, by the definition of κp, on every strip of p̄ between x and y the transported system
of p̄ is κp(x)κp(y) times the reflection transpose of the transported system of p. Applying the
inverse transpose, on every strip of p from x to y the incoming system is κp(x)κp(y) times

the transported system of p. These are precisely the two endpoint corrections in Φ̂p. The
reflection transpose from p̄ to p, which enters the double reflection in the proof of Proposi-
tion 11.5, would instead give the ratio (−1)|x|+|y|κp(x)κp(y), and the comparison below would
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leave the grading operator grCF (p), which anticommutes with the differential. On a homoge-

neous generator the coefficient of Φ̂p is (−1)|x|κp(x), since the graded evaluation map enters

(11.4). Bending by bendCF (p̄) supplies the second factor (−1)|x|; the two evaluation signs

cancel. Thus precomposition by Φ̂p changes the unfolded input system into the prescribed
system on p. The outgoing system is already the prescribed one on r. This holds for every
configuration class and every strip index, as rigidity requires.

The pulled-back capped system and the chosen continuation system therefore have the
same two end systems. Their relative sign is constant under the two gluing operations in
the diagrams. Rigidity (Lemma 12.1) applies and leaves one scalar sign. A nonconstant
generator-sign automorphism would change one of those gluing maps of determinant lines
over strip configurations; a grading operator would change an odd-index gluing map. Both
have been fixed before invoking rigidity. This proves the required comparison of coherent
systems.

For sufficiently long cap necks, the gluing theorem gives a bijection of zero-dimensional
solutions and preserves these orientations. A cap of index zero has one regular solution
with unit coefficient, so no extra multiplicity occurs. The counts are therefore the same
up to that sign. Varying the cap length and the triangle data to the ones defining B(p, r)
gives a chain homotopy through the one-dimensional moduli spaces. The preglue-to-solution
path is within the pure section chart, and determinant transport on that path preserves
the canonical orientation of a regular solution. This is the pure symplectic gluing input of
Proposition 2.1(c). □

This completes the proof of Theorem D. The cup in that theorem is the geometric com-
pression cup of Paper I, and it is compared directly with the geometric continuation map.

12.5. Objects with vanishing homology. No object with vanishing integral gauge ho-
mology is known (see the remark after Theorem A); the convention below makes the state-
ments unconditional. Suppose H(CG(M)) = 0. Lemma 3.1 and Proposition 6.3 make both
CG(M,p) and CF (M,p) contractible for every presentation. Every closed map from or to
a contractible complex is a boundary: compose it with a contracting homotopy and use
(3.2). Hence there is exactly one morphism between it and any other object in the homotopy
category.

At such an object we take the continuation and reflection maps needed for the comparison
to be zero representatives of those unique morphisms. In particular a reflection map here is a
homotopy equivalence between zero objects of K(Z). Character constancy and the reflection
pairing of Definition 11.4 are used only at objects with nonzero integral gauge homology.
Every identity involving an acyclic object is interpreted in the homotopy category.

This convention also handles a word passing through an acyclic intermediate object: its
class is zero, as is the corresponding gauge composite. Reduction modulo two preserves a
contracting homotopy. Thus Paper I’s maps incident to that object are null-homotopic as
well.

Nonzero mod-two gauge homology implies nonzero integral gauge homology, since an
acyclic finite free integral complex would be contractible. Integral framed calculations place
rational homology spheres and #k(S1 × S2) in the nonvanishing case: for a rational ho-
mology sphere Y the Euler characteristic of I#(Y ) is |H1(Y ;Z)| [Sca15, Corollary 1.4], and
I#(#k(S1 × S2)) is computed in [Sca15, Section 7.8]. Only this implication is used. The
converse fails in general: integral homology that is finite of odd order gives zero homology
modulo two.
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13. Small data, naturality of the mixed maps and handle squares

13.1. Order of the auxiliary choices and small data. This subsection constructs the
radius rχ of the small ball of Definition 2.4, and fixes the order in which the remaining
auxiliary data are chosen. Items (1)–(3) below are made once for each Heegaard splitting
with its metric data, together with its reflection, before any comparison is considered. They
are transported by isomorphisms of decorated data: for such an isomorphism ϕ, the choices
for ϕ(Σ), with the transported metric data and reference almost-complex structure, are the
transports of those for Σ. Since the norm (10.2) is invariant under bundle automorphisms,
frame changes preserve them. Items (4)–(8) concern the finitely many presentations of one
comparison. The order avoids requiring a perturbation to be simultaneously small relative
to a parameter chosen after it.

(1) Fix the trace-coordinate family F0 of Section 10, and let the primary regularity thresh-
old rH be the radius r∗ of Proposition 10.3.

(2) Choose the auxiliary height t∗ below the height thresholds of Section 9 and of the
admissible neighbourhoods (I5) of Paper I. Choose it so small that its height perturba-
tions, together with every generic correction in the ball |γ| ≤ δ(t∗) of Section 9, have
norm less than rH . These data are used as upper auxiliary presentations. This t∗ is
taken as the height t∗ fixed in Paper I, Definition 11.12, together with its companion
height t′∗ ≤ t∗ chosen there.

(3) Choose the radius rχ < rH with the following property, for the splitting and for
its reflection. If a primary datum lies in the span of a finite family containing F0

and has norm less than rχ, then its Lagrangians lie in the lower-data neighbourhood
NC(t∗) of Section 9 for the product compression body, and in the neighbourhoods
N (t∗) and N (t′∗) that define admissible primary data in Paper I, Definition 11.12
(see (I5)). Such a radius exists because these neighbourhoods are C1-neighbourhoods
of the unperturbed pair of Lagrangians, and by Proposition 10.3(ii),(iii) and its proof
the perturbed Lagrangians converge in C1, uniformly in the finite family, as the norm
tends to zero. A small presentation is then admissible in the sense of Paper I: the
segment from zero to its primary datum lies in the convex small ball, so along it
the Lagrangians, and those of the reflection, stay in these neighbourhoods, and the
datum lies in the path component U(F ) of (I5).

(4) Choose smaller heights t′′ for the proof of Proposition 13.2, tf for the reflection fold
and tC for the compression cup and, for a Heegaard stabilization or destabilization,
the two-handle heights t2, t

′
2 and the generic perturbations R′

0, R
′′
0 of R0 used for

stabilization in Section 14 (Paper I, proof of Proposition 12.4). Choose them so that
the resulting upper and intermediate presentations are small in the sense defined
below. Choose the lower datum of a fold pair or of a cup after its height t′′, tf or tC ,
with norm so small relative to that height that the Lagrangians along the segment
from zero to it lie in NC at that height.

(5) Fix the ordinary gauge trajectory data and the symplectic strip-end data for every
required end, including the intermediate closed cuts. Make the simultaneous regular
end choices before selecting their weights. For the auxiliary pairs, for every k, choose
the end perturbations and the secondary data with 4 sup ∥f∥∞ + 2 sup ∥η∥2L2 < 2π2,
as (I14) requires; the secondary data chosen in items (6) and (8) below respect this
bound. Choose a common sufficiently small weight below the relevant primal, adjoint
and scalar thresholds. For configuration reference paths it must also lie below their
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remainder rates; relative end preparation then supplies faster reference paths when
needed. The completed-domain estimates at these choices are Proposition 2.1(b).

(6) Select the finite compact reference families needed for coherence, and regularize, with
these fixed ends, the limiting problems on the mixed domains defining the maps Np,
on the triangles and on the completed cores. The transport of their primary data,
their finite stabilizations and their compact secondary supports are fixed before taking
a geometric limit. In particular an auxiliary upper datum is a full presentation with
its own thresholds for the mixed map. Keep the collapsing compression unperturbed,
including the dependence regions of the holonomy terms.

(7) Choose the ordinary necks after these limiting data have been fixed. Then choose
the collapse scales from the bounds for the compact reference families and the finite
limiting index-zero solution sets, with their decay rates and the already fixed weights.
For simultaneous determinant comparisons use the cofinal neck-and-scale regime in
Lemma 7.1. Each threshold therefore depends only on parameters already chosen.

(8) At the resulting positive geometric parameters choose any further compactly sup-
ported secondary regularizers within the openness thresholds for the endpoint counts,
preserving every end equation fixed in item (5). Extend them relatively over the com-
parison families. If an end datum or a limiting regularization is changed, reselect the
dependent necks and collapse scales and use the corresponding data homotopies. In-
dependence over the full permitted weight range is applied only after this common
small-weight construction, as in Proposition 5.3.

Every choice has a positive threshold once the preceding finite data have been fixed.
With the radius rχ of item (3), the small ball and the small presentations are those of

Definition 2.4. The slices of the small ball by the finite families are convex, and two of its
elements lie in a common slice. It lies in the ball B of Section 10, and its elements are
admissible primary data in the sense of Paper I (see (I5)). Small fold pairs are those of
Definition 9.1(c): the lower presentation is small, with norm so small relative to t that the
Lagrangians along the segment from zero lie in NC(t), and the primary data of the upper
height presentation lie in B. For k ≥ 1, compatible handle data consist of a small lower
presentation p and the upper height presentation q = C ◦ p at the height tC , subject to
the same conditions. The Lagrangians of p, and those along the segment from zero, lie in
NC(tC), and its primary data, and those of its reflection, lie in the neighbourhoods NC,R and
NC̄,R̄ of (I14)(i), on which the grading and coefficient statements of (I13) and (I14) hold for
the pair and for its reflection, as the three-handle cap requires. By item (4), q is small. A
small decomposition of a morphism, from (M0, p0) to (M1, p1), is a word of elementary moves
as in (I15): changes of presentation, frame changes, one- and three-handle attachments and
two-handle cobordisms. All presentations in it are small, its maps Se are those of Section 14,
and its auxiliary data are chosen as in items (4)–(8).

The auxiliary upper data of item (2) lie in B but in general not in the small ball. At an
object with nonzero integral gauge homology, Theorem 10.6 applies to them, so their coherent
continuation systems exist by Lemma 12.1. The upper data at the heights of item (4), and in
particular the handle targets at which reflection or mixed duality (Proposition 13.2) is used,
are small.

13.2. Naturality under small changes of holonomy perturbation. The mixed maps
commute, up to sign and homotopy, with the gauge and symplectic continuation maps for
changes of primary data within a small ball. All maps in this subsection and the next are
even.
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Proposition 13.1 (Primary naturality). For small presentations p, q with the same splitting
and metric data,

(13.1) Nq contG(p, q) ≃ ± contS(p, q)Np.

Proof. Choose one upper height presentation a of −M at the height t∗ of item (2) of Sec-
tion 13.1, with its correction in the ball |γ| ≤ δ(t∗) generic for p̄ and q̄. By item (3) there,
(p̄, a) and (q̄, a) are small fold pairs. Apply the cup formula and Proposition 12.3 to both
fold pairs. They give

contS(p̄, a) ≃ ±Na contG(p̄, a)np̄Φ̂p̄,

contS(q̄, a) ≃ ±Na contG(q̄, a)nq̄Φ̂q̄.

All factors being eliminated are homotopy equivalences. Cancel the common upper datum
using continuation composition. Thus

contS(p̄, q̄) ≃ ±(nq̄Φ̂q̄)
−1 contG(p̄, q̄)

· np̄Φ̂p̄.

Use the reflection formula (12.3) on the symplectic side and its gauge analogue, Lemma 4.5
for gauge continuation, together with (4.5). The symmetric conventions give

Φ̂p̄ = Φp, ΦG,Mnp̄ = N∨
p ,

and the same equalities at q. Cancelling these pairings transforms the displayed identity into

contS(q, p)
∨ ≃ ±

(
Np contG(q, p)N

−1
q

)∨
.

Transpose and rename p, q to obtain (13.1). Every double-dual map occurs together with its
inverse. Because the maps here are even, the cancellations introduce no grading-dependent
sign. □

This proof uses the same pairing in the diagonal-cup and reflection identities. Choosing
an unrelated chain-level duality isomorphism would leave a diagonal automorphism after the
cancellation.

13.3. The reflected mixed map inverts Np. Following Paper I, write N †
p for the transpose

of the mixed map of the reflected presentation p̄, read through the gauge and symplectic
reflection pairings:

N †
p = npΦ̂p : CF (p) −→ CG(M),

with np as in (9.4) and Φ̂p as in (11.4). Modulo two it is the map N∨
P̄

of Paper I, Proposi-
tion 11.9. The next proposition shows that it is a homotopy inverse of Np, up to sign.

Proposition 13.2 (Mixed duality). For every small presentation p,

(13.2) NpN
†
p ≃ ±1.

Proof. First choose p so that (p, r) is a small fold pair at the height t′′; by item (4) of
Section 13.1, r is small. The cup formula (9.6) and Proposition 12.3 give

contS(p, r) ≃ ±Nr contG(p, r)npΦ̂p.

By primary naturality the right side is homotopic, up to sign, to contS(p, r)NpN
†
p . Cancel

the continuation equivalence.
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For a general small presentation q with the same splitting and metric data, transpose
primary naturality for the reflected presentations. The symmetric pairings give

N †
q contS(p, q) ≃ ± contG(p, q)N

†
p .

Combine this with primary naturality and (13.2) at p:

NqN
†
q contS(p, q) ≃ ± contS(p, q).

Cancel the continuation once more. The contractible case has the interpretation of Sec-
tion 12.5. □

13.4. One- and three-handle squares. At compatible handle data (Section 13.1) define
the integral compression cup by

(13.3) UC = ǓCΦ̂p : CF (p) −→ CF (q), q = C ◦ p.

Define the cap by reflected transposition. If C̄ is the reflected compression and ǓC̄ :
CF (p)∨ → CF (q̄) is its unpaired cup, put

(13.4) V̌C = ev−1
CF (p)(ǓC̄)

∨, VC = V̌CΦ̂q.

Then VC : CF (q) → CF (p). Equivalently it is the transpose of the paired reflected cup with
the two pairings inserted. These are the orientations of the compression cup and cap counts
of Paper I. At other presentations they are conjugated by the geometric continuation maps.

Theorem 13.3 (One- and three-handle squares). Let C = Ch,g be the compression body
adding k handles, Wk :M →M+ the corresponding one-handle cobordism, and W3 :M+ →
M the three-handle cobordism whose reversal W 3 : −M → −M+ is the one-handle cobordism
of the reflected compression C̄. Let (p, q) be compatible handle data, with UC and VC as
in (13.3) and (13.4). Then

UCNp ≃ ±NqI
#
J (Wk),(13.5)

VCNq ≃ ±NpI
#
J (W3).(13.6)

The identities hold at compatible handle data and, with the cup and cap conjugated by contin-
uations, at all small endpoint presentations with the splittings and metric data of the handle
data; other endpoints are reached through Section 14.

Proof. The cup formula (Proposition 9.3) and mixed duality (Proposition 13.2) give

UCNp ≃ ±NqI
#
J (Wk)npΦ̂pNp ≃ ±NqI

#
J (Wk),

which proves (13.5). For the cap, transpose the cup formula at the reflected compression.
The graded evaluation maps and ΦG,−M = Φ∨

G,M ev give the gauge transpose of the reversed

handle map (Lemma 4.5 applied toW 3). Mixed duality at q cancels the reflected mixed map.
In detail, in the homotopy category,

VCNq = V̌CΦ̂qNq

≃ ±V̌Cn−1
q

≃ ±NpΦ
−1
G,−MI

#
J (W 3)

∨ΦG,−M+

≃ ±NpI
#
J (W3).
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The only potentially odd map in the transpose comparison is the handle map; all pairings
and mixed maps are even. The last step is Lemma 4.5 for W 3 : −M → −M+, whose reversal
is W3; it holds with one sign although the handle map may be odd.

Finally conjugate both handle maps by continuations from arbitrary small endpoints to the
compatible handle data. Primary naturality moves the mixed maps past these continuations,
and gauge functoriality identifies the gauge composite with the same cobordism. Homotopies
compose by (3.2). □

14. Descent to cobordisms and proof of the main theorem

14.1. Squares for the remaining elementary moves. The geometric presentation moves
are the ones in Paper I. We record how the integral orientations enter them. A change of
meridian disk systems does not change the Lagrangians; its map is the identity. A change
of regularizing data uses the family defining Proposition 6.3. A change of strip-end almost-
complex structure uses Proposition 6.4(ii), with the outgoing continuation map of that propo-
sition and the fixed transported end systems. For a change of the reference almost-complex
structure, the gauge and symplectic generator orientation lines are converted by the same
right-placed conversion maps. The constant pair used as reference has no further line, so its
orientation comparison commutes with this conversion.

An isomorphism of decorated data pulls back the equation, its linearization and the shift-
ing construction; the pullback of a shift is a shift, and the orientation maps do not depend
on the shifting path (Proposition 5.4). Choose pulled-back stabilizations in the determinant
construction. The kernel gluing maps then commute with the isomorphism, and the mixed
square commutes exactly on chains at the pulled-back data. This applies to frame changes
and diffeomorphisms preserving the torus decoration. The transported presentation is small,
since the choices of Section 13.1 are natural under these isomorphisms. For a frame change
it has the same splitting and metric data, and a subsequent continuation (Proposition 13.1)
gives the square at the originally chosen data, up to sign and homotopy. For a diffeomor-
phism the transported reference almost-complex structure is compared with the given one by
the conversion of the preceding paragraph, and the subsequent change of presentation is a
composite of the moves treated in this section.

A Heegaard stabilization is realized by the cancelling one- and two-handle pair of Paper I.
Let r be the stabilized presentation. The one-handle square ends at the presentation C ◦ p,
which carries height perturbations on both bodies, while the two-handle square holds from
(C◦p)′ to r′. Here (C◦p)′ is C◦p with the Lagrangian R0 of its first body replaced by a generic
small perturbation R′

0 from the span of F∗, which may move its generators, and with zero
primary perturbation on its second body; r′ is r with R′

0 on its first body and the two-handle
height perturbation at height t2 on its second body (Paper I, proof of Proposition 12.4).
As in Paper I, insert the continuations contS(C ◦ p, (C ◦ p)′) and contS(r

′, r); their squares
are Proposition 13.1, since (C ◦ p)′ and r′ are small by item (4) of Section 13.1. Compose
(13.5), these two squares and (7.11). The decorated gauge cobordism is the identity, so its
map is continuation up to sign and homotopy. The reverse stabilization is treated by the
cancelling two- and three-handle pair. Passing through a common stabilization treats changes
of metric data at a fixed splitting. An isotopy of the splitting fixed near the ball is treated
as in Paper I, Proposition 12.4: transport by the isotopy, as in the preceding paragraph,
followed by a change of metric data and a change of primary data. The order of choices in
Section 13.1 allows the new presentations to satisfy the integral height and ball conditions.
Every orientation comparison in this argument is one of the signed squares above.
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Thus every elementary move e : p → q has a symplectic map Se, constructed from the
curves of Paper I, and a square

(14.1) NqGe ≃ ±SeNp.

Here Ge is the gauge map of the decorated cobordism of e; for a change of presentation it is
a gauge continuation map. Changes of presentation give even maps, and handle attachments
may give odd ones.

14.2. Independence of the decomposition.

Lemma 14.1 (Projective descent). Suppose that the presentations of each object are con-
nected by elementary moves, and that every cobordism, with any small endpoint presentations,
is represented by a word of elementary moves. Suppose that the gauge maps Ge compose, up
to sign and homotopy, to the gauge map of the represented cobordism. Suppose Np are iso-
morphisms in a homotopy category and the elementary maps satisfy (14.1). Then Sd depends
only on the represented cobordism and the endpoint presentations, up to sign and homotopy.

Proof. For a word d = em · · · e1, compose the squares to obtain

SdNp0 ≃ ±NpmGem · · ·Ge1 .

Every composition of homotopies is valid by (3.2). If d′ represents the same cobordism, gauge
functoriality identifies the two gauge words up to sign and homotopy. Cancel Np0 to identify
Sd and Sd′ .

For words representing the identity cobordism this also gives the transitive system of
comparison maps between presentations. The identity word is the identity map, and con-
catenation of words gives composition up to sign. Hence these systems descend to a projective
functor and the classes of Np give a projective natural isomorphism. □

Proof of Theorem A. Proposition 6.3 gives the integral mixed isomorphisms. Equation
(7.11), Theorem 13.3, Proposition 13.1 for changes of primary data within a small ball,
and the presentation comparisons above supply all elementary squares. Generation and
connectivity are (I15); the presentations in these words may be taken small, because the
slices of the small balls are convex and contain regular data, two primary data in one small
ball lie in a common slice, and the balls are transported by isomorphisms (Section 13.1).
Proposition 4.4 and Lemma 14.1 therefore give (1.1) and the projective functoriality.

The mixed maps preserve the chosen object gradings. On homology, the comparison with
the homogeneous gauge map therefore gives the stated parity of the symplectic map. The
parity is a property of the homology class, whatever chain representative of a long word is
chosen.

Modulo two all determinant orientations give the same counts. The conversions become
the identity on the generator basis, the signs in the tensor and dual formulas disappear,
and the pairing (11.2) becomes the paired-basis reflection pairing. Thus the geometric maps
reduce to those of Paper I at the same data. At an acyclic object the zero representatives
reduce to maps homotopic to those of Paper I by Section 12.5. □

14.3. Further questions. The scope of Theorem A, including its relation to homology-
oriented instanton maps, to the integral map of [DFL21] and to relative-spin orientations,
is described in the Scope subsection of Section 1. One further point concerns the descent
itself. The symplectic maps form a projective functor, and exact composition signs would
require more than projectivizing the maps; the regrading discussed after (4.6) indicates the
additional grading information involved.
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Appendix A. Analytic foundations

This appendix proves Proposition 2.1, the four estimates in the proof of Lemma 7.1 (Sec-
tion A.5), Lemma 8.5 (Section A.9) and Proposition 5.3 (Section A.10). All references to
Paper I mean its version of 19 October 2026 [Wue26a]. The unsigned collapse, torus excision
and generation results of that manuscript are used as they are stated there. The exceptions
are the proofs here which repeat an argument of Paper I for a wider class of operators, such
as stabilized families of nonsolutions, and state which steps change; the principal case is
Lemma 7.1. The arguments below combine the local theory of [DFL21, DFL24] with explicit
end models. They are the local-plus-ends arguments of [DFL21, Lemma 4.34], carried out on
the domains of this paper. Theorem, proposition and remark numbers in [DFL24] are those
of arXiv:2109.07038v1.

A.1. Local theory and end models. Local estimates. On a compact region meeting the
matching seam, with a product metric and the fixed almost-complex structure near the seam,
the local estimates for the mixed operator are [DFL21, Theorem 4.17]; they are uniform along
C∞-convergent sequences of configurations by [DFL21, Remark 4.19]. For domain-dependent
almost-complex structures, and for the formal adjoint, the local estimates and weak regularity
are [DFL24, Theorem 5], with [DFL21, Remark 4.33]; their uniformity on neighbourhoods
of the configuration and of the data is [DFL24, Remarks 5.73 and 5.76] for the operator;
applied to the adjoint d/dθ +D(Bθ,S

∗
θ )
, which has the same form [DFL24, Section 5, before

Theorem 5.9], they give it for the adjoint. Away from the seam these are the interior and
boundary estimates for the anti-self-duality operator with the normal boundary condition
and for real Cauchy–Riemann operators with totally real boundary conditions. Holonomy
perturbations contribute zeroth-order terms with the bounds of [DFL21, Proposition 6.1].
The conformal factor of Definition 5.1 does not change the anti-self-duality equation; it
rescales the scalar row by f−2 and adds zeroth-order terms to it. A compact family in the
topology of Section 2 has coefficients converging in every Ck norm on compact sets, so these
estimates are uniform on it.

Charts. At a smooth configuration the matching-boundary chart is built from [DFL21,
Lemmas 4.1, 4.2 and 4.4] and the construction following Lemma 4.4, with the slice of [DFL21,
Proposition 4.6] and the Lq radius of Paper I, Remark 5.2, in place of the L2 radius stated in
[DFL21, Lemma 4.1]. The construction is local, so on a compact family the charts vary con-
tinuously with their centres. Charts with a radius uniform as a torus length tends to infinity
are used only at the preglued references of Paper I, Definition 10.23 and Lemmas 10.28–10.29.

End models. (O) At an ordinary gauge or strip end the operator is translation invariant
with invertible asymptotic operator, the extended Hessian at a nondegenerate irreducible
critical point or J∂t with transverse boundary conditions. Weighted estimates hold for weights
below the gap, by [Don02, Section 3.3.1] for gauge ends and by the same Fourier argument
for strip ends. (E) At a mixed end the stationary operator is self-adjoint with kernel the
tangent space of the manifold of stationary solutions at that end, which is the perturbed
Lagrangian of its compression body, and it has a spectral gap [DFL21, Section 4.2.1 and
Proposition 4.21]. On the torus-extended slices YR, R ∈ [0,∞], the gap is uniform, and on
the joined slices Di,λ it is uniform for λ ≥ λ∗ (Paper I, Proposition 10.7). For every λ > 0
the slice Di,λ is compact and its stationary operator is self-adjoint, by the argument of that
proposition, so its spectrum is discrete; its kernel is the tangent space of Pi×Qi by the same
kernel computation, which uses only flatness on the bridge and H∗(T ; adα) = 0 and does not
involve λ∗. Hence each Di,λ has a gap, uniform on compact ranges of λ by continuity, as in the
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proof of Paper I, Proposition 10.17. The moving boundary domain is transported to a fixed
one by [DFL24, Proposition 5.27 and Lemma 5.67], and the weighted estimate for weights
δ ∈ (0, γ) follows by Fourier transform in the end coordinate: the stationary operator A is
self-adjoint and its spectrum meets (−γ, γ) only in 0, so ∥(∂θ +A− δ)−1∥ ≤ min(δ, γ − δ)−1

(Paper I, Proposition 10.27). (T) On a flat torus region the operator and its adjoint are
the invertible operators of Paper I, Proposition 10.3, with the stated weighted bounds; at a
flat face the normal derivatives are recovered from the equation as in the proof of Paper I,
Theorem 10.5(b).

A.2. Proof of Proposition 2.1(a).

Lemma A.1. Let F be a compact family as in Proposition 2.1. There are a compact subset
K of the cores and a constant C such that, for every member and every x in the domain of
its realized operator D and every η in the domain of its weak adjoint,

∥x∥ ≤ C
(
∥Dx∥+ ∥x∥L2(K) + |p(x)|

)
, ∥η∥ ≤ C

(
∥D∗η∥+ ∥η∥L2(K)

)
,

where p(x) denotes the stationary coordinates.

Proof. Choose cutoffs subordinate to a fixed compact core, the ordinary ends, the mixed ends
and, on torus domains, the torus region beyond a fixed radius. Their gradients can be made
small on the noncompact overlaps: there the cutoffs vary over a length ℓ, so their gradients are
O(1/ℓ), and ℓ is chosen after the constants of the model estimates (Paper I, Proposition 10.27).
On each end apply the corresponding model of Section A.1; the coefficients differ from the
model by terms which are small beyond a common truncation, uniformly on F. On the core
apply the local estimates. Summing and absorbing the small commutator and coefficient
terms gives the first estimate for the decaying part; the finite stationary columns and the
scalar row on them are bounded, which accounts for |p(x)|. The adjoint estimate is the same
argument with the adjoint models, whose invertibility is recorded in Section A.1.

Varying geometry is handled as follows. The collar identifications ψR of Paper I, Defini-
tion 10.1(a), are the identity outside the region NX , which is compact in the normal direction
and extends along both mixed ends; they change the mixed-end slices from Y to YR. The
width identifications in the proof of Paper I, Proposition 10.17, are the identity outside the
bridge. Pulled back by them, the metrics form a compact family of uniformly elliptic met-
rics, and on the mixed ends model (E) is applied on the slices YR and Di,λ for lengths in
the given compact range. At positive collapse scale, the domains Xϵ, ϵ ∈ [ϵ1, ϵ2], of Paper I,
Definition 6.2, are built in fixed coordinates, with section complex structure jϵ and seam
embedding Fϵ depending smoothly on ϵ. An isotopy of the collar embeddings Fϵ, extended
to a diffeomorphism of the section surface, identifies them with Xϵ1 as decorated manifolds.
At each fixed ϵ > 0 the collapsing region is compact with a smooth metric (proof of Pa-
per I, Proposition 6.9). The zero-scale limit domains are obtained, in the proofs of Paper I,
Theorems 9.10 and 11.8, by joining DFL-type domains of compression pairs, with the new
mixed ends of Paper I, Proposition 6.9, and a polygon domain along ordinary strip ends. The
joined domain has a compact core, and the argument above applies to it directly, with model
(E) at the new ends. On the completed torus domains a compact family is in torus normal
form after the gauge transformations of Lemma 8.4(i), and model (T) applies beyond a fixed
radius. □

Proof of Proposition 2.1(a). Charts are recorded in Section A.1. By Lemma A.1 and Rel-
lich’s theorem on K, each realized operator has finite-dimensional kernel and closed range,
and so does its adjoint; hence it is Fredholm with cokernel the kernel of the weak adjoint.
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Local regularity for the operator and its weak adjoint makes these elements smooth. After
transport to fixed spaces by the boundary maps of Section A.1 and the domain identifications
above, the coefficients vary continuously in operator norm on the family, so the operators
form continuous Fredholm families and their determinant lines form continuous line bundles.
For the W 1,p → Lp realization, p > 2, of the Cauchy–Riemann summand used in unfolding
in Section 11, the standard Lp theory of real Cauchy–Riemann operators with totally real
boundary conditions and nondegenerate ends gives the Fredholm property, and elliptic regu-
larity identifies its kernel and cokernel with those of the Hilbert realization. The comparison
of realizations is Lemma 5.2; its paths are compact families of this kind, and its proof uses
only the Fredholm and continuity statements just proved. The affine-centre comparison is
Proposition 7.4. □

A.3. Proof of Proposition 2.1(b). The end critical sets are finite and nondegenerate. The
manifolds of stationary solutions at the mixed ends, the perturbed Lagrangians, are compact,
and the stationary operators there have kernel exactly their tangent spaces. Hence there is
a common gap for the finitely many end models of a compact family, and a common small
weight below all gaps and scalar thresholds; at mixed ends the stationary coordinates are
split off before the weight is imposed [DFL21, Definition 3.9(ii) and Section 4.2.1].

The scalar operator. The Neumann operator d∗AdA is Fredholm by the argument of
Lemma A.1: its end models have positive gaps by irreducibility of the end connections,
and on the torus region the fibre operator has mass µT because H0(T ; adα) = 0. Integration
by parts identifies its kernel at weight zero with parallel sections, which vanish on an irre-
ducible collar; it is self-adjoint of index zero there, and sufficiently small weights preserve the
index and add no kernel. This is the argument in the proof of Paper I, Theorem 5.6(ii). Near
the preglued references the uniform version is the proof of Paper I, Lemma 10.26, which is
stated for completed index-zero solutions and applies without change to the constant pairs
and to the references along the shifting rectangles.

A regular zero-dimensional solution has an invertible realized operator by definition, and
this does not depend on the realization by Lemma 5.2. Uniformity for the preglued families
as the torus lengths tend to infinity is Lemma 8.5. At positive collapse scale the estimates
are those of Lemma A.1 on compact scale intervals; as the scale tends to zero, the uniform
statement used is Lemma 7.1. The constant reference pairs are treated in the next lemma.
For small secondary or inhomogeneous data the operators remain invertible by openness,
with the bounds of Lemma A.1.

Lemma A.2. The constant reference pairs, with no secondary or inhomogeneous data, have
invertible linearized operators on each of the following domains.

(a) Every domain of DFL type in the class of (I1), including the domain defining the
mixed map and the truncated output regions of the triangles.

(b) The separate domains Wa,R, R ∈ [0,∞], and the joined domains W J
λ , λ > 0.

(c) The closed-cut piece Mλ of (I2), and every domain of the deformation from the proof
of (I1) which joins it to the special quintuple of (D0, D1) (Paper I, Proposition 10.21).

The inverse bounds are uniform on compact families of lengths, and the positive elements
extend continuously through torus completion.

Proof. The quadratic identity. Write dhA for the perturbed exterior derivative of [DFL21,
(4.42)] for the primary perturbation h, which adds the primary Hessian term on the com-
pression cylinders and equals dA on the flat genus and torus regions. For every variation
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(ζ, ν) of connection and section satisfying the linearized matching and arc conditions, with
the stationary behaviour of the realization,

(A.1)

∫
X
tr(dhAζ ∧ d

h
Aζ) +

∫
U
Ω(dν, dν) = 0.

On the original pieces this is [DFL21, Lemma 4.40]: the interior terms are total derivatives by
the symmetry of the primary Hessian and the primary equation, the matching terms cancel
because the surface trace is closed with class the section value, and the arc terms vanish on
the Lagrangian tangent spaces. A primary tangent vector satisfies the linearized primary
equation, so its pure stationary contribution at a truncated mixed end vanishes; the terms
involving the decaying remainder tend to zero with the truncation, and the ordinary ends
contribute zero. The flat torus region contributes only Stokes terms. At a finite outer torus
face the conditions are ζ(∂r) = 0 and dα(ζ|T ) = 0 (Paper I, Definition 10.23). Write the
trace as a+ψ dθ with dαa = 0; since H1(T ; adα) = 0 we have a = dαf , and

∫
T tr(a∧ ∂θa) =∫

T tr(dαf ∧ dα∂θf) = 0 by Stokes on T . The cross term
∫
T tr(a ∧ dTψ) vanishes by Stokes

on T because dαa = 0, as in [DFL21, (4.52)]. On a completed domain use spatial cutoffs
equal to one on all primary supports, whose gradients are of size C/R on the flat tail; the
resulting errors tend to zero because the tail field is in H1. On a joined domain the bridge
has no boundary, and its interfaces cancel those of the two cores. On the closed-cut piece the
ordinary input Z contributes nothing.

The kernel. Let x be in the kernel and let (ζ, ν) be the corresponding variation of connection

and section. The mixed equations give (dhAζ)
+ = 0 and the linear Cauchy–Riemann equation

for ν, so both integrands in (A.1) are nonnegative with the trace convention of [DFL21].

Hence dhAζ = 0 and dν = 0. The section variation decays at its strip output, so ν = 0 on
each component. The section limit of the stationary coordinates is their image in the tangent
space of the primary Lagrangian, and the restriction map is an embedding, so all stationary

coordinates vanish. What remains is a decaying ζ with dhAζ = 0, d∗Aζ = 0 and the normal
and face conditions.

A primitive. Construct η with dAη = ζ as in [DFL21, Proposition 4.54]. On each com-
pression cylinder take the temporal primitive from the gauge input; it converges because
the kernel field solves the full gauge-fixed equation on the input cylinder, whose asymptotic
operator is nondegenerate, so the field decays exponentially there. The primary equation and
Hessian symmetry make it a primitive of the spatial part. On a flat genus product the surface
class of ζ is ν = 0, and the surface scalar inverse gives the primitive; the base components
agree because a parallel adjoint scalar on an odd surface vanishes. On the flat torus region
put ηT = ∆−1

α d∗αζT fibrewise. Since H1(T ; adα) = 0 this is a primitive of the fibre part,
and since H0(T ; adα) = 0 the base components agree. The primitives agree on overlaps for
the same reason, also across a joined bridge. The fibre estimate ∥ηT ∥ ≤ µ−1

T ∥ζT ∥, the scalar
spatial estimates on the mixed ends and the irreducible gauge input put η in the weighted
H1 space. Integration by parts with exhausting cutoffs gives ∥ζ∥2 = ⟨dAη, ζ⟩ = ⟨η, d∗Aζ⟩ = 0;
the boundary term vanishes by the normal and face conditions. Thus the kernel is zero.

The index. On the special quintuple [DFL21, Proposition 3.19] gives index zero for the
realization of [DFL21]. That realization and the one of Definition 5.1 use the same decaying
space and the same stationary parameter space; their stationary columns, including the scalar
ones, differ by a bounded finite-rank map, so the indices agree (as in Paper I, Remark 10.24);
a change of weight inside the gap does not change the index (Lemma 5.2). If the almost-
complex structure near the matching line is not the one of [DFL21], a homotopy of compatible
structures localized in the seam collar keeps the constant pair a solution and the operators
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Fredholm, by Lemma A.1. For a DFL-type domain in the class of Paper I, Lemma 9.7, and
for the closed-cut piece along the family in the proof of that lemma, the constant pair remains
a solution. On each mixed end the metric is conformal to a product, and the perturbed anti-
self-duality condition on two-forms is conformally invariant. The flat references do not depend
on the end metric, and the set of stationary solutions at each mixed end, the perturbed-flat
connections on its compression body, does not depend on the metric or the almost-complex
structure (proof of Paper I, Lemma 9.7). The section is constant. The index is therefore
constant along the family. ForWa,R with finite R the index is constant along the collar-length
family (Paper I, Theorem 10.13(i)). By Lemma 8.4(iii), which does not use the present lemma,

PR(Ca,x) is the constant pair on Wa,R and Pλ(C−,x− , C+,x+) = C
(λ)
J,x . Hence Lemma 8.5(ii)

gives indDR = indD∞ = 0 for large R, and the index at C
(λ)
J,x is the value 0 at λ = ∞ for

large λ; it is constant in λ ∈ (0,∞) by Proposition 2.1(a). In all cases the kernel is zero and
the index is zero, so the operator is invertible.

Uniformity. On a compact family of finite lengths the inverses vary continuously. Through
torus completion the positive elements are continuous by Lemma 8.5(iii), and uniform inverse
bounds for large lengths follow from its part (i), with E = 0 since the limiting operators are
onto. □

A.4. Proof of Proposition 2.1(c). Compactness and gluing of pure moduli spaces. The
compression-body Lagrangians are simply connected with π2 = 0, and π2(Mh) ∼= Z is gen-
erated by a class of Maslov index four; in the product target the correspondence LC is
simply connected (Paper I, Section 11.3) and has π2 generated by spheres of zero area and
zero Chern number (Section 10). The pairs and correspondences are therefore monotone
with minimal Maslov number at least three: for the compression-body Lagrangians this is
[DFL21, Proposition 2.27], and for the correspondence LC it is Paper I, Section 11.3. Sphere
and disc bubbling has codimension at least two in the dimensions used. The compactifica-
tion and boundary structure of the one-dimensional pure continuation, cap and strip moduli
spaces are then as in [WW15b, Theorem 3.9(c)] for the continuation and cap spaces and
as in [WW10, Theorem 4.2.3(c)] for the Floer strips. Transversality there is obtained from
Hamiltonian perturbations. In the perturbation class used here, with zero Hamiltonian and
domain-dependent almost-complex structures, it is Paper I, Lemma 11.3, for the strips and
triangles from which the cup and cap maps are built, and Proposition 6.4(ii) for continuation
strips. The ordinary Heegaard strips are regular by the definition of the symplectic complex
(Paper I, Section 3.4). Strip gluing is [Sim14, Theorems 5.4.1, 5.4.3, 5.4.5 and 5.4.8], with the
compactness theorem [MWW18, Theorem 3.3] and the boundary description of [MWW18,
Theorem 3.7], whose gluing step is [Mau09], for the quilted disc families, and exponential
decay on half-strips is [Sim14, Corollary 2.3.2]. For a finite collection of regular configura-
tions with nondegenerate strip ends, every nearby zero-dimensional solution at a long neck is
the unique correction of a preglued configuration, the correction tends to zero with the neck
length, and the estimates are uniform over compact families. Along the path from the preglue
to the solution the operators are invertible, by the uniform right inverse at the preglue and
the smallness of the correction, as in the proof of Lemma 8.10; hence determinant transport
preserves the canonical orientation. The unsigned low-dimensional counts agree with those
of Paper I, Section 11.

Interior nodes. Linear gluing of Cauchy–Riemann determinant lines along strip ends is
Lemma 3.3. For a family of real Cauchy–Riemann operators on surfaces degenerating at
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an interior node, the determinant lines form a topological line bundle [WW15a, Proposi-
tion 2.4.12], and the line isomorphism is given by the exact sequence (18) of [WW15a, Theo-
rem 2.4.5] and [WW15a, Corollary 2.4.7]; it is associative [WW15a, Proposition 2.4.8]. The
sequence is proved there for a boundary node, and the interior case is stated there to be
similar. In (18) the fibre at the node is a summand of the third term; at an interior node it is
the fibre Ez of the bundle, a complex vector space (compare [WW15a, Remark 2.4.6]), which
is even and canonically oriented, so the node contributes no additional sign. Numbering is as
in arXiv:1503.07803v6. These statements localize, by the following stabilization argument.
Choose stabilizations of a mixed or pure operator supported away from a disc containing
the node and separated from the matching and boundary collars. Then the stabilized kernel
near the node is obtained by the local gluing map of the cited proposition, and the rest of
the operator is unchanged. Hence the line bundle structure and the gluing isomorphism hold
for the real Cauchy–Riemann part of any such operator. Associativity follows from the cited
associativity, with disjoint supports. Commutation with ordinary strip gluing follows because
the two stabilizations and cutoffs have disjoint supports, as in the proof of Lemma 8.5(iv).
In the collapse application the positive plumbing parameter is fixed first, and the endpoint
insertion lies in an external strip.

A.5. Proof of the estimates of Lemma 7.1. We use the notation of the proof of
Lemma 7.1. Paper I, Sections 7.1–7.7, proves its linear estimates for the linearization at a
regular index-zero limiting solution, whose operator is invertible. Here {Vb} is an arbitrary
compact family of limiting configurations, and DVb

may have kernel and cokernel. After
the stabilization of that proof, the arguments of Paper I extend to the stabilized operators
through the following four modifications. The exterior inverse of Paper I, Proposition 7.13,
is proved for the augmented operator (DVb

, jb,Γb). The common exponential rate β of the
family replaces the decay of solutions. The attachment inverse of (I8) (Paper I, Proposi-
tion 7.15) is proved with the exterior operator augmented by F and Kb. The kernel-patching
estimate, proved in Paper I for the model strip (Proposition 7.8), is transplanted to the glued
domain. The remaining steps use only bounds on the coefficients of the linearized operator,
not the equation, and apply unchanged.

Proof of (i) and (ii). The linear estimates of Paper I, Section 7, apply here before assuming
that Vb solves an equation. On the collapsed strip their inputs are a smooth path of flat
compression connections and a smooth section with the prescribed boundary values. The
Hodge, trace and energy identities use these conditions and bounded derivatives of their
coefficients. The zero-order term of the section linearization is retained. On the unchanged
pieces the operator is the full DVb

. The compactness of B bounds all these coefficients.
The end and transition estimates use only the fixed end operators, the separated stationary
coordinates, and the common gaps. Choose the auxiliary exterior weight δ∗ < min(β, γ/2),
where γ is the transition gap of Paper I, Proposition 7.9, as in Paper I, Proposition 7.13.
Paper I’s exterior truncation gives the stationary-column error

O(ϵ1/4) +O(ϵ(β−δ∗)/4),

uniformly over B. Its exponentially convergent coefficient estimates and their weak-adjoint
counterparts therefore apply to the original configurations. Exact constant tails are not
required. Put A = 1 + | log ϵ|. First work on the auxiliary exterior of Paper I, Section 7.7,
with its free stationary limits and fixed positive end weight. On this exterior the localized
estimate holds with a compact remainder on the unchanged pieces and the limiting section.
It also holds for the adjoint. If the augmented exterior estimate failed, normalized fields with
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image tending to zero would have a nonzero limiting field in ker(DVb
, jb,Γb) after passing

to a subsequence of b. The compression Hodge estimate eliminates the fast complementary
component, and harmonic matching identifies the remaining component with the limiting
section. Compact convergence and the finite stationary and F tests detect the limiting
field. The adjoint argument gives a field in ker(DVb

, jb,Γb)
∗. Both are impossible. Thus

the augmented exterior inverse is uniformly bounded. Its finite columns and projections are
supported off the new necks. Before attachment change the exterior weight from the fixed
gap weight to δL ≍ A−1, using the small-weight exterior argument of Paper I. The stationary
part is integrated explicitly; the normal part retains its fixed spectral gap. The finite compact
columns and tests are unaffected. This gives the same polynomial loss at the small weight
and avoids exponential weight costs for sources whose supports move out along an overlap.

Proof of (iii). The preglued domain itself requires an additional attachment argument.
Remove the sources in the middle of each overlap using the stationary line inverse of Paper I,
the transition inverse, with its small weight of order A−1. This costs O(A); cutoff derivatives
of order A−1 leave bounded sources. Solve those sources on the augmented exterior and the
transitions, setting each transition’s stationary value equal to the corresponding free exterior
value. The two stationary values are independent. Patch in the source-free bands. The
normal components decay exponentially across a band of length comparable to | log ϵ|, so
the patching error is bounded by CBA

Ne−c| log ϵ| for a fixed finite N . A Neumann series
gives a right inverse. Cutting a homogeneous field in the same bands and applying the
component inverses proves injectivity. The stabilization columns and projections occur only
in the exterior equation and are unchanged by these operations. Consequently

∥A−1
ϵ,b ∥ ≤ CBA

N .

This is the source-removal proof of the attachment inverse in Paper I, with the exterior
operator augmented by F and Kb. A bound independent of ϵ on the whole domain would be
false: stationary fields supported on a long new neck have norm ratio of order | log ϵ|. The
polynomial loss suffices below.

Proof of (iv). For k ∈ Kb, cutoff differentiation and the horizontal velocity of the harmonic
lift give

∥Aϵ,bJϵ,bk − (0, k)∥ ≤ CBϵ
σ(1 + | log ϵ|)N∥k∥,

for some σ > 0 and finite N . These are the endpoint and patching estimates of Paper I,
Sections 7.4–7.7, namely the kernel estimate of Proposition 7.8 and the spatial estimate of
Proposition 7.9. The fast lift has weighted size O(

√
s), where s is the local compression scale

(s = ϵ/r on the middle compression in the conformal representative of Paper I, Section 7.7,
and s = ϵes in the endpoint neck coordinate s). The kernel field is stationary on the truncation

region, so the lift contributes only where s ≤ ϵ3/4. The stationary factors are unchanged,
and the fixed compact family has uniformly bounded coefficients. Take σ no larger than the
positive exponents in these endpoint errors. The truncation estimates are uniform on the
compact exponentially convergent family.

Choices, lifting actions and gluing. Two choices of stabilization are compared by their
direct sum. The exact kernel sequence for adding the extra columns identifies the two can-
cellation maps. Cutoffs and compact pairings can be interpolated; the same estimates on
the compact interpolation give a homotopy of the resulting maps. Lifting actions preserve
the operators and the harmonic lift, so applying a lift to this construction gives the same
determinant map after stabilization independence.
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For ordinary end gluing choose the stabilizations off both transition regions. If T is the
ordinary gluing length, the constants of the cofinal regime in Lemma 7.1 are chosen so that
e−cTAN ′ → 0 for each of the finitely many polynomial losses occurring in the construction;
T ≥ C logA+T0 with C, T0 large suffices. Correcting the common patched kernel at once, or
first at one neck and then at the other, now gives maps uniformly close to that patched map.
Their straight interpolation on the finite-dimensional kernels is invertible. The threshold
for ϵ may be taken uniform in T ≥ T0. Indeed the stabilizations avoid the neck. In the
contradiction argument for the augmented exterior estimate a normalized sequence with
Ti → ∞ retains mass on the compact core of one of the two pieces, by the compact-remainder
estimate and the gap on the neck; there it converges to a nonzero field annihilated by the
augmented operator of that piece, which is an isomorphism. Thus the cofinal regime meets
the range of the construction. Any two sufficiently large gluing choices connect through this
cofinal regime. The ordinary gluing determinant maps are unchanged along that connection
by continuity. We obtain the asserted compatibility, including its graded permutations.

A.6. Fredholm property of the family of Proposition 7.4. We use the notation of the
proof of Proposition 7.4 and prove the estimates behind its Step 2.

For Fredholmness, first work on the weighted spaces of decaying fields. The local primal es-
timates are [DFL21, Theorem 4.17 and Remark 4.19]; the weak-adjoint estimates are [DFL21,
Remark 4.33] and [DFL24, Theorem 5]. The matching and Lagrangian boundary conditions
depend on the configuration; the maps of [DFL24, Proposition 5.27 and Lemma 5.67] trans-
port them to fixed boundary conditions, and their differences from the identity are bounded
by the distance between the configurations. The changed compact core is smooth at this
fixed scale. At a mixed stationary limit B, the translation-invariant end operator with slice
centre B has the form ∂θ −AB, with self-adjoint spatial operator and a positive normal gap
γ. Its weighted whole-cylinder inverse satisfies

Mδ ≤
1

min(δ, γ − δ)
, 0 < δ < γ,

as well as the spatial first-order estimate. Stationary coordinates are adjoined separately.
Changing the scalar centre to C adds a zeroth-order row of norm at most c∥C − B∥C0 . If
cMδ∥C−B∥C0 < 1/2, a Neumann series supplies the affine cylinder inverse and the inverse of
its adjoint, without a self-adjoint spectral decomposition of the affine operator. The true end
coefficients and matching domains converge to these models, so their errors are absorbed after
a common far cutoff. Ordinary end models are unchanged. Compact-core centre changes are
relatively compact by Rellich. Hence, after weight conjugation,

∥v∥H1 ≤ C(∥Ddec
s,t v∥2 + ∥v∥L2(K)), ∥y∥H1 ≤ C(∥(Ddec

s,t )
∗y∥2 + ∥y∥L2(K)).

Adding the finite stationary columns preserves Fredholmness. Higher estimates and smooth
finite stabilizations identify the resulting determinant lines with the strong realizations.

For clarity, the adjoint here is taken after weight conjugation. A zeroth-order change of
slice centre leaves the principal Green form and its matching annihilator unchanged. Write
Ks,t(p) = Ds,t(0, p) for the full target column corresponding to the source lift Hs,t. A cokernel

element satisfies both (Ddec
s,t )

∗y = 0 and K∗
s,ty = 0. A target map S pulls the weak domain

back by S∗; it does not leave the old adjoint boundary label fixed. The source chart, which
includes a boundary trace extension, need not extend to a bounded map on bulk L2. We use
it as a bounded isomorphism of Sobolev domains, which preserves the cokernel annihilator.
Equivalently, complete its decaying source in the pulled-back norm ∥Jdec

s w∥L2 before forming
a coordinate adjoint. Keep the finite stationary space as a separate summand.
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A.7. Boundary Hodge theory and holonomy regularity. For a flat orthogonal bundle
on a compact compression body, the input needed in Proposition 10.3 is the Hodge de-
composition on W 1,2 with normal boundary condition. Its harmonic fields are smooth and
finite dimensional, and its exact part is the covariant differential of W 2,2 sections. Since
H0(C; ad) = 0, the Neumann Green operator GN for d∗BdB exists and preserves smoothness,
so, on forms b with ∗b|∂C = 0, the map 1 − dBGNd

∗
B is a smoothness-preserving projection

onto the coclosed forms with ∗b|∂C = 0; the homogeneous Neumann condition leaves the
normal component unchanged. The decomposition is the normal form of the flat covariant de
Rham case of [KL25, Section 1.6 and Theorems 3.10–3.11], and the Neumann Green operator
follows from [KL25, Theorem 3.10] in degree zero together with H0(C; ad) = 0.

The boundary elliptic estimate has the form

∥b∥W 1,p ≤ C(∥dBb∥Lp + ∥d∗Bb∥Lp + ∥b∥Lp)

for ∗b|∂C = 0. For smooth fixed B, adjoint bundle coefficients add only bounded zeroth-order
terms in local trivializations. This estimate is Theorem D(a) of the introductory statements
in [Weh04], and the compactness and Coulomb-slice inputs are Theorems A and F there.

Finite holonomy functions have bounded gradients and Lipschitz gradient differences as
used in (10.2) [DFL21, Proposition 6.1]. Their higher derivatives obey the local tame esti-
mates obtained by differentiating parallel transport. Combined with the boundary elliptic
estimate, these give the bootstrap from the slice fixed point to the smooth perturbed-flat
solution. For holonomy families with moving basepoints, restriction and composition are
performed in the smooth topology.

A.8. Shifting and self-gluing. Relative preparation and shifting are proved in Appendix B.
Naturality under isomorphisms of the decorated data is automatic: the pullback of a shift is
a shift, and the orientation maps are independent of the shifting path (Proposition 5.4).

For ordinary gauge self-gluing, Proposition 2.3 applies the low-dimensional instanton com-
pactification, verifies matching on the prescribed bundle and identifies the lifting fibre. Its
orientation comparison first traces over the full determinant-one torus complex and then
takes the larger quotient. Together with the finite group calculation in Section D.2, this gives
integral unit multiplicity.

A.9. Proof of Lemma 8.5.

Proof of Lemma 8.5. Once a uniformly bounded right inverse is available, the construction
is the standard gluing of determinant lines along a long neck, as in the proof of Lemma 3.3
and in [Don02, proof of Proposition 3.9 and Proposition 5.11]. Two points are specific to the
torus bridge. The uniform estimates must be proved directly, because the cross-section of
the bridge runs into the mixed ends. The stationary columns at finite and at infinite width
differ on the whole mixed ends, not only on the tails.

Uniform estimates. The uniform inverse of Paper I, Proposition 10.27, is obtained by
patching model estimates. On the torus region beyond a fixed S the operator is the flat
odd-torus operator Dα of Paper I, Proposition 10.3, plus a small zeroth-order term, and the
normal derivatives at a flat face are recovered as in the proof of Paper I, Theorem 10.5(b).
On the mixed ends the operator is transported to the stationary models by the maps of
[DFL24, Proposition 5.27], with errors tending to zero, and the slice estimates of Paper I,
Proposition 10.7 and Corollary 10.4, hold. The ordinary asymptotic operators are invertible,
and local elliptic estimates hold on a fixed compact region. The patching also uses that the
coefficients are bounded in Cm on unit patches of finitely many isometry types, and that the
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weight satisfies δ < γ/2 and δ < µT , with the weight function equal to τ0(θ) on the torus
region (Paper I, Definition 10.1). For the operators Dλ(c) these inputs hold uniformly on
F × [2r0 + 2,∞]. The smallness beyond S follows from the uniform tails in the definition
of torus normal form and Sobolev embedding, and the other inputs follow from the local
estimates and end models of Section A.1 and the compactness of F. The finite stationary
columns and the scalar row of the realization are bounded, and they act through the fixed
cores and the mixed ends. The same patching therefore gives

∥x∥ ≤ C
(
∥Dλ(c)x∥+ ∥x∥L2(K1) + |p(x)|

)
,

where K1 is a fixed compact subset of the two cores and p(x) the stationary coordinates.
The adjoint of Dα is invertible with the same bound, the stationary models are self-adjoint,
and the local estimates for the weak adjoint are recorded in Section A.1. Hence the same
patching gives

∥η∥ ≤ C
(
∥Dλ(c)

∗η∥+ ∥η∥L2(K1)

)
on the dual weighted spaces.

(i) At λ = ∞ each D∞(c) is Fredholm by Proposition 2.1(a). Smooth compactly supported
target sections are dense, so finitely many of them span a complement of its range, and by
continuity also near c. A finite cover of F gives Λ, with sections supported in a compact set
KΛ; for λ ≥ λ1 this set lies in the part of W J

λ identified with the completed pair, so Λ is
defined there. If every D∞(c) is onto, no sections are needed and E = 0. Suppose there were
λj → ∞, cj ∈ F and ηj with ∥ηj∥ = 1 and ∥(Dλj

(cj)⊕ Λ)∗ηj∥ → 0. By the adjoint estimate,

∥ηj∥L2(K1) ≥ 1/C. Pass to cj → c. The parts of W J
λj

within distance λj/2 of each core

are isometric to the corresponding parts of W±,∞. Local elliptic bounds give a subsequence
converging weakly on compact sets and strongly in L2(K1) to some η∞ on the completed
pair. The stationary columns converge by the estimate for (Cλ − C∞)p in (ii) below, so
C∗
λj
ηj → C∗

∞η∞. Then (D∞(c)⊕ Λ)∗η∞ = 0 and η∞ ̸= 0, which contradicts the choice of Λ.

Hence ∥η∥ ≤ C∥(Dλ(c)⊕Λ)∗η∥ for λ ≥ λ1. Then Qλ = T ∗(TT ∗)−1, with T = Dλ(c)⊕Λ and
T ∗ its Hilbert adjoint for the weighted inner products, is a uniformly bounded right inverse.
The estimate for the formal adjoint on the dual weighted space is equivalent to one for T ∗

through the Riesz isometry; it is proved first at the H1 level and then upgraded by the local
elliptic estimates on unit patches. The map Qλ is continuous in (c, λ) for finite λ.

(ii) At λ = ∞ the kernels form a vector bundle over F, since the operators are onto. The
frames ιλ are the transplanted kernels of [Don02, Step 3 of the proof of Proposition 3.9],
with Qλ in place of the patched inverse there. They are injective for large λ and converge
to the identity once ∥(Dλ ⊕Λ)βλv∥ → 0 uniformly for unit v, where βλ acts on the decaying
part and leaves the stationary and E-components unchanged. The unit sphere bundle of
the limiting kernels is compact, so the tails of its elements on r ≥ r1 are uniformly small
as r1 → ∞. The error consists of σ(dχλ)v and of the coefficient difference on the tail, both
supported where r ≥ λ/2 − 1, and of the difference (Cλ − C∞)p of the stationary columns,
read through the identification of (i). The last term is not localized on the tail, but it tends
to zero uniformly for |p| ≤ 1. The spatially Coulomb stationary representatives on the joined
slices Di,λ and on the separate slices Y±,∞ differ by the gradients of their scalar Neumann
corrections, whose sources coincide and are supported away from the torus neck. On the
neck the scalar Laplacian is bounded below by µ2T , the square of the fibre gap, so the two

corrections differ by O(e−µλ) in every norm, for some µ > 0, uniformly in the stationary
limits, as in the proof of Paper I, Proposition 10.7. The frames are also onto: otherwise unit
kernel elements orthogonal to their image would, by the estimate for Dλ and the argument in
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(i), converge to a nonzero kernel element at λ = ∞ orthogonal to the whole limiting kernel.
For finite λ the kernels of the surjective family form a bundle as usual.

(iii) This is the stabilization construction of [Don02, Step 4 of the proof of Proposition 3.9,
and Proposition 5.11], as in the proof of Lemma 3.3. The exact sequence 0 → kerD →
ker(D⊕Λ) → E → cokerD → 0 identifies detD with det ker(D⊕Λ)⊗(detE)∗, and (ii) makes
these lines continuous. At λ = ∞ the ordered direct-sum isomorphism gives detDc−⊗detDc+ .
Two choices Λ,Λ′ are compared through Λ⊕Λ′ by the standard stabilization maps, which are
continuous in (c, λ) because they are built from the same kernel bundles. On an invertible
operator the stabilization identification carries the canonical element to the canonical element,
so the positive elements are continuous where the operators are invertible.

(iv) The sections of Λ are supported in KΛ, which lies at a fixed distance from the ordinary
gluing neck and from the torus bridge once both are long. The glued operators then form a
family over the product of the two closed neck-length intervals, including their limits. The
kernel transplants of (ii) and of Lemma 3.3 act by cutoffs and projections in disjoint regions,
and the estimates of (i) hold uniformly on this product. The product of the two intervals is
contractible, so the two orders of gluing give the same identification.

For one side use the half-plane and strip models of Paper I, Proposition 10.3, with the
flat-fibre face, in place of the bridge. □

A.10. Proof of Proposition 5.3. We use the notation of Section 5.2: the autonomous end
operators ∂s −Ae in outward coordinates, the gaps γe, γ

opp
e and the weights re < γe, and P

for the finite summand of mixed-end stationary coordinates.

Proof of Proposition 5.3. All comparisons use closed intervals strictly inside the gaps. At
spatially completed torus ends no extra spatial weight is introduced. The longitudinal weights
are constant on surface fibres, have zero normal derivative at the boundary faces of the domain
and agree on matching traces. Write each longitudinal exponent as reWe. Choose |dWe| ≤ 1,
with cutoff derivatives supported in disjoint longitudinal transitions. The complete stationary
mixed operator is self-adjoint on the domain given by its boundary conditions, by Green’s
formula. On a completed compression, its compact-remainder estimate and the acyclic torus
model give a normal gap, without compactness of the resolvent. The following argument uses
its spectral projections.

Solutions decay exponentially at some positive rate along every end, by the mixed-end
estimates of Paper I and [DFL21, Section 5.3]. To raise the rate, choose a far end and
put the solution in the small Coulomb slice of the stationary connection, with a Dirichlet
condition on an artificial initial slice and the Neumann condition of the problem at the
boundary faces. The small-weight scalar inverse provides this gauge and preserves the chosen
stationary limit of the gauge transformation. Subtract the exact stationary primary limit
and use its translation-invariant matching chart. The equation becomes

(∂s −Ae)v = f(v), f(0) = df(0) = 0, v(s) −→ 0,

and the chart and holonomy estimates bound f(v) quadratically in v on nested unit windows,
with a fixed finite loss of derivatives. For such an equation the standard bootstrap, by
variation of constants in the spectral decomposition of Ae and local elliptic estimates on
nested windows, raises the decay rate to every rate below the spectral gap; compare [Don02,
Section 4.1] for nondegenerate gauge ends. It gives every rate b < γe with all derivatives, and
uniform bounds on compact families with common tail-entry windows and spectral margins.
Two points are specific to mixed ends. The component in the stationary kernel is integrated
from infinity and uses the prescribed limiting primary coordinate. The component in the
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positive spectral subspace is also integrated from infinity, so the rate is not restricted by the
opposite gap γoppe . A rate b > re gives membership in the desired weighted space.

Gauge transformations between these representatives have their prescribed stationary limit
g∞. The temporal comparison equation ∂sg = gas − a′sg, integrated from infinity, gives the
same rates for g − g∞. The spatial comparison equation and differentiation give all higher
derivatives, after subtracting the stationary intertwining relation. The lifting classes and
central transition data are unchanged. This concerns gauge transformations between the
representatives controlled above, not arbitrary gauge transformations applied to a stationary
solution.

Parameter derivatives require differentiating the stationary subtraction. In a family the
identity Fb(0, q) = 0 cancels the nondecaying parameter column. Its remainder and every
finite stationary column then have all the above decay rates. The linearized equation improves
the first parameter derivative; induction improves higher ones. Polynomial factors caused by
parameter differentiation are absorbed in a strict rate margin. A common data parameter
contributes only its one original column.

Write the full realized operator as

Dr : X
dec
r ⊕ P −→ Yr, Dr(w, p) = Ddecw + Cp.

On an end, weight conjugation gives ∂s−Ae−re. Its inverse and adjoint inverse are uniformly
bounded on a closed weight interval by the reciprocal spectral distance. Small coefficient and
domain-transport errors are absorbed beyond a common cutoff. On an infinite spatial torus
region the unweighted flat operator has mass µT > 0. The conjugation term has norm at
most the largest relevant mixed-end exponent rT ; its inverse bound is at most (µT − rT )

−1.
The permitted completed spatial gap is bounded by this essential-spectrum threshold. The
original closed incoming weights do not vary on that added torus region. Compact-core
estimates for the operator and for its weak adjoint give Fredholmness over the entire weight
rectangle. Smooth stationary and parameter columns remain in every target. If a scalar
inverse at a larger weight is needed, scalar Fredholmness throughout its indicial gap, index
zero from the small weight and the positive kernel energy identity give it. Scalar gauge
modes occur in the full end operator, so the full permissible gap is no larger than that scalar
threshold. This avoids extending the sufficient small-weight coercivity bound beyond its
range.

For r− ≤ r+ the inclusions of the weighted spaces give a commuting square of source
and target inclusions, with identity on P . A kernel element is a stationary column plus a
remainder. The coefficient errors and the images of stationary columns have every permitted
rate. The same spectral formulas improve the remainder to every weight. This applies also
to kernels with compactly supported stabilization columns and to kernels of parametrized
operators.

For the cokernel use distributions paired in the unweighted volume form of the domain.
A weak cokernel element at r+ lies at dual weight −r+. Window estimates initially bound
its growth by er+s. Choose β with r+ < β < γe; multiplying by the coefficient error gives
a decaying forcing of rate β − r+. The adjoint spectral formula excludes growing normal
modes, whose rates are at least γe. Its zero mode has a finite limit. The resulting bounded
field improves its forcing again, and its remainder has every rate below min(γe, γ

opp
e ). It

therefore belongs to the dual space at −r− as well. At an ordinary end there is no zero
mode, so r− = 0 is included. Retain the conditions C∗y = 0 and, in a parametrized problem,
the parameter-column annihilator. These are the same convergent pairings at every weight.
Hence the kernels and cokernel duals, and therefore the finite-dimensional cokernel quotients,
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are canonically identified. For unordered weight vectors insert their componentwise minimum
and maximum.

Choose finitely many smooth compactly supported target columns ρ : V → Y spanning the
cokernel on a compact parameter patch. They work at every weight. With Er = ker(Dr+ρ),
the identity map of fields identifies

detDr = detEr ⊗ (detV )∗.

Enlarging the stabilization gives the same map by its exact sequence. These identifications
are continuous, transitive and preserve canonical orientations at invertible operators. They
commute with the gauge transformations above and the shared parameter factor. The weight
rectangle is contractible, so its transport has no additional choice of path or component sign.

The reference-orientation paths can initially have slower tails. Prepare them by cutting
off their decaying coordinates on a common far end, retaining the exact stationary coordi-
nates and carrying the transition data of the bundle through the preparation transport. The
preparation homotopy is made at the initial small weight. A stationary endpoint is fixed;
at a solution the endpoint segment has all permitted decay rates by the preceding argu-
ment. Thus the prepared path and its endpoint segments admit the full weight rectangle,
even when the original path does not. Determinant transport on this rectangle and on the
preparation homotopy proves compatibility with the original reference normalization. Affine-
centre comparisons are made first at their common small weight, as in Proposition 7.4. The
comparison of solutions then uses the full gap of this proposition; the spectrum of the original
end operator is not assigned to an affine operator.

Finally consider a sequence in an already established small-weight compactification. Fix
translations on its retained components. Energy exhaustion gives common tail-entry win-
dows. The estimates above, with r < b < γe, bound a tail beyond R by a constant times
e−(b−r)R in the desired weighted norm. Compact convergence therefore improves to conver-
gence in that weight. At ordinary breaks this is a componentwise statement in the gluing
charts; at spatial completion it retains the existing strong spatial tails. The small-weight
forward gluing produces the same solutions, and the converse and uniqueness give the same
local branches in larger weights. Common compactly supported stabilizations make the glu-
ing exact sequences commute with the inclusions of the weighted spaces. Cutoffs, evaluation
maps, stationary factors, and conversion lines are the same ordered geometric maps. Thus
all boundary signs, counts and homotopies are unchanged. □

Appendix B. Relative preparation and shifting

This appendix proves Proposition 2.2. The one-input statement is a version of [DFL21,
Lemma 4.62] and of its family form [DFL21, Lemma 4.64], whose proof is sketched there; we
give it in the topology of Section 2, jointly continuous in configurations and data, relative
to the terminal subspace defined below, and on the domains of this paper. Throughout, a
family is a continuous map from a compact metrizable space K to configurations on a fixed
bundle, that is, to connections and sections rather than gauge equivalence classes, together
with continuously varying data. No quotient by gauge transformations is taken; the lifting
groups enter only through Proposition 5.4.

The terminal subspace. For an output label x, a representative of the critical point over x
is a connection c = B ∪ pr∗b ∪B′ on Y#, where b is a flat connection on Σ over the point of
M(Σ) determined by x and B,B′ are primary solutions on Y0, Y

′
0 which are products with

value b on the collars [−5/2,−2] × Σ of their boundaries fixed in Section B.2. Every such
c is a critical point of the perturbed Chern–Simons functional in the gauge orbit of ax or
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of its other lift, and the constant pair Cc built from it is equivalent to Cx under the lifting
group, by a gauge transformation when c lies in the orbit of ax. Its operator is therefore
invertible, its positive element corresponds to that of Cx under conjugation, and the almost-
complex gauge orientations are invariant under the bundle automorphism. The lines at c are
identified with those at ax by this automorphism. The identification agrees with transport
along any path of connections from ax to c: the almost-complex orientation of the gauge
line is invariant under the full group of bundle automorphisms, of every degree and lifting
class (Section 4, [KM11b, Section 5.1]), and the sign of the conversion line depends only on
the lifting class (Proposition 4.2), so it is trivial for automorphisms of trivial lifting class,
of any degree. For a representative in the orbit of the other lift, the relating automorphism
has lifting class in the framing group, on which this sign is trivial by the last clause of
Proposition 4.2, since all structures agree with the fixed germ near the odd torus; at the cut
Z this is (D.1). The terminal subspace Tx consists of the configurations which, outside the
gauge input end, agree with Cc for some representative c; they are gauge paths ending at
c followed by Cc. Proposition 2.2 is to be read with this terminal subspace. It cannot be
replaced by the configurations ending at one fixed Cx: those have a single topological energy,
whereas attaching a sphere of nonzero area changes the topological energy of a configuration
without changing its labels (a, x).

B.1. Reduction to a special quintuple. Let (Y, Y ′) be a pair of odd compression bodies
with common boundary Σ, a surface with two components on each of which the bundle is
odd (Paper I, Definition 3.2), with primary data whose Lagrangians L(Y ), L(Y ′) ⊂ M(Σ)
are embedded (Paper I, Section 3.2). For the torus domains Σ = Σh ⊔ T ; for the closed-
cut piece and the pairs with product target Σ = Σh ⊔ Σg. Let XD, U+ be the gauge
region and section domain of the special quintuple [DFL21, Section 3.1]: the gauge region is
R×Y0 ∪U−×Σ∪R× (−Y ′

0), the matching seam is U∂ ×Σ, the Lagrangian arcs η+, η
′
+ carry

L(Y ) and L(Y ′), and the gauge input end is (−∞,−3] × Y#. Every flat connection on Σ is
irreducible with central stabilizer.

The configuration space of Section 2 depends only on the decorated smooth manifold (bun-
dle, matching seam, arcs with their Lagrangians, ends with their limits) and on the primary
data. It does not depend on the metric, the almost-complex structure or the secondary data:
perturbed flatness involves no metric, and the weights are functions of the end coordinates.
Each one-input domain of Proposition 2.2(a) with finite torus length is identified with a spe-
cial quintuple by a diffeomorphism of decorated manifolds, depending continuously on the
lengths and widths: forWa,R the map ψR of Paper I, Definition 10.1(a), which is independent
of θ and is a translation near the flat face; for the closed-cut piece with input Z the identi-
fication of Paper I, Lemma 10.18(ii); for the domains defining the mixed maps of Paper I,
Lemma 9.7, a decorated diffeomorphism which carries end coordinates to end coordinates. It
is the composite of a diffeomorphism supported in a compact set, which realizes by the isotopy
extension theorem the compactly supported changes of the seam placement and of the neck
lengths by which a domain of (I1) differs from the special quintuple, and of a diffeomorphism
which on each mixed end is the identity in the end coordinate times a diffeomorphism of
the cross-section. The second factor accounts for the translation-invariant data on the mixed
ends, which that lemma allows to differ from those of the quintuple; an example is the width
of the section interval, which is π for the polar ends of Paper I, Lemma 6.3(ii). Both factors
depend continuously on the parameters of these changes, by isotopy extension with parame-
ters. Since the weights are functions of the end coordinates, the weighted smooth topology
is preserved, and the metric does not enter the configuration space. The output regions used
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in part (b) are identified in Section B.5. It therefore suffices to construct the deformations
on a special quintuple, for families in which the primary data vary in a compact set.

B.2. Preparation of the ends and collars. Write CY = [−2, 0]s × Σ for the collar of
Σ = ∂Y in Y which forms part of U− × Σ on the mixed ends [DFL21, Section 3.1], and CY ′

likewise. It extends to a flat collar [−3, 0] × Σ whose part [−3,−2] × Σ in Y0 is free of the
primary perturbation, so that primary solutions are flat on it. This is arranged as follows.
The primary perturbations of a compact family are supported in finitely many fixed solid tori
in the interior of Y0, so some collar of ∂Y0 in Y0 avoids them, and a decorated diffeomorphism
supported in Y0, as in Section B.1, makes this collar [−3,−2] × Σ. The collars of ∂Y0 used
below are [−9/4,−2] × Σ, in the normal form, and [−5/2,−2] × Σ, in the definition of Tx.
We use the following normal form, with constants Θ ≥ 2 and S ≥ 3:

(N1) u is the constant map to x on [S,∞)× [−1, 1];
(N2) near η+ and η′+, u is independent of the normal coordinate;
(N3) on the mixed-end regions |θ| ≥ Θ the configuration is a stationary pair (π∗B, q),

(π′∗B′, q′), where B equals pr∗b on [−9/4, 0]× Σ, that is, on CY and on the collar of
width 1/4 of ∂Y0 in Y0, for a flat connection b on Σ, and similarly for B′;

(N4) u(s, θ) is independent of s for s ∈ [0, 1];
(N5) on [−1, 0]× Rθ × Σ the connection is the pullback of a connection b(θ) + ψ(θ) dθ on

Rθ × Σ whose slices b(θ) are flat, with ψ = 0 for |θ| ≥ Θ.

Lemma B.1. Let A(a, x) be the space of smooth configurations on the special quintuple with
gauge input a and output x, in the topology of Section 2. Let K be a compact metrizable
space and f : K → A(a, x) a continuous family, with primary and secondary data varying
continuously in a compact set. Then there are constants Θ ≥ 2 and S ≥ 3 and a deformation
ft, t ∈ [0, 1], jointly continuous in (k, t) and in the data, with f0 = f and f1 in normal form.
It is the identity on the gauge input end (−∞,−3]×Y#. Members that are stationary on the
original ends beyond Θ and S remain so, and members of Tx are fixed.

Proof. Collar gauge at the mixed ends. Let Bq be the limiting connection of the configuration
at the + mixed end, a representative of q; it is continuous in the family and flat on the flat
collar. LetK be its temporal gauge along the collar, the solution of ∂sK = −(Bq)sK on [−3, 0]
with K(0) = 1. Then K∗Bq has no ds component on [−3, 0]×Σ and, being flat, is a product
there. Choose a smooth σN : [−3, 0] → [−5/2, 0] with σN (s) = s on [−9/4, 0] and σN = 0
near −3, and put kλ = K(λσN (s)), extended by 1. This is a path of gauge transformations
from 1 to k = k1, with kλ = 1 at the seam for every λ, and k∗Bq = pr∗bq on [−9/4, 0] × Σ,
because k = K there. Apply the gauge kλ(θ) on the + mixed end, with λ(θ) = 0 for θ ≤ Θ0

and 1 for θ ≥ Θ0 + 1, and do the same at the − end. Gauge transformations preserve the
matching condition, and this one is the identity at the seam. If the limit representative is
already a product on [−5/2, 0]×Σ, then K = 1 on [−5/2, 0], which contains the range of σN ,
so kλ = 1; in particular members of Tx are fixed.

Ends. On the strip output end write u = expx ξ in an exponential chart at x in which both
Lagrangians are linear, and put ut = expx((1−tβ)ξ) with a cutoff β(s) equal to one for s ≥ S.
On a mixed end, beyond some Θ1 ≥ Θ0 +1 the configuration lies in the matching chart ΨRq

(Section A.1) centred at its stationary limit Rq = (π∗k∗Bq, q): c = ΨRq(ζ) with ζ in the
linearized boundary conditions. Put ct = ΨRq((1− tβ(θ))ζ) with β = 1 for θ ≥ Θ. The chart
is fibrewise over the base, and the linear conditions are pointwise in θ, so they are preserved;
the chart gives the nonlinear matching and Lagrangian conditions. A compact family has
uniformly small tails in the topology of Section 2, so common Θ1,Θ, S exist, and the charts
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depend continuously on the limits and the primary data. Members already stationary beyond
Θ remain so.

Collars. Let ϕ0 : [0,∞) → [0,∞) be smooth and nondecreasing, with ϕ0 = 0 on [0, 1] and
ϕ0(s) = s near and beyond 2, and put ϕt = (1− t)id + tϕ0. Pull back u by ϕt in the normal
coordinate of the seam in U+, and A by (s, θ, y) 7→ (−ϕt(−s), θ, y) on [−2, 0]× R× Σ; since
ϕt is the identity near 2, the result is smooth where [−2, 0] × Σ meets Y0. Since ϕt(0) = 0,
the seam values, hence the matching condition, are unchanged. Do the same in the normal
coordinates of η+, η

′
+, which preserves the arc values. On the strips [0, 2] × [2,∞) both

maps act on the same coordinate and do not commute. In the coordinate s ∈ [0, 2] across
such a strip, with the seam at s = 0 and the arc at s = 2, write Φseam(s) = ϕt(s) and
Φarc(s) = 2 − ϕt(2 − s). Take the arc pullback first and the seam pullback second, so that
u is replaced by u ◦ Φarc ◦ Φseam. At t = 1 this composite maps [0, 1] to the seam, because
ϕ0 = 0 there and Φarc(0) = 0, and a neighbourhood of 2 to the arc, because ϕ0 is the identity
near 2; for every t it fixes the seam and the arc pointwise. At t = 1, (N2), (N4) and (N5)
hold; stationarity beyond Θ is preserved, and so is (N3), because pr∗b is independent of s.
Members of Tx are independent of s on these collars and are fixed.

All three steps are explicit, continuous in the data, and supported away from the gauge
input end. □

B.3. Positive extension, shift and straightening. Use a variant of the reparametriza-
tions Φ± of [DFL21, Section 4.4]: polar about the corners for |θ| ≥ Θ+ 1, with distance e−θ

to the corner as in their formula, preserving the lines of constant θ near the seam for |θ| ≤ Θ,
smooth in between, where the prepared configuration is stationary, and carrying the normal
collars of η+, η

′
+ onto collars of t = ±1. DFL take Φ+ polar on the whole arms [0, 2]× [2,∞);

the present variant depends on Θ, hence on the family. In these coordinates the gauge region
is (−∞, 0]× Y# with {0} × Y0 and {0} × Y ′

0 removed, the section domain is [0,∞)× [−1, 1]
with the corners ±i removed, the matching seam is {0} × [−1, 1] × Σ against {0} × [−1, 1],
and the collars CY , CY ′ of the mixed ends collapse to {0} × ∂Y0 and {0} × ∂Y ′

0 , the collar
coordinate becoming the angle about these corners. By (N3)–(N5) a prepared configuration
is independent of the normal coordinate near r = 0, it is pr∗b with no angular component

near the corners, and its seam restriction is b(θ(t)) + ψ̃(t) dt with ψ̃(t) = ψ(θ(t))θ′(t), which
vanishes near t = ±1.

Lemma B.2. Let P be the space of smooth primary solutions on Y0 which are products on
the collar [−9/4,−2]×Σ of ∂Y0, and let S be the space of smooth flat connections on Σ whose
class lies in L(Y ); a torus component of Σ contributes only the point of M(T ). Restriction
ρ : P → S is a locally trivial fibre bundle, also over a compact family of primary data. A
continuous family a : K × [0,∞) → S, smooth in r with all r-derivatives continuous, with a
lift B(·, 0) of a(·, 0), has a lift B with the same regularity, constant in r where a is.

Proof. Near a0 = ρ(B0) choose a smooth local section [a] 7→ B̂ of P → L(Y ) by a primary
slice; the primary moduli space is regular and its restriction map is an embedding (Paper I,

Section 3.2). Then ρ(B̂) and a represent the same class, so ρ(B̂) = g∗a for a gauge g near
1 on Σ, unique up to the centre, by the surface Coulomb slice and irreducibility on both
components. Extend g over the collar by exp(β log g), with β = 1 on [−9/4,−2] × Σ and
0 at depth; this gives a local section with ρ = a. Thus ρ is locally trivial; its fibre is the
space of gauge transformations of Y0 which are central constants on the collar, modulo the
centre. On K × [0,∞) patch the local sections with a partition of unity that is smooth in r
to a connection on the pulled-back bundle; the horizontal lift solves an ordinary differential
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equation g′g−1 = ξ pointwise on Y0, so it has the stated regularity and is constant where a
is. □

Positive extension. For a prepared family, let α(r, t) be the horizontal lift of r 7→ u(r, t) in
flat connections on Σ, with d∗α∂rα = 0 and initial value b(θ(t)); on a torus component it is
constant in r, since H1(T ; ad) = 0. It exists, is unique and depends smoothly on u, since the
flat connections are irreducible; near t = ±1 it is independent of t by (N2). By Lemma B.2
choose B(r) on Y0 and B′(r) on −Y ′

0 , products with values α(r,±1) on the collars of (N3),
with B(0), B′(0) the limit representatives of (N3). Let Au be the connection on [0,∞)× Y#
equal to B(r) on Y0, B

′(r) on −Y ′
0 , and α(r, t)+ ψ̃(t) dt on [−1, 1]×Σ, with no dr component.

By (N3)–(N5) the configuration and Au are independent of r near r = 0 and agree there, so

the connection Ã on R×Y# equal to A for r ≤ 0 and to Au for r ≥ 0 is smooth. For r ≥ S it
is independent of r; write cS for its restriction there, whose Σ-slices α(S, t) all represent the
point determined by x.

Lemma B.3. For τ ∈ [0, S + 4] put

Aτ (r, y) = Ã(r + τ, y) (r ≤ 0), uτ (r, t) = u(r + τ, t).

This is a family of configurations with labels (a, x), jointly continuous in (k, τ) and the data,
beginning at the prepared family, and it translates the gauge input end by τ . At τ = S + 4
the region r ≥ −4 carries pr∗cS and uτ ≡ x. Members of Tx remain in Tx for all τ .

Proof. At the seam the slice of Aτ over t is α(τ, t), which represents u(τ, t) = uτ (0, t); the
arcs carry u(r+ τ,±1) ∈ L. Near a removed corner the pair is smooth in the reparametrized
coordinates, with limit the stationary pair of B(τ), whose collar value is α(τ, 1), a product.
In the original end coordinate it converges to this stationary pair at the exponential rate one.
This exceeds the mixed-end weight, which we choose below one. Every condition imposed
on that weight here and in Paper I is an upper bound, and by Proposition 5.3 the counts
do not depend on the choice. The configuration therefore lies in the space of Section 2, with
the mixed limit moving along the arc. Translation over a bounded range is continuous in
that topology. For τ = S + 4 and r ≥ −4 we have r + τ ≥ S. If a member lies in Tx, then
u ≡ x and its seam restriction is pr∗b, so α ≡ b, ψ̃ = 0, B,B′ are constant, and Ã is pr∗c on
[−3,∞)× Y#; the translates keep this form. □

Straightening. At τ = S + 4 contract the t-dependence of cS . The slices α(S, t) are
independent of t for |t| ≥ t0, for some t0 < 1, by (N2). Choose a smooth nondecreasing
ρ : [−1, 1] → [−1, 1] with ρ(t) = t for |t| ≤ t0 and ρ = ±1 near ±1. For λ ∈ [0, 1] let cλ be

the connection on Y# equal to α(S, (1 − λ)ρ(t)) + (1 − λ)ψ̃(t) dt on [−1, 1] × Σ and to the
lifts Bλ, B

′
λ of Lemma B.2 of the paths λ 7→ α(S,±(1 − λ)), starting at B(S), B′(S). Near

t = ±1 the slices are the constant values of these paths, so the pieces join smoothly, and at
λ = 0 the connection is cS . With a smooth χ equal to 0 for r ≤ −5 and to 1 for r ≥ −4,
replace the connection AS+4 by AS+4 + χ(r)(pr∗cλ − pr∗cS) and keep u ≡ x. This is pr∗cλ
on [−4, 0]× Y# and the unchanged connection for r ≤ −5; the interpolation lies in the gauge
input end, where no boundary condition is imposed, and at λ = 0 nothing changes. The
slices represent the point of x, so matching holds, and the mixed limits are stationary pairs
of Bλ, B

′
λ. At λ = 1 the connection c1 = B1 ∪ pr∗b∪B′

1 is independent of t on the neck, with
B1, B

′
1 products on the collars of (N3). On members of Tx the slices α(S, ·) are constant and

ψ̃ = 0, so this step is the identity.
Collar widening. Let K1 be the temporal gauge of B1 ∪ pr∗b along the flat collar, as in

the proof of Lemma B.1; it equals 1 on [−9/4, 0]. Choose a smooth σW : [−3, 0] → [−3, 0]
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with σW (s) = s on [−5/2, 0] and σW = 0 near −3, put gµ = K1(µσW (s)) on Y0, extended
by 1, and define g′µ on Y ′

0 likewise. For µ ∈ [0, 1] these gauge transformations equal 1 on
[−9/4, 0]× Σ, hence near the neck and the seam, and g∗1B1 is a product on [−5/2,−2] × Σ.
Apply the gauge transformation gµχ(r) ∪ 1 ∪ g′µχ(r) on the gauge region, with χ as above. It

changes the mixed limits to the stationary pairs of g∗µB1 and g′∗µB
′
1, and at µ = 1 the region

r ≥ −4 carries pr∗c with c = g∗1B1 ∪ pr∗b∪ g′∗1 B′
1, a representative of the critical point over x

in the sense above. The configuration therefore lies in Tx. A member of Tx is carried to the
constant pair of g∗µB ∪ pr∗b ∪ g′∗µB′, which is again a representative since gµ = 1 on [−5/2, 0]
in that case; so members of Tx remain in Tx.

Proof of Proposition 2.2(a) for finite torus lengths. Concatenate Lemma B.1, Lemma B.3,
the straightening and the collar widening, and transport by the identifications of Section B.1.
Relative preparation of the original tails is the second step of Lemma B.1. Continuity in the
data holds because every choice above (the collar gauges, the charts at stationary pairs, the
lifts of Lemma B.2, the horizontal lifts, the widening gauges) depends continuously on the
primary data, and the identifications depend continuously on the lengths. The deformation
is the identity on, or a translation of, the gauge input end away from [−5,−3]× Y#. Hence
if the family has the form A0#ℓc with an ordinary configuration A0 glued at the input with
a long neck ℓ, the deformation is A0#ℓ+τ cτ , and the determinant gluing maps of Lemma 3.3
are continuous along it. This is the coherence with ordinary gluing at the gauge input, which
is the coherence asserted in Proposition 2.2. A strip glued at the output is not carried along
by the deformation, since preparation truncates the output tail. A configuration with a strip
glued at its output is treated as a configuration in its own right, with the new output label,
and the output coherence of the orientations is proved by the two-stage shift in the proof of
Proposition 5.4. □

B.4. Completed torus domains. Let a compact family on Wa,∞ be given. By
Lemma 8.4(i) it is in torus normal form beyond some r0 after a continuous family of
small gauge transformations. The truncation α + (1 − t + tχR)b on the tail, with χR = 1
for r ≤ R and 0 for r ≥ R + 1, is continuous in the topology of Section 2, whose weight
is independent of r, and fixes members that are α beyond R; at t = 1 every member is α
beyond R+1. The mixed-end limits are not changed: in torus normal form they are already
α beyond r0, because a flat connection in the torus-fibre slice of (I12) which is C1-close to α
equals α. Indeed its fibre part is flat, coclosed and small, hence zero since H1(T ; adα) = 0,
and then dαϕj = 0 forces ϕj = 0 since H0(T ; adα) = 0. Such a configuration is the extension
by α of a configuration on Wa,R+2 which equals α near the flat face, and the face is part
of the matching seam. The deformations of Sections B.2–B.3 preserve this condition: the
collar gauges and the chart cutoffs are the identity where the configuration and its limit
are α, the widening gauges are supported away from the neck and the seam, the collar

pullbacks fix configurations equal to α near the seam, the seam term ψ̃ vanishes on the torus
component, the horizontal lifts and the representatives are α on T , and the translation and
the straightening bring the positive extension, which is α on T , to the neighbourhood of the
face. Extending by α along the whole deformation gives Proposition 2.2(a) on Wa,∞, ending
in Tx with a representative which is α on T ; the constant pair is then α on the tail.

B.5. Shifting on domains with two gauge inputs. On a triangle or folded triangle at
positive collapse scale, and on a finite-width joined torus domain, the outgoing closed cut
writes the gauge region as an ordinary cobordism followed by an output region M . For the
joined torus domain this is (I2). For the triangles and folded triangles the cut is the closed



ATIYAH–FLOER COBORDISM MAPS II 101

three-manifold that separates the two gauge inputs from the output and crosses the collapsing
region (Paper I, Lemma 9.11); a change of metric at fixed configuration gives it a product
collar (I11). In each case M , with a smooth product collar at the cut, is identified with
the complement of (−∞,−c1]× Y# in a special quintuple by a diffeomorphism of decorated
manifolds, continuous in the width and in the scale on compact positive ranges, which carries
the product collar ofM onto [−c1,−3]×Y# after a reparametrization of its normal coordinate.
Such a reparametrization does not change product configurations pr∗c, and the metric on this
collar may be replaced by one with a longer product collar along a path of data, since the
configuration spaces do not depend on the metric (Section B.1). Its compression bodies are
those of the pair (D0, D1), or of the marked pair of the triangle. The cut is {−c1} × Y#,
with c1 > 5. The steps of Sections B.2–B.3 are supported in r ≥ −5, away from a collar
of the cut, except for the translation. Replace the translation by the localized map: with χ
nondecreasing, zero near −c1 and one on [−5,∞), put Fτ (r) = r + τχ(r) and

Aτ = F ∗
τ Ã, uτ (r, t) = u(r + τ, t).

Since F ′
τ > 0 this is a smooth configuration; it is a translation on [−5,∞), so the seam and

the corners are treated as in Lemma B.3, and near the cut it is the identity, so it glues with
the ordinary cobordism. For τ = S+4 followed by the straightening and the collar widening,
the region r ≥ −4 carries a constant pair Cc, and the configuration is AE#C

c, with AE

an ordinary cobordism configuration ending at c on the parallel copy {−7/2} × Y# of the
cut, whose collar [−4,−3] × Y# carries pr∗c, and with the original inputs unchanged. The
configuration AE#C

c is not a product of two gauge paths. The identification above carries
the product collar of the cut onto [−c1,−3]×Y#, so the copy {−7/2}×Y# of the cut and the
collar [−4,−3]×Y#, on which the configuration is pr∗c, lie in the product collar, as ordinary
gluing at the copy requires.

Pull back the transition functions of the bundle as well. If Ci,τ is the parameter component
of the pulled-back connection, solving ∂τvi = −Ci,τvi identifies its transitions with the initial
ones. This retains the lifting classes and central cocycles. The stationary representatives
are the paths of perturbed-flat mixed-end limits of the configuration, including the corner
pullback, and both operator rows are transported. A common sufficiently small weight gives
the family in Proposition 2.1(a); the intermediate operators need not be invertible.

This is the localized shift used in Definition 5.5, and it proves Proposition 2.2(b). Relative
and continuity statements follow as in Lemma B.3.

Appendix C. A sign calculation for projective composition

For strictly commuting maps F and G of degrees f and g, the closed maps F r = Fgrf

and Gr = Ggrg of Section 3 compose by (3.5), since grfG = (−1)fgGgrf . Thus passing from
F to F r is compatible with composition after projectivization. The factor (−1)fg is scalar,
although the grading operator is applied to each map.

For a strict homotopy F − F ′ = dH + Hd, where |H| = f + 1, the correctly converted
homotopy is Hgrf . Indeed

δ(Hgrf ) = dHgrf − (−1)f+1Hgrfd = (dH +Hd)grf .

Using Hgrf+1 instead would give the wrong sign. This calculation is used when a gauge
composition homotopy is translated into the Hom complex convention.

Lastly, if Fi −Gi = δKi and the maps are closed, a homotopy between two composites is
obtained by replacing one factor at a time and using (3.2). For example, for three factors
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one may take

K3F2F1 + (−1)|G3|G3K2F1 + (−1)|G3|+|G2|G3G2K1.

Applying δ telescopes to F3F2F1 − G3G2G1. This is the chain-level algebra used in
Lemma 14.1.

Appendix D. Ordinary integral excision

This appendix contains the ordinary gauge theory used in Section 8, with the geometry
of Section 2.5: the almost-complex structures at the closed cut (Section D.1), lifting groups
and gluing multiplicities (Section D.2), the proof of Proposition 2.3 (Section D.3), and the
integral form of the excision theorem of Kronheimer and Mrowka (Proposition D.3). The
compactification and gluing arguments are those of [KM11b, Section 3.9] with empty singu-
lar locus; their definition of a cut permits a nonseparating cut, and the odd torus satisfies
the non-integral condition required there. The orientation of a self-glued count is [KM11b,
Proposition 5.5], whose sign is fixed by the argument of [KM10, Lemma 2.4], and the com-
parison of the composite of excision and reverse excision with a product cobordism is the
argument of [KM11b, Theorem 5.6]. We give in full the three points listed at the beginning
of Section 8, the choices specific to the present cut data, and the lifting-group counts needed
for a statement at chain level; for the remaining steps we refer to these sources and to (I10).

D.1. Almost-complex structures at the closed cut. Let Wk : M → M+ be the cobor-
dism obtained by adding k one-handles, whereM+ =M#k(S1×S2). The folded triangle for
this compression has the closed gauge cut Z ∼= (−M)#M+#T 3. The odd tori Ta, Tb ⊂ Z are
homologous, the lifting group at this cut is generated by sZ = PD[Ta] (mod 2), and excision
along these tori gives Z ′ = (−M)# ⊔ (M+)#. Write E : CG(Z) → CG(Z

′) for the gauge
excision map and E for its reverse; the tensor complex at Z ′ uses the right convention.

The almost-complex structure induced by the folded triangle at Z need not equal the one
induced by the mixed torus domain, so a conversion at this interior cut is required. We
choose the structures so that

(D.1) c1(J)[Ta] ≡ 0 (mod 4).

For two such structures the lifting-class sign (4.1) of the conversion is trivial on sZ , so the
conversion at Z is defined on the quotient complex.

The filling. In the handle filling of Paper I, Section 11.1,

Bk = (Wk \ int ν(γ))♮(T 2 ×D2),

the tori Ta, Tb are homologous to the torus factor of the cap. Choose the product almost-
complex structure on the cap. Its first Chern class vanishes on the torus factor, hence every
extension of it over Bk vanishes on Ta and Tb. The boundary sum is along a three-ball, so
Mayer–Vietoris makes H2(Bk;Z) → H2(T 2 ×D2;Z) surjective, and the relative obstruction
argument of Lemma 4.1, with the cap as the prescribed region, extends the product structure:
the primary obstruction has zero connecting class and the secondary relative group in degree
four vanishes. The other end restrictions remain free.

The excision cobordisms. Take the product germ on the region A = T 2 × U of E and E ,
where U is the disk polygon of Paper I, Section 10; the attachments are away from the fibres
at Ta, Tb. The complement of A is [0, 1] × Q, where Q = Q− ⊔ Q+, Q± = (T 2 × I±)#M±,
M− = −M and M+ = M+. By convention the separate torus domains W±,R read their

input lines LG(a±) in the reference almost-complex structures of (−M)# and (M+)#; this
is unobstructed, since their gauge regions deformation retract onto the input slice. Choose
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JE with these reference structures as its input restriction at Z ′; the two prescriptions agree
on the collars of the tori of Z ′, since we take these tori to be the tori T0 of the two objects,
where the object germ is the product germ. Then choose JE with restriction JE |Z at Z. By
excision,

H∗(E , A ∪ ∂inE ;Z) ∼= H∗((Q, ∂Q)× ([0, 1], {0});Z
)
= 0,

and likewise H∗(E , A∪Z;Z) = 0, so the primary and secondary relative obstructions to both
extensions vanish. Make both structures cylindrical at the closed cut, keeping the product
germ near the fibres at Ta, Tb. Their Chern evaluations on these fibres are then zero, which is
stronger than (D.1). With these choices the orientation maps of Section 8.2 and the maps N±
read their input lines in the same structures, and the composite EE has equal end structures
at Z.

D.2. Lifting groups and gluing multiplicities. We perform the gauge excision calculation
before passing to a quotient. Let G0(X) be the subgroup of bundle automorphisms with trivial
lifting class. If a finite group ϕX acts freely and orientation preservingly on the relevant zero-
dimensional solution set, its quotient count is

(D.2) I(X)ϕX (ā0, ā1) =
1

|ϕX |
∑
ai∈āi

#M(X; a0, a1).

The numerator is divisible by |ϕX |: it is a sum of free orbits, each with a constant sign.

Lemma D.1. Let X be connected and let Y be a closed hypersurface with cut manifold XY .
Suppose the critical limits on Y have trivial stabilizer in the adjoint determinant-one gauge
group. For each matched configuration on XY that glues, the resulting G0(X)-classes form a
torsor for

KY = ker
(
H1(X;Z/2) −→ H1(XY ;Z/2)

)
.

In particular their multiplicity is |KY |.
Proof. Choose representatives whose two limits agree under the fixed gluing identification.
Two glued classes whose restrictions to XY agree as determinant-one classes differ by an
automorphism whose lifting class restricts to zero on XY , and conversely every class of KY

changes the gluing while leaving the cut class fixed. These classes are realized by gauge
transformations: for a component Yj of Y choose a unit section n of the adjoint bundle, which
exists because the Euler class of an oriented rank-three bundle is 2-torsion and H3(Yj ;Z) is
torsion-free, and on its normal collar use the adjoint of cos(πρ) + sin(πρ)n, 0 ≤ ρ ≤ 1, with
ρ constant near the endpoints. This is the identity at both ends of the collar, while its lift
runs from +1 to −1, so its lifting class is PD[Yj ]. The stabilizer condition makes the action
free. It is transitive by comparison of the two gluing identifications: the even lifts on the
components of XY agree at paired ends up to central signs, and changing a lift by the centre
on one component changes the incident signs by the coboundary of the cut graph, so the
remaining choices form the first cohomology of the cut graph over F2, which Mayer–Vietoris
identifies with KY , the image of the connecting map from H0(Y ;Z/2). The matching and
analytic assertions needed for the excision cobordisms are part of Proposition 2.3. □

A finite lifting group acts freely on the solutions in the present calculation. A fixed solution
would give a parallel automorphism; its restriction to an irreducible end is the identity once
its lifting class there vanishes, and it is then the identity on the whole connected cobordism.
An element whose class is nonzero at every end, such as the classes P± of Section D.4, restricts
to sZ at the Z ends, and ϕZ acts freely on the critical points of Z, so it fixes no solution
either. The almost-complex orientations are preserved by the whole group, so (D.2) applies.
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D.3. Self-gluing along the torus cut. Write E for the cobordism defining E and put
V = E ∪Z′ E . The local polygon description gives a nonseparating cut Σ = T 2 × γ of V ; its
complement V ◦ is connected and retains the original Z ends, and the bundle is odd on the
torus fibre. The other composite E ∪Z E has a separating torus cut. All components of the
cobordisms that we regularize have an original cylindrical end; the caps are kept fixed. On
each new three-torus end we use a fixed flat product metric and the unperturbed equation.
The odd bundle on the three-torus has two determinant-one flat critical points g1, g2, both
acyclic and interchanged by PD[T 2 × {point}]. Their relative grading is four modulo eight,
by the proof of [KM11b, Proposition 5.2(a)]; see also [KM11b, Lemma 5.3]. Hence they have
the same parity, which we denote by |g|. The caps T 2 × D2 of Section D.4 carry the same
unperturbed end data and no secondary perturbation.

In the trace the traced factor is placed last. For a map F of degree f on a tensor end with
torus basis gj and diagonal blocks Fjj , the right tensor convention gives

(D.3) Trr(F ) =
∑
j

(−1)(f+1)|gj |Fjj .

Both torus generators have parity |g|, so the comparison with caps of coefficients u, v ∈
{1,−1} carries the factor (−1)(f+1)|g|/(uv), up to one fixed overall orientation. The gluing
multiplicities are those of Lemma D.1: two for the nonseparating cut Σ and for the two-edge
composition cycle at Z ′, and one for a separating cut or a tree of caps.

Proof of Proposition 2.3. The three-torus ends. Keep the entire ordinary end functional
CSh + f of Paper I fixed on the original ends, including its trajectory perturbation; only
the secondary cobordism perturbations vary. On the new three-torus ends the data are the
fixed flat product metric and the unperturbed equation throughout all comparison families,
and the lifting action on {g1, g2} is free. Every nonconstant unperturbed torus trajectory
has index at least four: the two end Hessians are conjugate by an adjoint gauge transforma-
tion, so their spectral correction terms agree, and the cylinder index and energy are 8κ and
8π2κ with κ ∈ 1

2Z. The compactifications used have total dimension at most two, so after
joint regularization of the cut pieces a torus trajectory would leave a negative index for the
remaining pieces, counting the data parameter once. Hence no torus trajectory perturbation
is needed in this range, and regularity of the unperturbed torus trajectories is never used.

Collar-supported secondary perturbations. These are the secondary perturbations of
[KM11b, Sections 3.7 and 3.9], with compact time profiles. Choose a product collar joining
each component to an autonomous end, with fixed metric also in parameter families, and a
compact interval J in it. Let FY be the image on the collar cross-section Y of the allowed
lifting group, and put

(D.4) qs(B) =
∑
ℓ

cℓψℓ(s)fℓ(B), suppψℓ ⊂ J,

where the fℓ are FY -invariant holonomy cylinder functions on Y whose loops lie in a single
slice; elements of the kernel of the restriction to FY impose no further condition. A countable
dense family of profiles and cylinder functions, with a weighted Banach completion control-
ling all required norms, gives the perturbation space. The holonomy estimates of [KM11a,
Propositions 3.7 and 3.15] persist, time derivatives multiplying the profile bounds. Including

the fixed primary cutoff terms in qs, one has d
ds(CS + qs)(B(s)) = −∥Ḃ(s)∥2 + ∂sqs(B(s)),

and the last term integrates to at most the L1 norm of the time derivatives of the coefficients,
uniformly under stretching. No perturbation depends on connections on both sides of a cut.
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Invariant regularity. Regularity is the transversality of [KM11b, Propositions 3.8 and 3.10]
for secondary perturbations, carried out invariantly under the lifting groups as in (I10). Three
facts are specific to this class. First, slice continuation. On a compact slab of a collar, a
difference of two solutions, or an adjoint field, satisfies (∂s + H(s) +K(s))u = 0, where H
is formally self-adjoint on a common smooth domain, H ′ and K are bounded on L2, and
H = ±∗dB(s) for the one-form equation; a difference of two holonomy terms has this form by
integrating its derivative along the segment between the connections. For a concave weight
φ with −φ′′ ≥ c > 0 and large λ, expanding ∥(∂s +H + λφ′)v∥2 for compactly supported v
and integrating by parts gives

(D.5) (cλ− C)∥e−λφu∥2 ≤ 2∥e−λφ(∂s +H +K)u∥2.
With φ increasing on a short slab, a solution vanishing before a slice is cut off farther into
the slab; the cutoff error has strictly larger φ than a neighbourhood of the slice, and λ→ ∞
gives vanishing in that neighbourhood. Reversing s gives the other direction, and vanishing
on a slice suffices, since the equation then makes all time derivatives vanish there. Second,
freeness and invariant density. If an allowed automorphism fixes a slice of a solution, slice
continuation and invariance make it fix the whole end and its limit; freeness of FY there forces
its lifting class to vanish, and irreducibility makes its even lift central. So each collar slice
has a free FY -orbit, and prescribing equivariant first jets on a small finite-dimensional slice
and its disjoint translates, approximating by cylinder functions as in the proof of [KM11a,
Proposition 3.10] and averaging gives invariant cylinder functions detecting every direction
transverse to gauge; freeness ensures that the prescribed derivative survives the averaging.
Third, the cokernel. A cokernel element (ξ, b) of (d∗A, LA) has ξ = 0 by gauge equivariance and
the L2 end condition. On the collar write b by a one-form y(s) with d∗B(s)y = 0. If the element

annihilates every secondary variation, time localization, invariant density and the Coulomb
condition give y = 0 on J ; then (D.5), local unique continuation on the unperturbed core and
slice continuation on the other collars give b = 0, since all nonlocal terms lie in the product
end collars.

Sard–Smale then gives invariant regular data. For a broken configuration with one pa-
rameter b, the joint linearization ((ξi)i, ḃ) 7→ (Diξi + ∂bFiḃ)i, in which the shared parameter
occurs once, is onto because the variations on the pieces are independent. Choosing regu-
lar data on fixed faces first, extending over their collars by variations supported away from
them, and intersecting the residual sets for the finitely many cut patterns and the count-
ably many relative classes gives the relative regular families of [KM11b, Proposition 3.10 and
Section 3.9] in the invariant class; fixed regular caps require no variation. On a bounded
neighbourhood of data the energy identity, the index-energy relation and the class calcula-
tion below make the index ranges in question finite. Regularity is open on the finite union
of the low-dimensional compactifications, which have regular gluing neighbourhoods at their
broken strata: nonregular solutions for convergent data would converge to a regular point or
to a regular broken configuration, contradicting the local estimate. Finite sums in (D.4) are
dense, also for smooth coefficient families on a compact base, so the final data may be taken
to be finite sums; approximating within this open set, relative to the prescribed face collars,
preserves the original end equations and all supports.

Matching, compactness and gluing. An even gauge transformation is a section of the bun-
dle with fibre SU(2) and conjugation action. The fibre is 2-connected and conjugation acts
trivially on π3, so extending prescribed values on boundary components B0 of a compact
cobordism W is obstructed only in H4(W,B0;Z) ∼= H0(W,∂W \B0;Z), which vanishes when
every component has an unprescribed boundary end. Applied to the two new boundaries
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of V ◦, with its original Z ends free, equal critical classes are represented by equal connec-
tions under the gluing identification and glue on the specified bundle; for capping, the cap
representatives are fixed. Relative homotopy classes with fixed end classes form a Z-torsor
whose generator changes the index by eight, each represented on the fixed bundle [KM11b,
Sections 3.2 and 3.7], so a fixed index and tuple allow at most one class. The critical sets
are finite, and in a regular family each component index is bounded below by minus the base
dimension, so at fixed total dimension only finitely many index allocations occur, the shared
parameter being counted once.

Gluing and compactness are those of [KM11b, Section 3.9]. The point specific to self-
gluing is that a regular index-zero cut solution A has a single invertible operator DA on
the connected cut piece, including both stubs, whose inverse is patched with the uniform
inverse of ∂s +Bβ on the cylinder, Bβ the invertible extended Hessian at the limit β. Com-
pactly supported secondary terms and slice-local primary terms commute with the cutoffs,
and stabilization gives the same charts and determinant maps for families that are regular as
parametrized families. In the compactness argument the index exclusion above replaces regu-
larity of trajectories on the new torus ends, also in the two-parameter corner families. In total
dimension at most one the cut solutions form the broken-metric boundary; further breaking
has higher codimension and bubbling is excluded by low-dimensional compactness. The local
gluing charts give its collars, and finiteness over relative classes gives one neck threshold.
For disjoint cuts we use the multi-parameter corner model: a simultaneous stretching of two
components is the diagonal in the two gluing parameters, so the two-edge composition cycle
is one separating gluing followed by one self-gluing. The cuts Σ and Z ′ intersect, so their
comparison joins finite stretching parameters by a relative regular path. The gluing fibres are
those of Lemma D.1; the action is free, as shown after it, and preserves the almost-complex
orientations.

Trace signs and homotopies. Use the induced almost-complex structures at the ends, with
the orientation torsors of [KM11b, Section 5.1], and apply [KM11b, Proposition 5.5] with
the enlarged group exactly KΣ = ⟨PD[Σ]⟩. This group restricts trivially to V ◦, to Σ and
to the original ends, so the trace uses the full determinant-one complex on Σ, and the free
orientation-preserving action recovers the raw count as twice that trace. The larger quotient
is taken only after this step. The alternating sign is the analytic determinant sign given by
the argument of [KM10, Lemma 2.4], the parity of spectral flow in the periodic model, so
there is no independent sign choice for each generator or relative class. For f = 0, (D.3)
is this alternating trace; moving the traced line past a map of degree f supplies the factor
(−1)f |gj |, and conjugation by the tensor isomorphism T of Section 3 gives the same formula
algebraically. The trace commutes with the Hom differential and satisfies

Trr((Λ0 ⊗r 1)F (Λ1 ⊗r 1)) = Λ0Tr
r(F )Λ1,

so the external conversion maps can be inserted with their degrees; interior conversions follow
Convention 8.1.

Finally use the parameter-first orientation of Section 5, with outward-normal-first bound-
ary orientations. The source convention in [KM11b, Section 3.9] is fibre-first. For an r-
parameter family the permutation of the determinant factors contributes (−1)r indD. For a
zero-dimensional one-parameter count the vertical index is −1, so this changes the sign of
the count; for the one-dimensional parametrized moduli space the vertical index is zero, so
its orientation and endpoint maps are unchanged; for two parameters the permutation sign
is one, and boundary faces use the one-parameter rule. It remains to include the generator-
order conversion. At the induced end gradings the unconverted cobordism maps Fi are
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even. Let d0 and H0 be the source differential and its fibre-first homotopy count, so that
F1 − F0 = d0H0 + H0d0. Placing an odd trajectory determinant after its input generator
changes d0 to d = d0gr and H0 to H0gr, and the parameter-first change contributes one
further minus sign. The homotopy operator in our convention is therefore

K = −H0gr, dK +Kd = d0H0 +H0d0 = F1 − F0,

where gr is the grading operator on the appropriate source complex and d0, H0 are odd.
On disconnected ends the whole ordered input generator orientation line gives the tensor
rule (3.3), so the parametrized boundary formula agrees with (5.3). Arbitrary external con-
versions, including odd ones, are governed by the Hom Leibniz rule. All these choices are
uniform across matrix entries, which proves the three assertions in the stated orientation
convention. □

D.4. Excision and reverse excision are inverse over the integers. This is the argument
of [KM11b, Theorem 5.6], carried out at chain level with the lifting groups retained. The
composite V = E ∪Z′ E contains, in its local model T 2 times the doubled excision polygon,
the nonseparating hypersurface Σ = T 2 × γ. Cut along Σ to obtain V ◦ and cap the two new
boundary components by T 2 ×D2; the capped cobordism V ′ is a product on Z. Give V the
structure JV which is the product structure on T 2 times the doubled polygon and which, on
the complementary region [0, 2]×Q, is translation invariant and equal to JE |Z = JE |Z . The
two agree along [0, 2] × ∂Q, because this structure has the product germ near Ta and Tb.
Thus JV is cylindrical with the product germ near Σ, and its restrictions to the two ends Z
are those of E and E. The trace of Proposition 2.3(b) is taken with JV |V ◦ , and V ′ carries
JV |V ◦ together with the product structure on the caps. For the other composite the glued
structure JE ∪Z JE already has this form near its torus cut.

The class a = PDΣ[T
2] interchanges the two critical points g1, g2 of Σ. They must be kept

separate when the caps are attached: the caps carry the trivial lifting group, since a does not
extend across their meridional disks. Write s = PDZ [Ta] (mod 2), let ŝ ∈ H1(V ◦;Z/2) be its
pullback, and let m1,m2 be the meridional classes of the two removed cap neighbourhoods.
The restrictions are

Zin Zout Σin Σout

ŝ s s 0 0
m1 s 0 a 0
m2 s 0 0 a

m1 +m2 0 0 a a

The group ϕV has order 8: the two sides of the excision polygon give classes P+, P− and the
disconnected intermediate cut gives a class c, with restrictions ŝ, ŝ,m1 +m2 to V ◦; they are
independent on V , as loops crossing the two polygon sides and the intermediate cut show.
Its image on V ◦ is ⟨ŝ,m1 + m2⟩ of order 4, and its kernel is KΣ of order 2, generated by
P+ + P−, which is dual to Σ and nonzero because Σ is nonseparating. The capped product
has group ϕV ′ = ⟨ŝ⟩ of order 2.

The group H◦ = ⟨ŝ,m1,m2⟩ has order 8; it contains the restrictions to V ◦ of both ϕV
and ϕV ′ , but is not itself the pullback of either, and it acts freely by the argument following
Lemma D.1. Choose regularizing data on V ◦ invariant under H◦ and put D(α, σ;β, τ) =
#M(V ◦; (α, σ), (β, τ)), σ, τ ∈ {g1, g2}, and ∆(α, β) = D(α, g1;β, g1). The action of m1 +m2

makes the two diagonal blocks equal, and the action of m2 identifies the off-diagonal block
with ∆(sα, β). Thus, after summing over endpoint lifts, diagonal and off-diagonal blocks
have the same sum.
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The cap count for the unperturbed flat product data on the three-torus ends. Complete
T 2 × D2 by a product cylindrical end to T 2 × S, with a flat metric on T 2 and a product
metric, and let A0 be the pullback of the odd flat connection on T 2. Its adjoint local system
on T 2 splits into the three nontrivial real sign local systems and is acyclic, so the torus Hodge
Laplacian, and with it the product Hodge Laplacian on T 2×S, has a positive lower bound in
every degree. For D0 = d∗A0

⊕
√
2d+A0

the identities D∗
0D0 = ∆A0,1 and D0D

∗
0 = ∆A0,0⊕∆+

A0,2

show that the flat cap has index zero and is regular. Call its boundary lift g1. Since g2 has
relative grading four modulo eight, while a change of relative class at a fixed lift changes
the cap index by eight, an index-zero cap approaches only g1, in the zero-charge class of
A0, where its energy vanishes and it is flat. The flat odd torus connection has a unique flat
extension across the disk, because the meridian is contractible and π1(T

2 × S) = π1(T
2),

and only g1 admits an extending meridional determinant-one lift. Hence there is exactly one
determinant-one cap class; its signed coefficient is a unit, and the reversed cap gives the dual
unit. This calculation is at the full two-generator torus complex, before any lifting-group
quotient: the rank-one quotient would not distinguish matching two lifts from matching two
orbits.

Proposition D.2. For the regular data of Proposition 2.3, the quotient counts for V and V ′

have the same absolute multiplicity. They agree up to one sign, the same for all entries.

Proof. For V , self-gluing has multiplicity 2 and there are two equal diagonal blocks; quo-
tienting by the group of order 8 gives 2·2

8

∑
α∈ā, β∈b̄∆(α, β). For V ′, the caps have unit

coefficients, their separating gluings have multiplicity 1, and the group has order 2, which
gives 1

2

∑
α∈ā, β∈b̄∆(α, β). If the second cap selects g2, the symmetry of the off-diagonal block

gives the same sum. The orientation signs are those of Proposition 2.3; since the unconverted
map of V ◦ is even, they reduce to the factor (−1)|g|/(uv) for every entry. All group actions
preserve the orientations, so no cancellation occurs inside an orbit, and the two numerical
factors agree. These fractions are integer orbit counts, the division by the group order being
carried out on integer counts at chain level. □

Proposition D.3 (Integral excision). With the end structures of Section D.1, form the
composite EE with the right-placed conversion at Z ′. It is chain homotopic to the identity of
CG(Z) up to one sign. The maps H(E) and H(E) are isomorphisms, and E and E are chain
homotopy equivalences, after shifting degrees if necessary.

Proof. The one-dimensional gluing family identifies the counts of Proposition D.2 with the
composite excision map, and the same argument for the other composite gives the reverse
comparison. There the cut is the separating torus cut T 2 × γ′, so there is no trace and
the matching multiplicity is one; the lifting group has order eight, against the capped group
⟨s−, s+⟩ of order four. On each cut piece the meridional class of the removed cap exchanges
σ ∈ {g1, g2} and moves one endpoint lift within its orbit, so after summing over endpoint lifts
the two matched choices contribute equally, a factor two, and the factors balance: 2/8 = 1/4.
Consequently H(E) and H(E) are isomorphisms.

With the end structures of Section D.1, E and E have the same structure at Z, and at Z ′

the composite is formed with the right-placed conversion, as at the reference structures of the
objects. By [KM11b, Proposition 5.4] the composite is the map of V ; its hypothesis holds
because the class c dual to a component of Z ′ lies in ϕV . In terms of counts, by Proposi-
tion 2.3(a), the gluing multiplicity two at Z ′ is absorbed by |ϕV | = 8, and the identity holds
at chain level, up to an integral chain homotopy, by Proposition 2.3(c). By the indepen-
dence of the almost-complex structure in Proposition 4.4, the map of V may be computed
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for any almost-complex structure on V as in Lemma 4.1, after the end conversions, up to one
sign for all entries. The unconverted map of V ◦ is even, so f = 0 and the capped factor is
(−1)|g|/(uv); the capped cobordism V ′ is a product on Z, so its map is the identity class up
to one sign by Proposition 4.4. Hence the composite is chain homotopic to the identity up to
one sign, and in particular it is ±1 on every homogeneous class. By Lemma 3.1, the closed
excision maps are homotopy equivalences, after shifting degrees if necessary. □

The first assertion of Proposition D.3 is the only inverse-excision statement used in this
paper; it enters through (8.17), on which Section 9 relies.
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