COBORDISM MAPS AND ATIYAH-FLOER ISOMORPHISMS
FOR FRAMED INSTANTON HOMOLOGY III

BERND JOHANNES WUEBBEN

ABSTRACT. We construct integral chain homotopy equivalences intertwining the usual
framed instanton cobordism maps in the singular Hopf-link construction with symplectic
cobordism maps oriented by transport from gauge theory. At common regular small data,
the equivalences are represented by the Daemi-Fukaya—Lipyanskiy mixed count with a
specified coherent orientation. For connected framed cobordisms, they are natural up to
integral chain homotopy and one overall sign, with an explicit grading conversion, and
extend by geometric changes of presentation. We also construct equivalences to the normal-
ization in which attachment of a generating sphere in the surface moduli space preserves
orientation, for every closed connected oriented three-manifold. Surgery generation gives
a finite model built from one-generator complexes for the three-sphere. Counts through
the three-sphere realize its grading-preserving matrix entries, so an algebraically chosen
normalization becomes a finite integer linear combination of products of geometric counts.
A polynomial in forward and reflected mixed counts transfers this construction to the
symplectic complex. The proof uses the companion analytic and naturality results and
the stated ordinary surgery and oriented gluing inputs. Identification with prescribed
relative-spin maps and the nonsingular cap convention remains open.

1. INTRODUCTION

This is the third of three papers on the compatibility of Atiyah—Floer isomorphisms with
cobordism maps. Paper I [Wue26a] establishes the comparison over Fy and the underlying
mixed-equation analysis. Paper II [Wue26b| proves integral naturality, up to one overall
sign for each cobordism, with symplectic orientations transported from the almost-complex
gauge convention. The present paper uses those results to identify the comparison with the
usual singular Hopf-link instanton maps and, at common regular data, with the Daemi—
Fukaya—Lipyanskiy mixed count in a specified coherent orientation system, and to construct
the further orientation normalization described below. The series thus separates the analytic
comparison, its integral orientation theory, and the identification and normalization of the
resulting maps. The additional surgery and oriented gluing inputs used here remain explicit.

1.1. The comparison problem. The integral form of an Atiyah—Floer comparison depends
on the orientation systems used to define its two chain complexes. Even when the unsigned
moduli spaces coincide, identifying their counts requires identifying the determinant lines, the
action of the gauge group, and the conventions for quotienting by translation. A comparison
of cobordism maps must in addition control these identifications under gluing. The allowed
ambiguity is a single sign for the whole map.
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Paper II [Wue26b] constructs integral symplectic cobordism maps by transporting almost-
complex gauge orientations through the mixed equation. Its mixed map intertwines those
symplectic maps with the gauge maps in that convention. Two comparisons are needed to
express this theorem using the usual framed instanton maps and the actual mixed count of
Daemi, Fukaya and Lipyanskiy [DFL21]. The first compares the usual gauge reference lines
with the almost-complex reference lines on the torus-summed manifold. The second compares
Paper II's transported orientations with a specified choice in DFL’s coherent orientation
construction. We first establish these two comparisons and then construct the change to
DFL’s sphere-positive normalization for every object. The analytic constructions and integral
naturality theorem of Papers I-II remain inputs; their scope is recalled in Section 2.

The gauge comparison uses the singular Hopf-link definition of framed instanton homology
in [KM11b, Sections 4.3-4.4] and the excision cobordism of [KM11b, Proposition 5.7]. The
incoming lifting group is trivial. The outgoing group is the single group specified by the
framing torus in Paper II. Keeping the subgroup on the cobordism, rather than only its
images at the ends, allows an integral comparison of coefficients and of the ordinary gluing
families.

The orientation choice on the DFL side is specified before defining any mixed count.
In [DFL21, Section 2.4], a coherent gauge system is determined by reference paths and an
orientation of a primitive loop of index four in the framed quotient. We orient this loop
and the reference paths by Paper II's gauge reference. We call this the gauge-calibrated
DFL system. This is one of the choices in the original construction of [DFL21, Sections 2.4
and 4.7]. The further choice discussed in [DFL21, Remark 4.76], for which attachment of
a sphere representing the positive generator of the second homotopy group of the surface
moduli space preserves orientation, is a separate normalization. We call it the sphere-positive
system. Theorem B compares the two systems for every closed connected oriented three-
manifold by finite products of actual counts. The integer coefficients in this construction are
chosen algebraically; the resulting comparison is noncanonical at the level of its outer maps.

Table 1 separates these conclusions from the underlying Atiyah—Floer isomorphism. The
new assertions concern the identification and normalization of maps over Z, with the orien-
tation conventions specified here.

TABLE 1. The comparison results used in this paper. Each row is under the
hypotheses of the cited construction.

Work Result and orientation convention

DFL [DFL21] Integral Atiyah—Floer isomorphism defined by a mixed count for the admissi-
ble gauge and Lagrangian data, including the framed specialization; coherent
orientations (Theorem 3.29 and Sections 4.7, 7.1).

Paper I [Wue26a] Geometric cobordism compatibility over Fo, with the analytic constructions
used by the integral theory (Theorem A).

Paper II [Wue26b]  Integral cobordism compatibility up to one overall sign, with symplectic orien-
tations transported from the almost-complex gauge convention (Theorem A).

Paper II1 Identification with the usual singular Hopf-link maps and the gauge-calibrated
DFL count (Theorem A); normalization by finite count expressions for every
closed connected oriented three-manifold (Theorem B).

1.2. Objects, maps and statement. An object is a closed connected oriented three-
manifold M with an oriented ball and the framing data for the torus construction of Paper II.
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A morphism (W, E,v) : My — M; consists of a connected oriented cobordism, a normally
framed arc joining the specified balls, and an SO(3) bundle trivialized at the ends and along
that arc. All bundle and framing data are part of the morphism. In particular, a change of
an endpoint bundle frame is not identified with the identity merely because it preserves the
underlying manifold.

Write Cy (M, p) for the usual singular Hopf-link instanton complex at regular data induced
by a presentation p, with the parity relabeling of Section 3.4. Its differential is unchanged
by that relabeling. The usual strict cobordism map is Fi(W, E,v). It uses a homology
orientation and the I-orientation prescribed by the singular construction. For a general
permitted relative bundle, any additionally required I-orientation is retained; its two choices
change the whole map by one sign. We do not impose a liftability condition on E. If f is the
parity of this map after the relabeling, put

FYy = Fuel,  e(z) = (1)

This is the conversion from strict to graded maps used in Paper II. It is explained in Section 2.3
and is part of the statement, not an unspecified scalar sign.

Let Cy;(M,p), Cs(M,p) and N, : Cy;(M,p) — Cg(M,p) be Paper II's complexes and
mixed map. A small presentation has all the presentation data of Paper I, Definition 3.3,
including original Heegaard genus at least one, compatible product collars and metrics, and
the prescribed regularizer bounds. Its primary perturbations lie in Paper II’s small admissible
ball. These conditions are recalled in Section 2. For a small decomposition d of a morphism,
Sq(W, E,v) denotes the composite of Paper II’s signed geometric symplectic maps. At objects
with zero integral gauge homology we retain its zero-representative convention, with the
contractions described below.

At common regular data for DFL and Papers I-11, write C&al (p), g?‘l (p) and Ngal for the
complexes and the actual DFL mixed count with the gauge-calibrated orientation choice.
These data meet both constructions’ hypotheses, including zero additional gauge-end per-
turbation; the remaining conditions are specified in Section 2. The active Heegaard genus
at such data will be at least two. The following theorem uses the parity-graded integral
homotopy category K(Z); F' ~ +G means that one sign makes the difference null-homotopic
over Z.

Theorem A. For every small presentation p there is an even integral chain homotopy equiv-
alence R

\I’p : CH(Map) — CS(M7p)
whose projective homotopy class is independent of the auxiliary choices and is compatible with
geometric changes of presentation. At common DFL data it is represented by

(1) Uy, = BpN;alUpv Up = PpAp»
where Ay, : Cu(M,p) — Cj(M,p) is the Hopf-link excision equivalence and
P, : Cy(M,p) — C&'(p),  Bp: C§'(p) — Cs(M,p)

are orientation-line chain isomorphisms. These maps are constructed without using an in-
verse of a mized map. Moreover,

(2) B,N&MP, = N,

as signed chain maps at common data.
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For every permitted (W, E,v), all small endpoint presentations, and every small decompo-
sition d, one has

(3) U, Fy(W, E,v) =~ +S4(W, E,v)¥,,.

The sign is one sign for the entire map. The assertion includes arbitrary permitted relative
bundles, frame changes, and empty or acyclic complexes. At an arbitrary small presentation,
\/I\lp is obtained by geometric transport of an actual common-data DFL count; no original DFL
mized problem is asserted at data outside its analytic hypotheses.

On homology the theorem gives a projective natural isomorphism from the usual framed
instanton theory, with the stated convention conversion, to Paper II’s symplectic theory. The
comparison maps at common data respect the relative mod-four gradings on the DFL and
Paper II complexes. The full statement for geometric words is made in the parity-graded
category, because Paper II permits inhomogeneous representatives of such words. It does not
assert that every such representative is homogeneous modulo four.

The substantial steps are the naturality of the geometric excision comparison (Section 3)
and equality of the signed mixed counts (Section 4). Section 5 assembles them using Pa-
per II’s geometric presentation maps and gives explicit integral homotopies. No numerical
computation of a sphere orientation character is used in this proof.

1.3. Normalization for every manifold. Write C/,(p), C< (p) and N,f for the DFL com-
plexes and actual mixed count with the sphere-positive system. Reference paths and their
orientations are matched with the calibrated system. The two systems can have different
differentials even though the matrices of their index-zero mixed counts agree. The problem is
therefore to construct chain equivalences on both sides of that count, with compatible inverse
and mixed homotopies.

We specify the class of maps used in this construction. A weighted count expression is a fi-
nite integer linear combination of composable products of the following maps: ordinary gauge
trajectory, continuation and cobordism counts; the zero-dimensional counts in the interval,
pentagon and cylinder families of Section 7; the geometric symplectic words of Paper II; and
the forward and reflected mixed counts of Section 10. Orientation-line identifications, formal
degree labels and weights depending on endpoint relative grading and parity are allowed. A
separately specified product may have any fixed integer multiplicity. Every physical inter-
mediate critical set is summed over in full. Thus an expression counts products of existing
zero-dimensional moduli spaces. This definition does not permit an arbitrary projection onto
a Floer generator or an algebraically selected mixed inverse as a factor. Integral algebraic
homotopies may be used to verify relations between the resulting maps.

Theorem B. Retain the companion inputs of Section 2 and the ordinary surgery and oriented
gluing inputs of Section 7.1. Let M be any closed connected oriented three-manifold with the
specified ball and framing data. At every common regular small presentation p there are
even integral chain homotopy equivalences of relative degree zero, defined by weighted count
expressions,

uxp: C'(p) — Cx(p),  vxp:Clp) — CF'(p), X =G.S.
They are mutually inverse up to integral homotopy and satisfy
(4) US,pN;:uG,p = N;al-

The assertion includes nonempty acyclic complexes.
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A choice of these maps at each common presentation defines positive presentation maps
by weighted count expressions. They satisfy projective composition, inverse and word-
independence relations and mized squares with the actual counts N;r . Different choices give
equivalent systems in the projective homotopy category.

For every regular small presentation, geometric transport gives an even equivalence

vy Cu(M,p) — Cs(M,p),
whose common-data representative is
(5) U = Byusp N, ug pUp.

Its projective homotopy class equals that of \T/p in Theorem A. In particular it intertwines the
usual gauge and Paper 11 symplectic cobordism maps for every permitted relative bundle and
framed morphism, with the convention conversion of Theorem A.

The theorem constructs a system of positive presentation maps. It does not identify
that system with independently prescribed positive stabilization or relative-spin counts. The
individual maps ux , and vy, depend on choices. Their mixed composite (5), however, has
the fixed projective homotopy class of Theorem A.

1.4. Proof of the calibrated comparison. Theorem A has two geometric ingredients.
First, the Hopf-link excision equivalence intertwines the usual singular cobordism maps and
the almost-complex gauge maps, after the stated grading conversion. Second, the calibrated
orientation lines identify Paper II’s mixed count with the actual DFL count coeflicient by
coefficient. Composing these identifications with Paper II's naturality homotopies proves
the assertion at common data. Geometric presentation maps then extend it to every small
presentation. This argument requires no normalization of the index-four loop and no inverse
of a mixed count.

1.5. Normalization by surgery generation. Reversing the primitive index-four orienta-
tion changes the sign of just one component of the mod-four differential. Abstractly, any
finite free integral complex is isomorphic to the complex with this sign change: split off its
cycles and change signs on a complement. Such a splitting does not itself give a map de-
fined by moduli spaces. The main step is to realize enough actual count expressions that the
algebraic choice can be made among them.

Ni’s surgery-generation theorem [Ni25, Theorem 1.4] gives a finite derivation of M from
copies of S3. The ordinary instanton surgery families turn this derivation into a finite iterated
mapping cone P, together with actual count expressions i : C’éal —-P,p: P— C&al and an
actual homotopy pi ~ 1. All leaves are labelled copies of the same fixed one-generator sphere
datum. Consequently every row of ¢ and column of p is a finite sum of count products with a
sphere end. Joining one row and one column by the sphere identity cylinder realizes a matrix
unit in the formal leaf coordinates. This realizes all grading-preserving matrices before one
chooses a normalizing matrix. A finite integer search, whose termination follows from the
cycle-splitting argument, then gives the required gauge equivalences.

To pass to the symplectic complex, we use the mixed count at the reflected presentation
with literally paired ordinary ends. The ordinary index-energy identity shows that this trans-
posed count and the forward mixed count preserve the same finite filtration. Their diagonal
coefficients are units. A finite polynomial in the two counts therefore supplies a strict reverse
map. This transfers the gauge normalization to the symplectic side and gives (4). Con-
tractibility treats the acyclic endpoints without extending the reflection pairing beyond its
stated domain.
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Sections 3-5 prove the calibrated comparison. Section 6 describes the change of differ-
ential and its grading signs. Sections 7-9 construct and normalize the finite gauge model;
Section 10 transfers it through the actual mixed count. The final argument in Section 11
proves presentation independence and cobordism compatibility. Only the ordinary gauge
surgery families enter the model construction; no mixed surgery family is needed. Figure 1
records the proof dependencies. In particular, the augmented oriented gluing input at the
reducible cut in Section 7.1 remains an input; the comparison of its two local unit faces is
proved here.

Companion analytic constructions and integral naturality
Section 2

| . . . . . .
| Kronheimer—Mrowka excision Ni’s surgery generation; ordinary surgery
|
|

| | |
| | |
Section 3 - and oriented gluing inputs !
”””””””””””””””””””” ! Sections 7.1, 8 !
|

Excision naturality and equality Finite sphere model and realization

of signed mixed counts of matrices by counts
Sections 3—4 Sections 8-9
Theorem A: calibrated comparison Gauge normalization and transfer
Section 5 through reflected mixed counts

Sections 9-10

Theorem B: positive normalization
and cobordism compatibility
Section 11

FI1cure 1. Dashed boxes denote imported results and retained inputs; solid
boxes denote arguments of this paper. The companion inputs are used in both
branches, as well as in the final presentation comparisons.

2. CONVENTIONS AND IMPORTED CONSTRUCTIONS

2.1. The gauge and symplectic objects. Form M# = M#T? along the specified ball.
Fix an oriented torus Ty in the punctured 7% and an odd bundle on 73, so that (ws, [Tp]) = 1.
Join it to the trivial bundle on M. The framing quotient enlarges the determinant-one gauge
group by
¢M = <Oéj\4>7 apN = PD[T()] (mod 2).

A lifting class is the obstruction to lifting a bundle automorphism to the determinant-one
gauge group. Only this cyclic subgroup is added; arbitrary classes from H'(M;Z/2) are not
included. For a morphism insert the punctured torus times an interval in the framed tube,
obtaining (W7, E¥) and its specified subgroup ¢y On disconnected cuts the full subgroup
on the cobordism must be retained.

Choose at each object an almost-complex reference Jy on its cylinder with the fixed product
germ near Ty. Paper IT uses the Kronheimer—Mrowka almost-complex orientations, invariant
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under bundle automorphisms, and converts the restrictions of cobordism structures to these
object references. A reference conversion is the determinant-line isomorphism obtained by
gluing the operator between the two references. Its degree can be odd. Paper II, Section 4,
specifies its position relative to the generator line; we use its right-placed, graded form for
Iy(W).

For a Heegaard splitting of genus g > 1 adapted to the fixed ball, adjoining the torus
through its equatorial disk produces two compression bodies with boundary %, L T?, where
h =g+ 1 > 2. Their boundary collars and product metrics agree on ¥; and on the torus
collar, whose flat metric is fixed for all presentations. The collar of Y meets the gluing
sphere in the product of an interval with the boundary of the equatorial disk: its lines stay
in the punctured torus or in the original M piece according to their starting point. These
are the collar compatibility conditions of Paper I, Definition 3.3. The symplectic space My,
is the moduli space of flat connections on the odd surface bundle, with the lift convention
of [DFL21, Section 2|. Restriction from the compression bodies gives Lagrangians, moved
to Py, Pi by primary holonomy perturbations. The primary functions are finite sums of
averaged holonomy functions supported away from the fixed collars. Their trace convention
uses a chosen continuous square root of the determinant holonomy to take the trace of the
SU(2) part. At regular data Py N P; is finite and transverse and corresponds to the gauge
critical orbits.

If Li(ay) is the real orientation line at a gauge generator, write orz(Lg(a,)) for the free
abelian group on its two orientations, with opposite orientations negatives of one another.
Paper II defines

Cs(M,p) = @ orz(Lg(ay)).
zePoNP;

Its differential counts strips oriented by transport through the mixed equation. A mized
configuration is a pair (A, u) consisting of a connection on the gauge region and a map from
the symplectic region, satisfying the matching, Lagrangian boundary and asymptotic condi-
tions. The matching condition requires that the boundary connection be flat and represent
the boundary value of u. Denote this ambient space, modulo the specified gauge group, by
Bmix- A mized solution is a configuration that also satisfies the perturbed anti-self-duality
and Cauchy-Riemann equations. Determinant lines below are defined on By, and their
transport paths need not consist of solutions. Secondary perturbations are supported away
from the matching boundary and end collars. The regularizing data include the end pertur-
bation, its mixed cutoff, secondary data, and the allowed interior almost-complex changes.
Ordinary ends have fixed irreducible nondegenerate limits; mixed ends retain their varying
limiting values as finite-dimensional stationary coordinates.

The domain defining the comparison is the special quintuple of [DFL21, Section 3.1, Fig-
ures 1-2]. A quintuple records the gauge four-manifold X, its bundle V', the symplectic
surface S, the surface moduli space, and its Lagrangian boundary conditions. Here X is as-
sembled from the products of the two compression-body cores with R and the negative half of
a four-ended planar domain times the matching surface. The positive half of that domain is
S'; the common dividing line is the matching boundary. The two remaining boundary compo-
nents of S carry the compression-body Lagrangians. The resulting domain has one ordinary
gauge input, one ordinary symplectic output, and two mixed ends, one for each compression
body. The matching surface is ¥j, LI T?; its moduli-space target is written as My, since the
odd torus factor is a point. This is the specific mixed domain used in Section 4.
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2.2. Smallness and the precise companion inputs. For a primary function h; on a
compression body use Paper II’s norm, modulo constants,
Vb — Vb 12

|IB = B'|| 2

|billi = sup |VBhi| e + sup
B B#B/

I1b]} = max |[bil;.

The fixed finite trace family Fy gives embedding coordinates on the compact unperturbed
moduli spaces. In addition, Paper I fixes for each splitting a finite family F} whose universal
restriction map is a submersion at every flat connection of either compression body. It
contains the fixed torus-compression height functions of Paper I, Section 10; the two-handle
height functions are included in the enlarged families of the relevant comparisons. The allowed
ambient families F' contain both Fy and F,. The datum lies in Paper I’s neighborhood
U(F): a path of primary functions from zero to that datum keeps the two Lagrangians
and their reflections C'-close to the unperturbed ones, with closeness small relative to those
fixed auxiliary heights. Thus admissibility includes this path condition, as well as transverse
intersections at the chosen endpoint.

A finite family is separated if its functions can be written as affine combinations of av-
eraged sign-sensitive traces on pairwise disjoint embedded solid tori in the interiors of the
compression bodies. This is a condition on a chosen realization of the family, not an addi-
tional property of a critical point. For primary data b, let X; be the finite set of restrictions of
its gauge critical points to the interior of the ¢th compression body, modulo determinant-one
gauge transformations. A split addition is a finite sum g = go + ¢1 of cylinder functions
whose loops lie in the respective compression-body interiors and for which g; vanishes on
a neighborhood of X;. It leaves the common collar unchanged; if sufficiently small, it also
leaves the critical points and Hessians unchanged. Separatedness is used for the initial family
in the regularization theorem below; an enlarged ambient family need not remain separated.

The end perturbation is invariant under the framing lift, vanishes near the critical set,
and makes all nonconstant gauge trajectories of index at most seven in the determinant-one
theory regular. Both it and the secondary data obey the smallness thresholds for the mixed
isomorphism in Paper I, Theorem 3.8. We call primary data DFL-reqular if these gauge
trajectories are already regular with zero additional end perturbation. For fixed splitting
and metric data, Paper II, Sections 10, 11 and 13, supplies a radius r, > 0, independent
of enlargements of the finite family, such that perturbations of norm less than r, retain its
required admissibility and orientation-character properties. Small presentations include reg-
ularizing data making the relevant counts regular. Small cobordism words are the permitted
elementary words with these data. No assertion below enlarges that smallness domain.

We use the following results of the fixed companion versions [Wue26a, Wue26b].

(i) Paper I, Theorem 3.6 and Appendix C, supplies arbitrarily small transverse primary
data in a separated finite family, and arbitrarily small split additions making the gauge
data DFL-regular without changing the metric or losing admissibility. Proposition 3.11
identifies its common mixed problem with DFL’s: the extra gauge-end perturbation
is zero, the primary data agree, the secondary perturbation is invariant under the
framing lift, and the special quintuple, metrics and almost-complex data satisfy the
DFL restrictions.

(ii) Paper II, Proposition 2.1 and its analytic appendices, supplies the Fredholm realizations
on configuration families, with the primal matching domain, stationary coordinates and
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the adjoints on dual weighted spaces. It includes ordinary gluing and invertible con-
stant mixed pairs. Proposition 2.2(a) and its proof in Appendix B supply the following
preparation and shifting statement on the comparison domain. A compact family in
Bnix with fixed asymptotic labels can first be made stationary beyond a common end
cutoff and then deformed to gauge paths followed by constant mixed pairs C¢, where
c is the actual representative over the output label. Both deformations preserve the
matching and Lagrangian conditions and retain the stationary coordinates. Preparation
preserves members already stationary beyond the cutoff, and shifting keeps members
already of terminal form within that subspace. They are continuous in configurations
and data and coherent with ordinary input gluing. Its Proposition 5.4 defines the trans-
ported orientations by ordinary gauge orientations and canonically oriented constant
pairs. These are statements on configuration spaces, not only on solutions.

(iii) Paper II gives an even chain isomorphism N, (Theorem A and Proposition 6.3) and,
for every morphism and small word, a sign ¢ty and an integral homotopy Ly satisfying

(6) N1Ly(W) — tw Sa(W)No = 6 L.

Its Section 14 constructs the actual geometric continuation, stabilization, metric, iso-
topy and decorated-isomorphism maps. With fixed object references the identity-
presentation maps are even, satisfy mixed squares, and have projective inverse, compo-
sition and word-independence homotopies. General reference conversions retain their
degrees and the sign rules of Section 2.3.

These are the analytic existence results and geometric symplectic maps used in the compar-
isons below.

2.3. Strict and graded maps. All chain groups are finite free abelian groups with parity
grading and an odd differential. For a homogeneous map 1" put

6T = dpT — (=1)ITTd.

Extend this differential componentwise to inhomogeneous maps. The category K(Z) has
closed maps modulo J-boundaries; composition uses the usual graded Leibniz rule. We further
identify a morphism with its negative when speaking of a projective class.

A strict homogeneous map satisfies dp F' = Fd¢, regardless of its parity f. Its graded form
is

(7) R(F) = Fel..
The identities de = —ed and epF = (—1)f Fe¢ give
(8) SR(F)=0, R(G)R(F)=(-1)%R(GF)

for strict maps of parities f,g. Thus the conversion preserves composition projectively, not
necessarily strictly. If Fy — Fy = dpH + Hdc and the endpoint maps have parity f, then

(9) R(F1) — R(Fy) = 6(Hel.).
The exponent is the parity of the endpoint maps, whereas H has parity f + 1. Throughout,
the original differential is retained.

We will also use that an acyclic finite free parity-graded complex over Z is contractible.
Indeed, write C; = Z; & L;, where Z; = kerd; = imd;+1. The quotient by Z; is the free
subgroup imd; of the next chain group, so this splitting exists, and d; : L; — Z;_1 is an
isomorphism. The map

(10) h(z +£) = (d’LHl)ilz
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satisfies dh + hd = 1. Consequently a quasi-isomorphism of finite free integral complexes
is a chain homotopy equivalence, by applying this construction to its cone. This includes
nonempty complexes with zero homology, without a torsion-freeness hypothesis on the ho-
mology of a general complex.

At a zero-homology object, maps incident to it are null-homotopic. Paper II uses zero
representatives there; its geometric descriptions at nonzero-homology objects and this zero
convention are both retained. Zero maps between contractible complexes are homotopy
equivalences. The empty complex requires no critical basepoint or reference path.

3. THE USUAL GAUGE MAPS AND HOPF-LINK EXCISION

3.1. The singular realization. Place the standard Hopf link H); in the specified ball of
M, with its arc wps joining the two components. Before the parity relabeling below, set

Cu(M) = Cy,, (M, Hpyi; Z).

The gauge group is determinant-one. This is the usual definition of I*(M, @) in [KM11b,
Section 4.3]; it is also I%(M,U) for the small unknot whose meridian is the other Hopf
component. Its reference torsors are those of [KM11b, Section 4.4]. The incoming reference
is the preferred reducible singular connection of that construction.

Transporting the Hopf link through the framed tube of W gives two oriented annuli Sg.
For any permitted relative bundle F, retain it outside that tube and perform the singular
replacement inside, using its specified trivialization. Denote the resulting bundle data by Pp.
The map Fy(W) is the usual count for (W, Sy, Py). For the untwisted bundle, the oriented
annuli S make the I-orientation equivalent to a homology orientation, as described after
Definition 4.3 and in equation (26) of [KM11b]. For a general fixed bundle, its I-orientations
form a two-element torsor [KM11b, Definition 3.9]. The determinant factorization there
compares all endpoint generators and relative classes; changing the I-orientation multiplies
every coefficient by the same sign. We use the usual homology and lift data when they specify
this element, and otherwise retain this single projective choice.

Proposition 3.1. There are geometric even integral chain homotopy equivalences A, :
Cu(M,p) — Cy(M,p), with the parity convention of Section 3.4, and, for every permitted
morphism, a sign sy and an integral homotopy Gy such that

(11) A FR(W) — swl;(W)Ag = 6Gw.

Their construction uses singular excision and ordinary reference conversions and is indepen-
dent of mized maps.

3.2. The excision subgroup and its coefficients. Apply [KM11b, Proposition 5.7] to
the small unknot U. Cutting the two tori around the Hopf components and interchanging
meridians and longitudes gives a cobordism X,; with outgoing components (53, H) and
M+#T3. To identify the latter marking, recall that the complement of a coordinate circle in
T3 is S x (T?\ int D?). Under the exchange, the disk bounded by the zero longitude of the
unknot fills the boundary circle of the punctured torus. The remaining circle is the S factor.
The original M lies outside the ball. Its framing fixes the longitude and hence the required
marked torus summand.

The incoming cutting tori are separating, so their dual classes vanish. The incoming lifting
subgroup is zero. The outgoing sphere also has trivial subgroup, and the outgoing torus-
summed component has precisely ¢ps. On X, we use the actual subgroup Hx of [KM11b,
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Theorem 5.6], generated by the duals of the four edge hypersurfaces T' x [0, 1] in its local
product T x U, where U is the excision surface with corners.

Here Hx = 7/2 and restriction Hx — ¢y is an isomorphism. Indeed, the local surface U
is a disk with four attaching edges. The exterior has three components; two edges attach to
the middle Hopf exterior, and the remaining edges to the two solid-torus components. The
incidence graph therefore has four vertices and four edges, with one cycle. Each prescribed
dual class restricts to zero on the local piece and on each exterior piece. It belongs to the
degree-zero Mayer—Vietoris contribution, which is the one-dimensional cycle space of this
graph. The outgoing transverse circle detects its nonzero element. Thus the prescribed
subgroup has no kernel on restriction to the outgoing end. Additional cohomology of M is
not part of this subgroup.

The freeness needed for the quotient is the strengthened ¢-non-integral condition
of [KM11b, Definition 5.1]. It holds: Tj is odd for the bundle and

anyl|r, = PD[To)|r, =0

because its normal line is trivial. On the Hopf component the group is trivial and the
standard torus is non-integral. Fixing a representative of an outgoing critical orbit therefore
selects exactly one representative in every H x-orbit of solutions. This remains true when the
action permutes relative configuration classes: restriction is injective and surjective on the
prescribed group. The coefficient dictionary uses this bijection, not division by the order of
the group.

Use the almost-complex orientations of [KM11b, Sections 5.1 and 5.3] on Xjs, with a
product structure on 7' x U and complex cutting tori. The outgoing germ can be chosen to
be Paper II’s germ near Ty. The excision count is a strict chain map
(12) ent : Cippe (M) — V @ CLF (M#T?),
where V = C,(S3, H) has one nondegenerate generator and zero differential [KM11b, Propo-
sition 4.1]. By the integral excision theorem [KM11b, Theorem 5.6], its homology map is an
isomorphism. The rank-one free factor entails neither an eigenspace projection nor a Kiinneth
assertion for two groups with torsion.

3.3. Reference lines. Compare the usual singular reference torsor at the incoming end
with the J_ torsor by determinant gluing. There is no incoming lifting quotient. Choosing an
orientation of the single reference comparison line determines its transport to every generator.
The trajectory factor in the gluing is the same on both sides; ordinary instanton and monopole
addition have the common conventions of [KM11b, Sections 3.8 and 4.4]. This gives a strict
reference isomorphism
P+ Cu(M) — Cyip e (M).
The trivial-subgroup case of [KM11b, Section 5.1, p. 154] identifies this construction with
the usual reference comparison. In a cobordism the two reference conventions factor the
same determinant line into endpoint factors and one I-orientation torsor. The remaining sign
therefore belongs to the whole map, not separately to its generators or relative classes.
At the outgoing end use the strict form of Paper II's reference conversion

Tar : CLH(M#AT®) — Cy(M).

Both structures have the fixed torus germ. Their difference class restricts trivially to Ty, so
the conversion has trivial character on ¢ps, by Paper II, Proposition 4.2. It consequently
descends to the required quotient. This is the almost-complex conversion of that proposition.
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Changing the chosen structures on the excision cobordism changes the map, after these
reference conversions, by a single sign and an ordinary data homotopy. To see the sign asser-
tion, compare the two complex orientations on a fixed-end configuration space. Their ratio
is locally constant and is invariant under bundle automorphisms. The incoming subgroup
is zero; the outgoing conversion has trivial character. Reference gluing and the common
addition conventions compare all endpoint and relative classes, leaving the one I-orientation
choice. This is the determinant factorization used for Paper II's gauge functor, applied to
these specified singular and nonsingular ends.

3.4. The unit factor and the grading. Fix a complex reference on the Hopf factor and
let v be its generator of parity 7. In the left tensor convention of (12),

dlvez)=(—-1)"v®dcx.
The strict contraction is
(13) rv(v®z) =eqx.
It has parity 7, commutes strictly with the differential, and has inverse z +— v ® e;x. For a

strict homogeneous F' of parity f, the same left tensor convention gives (ly ® F)(v ® x) =
(-1)™fv ® Fz. Hence

(14) Tv(lv®F) = Fry.

The tensor sign cancels the sign in e, F' = (- F €¢, although the contraction itself may
have generator-dependent signs. Changing v to —v changes the contraction by one sign.

If the excision induces a Hopf reference of parity 7/, its strict conversion to the fixed one
includes EETT/ on the other tensor factor. Composition with (13) gives 56/, up to the chosen
sign of the unit reference. This retains the grading operator when the free-end structure
changes; it does not require prescribing an arbitrary Hopf plane field at both ends.

In strict conventions define
(15) Ay = Toryven Pib.

Let apr € Z/2 be its degree, computed by adding the Fredholm shifts of these four factors.
The relative grading in [KM11b, Proposition 5.7] makes the excision shift independent of
the generators; the reference shifts are fixed per object. The same definition uses reference
operators if a critical set is empty and does not depend on a nonzero matrix coefficient. On
the source relabel parity by

(16> ’w‘H,new = ’x‘H + an-

Keep its differential unchanged. The strict map (15) is now even and closed. A usual strict
map of old parity f has new parity f + aar, — ang and is converted by (7) with that new
parity. Index additivity for the cobordism diagram below identifies it with the parity of the
corresponding torus map. Applying the same index identity to continuation cylinders shows
that aps is independent of regular end data. This conclusion does not require a nonzero
continuation coefficient. It is a parity transfer, with the usual grading recoverable by (16); it
is not an identification of every absolute grading normalization.

Excision and the rank-one factor make Aj; a quasi-isomorphism. For completeness its
integral inverse homotopies can be obtained from (10). With cone differential

_(d; Am
D_<0 —dH>
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and contraction h = (%’ htH ), the equation Dh + hD =1 gives
dgB = Bdy, AyB=1—djhy— hydy, BAy =1+4+dghy + hydy.

This algebra verifies equivalence of the already defined geometric map. No splitting is used
to define Ajs or its naturality.

3.5. The cobordism diagram and the chain homotopy. The framed tube is [0, 1] x B3
with its given end identifications. Move the local excision through this tube. Sliding the
surface-with-corners factor in 7' x U gives an identification, relative to the outer ends, of
singular cobordisms with bundle data:

(17) X, o (W, Sy, Py) = (([0,1] x (S, H)) U (W#, E#)) 0 Xy,

It is the identity outside the tube and carries the four actual edge hypersurfaces to the
corresponding hypersurfaces. In particular it preserves the prescribed subgroup, not just
its endpoint images. The relative bundle outside the tube is unchanged. A frame-change
morphism uses its own tube and endpoint identifications in this construction.

For composition, the left cut in (17) is connected. On the right it is S% L (Mo#T3). The
degree-zero Mayer—Vietoris map is

H(X a3 7/2) @ HO(([0,1] x S UWH:Z/2) — H(S3 U (Mo#T3);7/2),

with coordinate expression (a,b,c) — (a—b,a —c). It is surjective. Thus neither cut supplies
an additional connecting class. The restrictions of the common subgroup are exactly Hx,
¢w, and zero on the Hopf product component. This verifies the subgroup hypothesis for the
disconnected composition in [KM11b, Proposition 5.4] and excludes an extra multiplicity.

Choose a common almost-complex structure for (17), product near its cutting tori and
with complex singular annuli. One may first choose it in the framed tube. In the local Hopf
model a nonzero vector field is tangent to the cores and normal to the two oppositely oriented
cutting tori; in the middle 72 x [0, 1] it is the interval direction. Extending across the solid
tori interpolates to the chosen core directions. This gives the local complex structure and its
product extension over the excision piece. Extend the tube germ over W, leaving the outer
ends free. The primary obstruction is W3(W) = 0 for an oriented four-manifold; the tube is
contractible, and the remaining obstruction lies in H*(W, tube;Z) = 0, since W is connected
with nonempty boundary. Adjust collars to be invariant at the outer ends. After excision
the resulting germ on W# is the permitted torus germ. Fixed object references are restored
by the conversions already specified.

There are three ordinary metric families: stretch the left cut, join the two finite metrics
on the common composite, and reverse the stretch at the right cut. Their endpoints give
e, Fu(W) and (1y @ F;(W))ens, in the induced complex conventions. The parameterized
constructions are those of [KM11b, Section 3.9, following Proposition 3.10], with the enlarged
subgroups from its Section 5.1. Two details of this application are useful. First, the lifting
action is free. Choose perturbation variations in separated neighborhoods of an orbit and
translate them equivariantly. On one representative the available variations are the original
local variations, so they still give surjectivity. This is the invariant-family argument; aver-
aging an arbitrary regular perturbation would not by itself prove regularity. Second, the
disconnected cut has two neck parameters. At a rigid broken solution, regular gluing gives a
product chart in the two large lengths. Restrict this chart to equal lengths. It supplies the
one-parameter end used here. The invertible end operators give the direct sum of the two
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end parametrices; the subgroup calculation above leaves no stabilizer multiplicity. Interior
family perturbations may be chosen relative to these regular ends.

The low-dimensional compactness and gluing statements of [KM11b, Sections 3.8-3.9
and 5.1] apply. In dimensions zero and one the boundaries are metric endpoints and ordinary
Floer breaking; instanton and monopole bubbling have higher codimension. Orient the one
T-orientation torsor throughout the concatenated families. In the fiber-first parameter con-
vention the signed parameter count Hyy satisfies the strict relation m; —mg = dHw + Hy d.
Insert the reference conversions and unit contraction. Equation (14) introduces no sign; the
comparison of I-orientations introduces only a constant sign. Convert to the fixed represen-
tatives in (15) and then use (9). With the new endpoint-map parity f, the graded homotopy
is Gy = Hwefl new» including these fixed conversions. This proves (11) and Proposition 3.1.

The same aréumen‘c for ordinary continuation cylinders makes the construction at every
regular end datum natural. Consequently A, is available for arbitrary small presentations,
independently of the additional conditions needed for a common DFL count.

4. IDENTIFICATION OF THE SIGNED DFL CcOUNT

4.1. Choice of the coherent system. Fix common regular data as in Section 2, of active
genus h > 2. Suppose first that the critical set is nonempty. In the determinant-one cover,
a primitive framed path joins a base critical point a, to its other framed lift and has index
four modulo eight. Its image in the framed quotient is the primitive index-four loop. DFL,
Section 2.4, orients this path and chooses oriented reference paths from the other generators
to a,. Path gluing and ordinary instanton addition extend the system. We choose both the
primitive orientation and reference orientations from Jy before applying Sections 4.4 and 4.7
of that source. We also fix the translation direction specified in Section 4.3.

The resulting N° counts DFL’s mixed solutions with DFL’s determinant transport from
gauge paths and constant mixed pairs. Its symplectic orientations are the ones obtained in
that construction. This specifies an orientation system independently of the value or inverse
of any mixed map.

Choose relative mod-four representatives j(a) € {0,1,2,3} with j(a.) = 0, and reference
paths of index j(a), inserting primitive loops when necessary. The corresponding gauge and
symplectic degrees agree by [DFL21, Proposition 2.54]. Setting this origin does not change
determinant-line parity: the constant difference between the parity and j is retained on both
sides. The reference-path bases and the symplectic bases induced by constant mixed pairs
give even diagonal orientation-line maps

(18) P,:C;(p) — Céal(p), By : C’gal(p) — Cs(p).

They are initially identifications of chain groups; their compatibility with the differentials is
proved below.

Proposition 4.1. The maps (18) are chain isomorphisms and satisfy BpNgale = Np. This
1s equality of all signed mized coefficients, including off-diagonal coefficients. It uses no
comparison with the sphere-positive normalization.

4.2. A common Fredholm realization. We first identify operators on the configuration
space, because the orientation constructions transport along nonsolutions. In Paper I's
common-data coordinates (¢,7) = (0,s) and Jp = —J, the equations agree. Order the
target as Coulomb, anti-self-dual, and strip rows, as in [DFL21, (3.16)]. There is a row
convention to check. If 7 is the strip structure in DFL coordinates, write

F(u) = 0su + J (u)0ygu, Q(u) = dgu — J (u)0su = =T (u) F(u).
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Differentiation gives

(19) D& = =T Dp — (VeI )F(u).

The second term vanishes at solutions, but cannot be dropped along a shifting path. Use Q
as the common row. After the permitted preparation of reference configurations to stationary
ones outside a compact set, the correction is a compactly supported zeroth-order operator.
Rellich compactness makes it compact from the first Sobolev domain to the target. Its
action on stationary coordinates has finite rank. Equivalently, before truncation, compact-
core Rellich and the vanishing tail give the same conclusion. Scalar interpolation of this
correction is a Fredholm homotopy with unchanged asymptotic operators.

The coordinate pullback identifies the other rows and the primal matching condition. Or-
dinary ends are unweighted; at mixed ends use one common sufficiently small positive weight,
with the stationary coordinates and the same cutoff extensions separated from the decaying
part. These are the spaces in [DFL21, Definitions 3.8-3.9] and Paper I's common-data con-
struction. Paper II’s realized operators and formal adjoints use precisely these matching
domains and dual weights. The bounded target isomorphism in (19) transports the adjoint
boundary condition; the zeroth-order correction leaves the principal boundary pairing un-
changed. No spectral wall is crossed.

The target isomorphism and Fredholm homotopy identify determinant lines on the com-
mon space. They also identify ordinary determinant gluing: the section pullbacks conjugate
the pregluing maps, and the stabilized corrected kernel maps are homotopic through iso-
morphisms for sufficiently long necks. At an invertible operator the determinant line has its
canonical orientation. The target isomorphism preserves it, and the correction in (19) is zero
at a constant reference pair. Thus the comparison preserves the terminal constant calibra-
tion. The coordinate notation Jp = —J alone introduces no further complex-conjugation
orientation operation.

4.3. Transport from a common terminal configuration. The gauge orientation sys-
tems agree on each reference path, on the primitive framed path, and on ordinary instanton
addition. The path classification and extension rule of [DFL21, Section 2.4, the classification
preceding (2.48) and the gluing map (2.55)] therefore make them agree on every gauge path
class. Here the quotient adds exactly the single framing class, as specified above; no further
lifting class requires a separate comparison.

For any mixed configuration use one finite shifting path in the common special-quintuple
configuration space. The relative preparation and shifting results of Paper II keep the match-
ing condition, Lagrangian condition, and stationary coordinates, even when the limiting
mixed value moves. They end at a gauge path followed by an invertible constant mixed pair
C¢, for the representative ¢ actually reached. A finite path suffices; the orientation compar-
ison requires no limiting infinite translation. Choose the shift beyond the compact support
and dependence of the secondary perturbation. Compare the terminal constant operator
to its zero-secondary reference through the same small perturbation path. This path stays
invertible by Paper II, Proposition 2.1(b), and preserves the canonical orientation.

At this terminal configuration both determinant constructions use the same ordered gauge
factor and the same canonical constant factor. If ¢ is the other framed lift, use the actual
bundle action on these operators. Conjugation preserves the canonical orientation of the
invertible constant factor, and the calibrated gauge system accounts for the trajectory factor.
Replacing that action by an arbitrarily declared positive identification would not be sufficient.
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The ratio of the two orientations along the common finite path is continuous and takes
values in {1, —1}. It is +1 at the terminal configuration, hence at the original one. This proves
the determinant comparison for every mixed component. The relative shifting statements in
the two constructions ensure independence of the chosen preparation and shift. Alternatively,
one may compare both on the single common path just described; their individually defined
orientations already have that independence.

For strips glue a constant pair at the input and cancel its canonically oriented factor. This
proves agreement of strip orientations. We use DFL’s fiber-first convention for the quotient
by translation [DFL21, p. 17]. In both constructions we choose the positive translation vector
to be Jsu in DFL coordinates, equivalently d,u in the original coordinates, in agreement with
Paper II’s convention. This choice of direction is part of our gauge-calibrated system. Gauge
trajectories use the same increasing cylindrical coordinate. Therefore the rigid trajectory and
strip counts give the same differentials under (18). The isolated mixed counts give exactly
(2), proving Proposition 4.1.

Changing a reference-path orientation changes the corresponding gauge and symplec-
tic bases together. With P, and B, changed accordingly, the identity remains the same
orientation-line statement. It does not assert numerical basis independence of a matrix. If
the critical set is empty, all the complexes and maps in this comparison are zero and no base
critical point is chosen. Nonempty acyclic complexes require no alteration of the determinant
argument.

5. PRESENTATION CHANGES AND THE CALIBRATED COMPARISON

5.1. Common regular data in the small ball. Every permitted splitting and metric
admits common regular data inside Paper II’s small ball. Indeed, choose the transverse
separated primary datum of Paper I, Theorem 3.6, with norm less than r, /2. Choose its
DFL-regularizing split addition smaller than the remaining margin. The sum is admissible
and has norm less than r,. Include Fp in the ambient finite family after constructing this
datum. This changes neither the function nor its norm; separatedness is needed at the stage
where the existence theorem is applied, not as a new condition on an unused enlarged family.
Use zero additional gauge-end perturbation, DFL-compatible almost-complex data and the
small invariant secondary data of Paper I, Proposition 3.11. These are among the allowed
data of Paper II. All presentations considered here already have ¢ > 1 and h > 2. Every
object admits such a presentation, including by stabilizing an initial genus-zero splitting.
For an arbitrary small presentation put

(20) X, = NpyA, : Cu(p) — Cs(p).
This is an even chain homotopy equivalence. At common data Proposition 4.1 gives
(21) U, = B,NS* Py A, = X,

Thus X, is available for verifying relations at all small data, whereas (21) identifies its actual
DFL representative when the data are common.

5.2. The geometric transition maps. Let d be a presentation word from ¢ to p represent-
ing the decorated identity. Write

Gpq : Ci(q) — Cy(p), I'pg i Cs(q) — Cs(p)

for the gauge cylinder and Paper II's actual geometric word. Its elementary maps include
changes of disk systems, primary perturbations, regularizing and strip-end data, the fixed-
reference conversions, decorated isomorphisms, stabilization, metric and splitting changes.
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Stabilization uses the canceling one/two-handle pair with its small primary continuations;
the reverse uses the two/three-handle pair. Common stabilization treats metric changes.
Paper II, Section 14, proves the mixed squares and descent for these maps. In particular I'y,
is not defined using a mixed-map inverse.

With fixed object references these identity-presentation maps are even. For chosen repre-
sentatives and signs,

(22) NpGpg = tLpgNg = 0 Lipg,

(23) GpgGgp — ul = 0R,, t,u e {1,—-1}.

Here Gy, comes from a reverse identity word. The inverse, composition and word-
independence homotopies for I' are those of Paper II. Its cancellation of a mixed equivalence
is valid over Z: if FN = 0H, NV — 1 =0T, and F is homogeneous of parity f, then

(24) F=0(HV - (-1)/FT).

This follows directly from the graded Leibniz rule. Apply it componentwise if required. An
inverse V' and its homotopy come from the finite free cone argument. Such an inverse verifies
a relation between already constructed geometric maps; it does not define those maps. In
particular equality of induced maps on homology is never used as a substitute for a chain
homotopy.

For two common presentations ¢, r, the actual calibrated DFL complexes inherit geometric
transitions by the diagonal line conversions

G&l = PGPy, TSl =B 'TB,.
The inverses here are only those of orientation-line isomorphisms. Substitution in (22) gives
1 1 1 1 -1 -1
(25) Ny®Grg — g Ny = 8(B, " Leg Py ).
Converting the corresponding geometric homotopies gives composition, inverse and word

independence. Intermediate data in the word need not be common DFL data, and the
argument does not follow individual critical points through births.

5.3. Transport to arbitrary small data. Choose common data ¢, an identity word from
q to p, and the usual gauge cylinder Hy, : Cu(p) — Cru(q). Define
(26) Upigd = UpgWoqHep-

This uses an actual DFL count at ¢, the geometric excision map, ordinary gauge continuation
and the geometric symplectic word. It is the asserted extension, with no claim about an
original DFL moduli problem at arbitrary p.

Gauge naturality for this cylinder gives

AgHy, — sGypA, = 0K.

Using (22) and (23) in succession shows

(27) \T’p;q,d — stuXy = 0Epq.a,
where the explicit integral homotopy is
(28) Epqd=TpgNgK — stLp,GopAp + stNpyRy Ay,

All outer maps in this expression are even. Applying § to the first term substitutes gauge
continuation; the second substitutes the mixed square, and the third removes the reverse-word
gauge composite. This verifies all signs in (27).
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Since X, is a homotopy equivalence, so is \Tlp;q,d. For two choices write their signs and
homotopies as e, F and €', E'. Subtraction gives

U — eV = S(E — e E').
Thus independence is integral chain-homotopy independence up to one sign. It includes
changes of splitting and metric. At a contractible object the same equations hold with

Paper II’s zero representatives and the contractions of Section 2.3; no geometric count is
asserted for that zero convention.

5.4. Cobordism naturality. At arbitrary small endpoints, combine (11) and (6). Their
even comparison factors give

(29) X1 Fr(W) —0Sy(W)Xo =0Jw, v=swtw, Jw = NGw + swLwA.

This is already the desired formula at common data. For arbitrary chosen extensions use
U, —e; X; = 0E; from (27), and put w = ejveg. If S = Seven+Sodd is a possibly inhomogeneous
closed representative, define S = Seyen — Soqq- Then §(SE) = SOE, so

(30) Uy F(W) — wSa(W)Wo = §(erJw + E1FR (W) — wSa(W)=Ey).

For a homogeneous S of parity f, S° = (—1)/S. This formula retains the possible inhomo-
geneous long words of Paper II while the usual gauge map has its specified parity. Changing
the small decomposition changes Sy by its projective homotopy, which composes with this
formula. The subgroup, bundle and framing arguments in Proposition 3.1 apply to every
morphism in the stated category. All zero-homology cases were included in the construction.
This proves Theorem A.

6. CHANGING THE PRIMITIVE LOOP ORIENTATION

6.1. The change in the differential. Fix common data and relative grading representa-
tives j(a) € {0, 1,2,3} as in Section 4. Match the reference-path orientations in the calibrated
and positive systems. Let o € {1, —1} be the ratio of the two primitive index-four orienta-
tions. A primitive path initially of index 8k 44 is normalized to index four using the common
index-eight addition convention. The value of ¢ is fixed before any mixed count; the argument
works for either value.

By the path classification preceding (2.48) in [DFL21, Section 2.4], a path of index m from
a to b has orientation ratio

(31) S m—i(a)+i(v)/4

Removing the reference paths leaves a multiple of the primitive loop, and ordinary instanton
addition has the same sign in the two systems. The shifting construction of [DFL21, Sec-
tions 4.4 and 4.7] gives the same formula on mixed configurations, since the terminal constant
pair is canonically oriented in both systems. Gluing a constant pair and cancelling its deter-
minant line gives the strip formula. An isolated mixed solution has m = 0 and j(a) = j(b), so
its coefficient is unchanged. A differential coefficient has m = 1; for o = —1 its sign changes
exactly from relative degree zero to degree three.
For a calibrated complex C, write T'C' for the same graded group with differential

(32) dTC‘C]- = dec|cj, S0 = —1, §1 = 82 = 83 = 1.
This squares to zero and has the same kernels and images as d¢o. In matched references

the positive complex is TC if 0 = —1 and is C' if ¢ = 1. The degree-zero mixed matrix is
unchanged, but in the first case its source and target differentials are twisted.
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6.2. Degrees, parity and homotopies. The relative mod-four grading and determinant
parity are kept as separate gradings. Write Cj . for their simultaneous pieces. The differential
has relative degree —1 and parity one; the Hom differential § always uses parity. This
distinction is necessary when summands with different reference shifts occur in a mapping
cone.

For an integer lift k of a relative degree, put

. J+k—1j+ ks .
nik) = LRI g ey, = (<109 P,
Here [-]4 denotes the representative in {0,1,2,3}, and Ty(F') is read between the twisted

complexes. The identity n(j, k) + n([j + k]4,£) = n(j, k + £) gives
(33) 0T (F) =Te-1(0F),  To(G)Tk(F) = Tie(GF).

Indeed, the two terms in the Hom differential have the same weight, while their parity sign is
unchanged. In particular Ty leaves a degree-zero matrix unchanged and 77 changes the sign
of a degree-one homotopy on degree-three inputs. Changing the lift £ to k 4+ 4 multiplies the
whole map by —1.

A formal shift C[b;t] has labelling map s of relative degree b and parity ¢, and differential
(—1)tsdcs™!. Simultaneously shifting both ends of an even degree-zero map conjugates it by
the labels. For an odd degree-one homotopy h, the corresponding homotopy is (—1)fshs™1.
We write XC' = C[1;1]. If f: A — B is closed, even and of relative degree zero, then

dp  fs7!
(34) Cone(f) = B @ ZA, dCOne(f) = O —SdAS_l )

In block formulas below we suppress these suspension labels; every upper-right entry is fol-
lowed by the inverse source label.

Lemma 6.1. Every finite free bigraded integral complex P admits a bigrading-preserving
involution A of its underlying group such that drpA = Adp.

Proof. For each (j, e), the cycles Z; . form a direct summand of P;.: the quotient is isomorphic
to the free subgroup im(d|p, ) of the next chain group. Choose Pj. = Zj. ® Lj. and let A
fix Z; . and multiply L;. by s;. Since dp(Pj.) consists of cycles, dppA = S?dp =dp = Adp.
Also A% = 1. O

This lemma explains why there is no objectwise algebraic obstruction. It supplies neither
geometric factors for A nor compatibility with prescribed maps. We next construct actual
count expressions in which a matrix of this kind can be used.

7. THE ORDINARY SURGERY TRIANGLE WITH ITS UNIT HOMOTOPY

7.1. Bundles and analytic inputs. A surgery triad consists of three fillings Yp, Y1, Y2 of a
connected torus-boundary manifold Z along slopes with pairwise geometric intersection one.
Exactly two filling cores vanish in H;(Y;;7Z/2). To see this, the kernel of

Hy(0Z:2)2) — Hy(Z;Z/2)

is a one-dimensional Lagrangian subspace. The three slopes are the three distinct nonzero
boundary classes. For a slope outside the kernel, filling kills the image of the boundary
group, so the core vanishes; for the slope in the kernel, a complementary slope survives and
represents the core.
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Use the bundle triad of [Scal5, Sections 3.1-3.7 and 7.5], putting its meridian decoration at
one of the two nullhomologous cores and taking zero exterior decoration. All three endpoint
bundles are then trivial on the original manifolds. Adjoin the same odd torus outside the
surgery region and retain the framed arcs, endpoint trivializations and relative cobordism
bundles. For a bundle E on the original cobordism W, before the odd torus is inserted, its
endpoint trivializations give wa(E)|sw = 0. Define

P(E) = (is(E) — @(E), [W,0W)) € Z/2,

where wy(E) € H*(W,0W;7Z/2) is a relative lift. This value is independent of the lift: their
difference maps to zero in absolute cohomology, so its square pairs trivially, and the cross
terms cancel modulo two. At least one relative bundle in the triangle has odd P(FE); its
degree contribution is retained. The bundle-gluing parameter of [Scal5, (3)] has cube one.
Use that periodic identification, fixed on the common exterior, torus and ball, for the third
return to the original marked object.

We use the ordinary compactness, regularity and gluing for the zero-, one- and two-
parameter surgery families of [Scalb, Sections 4.4-5.3], with nondegenerate admissible ends
and perturbations chosen relative to their broken faces. The boundary and gluing formulas
for these parameterized families use [KM11b, Section 3.9]. At the reducible cut T = S x S2,
we use the Morse—Bott fiber-product and stabilizer description and the oriented count com-
parison of [Scalb, Lemma 5.4 and the proof of Lemma 5.2]. The determinant factorization
includes both stabilizer and moving limit terms. Its compatibility with adjoining external tra-
jectories and reference operators is the ordinary determinant-gluing associativity of [KM11b,
Sections 3.8-3.9] and Paper II. This compatibility is retained as an oriented gluing input;
it is not quoted as a separately stated theorem of [Scal5]. A gluing theorem restricted to
non-integral cuts alone would not supply this reducible-cut input.

The author’s errata [ScaE] are respected. For item 2, the original ends become nontrivial
admissible bundles after adjoining the odd torus, and the families here have at most two
parameters. For item 5, in the local piece F of Lemma 5.5, Ho(E) has rank two; the image
of relative cohomology carrying the intersection form has rank one. All counts below use the
fixed almost-complex endpoint references. An I-orientation changes a whole cobordism count
by one sign, rather than assigning independent signs to its coefficients.

7.2. Interval and pentagon relations. Let C; be the three calibrated gauge complexes,
with indices read modulo three. The actual graded surgery maps F; : C; — C;11 have relative
degrees a; and parities p;. The triple composite returns to the same marked endpoint and
has x = 3, signature —1 and P(E) = 1 by [Scalb, Section 7.5]. The degree formula of [Scalb,
Proposition 7.1, (29)] therefore gives

(35) 0F;=0, Y a;i=-1 (mod4), Y pi=1 (mod2).

The fixed endpoint grading constants telescope. Parity is computed with those constants,
independently of the displayed relative degrees.

The interval of metrics on the double composite has an ordinary breaking end and an
exceptional-sphere end. The latter has no relevant solutions by [Scalb, Section 5.2], using
the nontrivial bundle on the punctured negative projective plane and the index bound. Orient
its zero-dimensional parameter count H; so that

(36) §H; = Fy1 F).
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It has relative degree a; + a;+1 + 1 and parity p; + p;+1 + 1. For the pentagon on the triple
composite, the two exceptional faces again vanish. The two ordinary breaking faces give

(37) O; = FipoH; — (1)P"2 H; 1 F.

The relative sign can be checked at their common two-break corner. Interchanging the two
outward neck normals changes sign; moving the interval boundary past Fjio contributes
(—1)Pi+2, This gives the coefficients in (37) before taking counts. Equivalently,

d(FiqoH;) = (—1)P 2 Fi o Fi 1 Fy, §(Hi1 F;) = FioFi 1 F;.

Thus O; is closed, even and of relative degree zero. Writing B; for the remaining face with
its induced sign, the pentagon count K; is odd of relative degree one and satisfies

(38) 0K; = 0O; — B;.

These identities use the graded determinant convention throughout. They do not import an
unsigned strict matrix as a graded map.

7.3. Comparison of the local unit faces. The remaining cut has trivial bundle on 7" =
St x 82, Tts even-gauge flat moduli space, after a spin lift, is the interval I = [—1, 1], with the
non-even gauge action given by reflection [Scal5, Lemma 5.3 and the preceding discussion].
Write Iy for its noncentral interior. The triple composite is V Ur E, while the corresponding
cut cylinder is V Up W, where W = S! x D3. Keep the same exterior V, its perturbations,
and the actual endpoint reference lines in both decompositions.

The index exclusions in [Scal5, Lemma 5.4 and proof of Lemma 5.2] keep all relevant limits
in Iy and all E metrics in the interior of their parameter interval. The external moduli space
has dimension zero after allowing its limit to vary in Iy. The local E and W spaces both
have dimension one. More explicitly, their fixed-limit indices, stabilizer dimensions, metric
dimensions and moving-limit dimensions are respectively

‘ 1 stabilizer metrics limit ‘ dimension

V-1 0 0 1 0
E| -2 1 1 1 1
Wl -1 1 0 1 1

At a noncentral limit, the stabilizers on E, W and T are circles and restriction identifies them.
Thus both gluing quotients have one point; no residual circle or multiplicity two occurs.

The oriented gluing input gives the augmented determinant factorizations, in the same
order,

o(My xjy Mp) = o(My) ® o(Mg) @ o(lp)",
(39) oMy X1, Mw) ~ o(My) ® o(Mw) ® o(Ip)*.

The local moduli factors are both odd and are followed by the same odd matching factor.
Their comparison is an even local line. Orient it once. The interval has no monodromy, so the
comparison extends over all regular local configurations. Gluing associativity retains these
factorizations after adjoining reference operators, external trajectories or another relative
class of V. The external factors cancel in the same order, and any Koszul reordering gives
the same sign on the two sides. Hence their ratio is independent of both endpoint generators
and the external relative class. No almost-complex structure common to F and W is required
for this comparison of determinant factors.

The limit map Mg — I has degree +1 by [Scal5, Lemmas 5.5-5.7]; the map My — I
is a homeomorphism. Summing the oriented preimages of each regular external limit in (39)
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therefore gives B; = 1;Ccut,i for one sign n;. The cylinder neck family from the product metric
to this cut supplies an actual count J; with 0.J; = Ceut,i — 1. Consequently

(40) O; —nil = 0L, Li = K; +n;J;.

This is a unit relation with the prescribed endpoint identity. In particular the unit homotopy
is made from actual families.

7.4. The framing quotient. The added torus lies in the common external region V. Its
single lifting generator extends over every family by the identity near the surgery handles,
and restricts trivially to E, W and T. It acts only on the common external factor in (39).
The local comparison is therefore equivariant. Perturbations and their relative extensions
are chosen on the quotient configuration spaces; equivalently they are invariant upstairs.

The torus generator shifts a critical point by four modulo eight in the determinant-one
theory [Scalb, Section 7.1], so it fixes no critical orbit there. A fixed finite-energy solution
on a connected piece would have a fixed limiting critical orbit. Every piece with nontrivial
action has such an original end; the action on the local pieces is the identity. It follows that
the relevant solution-space actions are free and their gluing charts descend. One can therefore
count the boundary identities directly on the quotient. No coinvariant exactness or division
by two is used. In particular the local interval is not quotiented by reflection: the non-even
gauge transformation on 71" used in the local degree calculation is not part of the framing
subgroup.

7.5. Actual maps to a cone. Take i = 0, let s label Ci[a; + 1;p1 + 1], and let sy label
D= CQ[—ag;pg]. Set

_ _ (d2 Fysyt
(41) C=0Cr®s50h, dec = (0 (C1)PH sydys! )
The count maps
—Ho\ -1
(42) P = sgty Q= so(Fy, (—1)P2HysY)
s1F0

are closed, even and of relative degree zero. The upper equation for P is —0Hy + F1Fy = O;
the lower uses pg 4+ p1 + 1 = p2. The off-diagonal equation for Q is §H; — F5F; = 0 with the
displayed shift signs. Their product is QP = —s00qs,, ! Put

(43) Q = 1@, hp = no(—1)P2s0Losy -

Then 0hp = @P — 1p. The homotopy is an actual count expression, not a homotopy chosen
from a cycle splitting.

Lemma 7.1. The map P : D — C is a quasi-isomorphism. Hence @ is a homotopy inverse
over 7.

Proof. All three cyclic unit relations (40) are needed. For the detection argument, temporarily
suppress the relative grading and choose periodic parity shifts ¢; with ¢;41 —¢; =1 — p; and
co = 0. They exist because the cyclic sum is even. If F; are the labels, the converted maps

F/=EnFE ',  H =(-1)"E o HE "
are odd, 0H; = F{ | F}, and
FioH] + H{  F] = (-1)°+ B0, E; .
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Their diagonal differentials are periodic. The resulting cone and source are evenly chain-
isomorphic to (41) and D, with maps (42).

Suppress primes and labels in this all-odd convention. The cone differential is (%2 S}),
the source differential is —dy, and P = (—Hy, Fp)t, Q = (Fa, —H1). Define

O, —HyH; 0 0
w= (% 78" 7=(m o)
Direct multiplication using (36) gives PQ — §dZ = —W. Thus W is closed. On the two
quotients of the cone filtration it acts by the homotopy units Os, 01, so it is a homology
isomorphism. Both PQ and QP are now homology isomorphisms; the first gives surjectivity
of H(P) and the second injectivity. Undoing the parity labels proves that the original P is
a quasi-isomorphism. Its acyclic finite free cone is contractible by Section 2.3. The relation

ohp = @P — 1 identifies the actual @ with a homotopy inverse. A homotopy on the cone
side may be chosen algebraically; it is not used as a defining factor below. (|

8. FINITE GAUGE MODELS BUILT FROM THE SPHERE

The useful output of a surgery triangle is more than an abstract cone equivalence. It
includes the actual left-unit homotopy in (43). Keeping this homotopy through successive
triangles ensures that every component of the final model maps still has an expression in
actual counts.

8.1. Propagation of the actual unit. Suppose an actual gauge complex C' and a finite
formal complex P are equipped with count expressions

(44) i:C — P, p: P—C, oh =pi— 1¢,

where i, p are closed, even and of relative degree zero, h is odd of relative degree one, and
is a quasi-isomorphism. The reverse unit ip ~ 1p follows by finite free algebra, but only the
actual homotopy h is used in constructing further maps. Successive such data compose by
(45) i = i1, P = p1p2, h = hy + p1hais.
The boundary of the last expression is p1poioi; — 1. Ordinary continuation, its reverse and
its concatenation and path-contraction families give data of this form. Marked pullbacks
and their actual inverses are included when transporting between occurrences of the same
manifold.

Let (ia,pa,ha) and (ig,pp,hp) be two such choices, and let f : C4y — Cp be an actual
attaching map. Shift its source by its relative degree and parity so that f is even of relative
degree zero. Put

m =1ipfpa, Cy = Cone(f), E,, = Cone(m).

With the suspension convention of (34), set

I = (ZB _ZthA> : Cf — Em; J = <pB thpA) : Em - Cf’
_ (hs —hpfha)
(46) H= (0 Cha > : Oy — Cy.

Here I,J are closed and even; H is odd of relative degree one. The off-diagonal chain
equations are

d(—ipfha) =ipf —mia, d(hpfpa) =pBm — fpa.
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More importantly,

(47) 0H = JI —1¢,.

For example, with ¢x = pxix, its upper-right component is
0(—=hpfha) — fha+hpf = —qefha+hpfqa,

which is the corresponding component of JI —1. The other components give the two original
unit equations; suspension accounts for the negative lower homotopy. The two filtration
quotients of I are i and the shifted 74, so [ is a quasi-isomorphism.

Apply this to the surgery cone for a third complex D, with Pp, @D, hp from (42)—(43).
The new maps and actual homotopy are

(48) ip=1IPp, pp=QpJ, h%¥=hp+QpHPp.

They satisfy (44), and ip is a quasi-isomorphism. Undo the simultaneous shifts on D and its
model with the sign rule of Section 6. Every entry in (48) is a finite sum of products of actual
factors from the children and the surgery triangle. In particular no algebraic reverse-unit
homotopy enters this induction.

8.2. A finite surgery derivation. Ni proves that S generates all closed connected ori-
ented three-manifolds under surgery triads [Ni25, Theorem 1.4]. The statement was recorded
without proof in [Cull4, Proposition 1]. We use Ni’s theorem as a topological input. The
relevant notion is closure of a set of oriented diffeomorphism classes under the two-of-three
rule, with the two given classes allowed to coincide; it is not generation of a group by surgery
relations. Ni’s triad consists of a manifold and the 0- and 1-surgeries on a framed knot [Ni25,
Definitions 1.1-1.3]. Its filling slopes are the meridian, a framing longitude and their sum.
They have pairwise intersection number one in absolute value and form a surgery triangle of
the kind used here.

Here is the finite consequence required by the construction. Let Sop = {S®} and let S,11
add every third filling whose other two occurrences lie in S,,. The union of the &, is closed
under the rule: two known occurrences belong to a common finite stage, so the third belongs
to the next stage. Thus the union is the full set in Ni’s theorem. Recursively decreasing the
least possible stage gives a finite binary derivation tree for every M. Repeated diffeomorphism
classes are allowed, with their filling occurrences kept distinct. No effective bound on the size
of this tree is required.

At each vertex use the endpoint bundle choice of Section 7.1, keeping the odd torus and
framed arc outside the surgery region. Choose marked diffeomorphisms and bundle identifica-
tions to the required child occurrences. Their pullbacks, inverses, and ordinary continuation
units transport (44) to the local triangle data by (45). A nontrivial endpoint bundle auto-
morphism is retained as its actual map, not replaced by an identity. This involves finitely
many choices; it does not require one common perturbation for every possible surgery tree.

8.3. The one-generator sphere datum. Fix one actual minimal gauge datum D for S3
with its reference line and relative grading origin. The odd-torus calculation of [Scalb,
Section 7.6] gives one nondegenerate critical orbit in the framing quotient. We recall the
elementary holonomy calculation: the two anticommuting lifted torus holonomies can be
fixed to the unit quaternions 4, j, and the remaining holonomy is +1; the framing action
interchanges these choices. There is no deformation after quotienting. On the original sphere
there is no additional holonomy. Thus the critical set consists of one point. The transverse
small-data construction of Paper I preserves it, and the trajectory regularizer vanishes near it.
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The complex has rank one and zero differential. Its marked identity cylinder is the canonical
identity of its orientation line, with coefficient +1.

At every leaf use a labelled copy of this same fixed datum, with the actual marked pullbacks
and continuation maps to the chosen occurrence. The iteration above proves the following
statement.

Proposition 8.1. Under the inputs of Section 7.1, every permitted actual calibrated gauge
complex C has a finite formal iterated-cone model P and count expressions i,p, h satisfy-
ing (44), with © a quasi-isomorphism. As a bigraded group, P has supplied coordinates

(49) P= @ Dlba; o).

Every row of i and every column of p, in these coordinates, is a finite sum of actual count
products with one external end at the common sphere datum D.

Proof. The finite tree provides the induction. At its leaves, continuation and marked trans-
port provide (44). At an internal vertex use (46)—(48). Quasi-isomorphisms and the actual
left units are preserved at each step. Expanding a row or column gives a finite sum of prod-
ucts of child components, child units and actual attaching counts. The same is true of each
new unit homotopy, so the induction also proves the asserted component expansions. The
shifts are carried by their labels throughout. ([l

The direct sum in (49) is a decomposition of groups. Its differential contains the iterated-
cone entries; it is not a direct sum of sphere complexes. The model need not be the critical
complex of another Floer datum. Acyclic intermediate complexes and summands are retained,
since the construction uses their actual maps and units.

9. NORMALIZATION BY COUNTS THROUGH THE SPHERE

We now use the supplied coordinates of the complete model. There is no need to extend
previously chosen normalizations across its individual attaching maps. This permits the whole
model to be normalized even when those separate extension problems have no solution.

9.1. Realizing the matrix units. Let the generator line of D have relative grade j, and
parity e, and write U, for its shift label in (49). The final grade and parity of this leaf are
[jx + bala and e, +to. If iy and pg denote the corresponding row and column, define

(50) Toz:UojlioﬁCHD, CﬁngUg:D—>C.

Their relative degrees are —b,, bg and their parities are ¢,,t3. They need not be closed indi-
vidually. Proposition 8.1 gives their actual count expansions. Selecting one formal component
selects the corresponding expansion; all intermediate Floer generators in that expansion are
still summed over. If a representative word is inhomogeneous, its required component is
selected by a zero-one endpoint grading and parity weight.

For leaves with equal final grade and parity, let Ejg, be the matrix unit given by the
identity of the common sphere line in that position. Read it either from P to T'P or in the
reverse direction. Since Tj has weight one, the underlying matrices of

(51) To(p) Egat, PEgaTo(7)
are both
(52) 3 Ipra-
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The middle factor is the actual sphere identity cylinder. Expanding the two outer factors
therefore expresses each map in (51) as a finite sum of permitted count products. The only
new join is at the same fixed rank-one datum D, where no choice of a generator projection
is involved.

The integer lifts in this identification must be kept. If the output column is instead read
through T'D, put eg = (—1)™=b8) The expression is
(53) egTbﬁ (66)1D~>TDT0¢~
The twist contributes eg on the sole sphere input, and the prefactor cancels it. Equal final
grades imply bg — b, = 4k, not equality of the integer lifts. The word (52) naturally has
lift 4k, whereas the complete maps in (51) have chosen lift zero. If one twists the word, the

conversion is Ty (F) = (—1)*Ty(F). No grading origin has been changed, and no index-four
sphere trajectory is used.

Lemma 9.1. For every bigrading-preserving integral matriz A in the supplied leaf coordinates
of P, both Ty(p) Ai and pATy(i) are weighted count expressions, with their respective endpoint
lines. This assertion does not require A to be closed.

Proof. Expand A =} 5 AgaEpa over matching grades and parities, and use (51)-(52) for
each summand. There are finitely many leaves and finitely many words in every component.
Each integer entry is a fixed signed multiplicity of an already specified word. O

For example, let A be supported on two leaves of matching bigrading, with entries
A11, A12, Aa1, Ago. Its realization is

To(p)Ai = Aicilpry + Azcilpry
+ A21c2lpry + Asacalpra.
Each summand passes through the same sphere line, although the corresponding leaves occupy

different positions in the formal model. Individual summands need not be chain maps.
Closedness will be imposed on their full sum by the choice of A.

9.2. Selecting the coefficients. Fix an order of the leaves. Enumerate bigrading-preserving
integral matrices in increasing maximum absolute entry, and lexicographically within each
finite set. Choose the first matrix satisfying

(54) drpA = Adp,  A?=1.

These are finite exact integer equations. The search terminates by Lemma 6.1, whose splitting
proof supplies an integral solution. Read the same matrix as B : TP — P. Multiplying the
first equation by A on both sides shows that B is the inverse chain map.

This is an algebraic, noncanonical choice of coefficients. Lemma 9.1 is what makes it useful
here: every candidate already has a count realization before its equations are tested. A cycle
complement proves existence of a candidate, but is not inserted into a defining word. Neither
a bound on these coefficients nor a canonical surgery tree is asserted.

9.3. A two-generator example. Consider the finite mod-four graded complex
Py = Zz, P = 2Zy, P=P=0, dpx = 2y, dpy =0,

with x even and y odd. The twist changes precisely the degree-zero-to-degree-three compo-
nent, so drpxr = —2y. The bigrading-preserving involution

Axr = —z, Ay =y
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satisfies drp A = Adp: both sides send z to 2y and y to zero. Thus A : P — TP is an integral
chain isomorphism, with the same matrix for its inverse. In particular the example does not
require torsion-free homology: Hs(P) = 7Z/2.

This is a formal model calculation, not a computation of the Floer complex of a specified
manifold. If P occurs with the supplied sphere coordinates and maps %, p of Proposition 8.1,
its two diagonal entries give

(55) To(p)Ai = —cy 1pry + ¢y lpry.

The row and column labels absorb the different degrees and parities of x and y; each term
joins the corresponding row and column through the same physical sphere datum. The reverse
expression pATy(i) has the same underlying matrix, with its opposite endpoint orientation
lines. The equation drpA = Adp makes the full expressions closed, even though their
individual summands need not be closed. The following proposition verifies their inverse
homotopies in general.

Proposition 9.2. For every permitted actual calibrated gauge complex C, there are even
relative-degree-zero weighted count expressions uc : C — TC and vo : TC — C which are
mutually inverse up to integral chain homotopy.

Proof. For the selected matrix set

(56) uc = To(p)Ai, ve = pBTy(7).

Lemma 9.1 gives their count expressions, and (54) gives their chain equations. For verification,
choose an odd degree-one integral homotopy K with K = ip — 1p. It exists because the
finite free cone of the quasi-isomorphism 4 is contractible, and dh = pi — 1 identifies p

with a homotopy inverse. The splittings for this verification can be made separately in both
gradings. Define

ac = h+ pBT(K)Ai,

(57) bo =Ti(h) + To(p) AK BTy ().
Using BA = AB =1 and (33) gives
dac = vouc — 1c, obc = ucve — 1.

The degree-one twists in (57) include their degree-three input signs. The homotopy K ver-
ifies the inverse identities and is absent from (56). The proof applies to nonempty acyclic
complexes as well; for an empty complex the unique maps and zero homotopies suffice. [

No vanishing differential component or torsion-freeness assumption is used. The full formal
model supplies the intermediate sphere lines even when every differential component of an
actual endpoint complex is nonzero.

10. TRANSFER THROUGH FORWARD AND REFLECTED MIXED COUNTS

10.1. The reflected count. Fix common regular small data p with nonzero integral gauge
homology. Use literally reflected ordinary gauge and strip ends and paired reference structures
at the reflected presentation p. Its mixed interior data are chosen independently, sufficiently
small and regular. This is the reflected-presentation construction of Paper I, Section 11.2,
with the paired chain-level references of Paper II, Section 11.1; it is not a reflection of the
original mixed solutions.

Suppress p and write G, S, N for the calibrated complexes and mixed map. Paper II's
bent-cylinder gauge pairing ®¢ and its symplectic reflection pairing ®, identify reflected
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generator lines with signed units. The latter pairing, including its orientation comparison on
all strip configurations, is used only in its stated nonzero-homology domain. In the graded
dual and evaluation conventions of Paper II, set

(58) M = evg (Np@ )8y, &, =) evs.

This is the closed even map of Paper II's reflected pairing construction. The inverse symbols
refer only to canonical line pairings and evaluation. Each coefficient is an actual reflected-
presentation mixed count, read through those pairings with the graded evaluation sign. In-

serting the orientation-line maps of Section 4 expresses it on GG, S. These signed line identi-
fications do not introduce a mixed inverse or a new quotient multiplicity.

10.2. A common finite filtration. Use the real index constants c,(a) of [DFL21, Propo-
sition 2.53]. For any ordinary cylindrical gauge configuration A from a to b, including a
nonsolution,

(59) ind Dy = 8&,(A) + ¢,(b) — cp(a).

Read the same cylinder from b to a. Reversing both time and the spatial orientation preserves
the four-dimensional orientation. Use the reflected assembled primary functional: its sign
changes together with the spatial Hodge star. Thus the full modified curvature form and
its topological energy are preserved by pullback, as is the full scalar/ASD operator. The
paired end regularizer vanishes near the primary critical set; removing it by scalar homotopy
keeps the Hessians and index fixed, and has zero endpoint transgression. It therefore does
not change the constants in (59). Subtracting the two index identities gives

(60) cp(a) = cp(b) = cp(b) — cp(a).
Smooth configurations exist between any two selected critical representatives of the fixed
bundle, so this identifies all differences of the index constants.

The small-data triangularity theorem of Paper I, Theorem 3.8, and Paper II, Proposi-
tion 6.3, say that a nonzero off-diagonal coefficient of N from a to b requires c,(b) < c¢p(a).
At equal filtration the only coefficient is the unit of the constant pair, with sign 41 in the
chosen bases. The corresponding DFL statements are [DFL21, Proposition 3.23(iii) and the
proof of Theorem 3.29]. Apply the same theorem independently at p. A coefficient of M
from a to b is, up to its prescribed pairing signs, the coefficient of N; from b to a. By (60),
its off-diagonal support has the same inequality ¢,(b) < ¢,(a). Consequently N and M pre-
serve the same finite filtration, and the diagonal entries of M are +1. The pairing signs may
depend on the generator; the argument does not require them to be constant.

Proposition 10.1. At these data, the mixed map N has a strict inverse expressible as a
finite integer polynomial in forward and reflected mized counts and identities.

Proof. Let n > 1 be the number of generators. On S put
n—1

(61) Z=NM, L=2z-1 Q=) (-L, V=MZQ:5—G.
k=0

The triangular map Z has diagonal entries 41, so L strictly lowers the finite filtration and
L™ = 0. Hence

NV =2°Q=(1+L)Q=1s.
The chain isomorphism N is injective, and applying it to V.IN — 14 gives zero; thus VN = 14
as well. The maps N, M are closed and even, so the same is true of V. Since N is invertible
in each relative degree, NV = 1 also proves that V has relative degree zero. This conclusion
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concerns the complete polynomial, without imposing an unproved degree on each reflected
factor separately.

Every coefficient in (61) comes from a fixed finite polynomial in actual counts. The square
Z? is essential because the diagonal signs of M may vary. Changing reflected data can
change the expression for M; with N fixed, the two inverse identities show that the resulting
V is unchanged. This verifies the formula rather than defining its coefficients by matrix
inversion. ]

10.3. The actual positive mixed comparison. Take the gauge maps ug,vg and homo-

topies ag, bg of Proposition 9.2. In the branch o = —1, define
us = To(N)ugV, vs = NogTo(V),
(62) as = NagV, bs = To(N)baTo(V).

Twists are applied to the complete degree-zero map V. The defining maps are weighted count
expressions, now using the reflected mixed factors. The strict identities VN = NV =1 give

usN = Ty(N)ug, vsTo(N) = Nug,
(63) vsTo(N)ug — N = 6(Nag).

They also give dag = vsus — 1 and dbg = ugvg — 1. By (31), the twisted complexes and
To(N) are precisely the actual positive complexes and Nt with the matched references. If
o = 1, use the matched line identities and zero homotopies instead. This proves (4) in the
nonzero-homology case. The new maps on S include mixed factors; they are not asserted to
be pure symplectic polygon counts.

For an acyclic endpoint, the reflected pairing is unnecessary. The actual mixed equivalence
implies that G and S are both acyclic. Their positive versions are acyclic as well, since the
twist changes neither kernels nor images. Choose integral contractions kx with dkx = 1x,
separately in the two gradings, and let k} = T1(kx) in the negative branch or its matched
line transport in the positive branch. For this endpoint choose

(64) ux =vx =0, ax = —Kx, bX:—/i}, t=—kgN.

The zero maps are empty weighted sums between the unchanged actual complexes, and
0t = —N = vgNTug — N. They are homotopy equivalences because those complexes are
contractible. The contractions verify the relations; they do not define the maps. In particular
the actual N has not been replaced by zero, and no acyclic intermediate summand of a gauge
model has been discarded. This proves the endpoint assertions of Theorem B in every case.

11. POSITIVE COMPARISONS UNDER PRESENTATION CHANGES

11.1. The common-data system. The preceding construction gives ux p,vx, at every
common presentation. Write their inverse and mixed homotopies as

(65) VX pUuxp — 1 =0rxp, uxpvxp — 1 =0sxp,

(66) V5N Gy — NG = 6T,

The endpoint reference paths and relative grading origins remain fixed in these identities.
Changes of such bases are recorded by their orientation-line maps; they are not silently

replaced by a scalar sign.
For a calibrated presentation word Fy, on either side, define

(67) = ugFopvp.
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These are weighted count expressions with the actual calibrated geometric word as middle
factor. Its intermediate presentations need not be common DFL data. In particular this defi-
nition does not require an ordinary continuation equation joining opposite sphere characters.
An even representative may be chosen by endpoint-parity projection; the other component is
null-homotopic by its calibrated mixed square with the even gauge presentation map. If an
inhomogeneous closed representative is retained, write F'® = Feyen — Foqq and use the graded
Hom differential componentwise.
The graded Leibniz rule and (65) give

FqJ;rvup — ugFgp = 5(Uqu€p7"p)7
”qu—; — Fypvp = 0(rqFypup).
If FqFyp — eFy, = 0C, with one sign e, then

(68) FLFES —eFh = 6(ur(C + FryreFop)up).

The unit u,v, is homotopic to 1 by s,. Applying (68) to a reverse word and adding that
unit homotopy supplies inverse homotopies. A word-independence homotopy F' — F/ = 0F
becomes uyEv,. For arbitrary choices of the outer maps, the formulas below give equivalent
presentation systems. The calibrated word homotopies retain their provenance from Sec-
tion 5; some use algebraic cancellation to prove a relation between geometric maps. We do
not assert that each is one parameterized count.

To check compatibility with the actual mixed count, put

_ +
Dy =ugpTp — sspNy ua,p,

r_ +
Ep = vsypr sap — Tpvg p-

Then

0Dy = Nfugp, —uspNS¥,  6E), = Ni¥vg), — vs, N,
If the calibrated square is N, Calep —elgp N, cal — 0R,p, the positive square has homotopy
(69) NSGE, — el NS = 6(DgGopvgp + us,qRopvap + eus Lo, Er).

This includes changes of genus. The construction specifies the positive words themselves;
comparison with independently prescribed positive continuation or stabilization counts is a
further question.

11.2. Changing the outer normalization maps. Suppose up,vp,rp,s T’ are another

choice on the same actual positive and calibrated complexes Set K, = u; »Up- Its inverse is

upvp, with inverse homotopies sp—l—upr vp and s +u! rpv For the Correspondlng presentation
maps,

+ +1
(70) KoFg — F Ky = 6 (ug(rgFyp — Fopry)up).

On the two sides, using E’ from the unprlmed data above and D’ from the primed data, we
also have

KsNT — NtTKg = —0(usE' 4+ D'vg).
Both identities follow by substituting the unit and mixed homotopies (65)—(66). For three
choices, the composite of the adjacent K maps is homotopic to the direct comparison by the
intermediate unit homotopy. Thus these are equivalent systems in the projective homotopy
category. The assertion does not require K, to be the identity or u; to be homotopic to u,.
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11.3. Arbitrary regular small endpoints and cobordisms. At a common presentation
q define W by (5). Equation (66) gives

(71) Uh—X,=0J7, Jif = B/T,U,.

For an arbitrary prescribed regular small presentation p, choose a common presentation ¢, a
geometric identity word I',; and the reverse usual gauge cylinder H, as in Section 5. Set
vt = +
U ga=Tpa¥q Hep-
Combining (71) with (27) gives
I+ _ ST +
(72) Vgd ~ CpadXp = 5Lp;q,d’ Lpga= Epga+T
It is therefore an equivalence with the projective class asserted in Theorem B. For two choices,
subtraction gives the independence homotopy Lt —ee’ L*. If p is common, the constant word
recovers its actual positive representative. Here I'* = I" for the chosen even representative; the
displayed form also retains an inhomogeneous word. The independence includes all choices
inside u and v, because (71) holds separately for each choice. The prescribed endpoint p is not
changed to a DFL-regular one; only ¢ must meet the original mixed problem’s hypotheses.
For any permitted cobordism, write F' = Fjj(W) and S = Sq(W). The calibrated square is
X1 F —vS5Xg = 6Jw. With w = ejveg, the homotopy for the positive comparison is exactly

UFF —wSUF = §(erJw + LTF — wS°LY),

where S° = Seven — Sodd as in (30). Its intermediate objects may be arbitrary: all middle
cobordism maps are the calibrated ones of Theorem A, and normalization maps are needed
only at the two endpoints. If an intermediate object has zero homology, retain Paper II's
zero representatives and integral contractions, as in Section 5. This proves Theorem B.

e 71t
valq Hap-

12. TWO FURTHER ORIENTATION COMPARISONS

Theorem B changes the primitive-loop normalization by constructing new outer equiva-
lences and positive presentation maps. Two comparisons with independently named con-
structions remain. They concern prescribed orientation actions, so their answers cannot be
fixed by choosing a convenient sign in the maps constructed here.

12.1. The nonsingular cap convention. The usual gauge maps in this paper are identified
through the singular Hopf-link realization and excision. The nonsingular framed construction
of [Scalb, Sections 7.1-7.3] instead uses a particular torus cap to define its reference lines
and homology-oriented maps.

Question 12.1. How does the actual boundary gauge action on this cap reference line
compare with the singular Hopf-link and almost-complex reference actions, and how does
that comparison behave under cobordism gluing?

One must retain the incoming reference operator, the outgoing bundle action and the
quotient identification in a single determinant-gluing diagram. A closed index formula alone
does not identify this boundary action. The excision comparison in Section 3 does not need
its sign, so this is an additional comparison of the named nonsingular realization.
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12.2. Prescribed relative-spin orientations. A relative-spin system fixes background
classes and spin data for the Lagrangian correspondences before counts are defined. The
symplectic orientations used here are transported from the gauge theory through the mixed
equation. Agreement on strip complexes would not by itself identify the auxiliary operations
used for cobordism maps or stabilization.

Question 12.2. For a specified compatible system of relative-spin backgrounds and struc-
tures, do the resulting strip, cup, cap, triangle and stabilization maps agree, up to the required
integral homotopies, with the transported symplectic maps and their mixed comparison?

The target system must be specified together with its behavior under changes of genus.
Determinant-line monodromy at all ends of an auxiliary operation is a compatibility condition
for its existence, before one compares signs of individual solutions. The positive presentation
maps of Section 11 provide a coherent system of weighted count expressions. Question 12.2
asks for its relation to prescribed geometric operations, rather than merely for the existence
of some equivalent system.
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