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ABSTRACT: We study magnetic sheaves in a compact Calabi—Yau transition coupling two
conifold sectors to a rank-one FEs sector. Fixed-support Hilbert schemes give rank-one nu-
merical Donaldson-Thomas contributions on the rigid F; and P? surfaces on the two sides.
On a reducible moving divisor, two dual-ideal sheaves are isolated and Gieseker stable, each
contributing +1; their stability persists along ample polarizations approaching the contrac-
tion. Their vanishing first and second self-Ext groups also imply local persistence in smooth
polarized deformations of the resolved threefold, but not across its singular transition. An ex-
plicit magnetic splitting has one extension mode and a transverse phase alignment near large
volume. Using the analytically continued periods of the companion paper, we determine the
constituent phase sign at the marked quantum transition and exclude emission of the known
light electric particles on a final specified segment. The probe charges nevertheless carry con-
fined magnetic flux after Higgsing. These are component counts and partial wall constraints,
not a determination of the physical BPS index at the endpoint. Counts involving complete
moving pencils require a separate reduced-member hypothesis, stated in an appendix.
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1 Geometry, charge conventions and scope

Magnetic objects can test aspects of a Calabi—Yau transition that are not fixed by its massless
electric spectrum. Such a test requires both a charge calculation and a stability condition.
This note studies the first requirement and parts of the second for the compact transition
of [1]. We compute specified numerical Donaldson-Thomas contributions, their polarization
dependence, a two-constituent magnetic wall near large volume, and exact phase constraints
near the quantum transition. The results do not determine the full physical BPS index at
the strongly coupled endpoint.

Let X = 5(:9 be the smooth resolution of a compact Calabi-Yau threefold with two
conifold points and one cone over E = BlyP2. Tts Hodge numbers are (6,122). The nodal
curves (1, Cy and the two exceptional curves e, ey of F obey

R:L*(€1—62) =(C1+ Cs. (1.1)

The compact gaugings allow these local sectors to Higgs only together. The smooth side has
Hodge numbers (3,123) and a rigid plane. In the resolved chamber the corresponding surface
is S_ = Dg ~ [F1; on the smooth side it is Sy ~ P?, with class v. Their classical restrictions
and string anomalies are computed in [1, Section 3].

The geometric transition exists both by an explicit construction and by the exact mixed
smoothing criterion [2, Theorems 4.7 and 11.8]. The relation (1.1) has nonzero coefficients at
all three germs, and the selected deformation base of the singular threefold is smooth. That
theorem deforms the contracted threefold, not a sheaf on its resolution. To avoid conflating
the two problems, we prove below a separate persistence statement for the isolated sheaves
under smooth polarized deformations of X; transport across the topology-changing transition
remains outside that assertion.

We use the primitive divisor basis

D:(D2>D57D67D7aD87E)' (12)

The integral nef basis (H, ..., Hg) has columns

00 1 1 2 2
11 2 4 5 5
01 2 4 4 5

0-1-1-3-3-3
0-1-1-2-2-2
00 1 2 2 2

in D. In particular Hy = D5, Hy = Dy+ D5, H3 = D1, Hy = Dy. Write 3, for the dual curve
basis. Then
Co=p1, C1=P5 e2=7P06 «€1=7P1+ P54+ Be (1.4)



The ample class J, = >, H, = (6,18,16,—11,—8,7) fixes the initial polarization. The
contraction face is J = aDgy + bD1, a,b > 0. Appendix B prints the intersection data needed
for the sheaf stability tests.

For a pure surface sheaf F, charges mean

D(F) = ch(F)/TA(X) = (0, P, g, q0), ZLV__/Xe—tr, t=B4iJ (1.5)

The DO convention makes a point sheaf have period —1. The Dirac pairing with an electric
charge (0,0,7,70) is Pv. The normalized exact central charge for P # 0 differs from its
polynomial value by a magnetic period correction ¥p. No additional curvature term is added
after the Mukai charge has been fixed.

The four-dimensional particles here come from wrapping a five-dimensional magnetic
string on an auxiliary spacetime circle. This is distinct from the elliptic circle in the six-
dimensional interpretation of X. The physical mass contains the usual common normalization;
phase comparisons use the holomorphic central charges above.

The main unconditional sheaf result is the existence of two isolated stable components
carrying relative charges (C2,—1) and (R, —1) with respect to a moving D4 seed. Each
contributes +1 to the numerical DT invariant. Both remain Gieseker stable along ample
polarizations approaching the contraction. Their explicitly identified magnetic split has a
transverse alignment near large volume, but the exact endpoint periods lie strictly away from
that alignment. Light-electric emission walls are also excluded on a final specified segment.
These exclusions are incomplete: they do not prove that the constituent BPS states survive
the whole continuation. Moreover their magnetic charges are confined at a generic Higgs
vacuum. Conditional counts involving the full moving pencils are kept in Appendix A so that
their additional genericity assumption is separate from the isolated-component results.

2 Supported sheaves and isolated contributions

The rigid surfaces S_ = Fy and S, = P? also give a computable component of a protected
count. Compactify the spatial direction of the wrapped-M5 string on a circle. The resulting
type-IIA charges are D4-D2-DO0 charges. We use the large-volume description by Gieseker-
stable pure two-dimensional sheaves, with an ample polarization on the compact threefold
X, and count the component supported on S. This is a specified sheaf-moduli contribution,
not an identification of the full physical BPS index at the transition point.

Fix a line bundle L on S and let Z C S have length n. Writei: S <— X and £ = L® I.
Every rank-one torsion-free sheaf on .S with determinant L and second Chern class n is of this
form. Its pushforward is stable for every ample polarization: a proper subsheaf of the same
rank has a nonzero lower-dimensional quotient and hence smaller reduced Hilbert polynomial.
The moduli space on S is S = Hilb™(S), smooth and projective of dimension 2n [3].

This remains a smooth component of the moduli on the compact threefold. The normal
bundle is Kg, and the change-of-rings sequence gives

0 — Exty(€,8) — Bxth (i.£,i.E) — Homg(&,€ @ Kg). (2.1)



The last group vanishes: taking double duals embeds it into H"(S, Ks) = 0. There are no
determinant deformations, since H'(S,Og) = 0. Thus the first group is the 2n-dimensional
tangent space to S[. The natural map from this proper Hilbert scheme into the stable-
sheaf moduli is therefore an isomorphism onto an open and closed smooth component. In

2n

particular, the ambient Behrend function is (—1)=" = 1 on this component, so its numerical

Donaldson—Thomas contribution is

Qs,0(n) = x(5") (2.2)

[4, Theorem 4.18 and Section 1.2]. No other moduli component or stability chamber is
included in this definition.

The cohomology supplies a refinement Qg 1 (n;y) = y~2" Z]- b;i(S "1y, Here y records
centered cohomological degree; it is not a flavor fugacity or an assumed infrared R-charge.
We do not identify this refinement with a protected spin character at finite gravitational
coupling: a spin-refined trace in the compact string theory need not be invariant under
changes of coupling [5, Section 2.6]. For these two rational surfaces all odd Betti numbers
vanish. Gottsche’s product formula [3, eq. (2.1)] gives

Zs(q,y) = Y Qs.(n;y)g"

n>0
. (2.3)
mll 1—y=2gm)(1 — gm)22(9)(1 - y2gm)

The answer is independent of L. The first numerical contributions are

nl01 23 4 5 6
S_[1414 40 105 252 574 (2.4)
Si[13 922 51108 221

Since by(S_) — b2(S4) = 1, even the refined ratio is

M — H (1 — qm)_l. (2'5)

ZS+ (Qa y) m>1

With ¢ = €2™7, the vacuum-normalized unrefined series ¢ X(5)/ 21Z4(q,1) are n(7)~* and

().
with the wrapped-string anomaly difference computed in [1]. These are fixed-flux coefficients

Their ratio is the oscillator character n(7)~! of the extra chiral boson, consistent

of the rank-one string count [6, Section 2.1], not its complete flux-summed elliptic genus.

2.1 Shifted flux charges

The flux shift is essential When interpreting these coefficients as brane charges. In the con-
vention I' = ch(i,.€)/Td(X), Grothendieck—Riemann—Roch gives

f = Cl(L) - §KS7

I = (0,[5],i*f,;/sf2_|_xéi)_n) (2.6)



[6, Appendix B.1]. Thus ¢;(L) = ah+be on S_ gives f = (a+3)h+ (b—1)e, whereas ¢1(L) =
ah on Sy gives f = (a+ 2)h. For the fixed representatives with restrictions (Dy|, D[, Ds|) =
(0,h,—3h +€) on S_ and (Dy|, D1|,v|) = (0,h, —3h) on S, their electric charges are
(QD07 QD17 QDs)— = (07 a+ %7 _Sa - b - 4)7
(QDm QD17QZ/)+ = (07 a+ %a —3a — %)

There is no integral b for which the shifted exceptional flux vanishes. Consequently (2.5)

(2.7)

compares oscillator counts, not equal-charge states across the transition. A flux-summed
genus requires the shifted lattice, a quadratic refinement, and its polarization-dependent self-
dual decomposition. Nor does this sheaf calculation determine all bound states in the physical
stability condition of the compactification.

2.2 Magnetic pairings

There is an additional obstruction to extracting the condensate spectrum from this string by
ordinary halo wall-crossing. For a D4-D2-D0 core of magnetic charge P and a purely electric
particle v = (0, 0,72, 70), choose the Dirac pairing convention (I'p,7) = P - 72. The compact

data give
P Cl CQ R:C1+CQ
D
s 00 0 (2.8)
Ds| 0 1 1
Dgl—1 0 -1

The first row vanishes for every electric charge in ZCi 4+ ZC5, independently of the core
flux and of DO charge. The ordinary halo index has an exponent proportional to this Dirac
pairing [7]; see also [5, egs. (2.23)—(2.25)]. Its multiplier around the Dg core is identically one
for any spectrum supported on this charge lattice. Equivalently, Ds|s. = Dgls. = 0, and
every supported flux counted above is neutral under both effective vectors. This excludes a
halo-wall-crossing determination using this core; it does not exclude threshold bound states,
contact interactions, or the geometric transition itself. The D5 and Dg strings instead have
nonzero pairings with the required root and complementary nodes. This vanishing applies to
the rank-two root and nodal lattice, not to all four finite-radius conifold charges: Dgi.e; =
Dgiyes = 1. The distinction will matter in Section 4.4.

2.3 Moving supports and the reducible fiber

The nonzero pairings in (2.8) do not by themselves determine a probe index. Unlike Dg, both
D5 and Dg move. Write X = Xg and P; = D;. Their pencils have the members

Ps ~ Ds + D7 + Dsg, Ps ~ Dy + D7 + Dg, P?=0, P}=0C. (2.9)

The first defines the K3 fibration. A smooth member of the second is a K3 surface blown
up at a point, with canonical curve C;. Each pencil has two sections, represented in Cox
coordinates by (zs, z327258) and (26, 242728). The second has scheme-theoretic base locus Cf,



a smooth complete intersection with normal bundle O(—1) & O(—1). Its universal member
is therefore Blg, X. Counting a single fixed K3 would omit the motion of the support [8,
Section 2.2].

The higher cohomology of Ox(P;) vanishes and h°(Ox (P;)) = 2. The divisor sequence
then gives H'(T,Or) = 0 for every member. The structure-sheaf seed charges, whether or
not their full pencil is a stable moduli component, are

T50=(0,P5,0,1), Tgo=(0,Ps,—3C1, 1. (2.10)

Appendix A computes zero- and one-point pencil contributions under a separate reduced-
member hypothesis. The support restrictions and isolated contributions below are uncondi-
tional for the specified resolved geometry.

Where the missing probe states must occur. For P;, the limitation is stronger than
motion of the support. Any effective support cycle of class P is vertical for p: nefness and
P52 = 0 imply that each component has zero intersection with P; and an ample divisor. A
sheaf on such a support is unchanged by tensoring with Ox (Ps), which is pulled back from
the base and trivial over a neighborhood of the finitely many supporting fibers. Its induced
D2 charge therefore obeys

st :P5'Ch2(f) = 0. (211)

Adding Cs or R to a seed changes this charge by one. Such a core—particle state cannot
lie in any pure two-dimensional sheaf component of magnetic charge Ps in this large-volume
description. It would require a different physical stability description, for example a derived
object; this is not a no-go for the physical state.

For Py, set Ag = D7 — Dg = —Dy — Dg. Every pencil member except T, = Dy + D7+ Dg
is disjoint from Dy and Dg. Thus Ox (Ag) restricts trivially to it, and all sheaves supported
on those members have ()4, = 0, including the seeds. But

Ag-C1 =0, Ag-Co=Ag-R=1. (2.12)

Within this pencil, a sheaf obtained by adding C or R must therefore be supported on 7.
This reduces the sheaf calculation to a reducible surface, with gluing along its double curves.
The vertical modular formulas of [8] assume irreducible fibers and cannot be applied directly
to this contribution. Neither a fixed smooth-K3 oscillator series nor the seed components
above determine it.

An isolated contribution with cooperative electric charge. Isolated components of
this reducible-surface moduli problem can be computed without the additional pencil hypoth-
esis. Put T'=T and Z = I¢, 7. Consider the two sheaves

Fo = HomT(I, OT), Fr= HOmT(I, wT) =F® Ox(P(;). (2.13)



Sheaves on T are again understood to be pushed forward to X. Both are J,-Gieseker sta-
ble and define isolated reduced points of the stable-sheaf moduli on X. Their charges and
numerical DT contributions are

‘ r ‘Qiso
Fo (0, P, —%Cl + Cy, —%) 1 (2.14)
Fr| (0,Ps, 3C1 +Co,—35) | 1.

In particular, I'(Fr) — I's0 = (0,0, R, —1). The superscript denotes these individual compo-
nents, not the full invariants at their charges.

The construction also determines the gluing at the double curve. The complete intersec-
tion Cy = Dy Dy =~ P! has normal bundle O(—1) ® O(-1) in X, and

(D4, D7,Dg) - Cy = (—1,1,0),  Ps-Cy =0. (2.15)

It meets D4 N D7 at one transverse point p, away from Dg. Near p the surface and ideal
have the form Or = C[[z, v, 2]]/(xzy) and Z = (z,z). Thus Cj is not Cartier on T the dual
ideal in (2.13) is rank-one torsion-free, but not locally free at p. This is essential. The naive
restrictions (Op, (C2), Op,, Op,) have degrees one and zero on the two sides of D4y N D7, and
cannot be glued as a line bundle.
The ideal Z is maximal Cohen—Macaulay on the Gorenstein surface T, by the sequence
0 —Z — Or = O¢, — 0 and the depth lemma. Duality gives pure sheaves in (2.13) and
sequences
0—>OT—>FQ—>OCQ(—2)—>O, 916
0 — wp — Fr — Oy (—2) — 0. (2.16)
Here wr = Or(Ps) = Or(C1), and its restriction to Cs is trivial. Since x(Oc,(—2)) = —1,
these sequences give precisely the DO shift in (2.14); it must not be discarded when interpreting
the electric flux as an added particle.
For stability, a proper subunion U C T has the same generic double-curve gluing as Or.
For T =U + (T — U) define

5r(U) = [LUQT — D)|(J2T) - (LT?)(J20).

Relative to Op, the component fluxes of Fy are (C9,0,0) and those of Fgr are (Cs,C1,0),
in the order (Dy4, D7, Dg). Let v be the total flux and vy its sum over U. The numerator
comparing the maximal subsheaf supported on U with the full sheaf is

55(U) = 62(U) +2[(Ju - 1)(J2 - U) = (o 30) (J2- T)]. (2.17)

Point defects do not change this coefficient. For the six subunions 1,2,3,12,13,23, the nu-

merators are
Fo |3388 5222 1488 1482 4282 4334

(2.18)
Fr|3630 4974 1494 1476 4530 4092.



All are strictly positive. Full-multirank proper subsheaves have a nonzero lower-dimensional
quotient, hence a smaller reduced Hilbert polynomial. This proves stability, including the
non-locally-free gluing point.

To compute the ambient deformation space, let Ic, be the ideal in X. Since Cjy is
disjoint from the pencil base curve Cy, the restriction of the two sections of Ox(Fs) to
Oc,(Ps) = Oc, is surjective. Together with the higher cohomology vanishing above, this
gives RHom(Ox (—Fs), Ic,) = C in degree zero. Consequently

0 — Ox(—Fs) — Io, — I —0 (2.19)

is the spherical-twist triangle. The autoequivalence of [9, Theorem 1.2] identifies the self-
Ext groups of Ic, and Z. The former has no first-order deformations: H O(NC2 /x) = 0 and
H'(Ox) = 0. Derived duality satisfies RHomx(Z,Ox) = Fr[—1]; it, and tensoring by
Ox (—Ps), preserve the dimension of self-Ext!. Thus

Extl (Fo, F2) = Exty (Fr, Fr) = 0. (2.20)

Each stable point is therefore an open and closed smooth zero-dimensional component, with
Behrend weight +1 [4, Section 1.2 and Theorem 4.18].

The second sheaf supplies a compact contribution carrying the cooperative electric class.
It remains distinct from the desired five-dimensional particle index. The complete moduli at
either charge have not been classified, and physical stability at the cooperative contraction is
not established.

Section 3 extends the Gieseker-stability calculation and explains why the raw DO shift is
frame-dependent. At these fixed charges, the divisor sequence and Serre duality give

RHomX((’)CQ(—l), OT) = 0.

Thus replacing the quotient in (2.16) by the zero-D0 curve sheaf does not give a nontrivial
extension of Op. This excludes that elementary construction, not other sheaves or derived
objects at zero DO shift.

2.4 Persistence in smooth polarized deformations

The integrability theorem for the singular threefold does not by itself deform a specified
magnetic sheaf. In the smooth resolved phase there is, however, a separate consequence of
(2.20).

Proposition 2.1. Let X — B be a smooth projective family of Calabi—Yau threefolds over
a smooth pointed complex base, with central fiber X = 5(:9 and a relative ample polarization
restricting to J.. For each F € {Fa, Fr}, the relative stable-sheaf moduli space is étale over
B at [F]. After an étale base change and restriction to a neighborhood, F extends to a flat
family of stable sheaves. Its local moduli branch is unique, and each nearby fiber is an isolated
reduced stable point with numerical DT contribution +1.



Proof. Stability gives Homx (F, F) = C. Serre duality on the smooth Calabi-Yau threefold
and (2.20) give
1, k=0,3,

2.21
0, k=1,2. (2.21)

dim Ext% (F, F) = {
For a first-order ambient deformation with Kodaira—Spencer class x € H'(X,Tx), the ob-
struction to extending F is

or(k) = (idr ®k) o At(F) € Ext¥ (F, F), (2.22)

where At(F) € Exty (F,F ® Q%) is the Atiyah class. The corresponding obstruction for a
small Artin extension lies in Extg((}" , F) tensored with its kernel; lifts, when they exist, form
a torsor under the analogous first Ext group [10, Section 3]. These groups vanish, so the
relative moduli morphism is formally étale at the point, and hence étale since it is locally of
finite presentation. Scalar automorphisms require an étale local choice of universal family but
do not change the coarse moduli branch. The deformation is a flat sheaf after shrinking, and
stability is open for the relative polarization. Upper semicontinuity preserves vanishing of the
first and second self-Ext groups. Thus the fiber moduli point remains smooth of dimension
zero and has Behrend weight +1. O

This proposition concerns ordinary smooth deformations of the resolved phase, with
fixed topology and an ample polarization. It does not provide a relative sheaf across the
contraction, where the topology changes; nor does it control physical stability when the
large-volume description fails. Even within the smooth family it describes the specified local
component, not every stable object of the same charge. In particular, the distinct counts
on F; and P? are not made into an equal-charge deformation-invariance statement by the
smoothing theorem.

3 Stability and magnetic constituents

The two isolated sheaves remain stable for polarizations approaching the cooperative face.
This statement concerns Gieseker stability; it does not assume its equivalence to physical
stability at vanishing curve volume. Set

J.=aDy+bDi +eJ.,  a,b>0, e>0. (3.1)

This class is ample. For a + b > 0 it approaches the contraction as ¢ — 0, with J. - C; =
Je - Co = €. Substitution in (2.17) gives cubics in (a,b,€) with nonnegative coefficients for
all six subunions, for both F5 and Fr. The coefficient of € is the strictly positive entry in
(2.18). Explicit common lower bounds are printed in (B.3). Thus neither sheaf crosses a
Gieseker wall along (3.1); its isolated contribution remains +1 for every positive rational e
and rational a,b > 0.



The magnetic probe itself does not contract. Its limiting volume is
1
lir%§J3~P6:7a2+8ab+2b2 >0  (a+b>0). (3.2)
e—

Moreover, Gieseker stability is an asymptotic statement about the Hilbert polynomial for
each fixed ample polarization. A physical large-volume approximation along AJ. requires, in
particular, Ae > 1 in string units. It is not uniform in the contraction limit at fixed A\. The
calculation therefore removes a polarization-wall obstruction, but does not control quantum
stability at the endpoint [6, Appendix B.2].

Circle momentum and spectral flow. There are two different circle reductions in this
paper. The elliptic fibration describes a six-dimensional theory reduced to five dimensions; its
KK tower is represented by M2-branes on the elliptic fiber class F'. The sheaf count instead
compactifies a spatial direction of the five-dimensional M5 string on an auxiliary circle to
obtain a four-dimensional D4-D2-D0 particle. DO charge records momentum on this latter
circle [6, Section 2.1]. It must not be identified with the elliptic-fiber contribution in the
six-dimensional dictionary.

The relative DO label also depends on the integral B-field frame. For a line-bundle class
¢ € H?*(X,Z), tensoring gives, in our Mukai convention,

(P,q,q0) — (P,q+ Pl,qo+ L - q+ 5 P?),

(3.3)
(v,Aq0) — (v, Ago + £ - 7)

for two charges with the same magnetic part P. The simultaneous change B — B + / leaves
e~ BT unchanged; this is a change of charge frame, not a new physical state. It is the line-
bundle form of spectral flow [6, eq. (2.7)], with the DO sign fixed by our definition of T
Here

PsDs = F, D2 =0, Ds-Cy=Ds-R=1. (3.4)

Consequently ¢ = Ds changes the relative labels (Cq, —1) and (R, —1) to (C3,0) and (R,0),
while adding F to the seed’s D2 charge. A nonzero raw DO shift is therefore not an invariant
obstruction. This relabeling neither supplies a state at the original seed-plus-root charge in
the original B = 0 frame nor extracts a five-dimensional particle from a wrapped magnetic
string. Decompactifying the auxiliary circle also removes the finite momentum spacing, but
makes the wrapped magnetic particle an extended string; its excitation count is not thereby
a bulk particle index.

A fixed-charge path crosses a magnetic slope wall. Varying B while keeping the
sheaves and their charges fixed is different from the simultaneous transformation above.
Take B = —sDs5, 0 < s < 1, and define the twisted Hilbert polynomial by Pp j(F;m) =
[x e B ch(F)e™ Td(X). For a subunion U, its strict linear-coefficient comparison becomes

57 s(U) = 0ro(U) +2s[(J - F)(J*-U) = (J- DsU)(J*-T)], T=PF. (35



All the flux DsT = F lies on D4. The first vanishing comparison is therefore the one for
U = Dy, at
67,0(D1)
J) = : 0,1). 3.6
s7(J) 2(J.F)J2.(D7+D8)€(’ ) (36)

To check that this is first, multiply each of the other five comparisons at this value by the

positive denominator. Their expansions in (a, b, €) have nonnegative coefficients and strictly
positive €® coefficients. Also 0r,1(D4) has strictly negative coefficients on every nonzero
monomial. The intersections printed in Appendix B and (3.5) determine these polynomial

tests. In particular,

77 165
8-7:2(‘]*):77 S]'—R(J*):77
104 208 (3.7)
lim s5(JL) = 7a2 + 8ab + 252 :
637\ T 1102 1 10ab + 202

The limiting value is 17/23 on the interior ray a = b. Both sheaves are twisted-Gieseker stable
before their stated slope wall and unstable after it. At the wall itself the constant Hilbert
coefficient must also be compared; no claim of Gieseker semistability there is needed.
The destabilizing subsheaf and the extension are explicit. Write V = D7 4+ Dg and
G =0Op,(C2+ Kp,). The component gluing gives
0—G— Fr — Oy — 0, 13
0—G— Fr — Oy (Fs) — 0. (3:8)
These are nontrivial extensions, unique up to scalar. Indeed H*(G) = 0 and H*(G(V)) =C
in degree zero: on the rational elliptic surface Dy, the two line bundles are O(Cy — F) and
O(C3). The divisor resolution of Oy then gives Extl (Oy,G) = C and vanishing in other
degrees. The same holds for Oy (Fs) because Op,(Fs) is trivial. The two magnetic charges
are Dy and V, with Dirac pairing —1 in our convention. This is a split of the magnetic
support, not emission of a purely electric cooperative particle.
For comparison, the polynomial large-volume central charge Zry = — | x e~ (BHiJ)T [7,
Appendix A, eq. (A.9)] gives relative values

AZQvLV =1— s+ i€, AZR,LV =1-— s+ 2ie. (39)

The fixed-charge path thus encounters the magnetic slope wall before the real term cancels
at s = 1. This is a controlled large-volume comparison, not an exact marginal-stability wall
at the contraction. We next determine the associated two-constituent contribution near large
volume and the persistence of its phase alignment.

3.1 Magnetic bound states near large volume

The magnetic splitting in (3.8) admits a two-constituent bound-state calculation near large
volume. It also gives a transverse phase alignment that persists under sufficiently small
quantum corrections. Neither statement requires extrapolating Gieseker stability to the con-
traction.

,10,



Rigid constituents and one extension mode. Write A = Dy, V = D7+ Dg, Ho = Oy
and Hr = Oy (T). All three constituents G, Ho, Hpr are spherical: their self-Ext groups
are C in degrees zero and three and vanish in degrees one and two. For G, this follows
from H'(A,04) = H°A,K4) = 0 on the rational elliptic surface. For either extension
0— G — F—H — 0, the cross-Ext calculation above and Serre duality give

RHomx (H,G) = C[-1], RHomx (G, H) = C[-2]. (3.10)

The connecting map Ext?(G,H) — Ext3(G,G) is an isomorphism: its Serre-dual map sends
the identity of G to the nonzero extension class. Thus RHom(G, F) = C in degree zero, and
‘H is the spherical twist of F about G. The autoequivalence [9, Theorem 1.2] and the rigidity
of F prove the assertion for .

The factors are also twisted-Gieseker stable along the polarizations (3.1) and B = —sDs.
Stability of G follows from rank one on the integral surface A. For H = Oy (L), where
L = 0 or T, the maximal subsheaf on U = D7 or Dg is Oy(L — (V — U)). Put qu =
U(L— (V —U))—U?/2. Its strict slope comparison is

(Je- ) (JZ2 - U) = (Je - qu)(J2- V) > 0. (3.11)
Each of these four cubics has nonnegative coefficients in (a, b, €); their €3 coefficients, in the
order (Ha, D7), (H2, Ds), (HRr, D7), (HRr, Dg), are (422,282,419,285). These inequalities are

independent of s because D5V = 0. Proper subsheaves of full multirank have a nonzero
lower-dimensional quotient and cannot destabilize.

Phase alignment including the DO terms. Fix J. and use t = —sD35 + iAJ.. Define
va=J2A)2, vy =J*V/2 f=J.-F,g=J.-qg and h = J. - g5. Their values are
Vg = %az + 3ab + b? + 21ae + 17be + %62,
vy = %a2 + 5ab + b2 + 45a€ + 19be + 88¢,

) (3.12)
f =3a+2b+ 13¢, g = —5(3a+2b+1l¢),
ho = £(3a + 2b + 12¢), hr = 3(3a + 2b + 14e).

The polynomial central charges, with the Mukai DO terms retained, are therefore

Zg’L\/ = )\QUA — S+ % + i)\(g + Sf), ZH,LV = )\vi — % + iAh. (313)
Set K = fvy > 0 and C = vah — vy g. Direct multiplication gives
Im(Zg v Zuiv) = A(VK +h — 25 f)s = N>C — g — $h],

_NC A+ g+ 5h (3.14)

pol \) = '
Here 4C' = 07 0(A) and 4K is the denominator in (3.6). Hence this alignment approaches the
slope wall with an O(\~2) correction. At J,,

20328)\% + 17 pol vy 21780A% + 29

pol N =" - _ -/ 7
o V= ormee s R N T e 1 as

(3.15)
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Both lie in (0, 1) for A > 1. Their derivatives of the alignment function with respect to s are
strictly positive. The real parts of both constituent central charges are positive there, so the
solutions describe equal phases, not opposite phases. The same conclusions hold for any fixed
Je and sufficiently large A.

Quantum corrections and the local bound-state index. Choose flat period coordi-
nates ! = X!/X0 in the large-volume charge frame, and divide the holomorphic central
charge by X°. For zero D6 charge its form is

Z(0,P,q,qo;t) = —3Pt* +q -t — qo + Up(t), (3.16)

where Up is linear in P and contains the worldsheet-instanton corrections to the magnetic
periods [6, Appendix B.2]. The polynomial charge convention is the one used in (3.13); no
additional ¢y shift is added to its DO terms. Specify the path by t = —sDs + iAJ. in these
flat coordinates. For fixed ample J, the convergent large-volume period expansion makes

~“A) for some ¢ > 0, uniformly on a bounded s interval.

U 4, Uy and their s derivatives O(e
The correction to the first line of (3.14) is then O(A\2e~}), whereas its transverse deriva-
tive is A>K 4+ O()). The implicit-function argument gives a unique nearby exact alignment,

with
sFA () = s2 () + O(A e ). (3.17)

The same-phase inequality remains strict, since Re(ZgZz) = Mvavy + O(A\?) > 0. This
proves persistence of the alignment near large volume without evaluating the quantum peri-
ods. The estimate is not uniform at the contraction.

Under the usual large-volume identification of these stable sheaves with BPS branes, the
two-constituent sector near alignment has one chiral extension mode z, no adjoint deformation
modes and no oriented cycle. Its quiver quantum mechanics has dimension vector (1,1) and
no superpotential. With the sign convention ¢ & —Im(ZgZ3), its relative D-term equation

2P =¢ M = {{pt}’ <20 (3.18)
@, (<0.

1S

At ¢ = 0 the constituents can separate and the bound state is at threshold. The relative
index is consequently one below the nearby wall in s and zero above it. Equivalently the
two-constituent contribution to the index jump, oriented from the unbound to the bound
side, is +1: both isolated constituent contributions are +1 and [(I'g,T'y)| = 1. This agrees
with the primitive wall-crossing factor [7, Section 4.2 and eq. (5.3)]. It is a contribution from
specified rigid constituents, not the complete invariant of either constituent charge or of their
sum.

One quantum-period identity needs no expansion. Since the charged sheaf and the seed
have the same magnetic charge, their magnetic periods cancel exactly:

AZy=1+t-Cy, AZp=1+t-R. (3.19)
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These equal 1 — s + iXe and 1 — s + 2iXe on the specified flat-coordinate path. The identity
does not assert that a BPS particle of the difference charge exists, or identify the classical
contraction with a particular quantum-period value. In particular, the bounds above are for
fixed € > 0 and are not uniform as ¢ — 0 at fixed . Section 4 evaluates their endpoint phase
sign using the continued periods of the companion paper.

4 Quantum phase constraints

Mirror symmetry supplies closed-M2 indices independently of the magnetic sheaf counts. Let
ng be the genus-zero Gopakumar—Vafa invariant of the resolved threefold in curve class 5.
We fix its normalization by

1

Finst () = @) > nfLig(e*™ ). (4.1)
>0

These are integer coefficients of a spin-weighted M2 index, not dimensions of magnetic sheaf
moduli [11]. Applying the toric Frobenius construction [12, 13] gives

0 _ .0 _ 0 _ o _,0 _
ne, = ne, = 1, np =0, Nyey = Npey = 1, (4.2)

where ¢ : B — )?9 and e; = Dy|g, ea = Ds|g. The period construction and integral marking
are given in [1, Section 5 and Appendix C|. It determines all coefficients through total nef
degree eight: of 3002 nonzero lattice classes in the chosen outer Mori cone, 80 have nonzero

genus-zero invariant.

The mixed electric class has no connected curve. The vanishing in (4.2) also has
a geometric proof, valid beyond the finite degree computation. Let 7 : )?9 — X9 be the
contraction, whose exceptional fibers are the disjoint loci C1, Cy and E. For any m,n > 0, a
connected stable map in class § = mC7 +nCs would have zero degree against the pullback of
an ample divisor on Xg. Its image must therefore lie in one fiber of 7. It cannot lie in either
nodal fiber, since C1, Cy are independent classes and both coefficients are positive. It cannot
lie in F:

E-5=0, E|g = Kg, —Kp is ample. (4.3)

Every nonconstant effective curve in F has strictly negative intersection with E. Hence the
connected stable-map space is empty for this class in every genus. In particular n?nCl tncy, =0
for all m,n > 0. This argument concerns connected maps; the disconnected cycle C; LI Cy
certainly exists.

The other entries of (4.2) are the isolated (—1,—1) rational-curve contributions, repro-
duced by the mirror calculation. The compact relation now has a spectral interpretation:

txe1 = tyeas + C1 + Co, Jower=J e+ J-Cy+J-Co. (44)
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An isolated rational curve in E has the same total compact charge and five-dimensional
BPS mass as the disconnected three-curve configuration on the right. The genus-zero single-
particle index at the left-hand charge is +1, whereas the difference class R has no connected
holomorphic representative. This is a threshold charge and mass identity, not a calculation of
a decay amplitude. It explains why the +1 magnetic contribution at relative charge (R, —1)
cannot be read as an elementary particle of charge R. Neither the vanishing nor this threshold
identity determines the interacting operator spectrum at the singular point.

Computed magnetic corrections. Let Hy,..., Hg be the integral nef basis specified in
Section 1, and let 8, be its dual curve basis. Thus 8y = Cy, 5 = C1, Bg = t«e2, and
ter = PB1+ Bs + Bs. Write t = Y t.Hy and ¢ = e?™ia  Differentiating (4.1) gives the
corrections in (3.16) in the same Mukai frame:

Up(t W > (P B)nf Lia(d?). (4.5)
£>0
No additional polynomial or ¢o term is included here. Since A = —H; + Hs and V =

Hy — Hy — H5 + Hg, the first terms are

AW a = —qu + g2 + 1(—a1 + 63) + 34203 — 20206 + O(”),

(4.6)
ATy =q1—q2 — g5 + @6 + 2(6F — &5 — @& + ¢§) — 3q2a3 + 4396 + O(¢°).

The remainder denotes total degree at least three, not powers of a single coordinate. The
one-quarter coefficients are double covers of the degree-one classes.
To evaluate the previous path, use the flat coordinates

(t1,...,t6) = (—s +iXe, ide, iA(b+¢€), iA(a+¢€), ide, ile). (4.7)

Let siq denote the root of the alignment equation after retaining GV terms of total degree
at most d in (4.5), with the full dilogarithm for each retained class. At t = —sDs + i.J, the
degree-eight values are

Spol _ Spol

5[8] 5[8]
Fo  0.740626137605 0.740632681385 6.54378 x 1076 (4.8)
Fr 0.793227613297 0.793233852071 6.23877 x 1076

The degree-six and degree-eight results differ by less than 2 x 102" here. This is agreement
between truncations, not a rigorous bound on the omitted classes. The truncated roots are
transverse and satisfy the same-phase inequality.

These numbers compare finite truncations near large volume. They are not used to infer
the phase sign at the transition.
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4.1 Charge transport and circle holonomy

There is an exact continuation statement near either ordinary conifold, with the other sectors
kept nonsingular. Put 7, = ¢ - C; and choose the vanishing brane O¢,(—1), whose charge is
(0,0,C4,0). The isolated-curve contribution is

P.C; P.-C;
e —7; log(—2miT;) + single-valued terms. (4.9)
i

A counterclockwise loop around 7; = 0 consequently adds (P - C;)7; to Z. In the original

\Ijg) — i2(€27ri7'i) _

period branch this is equivalent to the integral charge transformation

We use this period-continuation convention; transforming the charge basis instead gives the
inverse map. This is the usual conifold transvection, also described by the spherical-twist
monodromy [14, Section 5.

The two transformations commute, since the vanishing charges are mutually local. They
are not equivalent to a single conifold transvection associated with R. On the integral
magnetic—electric lattice,

(M My — 1)(P. (0,(P - 01 )C1 + (P - C5)Cy),
(Mg —1) Pq = (0,(P-R)R), (4.11)
rank(M My — 1) = 2, rank( r—1)=1

Here Mp is a hypothetical single-particle transvection, not an asserted discriminant mon-
odromy. This distinction is consistent with n% = 0 and is not removed by the compact
homology relation. For the magnetic constituents the needed pairings are

P P-C,P-C
A o -1 (4.12)
1% —1 1
T ~1 0

Thus Ms changes the electric charges of G and H by —Cy and +C5, respectively, while leaving
their total probe charge fixed. The combined nodal monodromy shifts the probe and its seed
by —C', rather than — R. Their relative charges remain unchanged. These formulas determine
charge transport, not stability or an index at the common singular point.

On (4.7), the normalized electric periods of the two nodal DO towers are

Zl,k =k+ ’L.)\ﬁ, Z2,k =k—s+ i)\ﬁ, k€ Z. (413)

At fixed auxiliary-circle radius, simultaneous nodal masslessness therefore requires € — 0 and
s — Z. If the alignment tends to an interior value s, € (0,1) instead, the second tower
has a nonzero normalized mass gap dist(s.,Z). Thus shrinking the classical curve areas
along this B-field path does not by itself reach the simultaneous massless locus. This is a
condition on the auxiliary four-dimensional probe problem, not an obstruction to the original
five-dimensional geometric transition.
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4.2 The marked compact transition

Write (v, a,b) = (22, 23, 24) for the spectator parameters. For sufficiently small nonzero values,
the companion paper proves that the locus

DI zZ1=z5=2z=1 <= li=t3=1t=0 (4.14)

has four ordinary nodes. In the continued large-volume marking, their integral charges are
precisely

(0,0,C1,0), (0,0,C%,0), (0,0,s.e1,0), (0,0, e.e0,0). (4.15)

They generate a primitive rank-three lattice, with the single relation t,e; —t,ea —C1 —Cy = 0.
This assertion uses convergent electric periods and unit local residues, not just the abstract
relation or Hodge numbers [1, Section 5.2 and Appendix C]. Its analytic proof is not repeated
here.

In this compact integral marking, the magnetic pairings with the exceptional-curve dou-

blet are
P P-i.e1 P-yes
A -1
0, (4.16)
Vv 1 1
T 0 1

Thus the monodromy around this pair shifts the electric charge of G by —i.e1, that of H
by txe1 + txea, and the total probe and its seed each by t.e2. Their relative charges remain
unchanged. With 7; = Z,,, the corresponding singular part of a magnetic period due to these

two nodes is
2

Z(P < Ly€;)T; log ;. (4.17)
i=1

1

Zsing _ :
P 27

The two C7,C9 nodes contribute the analogous terms with their previously computed mag-
netic pairings. Each singular term tends to zero at the massless point and does not determine
the regular, bulk-dependent part of either constituent period. In particular it does not fix
Im(ZgZ3;). These singular pieces alone do not settle the phase alignment. The regular terms
can, however, be continued on the same small-bulk branch.

4.3 Regular periods and the constituent phase

The same continuation gives the regular magnetic periods [1, Appendix C]. In the Mukai
frame of (3.16), their leading terms are

1 v+a

_ - 2
Uyly = 5 42 + 0O(69),
(4.18)
Ty | ——1+72(U+a)+0(62) § = |v| + |a|] + |b]
VI 19 472 ’ =1 a )

Here ¥ denotes (4.14); the error is a small-bulk analytic remainder, not a total nef-degree
truncation. The constant terms include the four conifold multicovers. The convergence proof
in the companion paper sums all local degrees before expanding in the spectator parameters.
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For positive sufficiently small (v,a,b), all three spectator flat coordinates are purely
imaginary. Write ¢; = iy; for j = 2,3,4, with y; > 0, and put Jy, = y2Ha + y3H3 + ysHy.
The restricted magnetic corrections are real. The two quotient charges differ by C; with zero
DO shift, so their periods coincide exactly on Y. Using their Mukai charges gives

Zg=Va+35+V¥y—1iY,

5 . 3 (4.19)
ZHQZZHR:VV_ﬁ+\I]V+ZK Y:y3+§y47
where Vp = PJ% /2. In particular, the common total probe period is real and equals
— 1 —
My, —VT—FE-F\I’T, Upr =Wy + Uy, (4.20)

Vr = 2u2y3 + 203 + 3y2ya + Sysya + Ty

It is strictly positive when the positive bulk parameters are sufficiently small: y3,y4 — 400,
whereas Wp — 0. For either specified constituent split the exact alignment function therefore
satisfies

Im(ZgE) =—-Y My <O0. (4.21)

Thus the target is not on this marginal-stability wall. With (I'g,I'y) = —1, the necessary two-
center stability inequality is satisfied [7, eq. (3.23)]; equivalently the relative Fayet—Iliopoulos
parameter has the bound-state sign used in (3.18). This conclusion is a phase test for the
specified charges. It does not prove survival of both constituent BPS states from large volume,
exclude other decay channels, or extend the two-node quiver index to a locus with four
additional massless particles. Those questions remain necessary for a compact magnetic
bound-state index.

4.4 Light-particle emission and confinement

Fix a positive sufficiently small bulk point on . Approach it in flat coordinates with the
spectator coordinates fixed and

t1 = ieco, ts = iecy, te = i€ce, c1,02,¢e >0, €l0. (4.22)

The four light periods, ordered as (C7, Ca, tx€1, tx€2), are exactly i€(cy, ca, 1 + 2 + Ce, Ce). At
the endpoint, (4.19) gives positive real parts for Zg and both Z3 when the bulk parameters
are sufficiently small. The same holds for both total probe periods. Continuity, including the
vanishing 7 log 7 terms, preserves these inequalities on a final segment 0 < € < €.

Let ' be any of these five charges and let n = Zl n;Y;, with n; > 0 and not all zero, be a
sum of the four light charges. Then Z, = iem,), where m,, = nici1 + naca +ns(c1 +ca +ce) +
n4ce > 0, and

Im(Zr_y,Z,) = —emy Re Zp < 0. (4.23)

Thus I' — (I'—7)+n cannot be marginal on this segment. The CPT-conjugate electric charge
has the opposite, also nonzero, alignment. This excludes these light-emission walls, whether
or not the proposed residual charge supports a BPS state. It neither excludes other magnetic
decompositions nor supplies a stable state at the beginning of the segment. At ¢ = 0 the
electric masses vanish, so this argument does not define an endpoint particle index.
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Confined magnetic flux. Choose the orientations

(517 627 53a 54) = (_'7017 —YCa5Yer» _762)a Z 51 =0. (4'24)

At a generic Higgs vacuum all four hypermultiplets have nonzero expectation values. A D4
magnetic charge P € H?(Xy,Z) then has flux winding vector w(P) = ({(P,8;))}_,, where the
pairing is P - ; before the orientation change. Its image lies in

Ao = {w € Z* : 3, w; = 0}, (4.25)

This is the As root lattice as an integral winding lattice; it does not assert an SU(4) gauge
enhancement. Write P =) p®H, in the primitive nef basis. The independent pairings are
(P-Cy,P-Cy,P-1ee3) = (p°,p',p°). They range independently over Z3, so the image is all
of (4.25), with no finite index. The matter charges generate a saturated lattice; consequently
the unbroken subgroup of the U(1)® gauge torus is connected. The Z4 quotient of the Higgs-
branch coordinates is not an unbroken discrete gauge group at a generic vacuum.

The relevant magnetic pairings are

PCy PCy Piyer Puryes|wy wo ws wy
0o -1 -1 0 0 1-1 0
1 1 11 1-1 1-1

0 111 0 0-1°
Dy 0 0 1 110 0 1-1
E 0 0O -1 -—-110 0-1 1

N <
L

(4.26)

Here A= D4,V = D7+ Dgand T = Dg = A+V, as above. The fluxes of the two constituents
do not cancel: their sum is w(7T') = (1,0,0,—1). Thus neither constituent nor either total
probe can continue as an isolated particle with that magnetic charge at a generic Higgs
vacuum. Its broken magnetic flux must be carried by strings. This is the usual confinement
mechanism in a conifold Higgs transition [15, Sections 3-4]. Adding any electric charge leaves
this obstruction unchanged. In the mirror surgery, the same pairings specify the boundary of
the three-chain obtained from a magnetic three-cycle. Neither the existence of a particular
BPS core before Higgsing nor the tension or BPS character of its flux strings follows from
this charge calculation.

5 Interpretation and unresolved stability questions

The magnetic calculation gives three distinct types of result. The fixed-support Hilbert
schemes and the isolated dual-ideal sheaves give numerical DT contributions in a specified
large-volume description. The magnetic extension gives a one-mode bound-state contribution
near its controlled large-volume wall. The analytically continued periods give exact phase
signs near the quantum transition. Passing from one statement to another requires stability
information; none is a substitute for the others.
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The exact mixed smoothing and selected-base integrability theorems [2] settle existence of
the underlying Xg geometric transition. They do not settle deformation of a pair consisting of
the geometry and a magnetic object. Proposition 2.1 does give a local positive result: the two
rigid sheaves persist with their isolated +1 contributions in smooth polarized deformations of
the resolved phase, because their obstruction groups vanish. The remaining problem is passage
through the singular transition and physical stability along the quantum continuation, not
an unproved integrability of the Xg¢ smoothing direction.

In particular the isolated +1 contribution at relative charge (R, —1) does not establish
an elementary particle of charge R. The latter class has no connected holomorphic curve
representative in this resolved chamber. Spectral flow can remove the relative DO label only
while transforming the core and B-field frame as well. The exact phase inequalities exclude
the specified magnetic split and light-particle emissions near the endpoint, but not every
possible decay. After Higgsing, the nonzero winding of the probe magnetic charge requires
flux strings rather than an isolated particle.

To obtain a physical magnetic spectrum, one would need a stability condition compatible
with the continued integral periods and control of the other objects at the relevant charges.
Even at large volume, the complete moduli components have not been classified. The addi-
tional reduced-pencil hypothesis in Appendix A is another, independent geometric question.
Until these problems are resolved, the appropriate conclusion is the set of component counts
and wall constraints proved here, not a compact condensate index.

A Conditional pencil contributions

For this calculation impose the additional condition that every member of both pencils is
reduced and that the displayed toric members are their only reducible members. This is an
explicit hypothesis on the pencils, not a consequence of the cubic form; a complete genericity
check for the anticanonical family is not supplied here. The isolated sheaves of Section 2.3
do not depend on this hypothesis.

For n = 0, 1, consider the sheaves Or and I, 7, respectively, on members T" € |P;|, pushed
forward to X. Use the ample polarization J, = (6,18,16,—11,—8,7) in the basis (1.2); it
is the sum of the six primitive ambient nef generators. These sheaves form open and closed
smooth components of the stable pure-sheaf moduli, with contributions

[ Mi(0) M;(1) [@5eed(0) Q=d(1)

i=5 P! X -2 232 (A.1)
i=6/ P! Blg X| -2 230.

The superscript denotes only these specified components, not the full index at the same
charge.

Here is a component and stability argument, including the reducible members. For
T = A+ B, a proper subunion A supports the maximal subsheaf O4(—B) C Or. A subsheaf
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of I, 7 supported on A has no larger reduced Hilbert polynomial. The strict comparison of
the linear coefficients with that of O is

or(A) = [Jo - A(A+2B)|(J2-T) — (J. - T*)(J?- A) > 0. (A.2)
For the ordered components in (2.9), and subunions 1,2, 3,12, 13,23, the numerators are

\ 1 2 3 12 13 23
Ps[2952 3690 1230 1230 3690 2952 (A.3)
Ps| 3740 4876 1482 1488 4628 3982.

Subsheaves of full multirank have a nonzero lower-dimensional quotient. The remaining

pencil members are integral by hypothesis, where rank-one stability is automatic. Thus all
the specified sheaves are stable, including those with the point on a double curve.

The smooth member determines the line-bundle cohomology: h%(X,Ox(P;)) = 2, with
no higher cohomology. The divisor sequence gives H'(T, Or) = 0 for every member. Conse-
quently Ext%c((’)T, Or) is the one-dimensional pencil tangent space. For a point p outside the
base locus, the evaluation map on the two sections is surjective, so RHom(Ox (—F;),I,) = C
in degree zero. The sequence

0— Ox(—P) — 1, — I, —0 (A.4)

identifies I, 7 with the spherical twist of I, about Ox (—F;). This twist is an autoequivalence
[9, Theorem 1.2]; it preserves the three-dimensional Ext!(I,,I,). For Ps and p € Cy, every
pencil member is smooth along the base curve. The normal-deformation sequence then bounds
dim ExtY (I, 7, I,7) by 2 + h°(K7) = 3. The smooth three-dimensional incidence variety
Blg, X already supplies these deformations. Thus the natural proper parameter spaces are
open and closed smooth components also at the base locus and singular fibers.

Their Behrend functions are —1. Since x(X) = 2(6 — 122) = —232 and x(Blg, X) =
X(X) 4+ x(C1) = —230, the entries in (A.1) follow. In the charge convention of (2.6), the two
families have

F57n = (0,P5,0,1 —n), F&n = (O,PG,—%C&,% —n). <A5)
These results fix neither the other components nor the physical stability condition near the
cooperative contraction.

B Intersection and stability data

The resolved fan and its primitive lattices are specified in [1, Appendix B]. In the ordered
basis D, with Dg = F, the nonzero cubic entries are

1JK krjg|IJK krjx|IJK ki |[IJK Krjk
222 8 266 1 |667 —1 |78 —6
225 -2 1267 1 |677 —1|888 8
226 -3 |569 1 699 -2 |889 -1
227 =2 19599 -2 777 -3 |89 -1
256 1 |666 —1 778 4 |999 7

(B.1)
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All permutations agree and omitted entries vanish. The second-Chern pairings in this basis

are
c2(X) - D = (—4,24,26,18, —4, —2).

The remaining divisors are

Do =Dy +4D5+4Dg — 3D7 — 2Dg + 2F,
D1 =Dy +2D5+2Dg — D7 — Dg + E, (B2)
Dy = Ds—Dy—Dg,  Dy= Dg— Dr— Ds.

The two nodal curves pair with D as C; = (1,0,—1,—1,0,0) and Cy = (—1,1,0,1,0,0).
For the stability argument of Section 3, let Qy have the coefficients below in the ordered
monomials (a®,a?b, ab?, b®, a%¢, abe, b%e, ae?, be?, €3). The subunion order is that of (2.18).

Ula® a?b ab®> b® a?ec abe b%e ae®  be? €3
1142 76 44 8 553 662 190 2385 1420 3388
2142 90 60 12 639 882 279 3141 2073 4974
31 0 42 48 12 70 476 237 660 1255 1488 (B.3)
121 0 42 48 12 70 476 233 660 1239 1476
13142 90 60 12 595 842 275 2781 1937 4282
23142 76 44 8 597 702 198 2745 1572 4092

For both sheaves, every coefficient of 07 o(U) — Qr is nonnegative. Since Qu has a positive €3

coefficient, all six comparisons are strictly positive on (3.1). The cubic data above also give
the B-dependent comparisons directly through (3.5).

The exact Sage checks in checks/ reconstruct the dual-ideal presentation, polariza-
tion polynomials, first slope walls and constituent phase data. A separate Python calcu-
lation checks the Hilbert-scheme products. The commands, including the mirror-period and
numerical-wall calculations, are documented in checks/README.md. Finite-degree agreement
does not certify a tail bound or a physical stability chamber.
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