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ABSTRACT. For a class of Batyrev mirror families, we establish Morrison’s predicted codi-
mension for nodal degenerations and strengthen it to an equality of integral relation lattices.
The result holds on every connected component of the nodal coefficient locus meeting our
construction near the maximally degenerate limit. After marking and orienting the nodes,
the relations among exceptional curves of the original small resolution coincide with those
among mirror vanishing three-spheres, which generate a torsion-free subgroup. Each such
component is smooth of codimension equal to the relative Picard number. We realise every
relation near the limit by an integral four-chain lifted from a tropical two-cycle relative to
the discriminant on Gross’s degeneration base. The comparison characterises smoothability
of the nodal partial resolution and, when it is smoothable, yields a symplectic conifold tran-
sition on the mirror. We treat specified projective toric partial resolutions of hypersurfaces
with nodes and degree-six or degree-seven del Pezzo cone points. In an explicit four-node
family, every member of the unique codimension-three nodal component admits a projective
small resolution. For general members, these resolutions are birational to Batyrev mirrors
of smoothings of the original nodal threefold, giving the reversed transition predicted by
Morrison in this family.
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1. INTRODUCTION

Morrison proposed that mirror symmetry reverses conifold transitions of Calabi—Yau three-
folds, exchanging exceptional curves with vanishing three-spheres [Mor99]. For the class of
Batyrev hypersurfaces considered here, we establish his numerical prediction on the con-
nected components of the nodal coefficient locus meeting our near-limit construction, and
strengthen it to an equality of integral relation lattices. Every relation near the limit is re-
alised by an integral bounding chain on the mirror hypersurface, constructed from a relative
tropical two-cycle. The comparison also characterises smoothability in terms of mirror van-
ishing cycles and yields a symplectic conifold transition whenever the original nodal threefold
is smoothable.

1.1. Conifold transitions and Morrison’s prediction. Let X’ be a projective threefold
vzith trivial canonical bundle whose singular points ¢ € () are ordinary double points, and let
X — X' be a projective small resolution, with exceptional curves C, = P'. A smoothing X
of X', when it exists, contains a vanishing three-sphere for each node, and passing from X
to X, through X' is a conifold transition. R

In Morrison’s picture, a mirror family of X acquires nodes with vanishing spheres 9,
corresponding to the curves Cy, and the nodal members admit small resolutions mirror to
X;. His numerical prediction is that the |@| mirror nodes impose only py conditions on
the complex moduli, where p, is the relative Picard number of X = X [Mor99, §3.1]; his
setting is a conifold transition, so X’ is assumed smoothable. For the families below we prove
this count in the space of coefficient vectors of the Batyrev mirror family, whether or not X’
is smoothable, together with the following integral comparison. Let K C Z8 be the lattice
of relations among the classes [Cy] in Ha(X;Z), of rank |Q| — pre;. On a suitable smooth
member Y of the mirror family,

(1.1) {k €Z9: 3 kyldg] = 0in Hg(Y;Z)} - K,
q

and the classes [d,4] generate a torsion-free subgroup. We also show that, near that member,
the members on which all these spheres collapse form a nonempty smooth locus of codimen-
sion |@Q| — rank K = p,q in the space of coefficient vectors. The factoring locus, where the
face polynomials of the node parallelograms introduced below factor into binomials, has the
same codimension there; the result concerns the nodal locus itself, on which all |Q| nodes
are present. The integral equality specifies exactly which combinations of the mirror spheres
are null-homologous. The locus of hypersurfaces with exactly |@| nodes and no other sin-
gularities is smooth at every point. On each connected component meeting the constructed
neighbourhood, its codimension is p,e and the integral comparison continues with the nodes
marked and oriented (Proposition 9.13). The component restriction is necessary: for Xo,
Proposition 9.19 exhibits another four-node component of codimension four, whose vanishing
spheres have no nonzero relation. Theorem 9.21 identifies the entire codimension-three part
of this family as one connected component defined by a rank-one coefficient matrix.

This equality compares curves on X with spheres on its mirror. Within a single conifold
transition, the relation spaces among exceptional curves and vanishing spheres are instead
mutual annihilators [LLW18, Thm. 1.14], reflecting the topology studied by Clemens [Cle83].

Castano-Bernard and Matessi gave a geometric construction of relations from tropical
2-cycles with boundary on the discriminant of an integral affine three-manifold [CBM14,
Thm. 7.3, §9.5]. In their topological conifold models, such a cycle produces chains bounded
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by the corresponding exceptional curves and vanishing spheres. Here we construct integral
bounding chains on the algebraic Batyrev mirror hypersurfaces and prove that they realise
every relation. We use relative tropical 2-cycles: integral two-chains on the affine base,
with monodromy-invariant integral tangent-vector coefficients, whose boundary follows the
discriminant in its vanishing directions (Definition 2.4). These extend the tropical cycles of
[CBM14]. Their exhaustion of the relation lattice and their lift to the mirror hypersurface
are the geometric steps in the proof.

1.2. The main theorem and its consequences. Let A be an admissible reflexive four-
polytope (Definition 2.1) and X C Pa a A°-regular anticanonical hypersurface. Its singular-
ities are nodes and isolated cones over del Pezzo surfaces of degrees six and seven. A profile
o is a choice of subdivisions of its singular two-faces into unit parallelograms and unimod-
ular triangles (Definition 2.3). It determines a nodal crepant partial resolution X/ — X,
with one node for each parallelogram (Section 3.2; for the hexagons compare [Wue26b,
Prop. 3.7(2),(3)]). We assume that this partial resolution is induced by a projective toric
morphism, Hypothesis (Proj). The precise combinatorial restrictions are recalled below and
in Section 2. R

Write @ for the nodes. There is a projective small resolution X — X!, and the relation
lattice of its exceptional curves is computed by the parallelograms:

K={rez?: 3 acire, =0}
q

(Proposition 3.5). Here circ, = ep+eq—eq—e. is the circuit of the corresponding parallelogram
abed, with the sign fixed by the chosen diagonal, and e, is the formal basis vector indexed
by the lattice point v. On the mirror side, Y; is a member of the Batyrev family near its
maximally degenerate limit ¢ — 0. The construction starts with real coefficients of a fixed
sign pattern, close to the factoring locus, where the face polynomial of each parallelogram
factors into two binomials. For coefficients satisfying the bounds of Theorem A, there is one
nondegenerate critical point with small nonzero critical value near each parallelogram; its
vanishing sphere is 6, C Y;.

Theorem (Theorem A). Let A be admissible and satisfy Hypothesis (U), and let o sat-
isfy Hypothesis (Proj). For t sufficiently small and real coefficients satisfying the bounds of
Theorem A:

(1) >, kqldq] is a torsion class of H3(Yy;Z) only if k € K, and it vanishes for k € K.
So the relation lattice of the vanishing spheres is exactly K, and the [04] span a free
group Z8 /K that meets the torsion trivially.

(2) Ewvery relation k € K is the boundary of an integral 4-chain on 'Yy lifted from a relative
tropical 2-cycle on the base of Gross’s toric degeneration of X.

(3) Near the given member, the coefficient vectors whose members have a node at every
one of these critical points form a nonempty complex submanifold of the space of coef-
ficient vectors, of codimension |Q|—rank K, the relative Picard number of a projective
small resolution X — X..

Continuation along the nodal locus. Let S| be the locus in the full coefficient space whose
members have exactly |Q| nodes and no other singularities. This locus is smooth at every
point, with local ideal generated by independent vanishing-cycle periods (Lemma 9.17). On
every connected component meeting the nodal members of Theorem A, its codimension is
|Q|—rank K. After marking and orienting the nodes, both the integral relation lattice and the
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preimage of ambient torsion remain equal to K throughout that component. The bounding
chains continue by transport (Proposition 9.13); their tropical construction is made near the
limit.

Smoothings and symplectic transitions. Friedman’s relation criterion [Fri86, Rem. (4.5),
Cor. (4.7)], in Namikawa’s necessary and sufficient form [Nam02, Thm. 2.5], characterises
smoothability of X/ by the existence of a relation among the exceptional curves with every
coefficient nonzero; compare [RT09, Thms. 1.2 and 1.3]. The integral comparison transfers
this criterion to the mirror: X/ is smoothable if and only if the [J,] satisfy an integral
relation with every coefficient nonzero. The spheres are smoothly isotopic to pairwise disjoint
Lagrangian spheres for the restriction of a toric Kahler form, whether or not such a relation
exists. When it exists, by Smith—-Thomas—Yau [STY02, Thm. 2.9], one of their 2|9l conifold
transitions carries a symplectic structure in which the exceptional curves are symplectic
(Corollary B). Thus algebraic smoothability on the original side yields a symplectic conifold
transition on the mirror. For hexagon-free A satisfying (Proj), the same relation criterion
decides the smoothability of X itself (Corollary 9.11).

For Xg we also establish the geometric reverse transition in the sense of Batyrev families,
up to birational equivalence (Theorem 9.25). The projective small resolution of a general
member of the codimension-three four-node component is birational to the Batyrev mirror
of a smoothing of the exact partial resolution X§ used here. The corresponding geometric
assertion for the whole admissible class remains open.

A four-node example. The polytope Ag of [Wue26b] has two unit squares and one dP;
pentagon, so X/ has four nodes, and K = Z(1,—1,—1,1). On the base B of Gross’s degen-
eration there is a disc whose boundary runs along the discriminant through the four nodes
along opposite legs, and whose node coefficients are (1,—1,—1,1) (Section 11.1). Its lift is a
4-chain on Y; bounded by §; — do — d3 + 4, and by the theorem this is the only relation: the
four spheres span a free group of rank three, and, near the given member, the members of
the mirror family with all four nodes form a submanifold of codimension three in the space
of coefficient vectors. Theorem 9.21 shows that the whole codimension-three four-node locus
is one determinantal component, including its zero-coefficient members. Every member of
this component has a projective small resolution, obtained by blowing up a compact surface
through the four nodes. Other four-node components have independent vanishing spheres
and codimension four. To identify the reverse transition, we construct a simultaneous modi-
fication of the degree-seven cone smoothing whose central fibre is the two-node partial model
of Xg. Its smooth fibres are those of the toric smoothing in [Wue26b]. An explicit Laurent
birational substitution then identifies the resolved mirror family with their Batyrev partner
(Section 9.10).

1.3. Geometric realisation of the relations. Let B = B! be the dual intersection com-
plex of Gross’s toric degeneration of X/ [Gro05]: an integral affine three-sphere whose singu-
larities lie along a graph I', the discriminant. Each node ¢ gives a four-valent vertex p, of I',
which, after an isotopy supported in the two-cell over its parallelogram, is a negative node
in the sense of [CBM14] (Proposition 3.18); the other vertices of I" are trivalent of the two
standard types. Each arc of I' carries a vanishing vector, the direction of the image of the
monodromy minus the identity.

In the definition of relative tropical 2-cycles, the coefficient sheaf is ¢, A, where A is the
local system of integral tangent vectors on B \ I' and ¢ is the inclusion. Its sections across I'
are monodromy-invariant. The boundary of a relative cycle is a balanced network on I', and
at each node it has a node coefficient p, € Z, the jump of the boundary coefficient across ¢
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measured against the circuit circ, (Definition 2.6). The tropical 2-cycles of [CBM14], which
carry a primitive parallel vector field v as coefficient, are examples; relative tropical 2-cycles
may in addition carry non-primitive coefficients, branch arbitrarily, cross the discriminant
with any invariant coefficient, and pass a node in both directions. Their node coefficients
always lie in K (Section 5.3). The converse is the integral filling theorem:

Theorem (Theorem C). FEvery balanced network on T' bounds a relative tropical 2-cycle,
and the node coefficients of balanced networks are exactly K. Hence the node coefficients of
relative tropical 2-cycles generate K over 7.

The mirror lift takes every relative tropical 2-cycle z to an integral 4-chain Z(z) on Y; with
0E(=) = 3 pa(2) 3]
q

(Theorem D). Together these two theorems construct a bounding chain for every k € K on
the mirror hypersurface. The period argument then proves that there are no further relations
and no nonzero torsion combinations of the spheres.

We call the tropical 2-cycles (S, j,v) of [CBM14, Def. 7.2], with j piecewise linear and
two points of that definition made precise (the group in which a monodromy conjugacy is
taken, and the meaning of a negative vertex; Definition 2.5), strict, to distinguish them from
relative cycles. Away from the discriminant, their mirror lifts are, up to homotopy in each
region, the bundles of two-tori annihilated by v in the dual torus fibres, as in the topological
construction of [CBM14]. Remark 2.7 specifies the comparison near the discriminant and the
corrections needed to complete the chains.

Theorem E is a supplementary geometric realisation on the resolution side. The integral
relations among [Cy] are already known from Proposition 3.5; the additional result constructs,

from a strict cycle, a completed circle domain and a continuous map to X whose boundary
spheres have degrees —p,(S) on the exceptional curves. Its negative fundamental chain,
adjusted within those curves, has boundary > pe(S)[Cy]. Thus the same tropical cycle
gives geometric representatives of the corresponding relations on the original small resolution
and the mirror hypersurface. This construction is independent of the proof of the central
comparison, Theorem A, and of its smoothing consequences. Section 10 states its geometric
content and explains the mechanisms through Xg; Appendix F contains the complete proof.

Whether strict cycles already generate K is Conjecture G; the evidence is discussed in
Section 11.5. The integral exhaustion proved here uses relative cycles and addresses the
relation-generating aspect of [CBM14, Conj. 8.3] for that enlarged class. It does not settle
their full conjecture.

1.4. Proof of the integral comparison. The proof combines an integral filling theorem
on the affine base, a geometric lift to the mirror, and a period calculation. The first two steps
realise all elements of K as boundaries; the third establishes completeness and determines
the nodal codimension.

The base. A circuit relation Eq Agcircy = 0 is converted into a boundary problem on
OA = S3. Using H1(S%) = 0, we construct a balanced network with node coefficients A
(Section 5.3). To fill it, we push the network off T' along the dual cells. The resulting cycle
in B\ I', with coefficients in A, must bound modulo meridians. A Mayer—Vietoris argument
shows that ordinary H; (B \T';Z) is generated by meridians; a computation on the boundary
spheres of the facets, using H'(S%;Z) = 0, controls the local coefficients. This integral
complement argument is the main step in the filling theorem (Section 5).
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The lift. The bases B/ and By of the original and mirror degenerations have different
cell decompositions. A complex of pairs of dual cells gives a piecewise linear homeomorphism
between them, matching the discriminants and dualising the tangent local systems (Sections 4
and 6). We then use a localized hypersurface W*, isotopic to Y;, modelled on the localization
of Mikhalkin and Yamamoto [Mik04, Yam16]; since the mirror subdivision is not unimodular,
their results do not apply here, and the isotopy is proved directly. Near each node it has
the conifold smoothing model {zy + 2122 = k} with x small and nonzero (Section 7). The
chain is assembled from thimbles at the nodes, pieces of toric divisors along its boundary,
and two-torus bundles over its interior. The local extensions leave a possible boundary in the
class of the fibre three-torus. This obstruction vanishes because the positive real locus meets
each fibre torus once and misses every vanishing sphere (Section 8). The isotopy carries the
resulting integral chain to Y;.

Periods. The chains give K C Rel(d), where Rel(d) is the relation lattice of the spheres,
the left side of (1.1). The periods g, = [, 5 Q extend holomorphically to the nodal members
and equal their critical values ep times functions that do not vanish near the nodal locus,
where P is the parallelogram of ¢q. Up to nonzero scalars, the differentials of the critical
values are close to the linear forms defined by the circuits. The period differentials have rank
|Q| — rank K, which bounds the rank of Rel(d) from above by rank K. Since K is saturated,
the inclusion is an equality; the same argument excludes nonzero torsion combinations of the
spheres. Critical-value equations for a basis of the circuit span meet transversally, and the
remaining critical values vanish on their intersection. This gives the smooth nodal locus and
its codimension (Section 9). The period argument is classical [GMS95, LLW18]; here it is
made uniform near the maximally degenerate limit and combined with the integral chains.

Continuation. Admissibility makes the correction term in Batyrev’s formula for poly-
nomial deformations vanish. Toric cohomology then shows that coefficient deformations
induce all first-order deformations of a nodal member. The Friedman—Rollenske-Thomas
node-smoothing sequence, applied to the blow-up of the nodes, identifies the rank of the
local smoothing parameters with the rank of the vanishing cycles. Exact linear identities
among their periods show that independent periods generate the whole nodal ideal, proving
smoothness at every point of S|g|. Along this locus the complements of the nodes form a dif-
ferentiably locally trivial family. Integral Mayer—Vietoris identifies their link maps with the
vanishing-cycle maps, including the preimages of torsion. These data transport the near-limit
comparison along every component meeting the construction (Section 9.7).

1.5. Hypotheses. Admissibility means that the edges of A are primitive and its two-faces
are unimodular triangles, unit squares, or lattice pentagons and hexagons with one interior
lattice point and no boundary lattice points besides their vertices. The squares give nodes,
and the pentagons and hexagons give cones over del Pezzo surfaces of degrees seven and six.
The edge of the polar polytope A° dual to each non-triangular two-face is required to have
lattice length one, so that each such face contributes exactly one singular point. A profile
specifies the subdivisions of these faces into unit parallelograms and unimodular triangles;
the choices occur at the hexagons.

For the polytope and profile, two hypotheses are made beyond admissibility. Hypothe-
sis (Proj) is needed for the projective partial resolution and Gross degeneration used here,
and is a genuine restriction. On the list of 612 admissible polytopes of Section 11.4, it fails
for 11 of the 375 hexagon-free polytopes with K # 0 and for every profile on 59 of the 142
polytopes with a hexagon (Section 2.6).
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The initial mirror construction uses real coefficients satisfying the bounds of Theorem A;
the resulting relations extend to neighbouring smooth complex members as explained in Sec-
tion 9.2, and to small smoothings along every reached nodal component by Proposition 9.13.

Hypothesis (U) asks for the input of Gross’s construction of the base: a regular unimodular
triangulation of JA° with a height satisfying his convexity conditions. Theorem F verifies
it, by computer, for every member of the fixed 51,827-class list L4 (Definition A.1), with
each triangulation and its height checked in exact arithmetic (Appendix A). The separate
Proposition 2.8 asserts that these are all admissible polytopes; it relies on the exhaustive
filter, whose exclusions have been independently checked only in part (Appendix A.4). The
geometric theorems retain (U) explicitly and so apply to any admissible polytope for which
it holds. This larger computation is distinct from the list of 612 polytopes used for the other
statistics. One further condition holds automatically: the mirror side requires a subdivision
of OA in which the cells next to each node parallelogram have their other vertices at lattice
height one, and the pulling refinement of the subdivision given by (Proj) has this property
(Proposition 3.26).

1.6. Relation to other work. Batyrev and Kreuzer studied conifold transitions for Batyrev
hypersurfaces whose singular two-faces are unit squares [BK10]. They identified the curve
classes with the circuits of the squares and specialised the mirror family to the locus where
each square’s face polynomial factors into two binomials. They expected the specialised
members to have a node in each of the local toric charts they single out, and observed that a
projective, hence symplectic, small resolution of such a nodal mirror requires a relation among
the vanishing spheres with every coefficient nonzero, but did not determine whether such a
relation exists [BK10, §3]. For dual edges of lattice length one, the case considered here,
their local equation at the expected node omits the monomials of the cells next to the square,
which are linear in the normal coordinates. The nodal members constructed here approach
the factoring locus as t — 0; our estimates do not place them on it, and in a local model
at a square node the critical value on the factoring locus is nonzero for general coefficients
(Section 9.6). Corollary B answers the analogous question for these nodal members: the
relation exists exactly when X/ is smoothable.

Prince constructs a locally rigid toric log Calabi—Yau space from a reflexive four-polytope
and a choice of Minkowski decompositions of its two-faces (scaled by the lattice lengths of
the dual edges) into standard simplices. For the dPs hexagon the decompositions are into
two triangles or into three segments. When a regularity condition holds, the space admits a
polarisation and is smoothed by the Gross—Siebert algorithm [Pri21, §1, Thm. 1.1, Rem. 1.2].
He expects the resulting threefolds to degenerate to Calabi—Yau toric hypersurfaces with
certain Gorenstein singularities [Pri21, Abstract].

For his example FPs g, whose anticanonical hypersurfaces have 36 nodes and 12 cones over
dPg, he asks for a description of his regularity condition in terms similar to the homological
conditions of Friedman and Tian [Pri2l, Rem. 5.4]. His two decompositions of a hexagon
correspond to the two smoothing components of the cone over dPs [Pri21, §5], [Alt97, (8.1)],
while the profiles used here subdivide the same faces for a partial resolution. Corollary B is
a homological criterion of this kind for the nodal threefolds X/, and Corollary 9.11 one for
X itself when A is hexagon-free and satisfies (Proj); neither concerns the smoothing of the
dPs points, and we do not compare them with his regularity condition.

Castano-Bernard and Matessi constructed Lagrangian torus fibrations over integral affine
three-manifolds with singularities [CBMO09] and the topological conifolds and cycles described
above [CBM14]. Their Conjecture 8.3 relates tropical cycles, homological relations, and
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tropical resolutions and smoothings; their result producing tropical cycles from vanishing-
cycle relations in a family of compact models is conditional on a basis conjecture [CBM14,
Prop. 9.2]. The present paper proves integral exhaustion by relative cycles on Gross’s bases
and constructs their bounding chains on the Batyrev mirror hypersurfaces.

Gross and Siebert developed the correspondence between toric degenerations and their
affine data, with the discrete Legendre transform that exchanges the two sides of the mirror
[GS06]; Haase and Zharkov constructed the integral affine spheres of toric hypersurfaces and
their torus fibrations [HZ02]. Cycles in Calabi-Yau hypersurfaces near a maximally degener-
ate limit have been built from tropical data in other settings: Lagrangian rational homology
spheres from tropical curves with ends on the discriminant by Mak and Ruddat [MR20], and
lifts of a class of closed tropical (p, ¢)-cycles in hypersurfaces with unimodular tropicalisation
by Yamamoto [Yam26], who notes that the tropical 2-cycles of [CBM14] can be regarded
as tropical (1,2)-cycles [Yam26, §1, footnote]. Ruddat and Siebert compute period integrals
over lifts of tropical one-cycles [RS20], Ruddat develops a homology theory of tropical cycles
on integral affine manifolds with a perfect pairing [Rud21], and Abouzaid, Ganatra, Iritani
and Sheridan compute periods tropically in the setting of the Gamma conjecture [AGIS20].
The chains constructed here differ from these in two respects: they are relative, with bound-
ary at the nodes, and the subdivision that defines the ambient toric variety of X/ is not
unimodular, since it contains the node parallelograms. The period argument of Section 9
goes back to Greene, Morrison and Strominger [GMS95]; compare [LLW18].

1.7. Organisation. Section 2 states the precise hypotheses and results. Part I constructs
the base and its cycles: Section 3 describes the partial resolution and Gross’s base, Section 4
constructs the complex of pairs of dual cells, and Section 5 proves Theorem C. In Part II, Sec-
tion 6 transfers cycles to the mirror base, Section 7 constructs the localized mirror and Morse
charts, Section 8 lifts the cycles (Theorem D), and Section 9 proves Theorem A and Corol-
laries B and 9.11. Part III, Section 10, explains the resolution-side realisation (Theorem E);
the detailed construction is in Appendix F. It uses results of Parts I and II, whose proofs are
independent of it. Part IV, Section 11, treats examples and the evidence for Conjecture G.
Appendix A proves Theorem F and the separate classification-completeness assertion; the
remaining appendices contain deferred proofs and data.

Acknowledgements. I am grateful to Mark Gross for first drawing my attention, many
years ago, to the problem of smoothing canonical singularities on Calabi—Yau threefolds. The
author used LLMs during the development of this work for literature exploration, editorial
and coding assistance and as an adversarial reader.

2. SETTING AND STATEMENTS

This section fixes the objects and states the results. Sections 3—11 use the definitions made
here without repeating them.

2.1. Conventions. We write N = Z* and M = Hom(N, Z), with pairing ( , ). The polytope
A C Np is reflexive, with polar A° = {m € Mg : (m,n) > —1 for all n € A}. For a face
G of A the dual face is G° = {m € A° : (m,n) = —1 for all n € G}; for a two-face G it is
an edge, of lattice length ¢(G°). We write Pa for the toric variety of the fan over the faces
of A. Its anticanonical hypersurfaces have Newton polytope A°, and such a hypersurface is
A°-regular if it meets every torus orbit transversally [Bat94, §3]. The Batyrev mirror family
consists of the anticanonical hypersurfaces with Newton polytope A in a crepant resolution
X7 of Pao (Section 2.4). In the notation of Gross [Gro05| our pair (A°, A) is (A, V). We
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call the polytope whose lattice points index the monomials of a hypersurface its Newton side,
and the polytope whose subdivision gives the fan of the ambient toric variety its fan side;
for X these are A° and A, for the mirror family A and A°. We write dP; for a del Pezzo
surface of degree k.

For a finite set of lattice points n with heights H(n) the tropical polynomial is m +
min, (H (n)+ (m, n>), m € Mg, and its tropical hypersurface is the locus where the minimum
is attained at least twice. This convention is compatible with the signs of [Gro05], and it is
used in Sections 3—6 and 10; Sections 7-9 use p = —m and maxima of valuations, as stated
there.

2.2. Admissible polytopes and profiles. A dP; pentagon is a lattice pentagon with ex-
actly one interior lattice point, its centre o, and no lattice points on its boundary besides its
vertices; a dPs hexagon is a lattice hexagon with the same two properties. Up to GL9(Z) and
translation the hexagon has vertices wy, ..., ws = (1,0),(1,1),(0,1),(-1,0), (—1,—1), (0, —1)
and centre o = (0,0), and w; + wji2 = 0+ wj41 for all j (indices modulo 6).

Definition 2.1 (admissible polytopes). The reflexive polytope A is admissible if every edge
of A is primitive, every two-face is a unimodular triangle, a unit square, a dP; pentagon or
a dPs hexagon, and ¢(G°) = 1 for every two-face G that is not a triangle. This is [Wue26c,
Def. 8.1].

Remark 2.2 (two-faces with one interior lattice point). Let G be a lattice polygon with
primitive edges and exactly one interior lattice point. Up to GLa(Z) and translation, G is
the polygon spanned by the primitive ray generators of the fan of one of the five smooth toric
del Pezzo surfaces Sg: P?, Fq, P! x P!, dP; or dPs. As in Section 3.2, if G is a two-face of A
with ¢(G°) = 1, the point of X on the orbit of the cone over G is the anticanonical cone over
Sg. For P? this cone is C3/u3, with us acting by scalars, which is rigid [Sch71]. For F; the
cone is not smoothable: G has no nontrivial Minkowski decomposition into lattice polygons,
and the base space of the versal deformation is Spec C[e]/(¢2) [Alt97, (9.1)(iv), (9.2)]. For
P! xP!, dP; and dPs the cones are smoothable [Wue26b, Table 1, Lemma, 3.5]; the components
of their reduced versal base spaces correspond to the maximal Minkowski decompositions of
G into lattice polygons [Alt97, (2.5), (8.1)]. Admissibility therefore keeps every such type
with a smoothable cone point except P! x P!. Its polygon conv{(%1,0), (0,+1)} is a lattice
parallelogram of twice the area of a unit parallelogram, and its vertices, placed at height one,
span a sublattice of index two; so its cone is the quotient of the conifold by an involution
acting freely off the vertex, not a node. Its only lattice point besides the vertices is the centre,
so it has no subdivision into unit parallelograms and unimodular triangles that contains a
parallelogram, and the nodal partial resolutions used here do not exist for it. The smoothing
criterion of [Wue26b, Thm. 4.7] for X itself allows cones over P! x P!; for hexagon-free A
satisfying (Proj), the relation criterion of Corollary B decides the smoothability of X itself
(Corollary 9.11).

The lattice points of an admissible A that lie on faces of dimension at most two are the
vertices and the centres of the pentagons and hexagons; we denote this set by R. A singular
two-face G of A (a square, a pentagon or a hexagon) gives one singular point of X, on the
torus orbit of the cone over G: a node, a cone over dP7, or a cone over dPg respectively
(Section 3.2).

Definition 2.3 (profiles and node parallelograms). A profile o assigns to every singular
two-face of A a subdivision into unit parallelograms and unimodular triangles, as follows.
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A unit square is not subdivided. A pentagon receives its unique subdivision into two unit
parallelograms and one triangle, all containing the centre (Section 3.1). A hexagon receives
either
e an A; subdivision: two parallelograms {o,w;, w1, w2}, {0, wjt3, wjts, w5} and
the two triangles {0, wjt2,wj43}, {0, w45, w;}, for one j € {0,1,2}; or
e an Ay subdivision: the three parallelograms {o, w;, w;1,w;yo} with j = jo (mod 2),
for one jo € {0,1}.
The parallelograms of these subdivisions are the node parallelograms; Q@ denotes their set.
We say that a hexagon is on the A; branch or the Ay branch of o according to its subdivision.
The names refer to the root sublattices generated by differences of exceptional curve classes
on the dPs surface over its centre (Remark 3.10).

The vertices of a node parallelogram are labelled a, b, ¢, d in cyclic order with a+c = b+d,
and one of its diagonals, {a,c}, is chosen; in a pentagon or hexagon we choose the diagonal
through the centre. The circuit of ¢ € @ and the relation lattice are

CiI'Cq = ey +€d —€q — €. € ZR, K = {)\ & ZQ : ZAinqu = O}
q

K is saturated in Z?. Changing the chosen diagonal at ¢ changes the signs of circg, of the
coordinate A\, and of every node coefficient p, below. The results hold for every choice of
diagonals, with K, the node coefficients and the orientations of the vanishing spheres (Defi-
nition 7.23) all formed from that choice; changing the diagonal at ¢ reverses the orientation
of 04, so py 04 does not depend on it (Lemma 7.26).

Hypothesis (Proj) (projectivity). There is a projective toric variety P, — Pa whose fan
refines the fan over the faces of A, has its rays generated by lattice points of A, and induces
the profile ¢ on every two-face of A.

Under (Proj) the cones of the fan of P, cut OA into lattice polytopes; this subdivision
is denoted ¥'. Let X C Pa be a A°-regular anticanonical hypersurface and X/ its proper
transform in P.. Then X/ — X is crepant, X/ has exactly one singular point for each node
parallelogram, an ordinary double point, and we write ¢ € @ also for this node. A choice
of diagonal at every node parallelogram defines a small resolution X - X!, with excep-
tional curves C; = P! for suitable choices, including the diagonals through the centres at
the pentagons and hexagons, X is projective, induced by a regular refinement of ¥’ (Proposi-
tion 3.4). For every small resolution the integral relations among the classes [Cy] in Ho ()2 i Z)
are exactly K, with K formed from the diagonals of X ; moreover HQ()/(: ;Z) is torsion-free
(Propositions 3.4 and 3.5). In particular, for a projective X the number |Q| — rank K is the
relative Picard number of X — X /; it does not depend on the choice.

Hypothesis (Proj) is a linear feasibility problem in the heights of the lattice points of JA.
When every singular two-face is a square it holds with P, = Pa. It is a genuine restriction
in general; see Section 2.6.

2.3. Gross’s base and relative tropical 2-cycles. Let ¢ equal 1 on 9A° and be linear on
the cones over the faces of A°.

Hypothesis (U) (unimodular heights). The boundary of A° has a unimodular triangulation
T refining its faces, with an integral height h on the fan over 7 such that h and h — ¢ are
strictly convex on that fan.
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Hypothesis (U) is a condition on the polar polytope alone. Theorem F below verifies it,
by computer, for every member of the fixed list of Definition A.1; under (U) we fix one pair
(T, 71), normalised as in Section 3.3. The base B = B/ is the dual intersection complex, in
the fan picture, of Gross’s toric degeneration of X/ [Gro05]: the boundary of the polytope
V" with the polyhedral decomposition &2 determined by %’ (Section 3.3). It is an integral
affine three-sphere with singularities along a trivalent-and-four-valent graph I' C B, the
discriminant, which has edges called arcs. Fach arc is a union of legs, the segments joining
the barycentres of an edge and a two-cell of &2. Each leg E carries a primitive vanishing
vector dg = n' —n € N, where {n,n’} is the lower support of the edge, namely the cell
of ¥’ underlying it in Gross’s construction (Section 3.3); the monodromy around F is the
transvection = — x + (ap,x)dg for a covector ap. The legs of an arc A have the same
lower support, so their vanishing vectors agree up to sign; we write d4 for one of them
(Section 5.1). The four-valent vertices of I' are in bijection with @: the vertex p, lies on
the two-cell of & over the node parallelogram of ¢, and after an isotopy supported in that
two-cell it is a negative node in the sense of Castano-Bernard and Matessi [CBM14, Def. 6.3]
(Proposition 3.18). We write A for the local system of integral tangent vectors on B\ I" and
t: B\ T'— B for the inclusion.

Definition 2.4 (relative tropical 2-cycles). Let K be a triangulation of B in which I is a full
subcomplex; the barycentric subdivision of & is one (Lemma 3.13). For a simplex s of R let
F(s) be the group of flat sections of A over V' \ I for a small neighbourhood V' of the closed
simplex §; faces restrict. Let Cy(&; F') be the simplicial chain complex with these coefficients,
and C,(I'; D) C Ci(R; F) the subcomplex of chains on I" whose coefficient on every edge E
of R in T lies in Zdg, where dg := +d4 for the arc A whose closure contains E (the sign
does not affect Zdg). A relative tropical 2-cycle is a chain z € Cy(R; F') with 0z € C1(I'; D).
We write Z(R) for the group of relative tropical 2-cycles, and call 0z = ), cpdg [E] the
boundary network of z.

In words: a relative tropical 2-cycle is an integral 2-chain on B with coefficients in the
sheaf 1, A whose boundary lies on the discriminant, and runs along each leg in the direction
of its vanishing vector. The coefficient of a triangle is an integral tangent vector of B that is
invariant under the local monodromy wherever the triangle meets I'.

We name the clauses by their content; Section 5.2 gives the dictionary to both versions of
[CBM14].

Definition 2.5 (strict tropical 2-cycles). A strict tropical 2-cycle on B! is a tropical 2-cycle
(S,j,v) in the sense of Castanio-Bernard and Matessi [CBM14, Def. 7.2], applied to B, with
the following three conventions, which are explained in Section 5.2:

(1) the embedding j is piecewise linear;

(2) at each point where S crosses I' transversally, the monodromy on ker v is conjugate
in GLy(Z) to (19) (the crossing clause of [CBM14, Def. 7.2], which does not name
the group);

(3) a point p of S is a boundary vertex if and only if j(p) is a three-valent vertex of I' of
negative type (the boundary-vertex clause); negative type is a condition on the local
monodromies only (Definition 3.16).

Castano-Bernard and Matessi allow a topological embedding j; the triangulations used
below require it to be piecewise linear. Triangulated, a strict tropical 2-cycle is a relative
tropical 2-cycle (Section 5.2). Reading the crossing clause as conjugacy in SLo(Z) gives
a smaller class of cycles: Theorem E below covers it as well, while Conjecture G asks for
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more under that reading. The relative ones are allowed non-primitive coefficients, arbitrary
branching along edges, crossings of I' with any invariant coefficient, and boundary networks
that pass a node in both directions or with multiplicity.

The boundary network 9z is a 1-cycle of C,(I'; D); such cycles are the balanced networks,
and Bal(I') denotes their group. For a balanced network 8 = )" pcpdg[E] € Bal(I') let
B =4 cplen —en)E] € C1(T;ZF), where dg = n’ — n, be its canonical lift. The boundary
of 3 vanishes away from the nodes, and at p, it is a multiple of the circuit (Lemma 5.5).

Definition 2.6 (node coefficients). For § € Bal(I') and ¢ € @ the node coefficient p,(3) € Z
is defined by 08(p,) = —py(B) circ,. For z € Z(&) put p(z) := p(9z) € Z.

Equivalently, the four legs at p, have lower supports {a,b}, {b, c}, {c¢,d} and {d,a}; if the
coefficients of a balanced network on the legs over {a,b} and {b,c} are oriented away from
pq and written cqp(b — a) and cpe(c — b), then p; = cqp — cpe (Section 5.3). For a tropical
2-cycle S in the sense of [CBM14], p(S) € {0,41}€ records the jump of the boundary field
of S across each node that 0.5 meets.

2.4. The mirror family and its vanishing spheres. Let X7 be the smooth projective
toric fourfold of the fan over 7, and put A = AN N. The members of the mirror family are

n,c:{zcntH(n)xnzo}CX’T, 0<t<l,
neA

where 2" is the Cox monomial of n, ¢ = (¢,) is a coefficient vector, and the height is
H = koo + ho: here ¢ equals 1 on JA and is linear on the cones over the faces of A,
hc is a strictly convex height with integral slopes inducing the pulling refinement Fo of
¥’ (Section 3.5), and ko is an integer bounded below in terms of the lattice data and h¢
(Lemma 7.7). As t — 0 the members approach the maximally degenerate limit.

For a node parallelogram P = abed the node binomial ratio of ¢ is up = cqce/(cpeq); the
face polynomial c,z® + ey + c.x® + cgz? is a product of two binomials exactly when pp = 1.
Let Z be the set of real coefficient vectors with ¢y > 0 > ¢, for n # 0 and pup = 1 for every P.
Every real ¢ with this sign pattern is uniquely ¢ = ¢(@ef with ¢(® € Z and € spang{rp},
where rp = e, + e. — €, — €4, so that rp = —circ, under 7R C ZAN: then log up(c) = rp - €.
For ¢t small and ¢ in the window of Theorem A below, in which every |log up| lies between
two fixed small positive bounds, the defining section of Y; ., trivialised by dividing by its term
cat(@ 2% has, for each P, a unique nondegenerate critical point ¢p in a polydisc Dp about a
point of the torus orbit associated with the edge dual to P (Section 7.3). Its critical value for
this trivialisation is small and nonzero, and d, C Y; . denotes its vanishing 3-sphere, oriented
by the convention of Definition 7.23. In chain-boundary identities, [§,] denotes a chosen
fundamental singular cycle of the oriented sphere; elsewhere the same notation denotes its
homology class.

2.5. Results.

Theorem A (relations among the vanishing spheres). Let A be admissible and satisfy (U),
with a profile o satisfying (Proj). There are n1 > 0 and C > 1, depending only on A and o
through the vectors rp, P € Q (Lemma 7.2 fizes such a choice), with the following property.
For every ny € (0,m1] and every compact set €y C Z there is to > 0 such that for 0 <t <ty
and every real coefficient vector ¢ with ¢cg > 0 > ¢, (n # 0), component 9 ¢ %, and
no/C < |log up(c)| < no for every P, the member Yy =Y, . is smooth and:
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(1) (Relations.) For k € Z9, the class >_q kqldq] is a torsion element of H3(Yy;Z) if and
only if k € K, and it is then zero. So the relation lattice Rel(d) = {k : 3_ kq[dq] = 0}

equals K, and the classes [0,] span a free subgroup of H3(Yy;Z), isomorphic to Z9 /K,
of rank |Q| — rank K, which meets the torsion subgroup only in 0.

(2) (Realisation.) Every k € K is the vector of node coefficients p(z) of a relative tropical
2-cycle z on B!, and z lifts to an integral 4-chain Z(z) on Y; with 0=(z) = > ¢ Kqldq]-

(3) (The nodal locus.) In an open neighbourhood U of ¢ in the space of complex coefficient
vectors (Section 9.1), the coefficient vectors ¢’ for which Yy o+ is singular at the critical
point qp(c’) € Dp for every P € @ (the point qp above, which moves with ') form
a nonempty complex submanifold of codimension |Q| — rank K, the relative Picard

number of a projective small resolution X — X .

Morrison proposed that mirror symmetry exchanges the two sides of a conifold transition,
with the number of conditions imposed by the nodes on one side equal to the relative Picard
number on the other [Mor99, §3.1]. His setting is a conifold transition, so X/ is assumed
smoothable there. Item (3) is this count in the space of coefficient vectors of the Batyrev
family, for smoothable and non-smoothable X/ alike. The factoring locus of Section 9.6, cut
out in U by the equations up = 1, that is np = rp-& = 0 with £ € CA as in Definition 7.3, has
the same codimension, since the rp span a space of dimension |Q|—rank K; item (3) concerns
the nodal locus itself, on which all || nodes are present. Item (1), with Proposition 3.5,
identifies the relations on the two sides integrally: the exceptional curves of X and the
vanishing spheres of Y; have the same relation lattice K. For a projective conifold transition
the relations among the vanishing spheres and among the exceptional curves are mutual
annihilators [LLW18, Thm. 1.14]; item (1) is the statement that crosses the mirror.

Corollary B (smoothings and mirror relations). Under the hypotheses of Theorem A the
following are equivalent:

(a) X/ admits a smoothing;

(b) the exceptional curves satisfy a relation , Ag[Cq] = 0 in Ha(X; Q) with every Aq # 0;

(¢) the vanishing spheres satisfy a relation Zq kq[dq] = 0 in H3(Yy; Z) with every kq # 0.
The spheres 64 are smoothly isotopic to pairwise disjoint Lagrangian spheres Ly for the re-

striction of a toric Kdhler form. If (a)-(c) hold, one of the 219! conifold transitions of Y; in
the Ly carries a symplectic structure in which the exceptional curves are symplectic.

Here a smoothing is a flat deformation, over a germ of a complex space, whose general fibre
is smooth. For the nodal members of Theorem A(3), Corollary B answers the relation ques-
tion of [BK10, §3]: a relation with all coefficients nonzero exists exactly when X/ is smooth-
able. The distinction between these nodal members and the factoring locus is explained in
Section 9.6. For hexagon-free A satisfying (Proj), the same relation criterion decides the
smoothability of X itself (Corollary 9.11). The equivalence of (a) and (b) is Namikawa’s
form [Nam02, Thm. 2.5] of the criterion of Friedman [Fri86, Rem. (4.5), Cor. (4.7)] (compare
[RT09, Thms. 1.2 and 1.3]); the symplectic statement is [STY02, Thm. 2.9].

Theorem A is assembled from two results, which are the first two steps of the proof; the
third step is a period computation.

Theorem C (node coefficients on the base). Let A be admissible and satisfy (U), with a
profile satisfying (Proj), and let Ky be the barycentric subdivision of &. FEvery balanced
network on I' is the boundary network of a relative tropical 2-cycle on Ry, and the node
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coefficients of balanced networks form exactly K :
0Z(8Ko) = Bal(T), p(Bal(l)) = K, hence  p(Z(Ko)) = K.
For every triangulation R of B in which T is full, p(Z(R)) C K.

Theorem D (the mirror lift). With the members Y; of Theorem A, for every triangulation
R of B in which T is full and every z € Z(R) there is an integral 4-chain =(z) on Yi,
constructed from z and finitely many auziliary choices, with

9=(z) = qu(z) [0)-

Remark 2.7 (comparison with strict tropical cycles). For a strict tropical 2-cycle (S, 7,v)
(Definition 2.5), the chain Z(S) realises on Y; the four-dimensional object S that Castafio-
Bernard and Matessi attach to S in a topological smoothing [CBM14, §7] in the following
sense. Over the part of S away from the discriminant it is, up to homotopy in each region,
the bundle whose fibre over a point is the two-torus annihilated by v in the dual torus
AV ® U(1). Completing this local construction to a chain with the stated boundary uses the
fibre-torus corrections of Proposition 8.26. Near the discriminant the local pieces agree with
those of [CBM14] under two conditions on the position of S near the discriminant, stated in
Remark 8.29, which gives the precise comparison.

The period computation (Section 9) turns the inclusion K C Rel(d) given by Theorems C
and D into equality and gives the nodal locus.

On the resolution side the same tropical objects produce the relations among the excep-
tional curves, for tropical 2-cycles in the sense of [CBM14].

Theorem E (resolution-side realisation). Let A be admissible and satisfy (U), with a profile
satisfying (Proj), and let X be a projective small resolution of X! induced by a regular re-
finement of X'. Label the node parallelograms by its diagonals and give the exceptional curves
Cy their complex orientations. For every strict tropical 2-cycle (S,j,v) on B! there are a
three-dimensional CW complex D(S), an integral fundamental chain [D], and a continuous
map fs: D(S) — )?, constructed with finitely many auziliary choices, with the following
properties.

Qver the smooth sheets away from a neighbourhood of the discriminant, the domain is
the circle bundle Rv/Zv, completed at interior edges and vertices by balancing triangles and
tetrahedra and near the discriminant by the local domains of Definition F.13. Its distinguished
boundary components are two-spheres 0,9, one for each node on j(0S), with

D] = [0,9],  fs(94D) CCy  deg(fslo0) = —pa(S)-

For chosen fundamental singular cycles [Cy], there is an integral singular 3-chain A supported
in the exceptional curves such that

2(8) = ~(fsh[D] + 4, OE(S) = 3 pu(S)[Cy.

For any other small resolution an integral bounding chain exists after negating py(S) at each
flopped curve; the two chains may be chosen to determine the same relative class on the
common exterior of the node neighbourhoods. For the members Y; of Theorem A, Theo-
rem D gives a bounding 4-chain for the vanishing spheres with the same coefficients, using
the corresponding diagonal labels and sphere orientations.
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The construction of the base uses the pair (7T, ﬁ) of Hypothesis (U), whose existence is a
combinatorial question about the polar polytope.

Let La.am be the finite set of lattice-equivalence classes of the polytopes specified by the
vertex arrays in the published certificate files (Definition A.1). These files give 51,827 pairwise
inequivalent admissible reflexive four-polytopes, 40,403 without hexagonal two-faces.

Theorem F (unimodular heights on the finite list; computer-assisted). For every [A] € Laqm,
Hypothesis (U) holds. Equivalently, the polar polytope A° has a fine, regular, unimodular
triangulation that is star-shaped from the origin.

The proof verifies explicit integer heights for every member of this fixed list in exact
arithmetic (Appendix A). The assertion that the list contains every admissible polytope is
separate.

Proposition 2.8 (classification completeness; computer-assisted). The set Loqm is the set
of all admissible reflexive four-polytopes up to GL4(Z).

This proposition uses the Kreuzer—Skarke classification and the original exhaustive admis-
sibility filter (Appendix A.3, Steps 1-2). Every accepted polytope was independently checked
admissible, but the independent replay of the exclusions covers only the subsets specified in
Appendix A.4. The positive height certificates proving Theorem F do not prove classification
completeness.

Theorem F removes Hypothesis (U) for every member of L.qm; together with Proposi-
tion 2.8, it removes that hypothesis for all admissible reflexive four-polytopes. Theorems A—
E are stated independently of the classification assertion: they apply to any admissible A
satisfying (U), with a profile satisfying (Proj) and the indicated geometric hypotheses. Thus
if an admissible class were omitted from the list, the same theorems would apply once (U)
were verified for it.

Finally, the strict tropical 2-cycles of [CBM14] are expected to suffice on their own.

Conjecture G (strict realisation). Under the hypotheses of Theorem C, the node coefficients
of strict tropical 2-cycles (S, j,v) on Bl (Definition 2.5) generate K.

By Theorems D and E, Conjecture G would realise every relation of K on both sides by
the same objects. Computations find strict tropical 2-cycles whose node coefficients generate
K on the five examples of Section 11 and on 340 of the 364 hexagon-free polytopes with
K # 0 of the list of Section 11.4 that satisfy (Proj).

For Xy this is proved in the text (Lemma 11.2), given the triangulation 7 and the triangles
of the cycle given in the accompanying data (Appendix G). For the other examples the
boundary networks and node coefficients of the cycles are verified from the accompanying
data. These data also verify the shape of the cycles that are discs with one coefficient
meeting I' only along their boundary (the belt cycles of Definition 11.1). For their other
cycles, verification of the interior conditions of [CBM14, Def. 7.2] rests on the computations
described in Section 11.5, as do the results on the 340 polytopes.

On the other 24 polytopes the cycles found generate a sublattice of K of corank between
1 and 4, while balanced networks of the shape that such cycles have along their boundary
already generate K (Section 11.5).

2.6. Scope. Apart from Hypothesis (U), which Theorem F verifies on L4, Hypothe-
sis (Proj) is the only restriction on admissible polytopes in Theorems A-E. It is needed by
the method: without it X/ is not projective over X, and the base B/ is not defined. It is
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a genuine restriction. On the list of Section 11.4 (612 admissible polytopes up to GL4(Z))
it holds for 364 of the 375 hexagon-free polytopes with K # 0; of the 142 polytopes with a
hexagonal two-face it holds for some profile on 83 (55 with every hexagon on the Ay branch,
20 with every hexagon on the A; branch, and 18 with a mixed profile, with overlaps), and
for no profile on 59. Where it fails there _is an explicit obstruction: a nonzero effective
combination of the proper transforms fg C X of curves in the fibres of X/ — X over the del
Pezzo points that is homologous in H» ()? ; Q) to a combination of the exceptional curves C,
(Proposition 3.29(3)).

Theorem A is stated for members with real coefficients of the given sign pattern near
Z, for t small. The classes [0 ] are flat sections of the local system H3(Y;.;Z) over the
members of the neighbourhood U of item (3) that lie off the nodal hypersurfaces, and this
set is connected; so item (1) holds for all of these members, complex coefficients included,
with 0, at such a member oriented by transport from ¢ (Section 9.2). Proposition 9.13
extends the integral comparison, including the torsion assertion, to small smoothings along
every connected component of the nodal coefficient locus containing a nodal member of
Theorem A(3), on the component of the node-marking and orientation cover through the
initial marking. The nodal locus is smooth everywhere; on each reached component its
codimension is |Q| —rank K. The comparison can fail on other components: Proposition 9.19
gives an Xg component with four independent vanishing spheres, whereas K has rank one. For
X, Theorem 9.21 classifies the entire codimension-three part as one reached component; the
number of codimension-four components and the component classification for other polytopes
remain open. Theorem 9.25 identifies the geometric reverse transition for Xg up to birational
equivalence with the Batyrev partner family. The tropical bounding chains are constructed
near the limit and continued by transport.

Part I. The base and its tropical cycles
3. THE PARTIAL RESOLUTION AND (GROSS’S BASE

This section constructs the two objects on which the rest of the paper works: the crepant
partial resolution X/, with the lattice K of relations among its exceptional curves, and Gross’s
integral affine base B = B!, with its discriminant I". It proves the properties of both that
later sections use.

Proposition 3.4 shows that X! has one ordinary double point for each node parallelogram,
and that in every small resolution the class of the exceptional curve Cj is determined by its
intersection numbers with the divisors D,, » € R, which are the entries of the circuit circy;
so the rational relations among the [C,] are exactly K. The proof compares an arbitrary
small resolution with a maximal projective crepant partial resolution of X and does not
use (Proj). Proposition 3.5 shows that Hy(X;Z) is torsion-free and detected by the D, so
the integral relations are exactly K as well; its proof combines a Lefschetz theorem for the
affine part of X (Lemma 3.7) with a lattice property of admissible polytopes (Lemma 3.6)
and duality. Proposition 3.9 describes the curves C; inside the exceptional del Pezzo surface
over a pentagon, an A; hexagon and an Ao hexagon, and Remark 3.10 records the resulting
linear conditions (ties) on the coordinates of K. On the base, Proposition 3.18 shows that T’
is a graph whose four-valent vertices are negative nodes in the sense of Castano-Bernard and
Matessi, one for each node parallelogram; Lemma 3.13 shows that I' is a full subcomplex of the
barycentric subdivision of Gross’s decomposition, and Lemma 3.21 describes I inside the two-
face of a pentagon or hexagon. Proposition 3.26 constructs the subdivision F¢ of A used on



20 BERND JOHANNES WUEBBEN

the mirror side and proves that it satisfies a height condition at every node parallelogram. The
proof rests on a count of lattice points in a pyramid over a unit parallelogram (Lemma 3.24).
Section 3.6 identifies (Proj) with the projectivity of X/ — X and describes an explicit
obstruction to it.

Throughout, A is admissible (Definition 2.1) and o is a profile (Definition 2.3). Hypoth-
esis (Proj) is assumed in Sections 3.3-3.5, and in Section 3.2 where stated; Section 3.6 does
not assume it. From Section 3.3 on, A satisfies Hypothesis (U), and the pair (7, A) is the
one fixed in Section 2.3.

3.1. Admissible two-faces and profiles. Let G be a dP; pentagon or a dP; hexagon,
with k = 5 or 6 vertices wy, ..., wi—1 in cyclic order and centre o; indices of the w; are taken
modulo k. For each j put

T; = conv{o,w;, wji1}, P; = conv{o, w;, wjt1,wji2}.

Up to GL2(Z) and translation there is exactly one lattice pentagon and exactly one lattice
hexagon with one interior lattice point and no boundary lattice points other than their
vertices, since the lattice polygons with exactly one interior lattice point form sixteen classes
[PRV00]. The hexagon is the one of Section 2.2. The pentagon has, in suitable coordinates,
the vertices

(3.1) wo, ... wy = (1,0), (1,1), (0,1), (=1,0), (0,—1), o= (0,0).

Lemma 3.1 (subdivisions of the del Pezzo faces). (1) Every triangle T} is unimodular,
every segment [0, w;] is primitive, and P; is a unit parallelogram if and only if w; +
Wjy2 = 0+ wjt1. For the hexagon this holds for every j; for the pentagon (3.1) it
holds exactly for j € {4,0,1}.

(2) The subdivisions of G into unit parallelograms and unimodular triangles all of which
contain o are the subdivisions into cells T and P; whose edges at o are consecutive
segments [0, w;].

(3) A pentagon has ezactly one such subdivision with two parallelograms; in the coor-
dinates (3.1) it consists of Py, P1 and T5. A hexagon has exactly three such sub-
diwisions in which two parallelograms meet only in o, namely {Pj, Tji2, Pjy3,Tj+5}
for j € {0,1,2} (the A; subdivisions of Definition 2.3), and exactly two with three
parallelograms, namely {P; : j = jo mod 2} for jo € {0,1} (the Ay subdivisions).

(4) Every cell of these subdivisions, and every face of such a cell, has no lattice points
other than its vertices.

Proof. (1) By Pick’s formula G has normalised area 2 -1+ k — 2 = k. It is the union of
the k triangles T}, whose normalised areas are positive integers; so each is 1. An interior
lattice point of [0, w;] would be a second interior lattice point of G. If w; +wjt2 = 0+ wjt1,
then o,wj, wji1,w;42 are the vertices of a parallelogram in this cyclic order, the union of
the unimodular triangles T} and T)j11; conversely, in a parallelogram with vertices in this
cyclic order the sums of opposite vertices agree. For the hexagon the relation is stated in
Section 2.2. For (3.1), wy+w1 = wg, wo+ws = wy and wy +ws = wy, while we+wy = 0 # ws
and w3 + wg = 0 # wy.

(2) Unit parallelograms and unimodular triangles contain no lattice points besides their
vertices, so o is a vertex of every cell, and the other vertices are among the w;. The edges
of the subdivision at o are segments [0, w;]; they cut G into sectors, and a cell containing
o is the sector between two consecutive such edges [0, w;] and [0, wj4.,], because it contains
the part of dG between w; and wj4.,. That sector is conv{o, wj,...,w;tm}, a polygon with
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m + 2 vertices. So m = 1 and the cell is T}, or m = 2 and the cell is P;, which must then be
a unit parallelogram.

(3) By (2) the subdivisions correspond to the ways of cutting the cyclic sequence of the
k boundary edges of G into runs of length 1 (a triangle) and 2 (a parallelogram P;, allowed
only where the relation of (1) holds). For the pentagon with two parallelograms the runs
are 2,21, starting at j, j + 2 and j 4+ 4; by (1) both j and j 4+ 2 must lie in {4,0,1},
which forces j = 4. For the hexagon every run of length 2 is allowed. Two parallelograms
meeting only in o are separated on both sides by a triangle, so the runs are 2,1, 2, 1 starting
at j,j7+ 2,54+ 3,5 + 5, and j is determined modulo 3. Three parallelograms fill the hexagon
with runs 2,2, 2, determined by the parity of j.

(4) This holds for unimodular triangles, unit parallelograms, the edges of G, which are
primitive by admissibility, and the segments [0, w;], which are primitive by (1). O

The remaining subdivisions of the hexagon in (2), with no parallelogram, with one, or with
two parallelograms sharing an edge, do not occur in profiles. Up to rotation, the A; and As
subdivisions are the local models W 1 and Ws 2 of [Wue26b, Prop. 3.7(2),(3)]. The pentagon
subdivision gives the two-node model described in Section 3.2.

By Lemma 3.1(4) and admissibility, the lattice points of A on faces of dimension at most
two are the vertices of A and the centres of the pentagons and hexagons, which is the set R
of Section 2.2; each of them is a vertex of the subdivision that ¢ induces on every two-face
containing it. For a two-face G that is not a triangle we write G° = [u, u']; since ¢(G°) = 1,
w and u’ are lattice points and vertices of A° and the facets u¥ = {n € A : (u,n) = —1} and
u'V of A satisfy u¥ Nu'Y = G. We write Ng := {u,u'} N N for the lattice of the plane of G.
Put

ew(n) == (u',n) +1, ew(n) = (u,n) +1 (n € N).
Both are nonnegative on A; e, vanishes on u" exactly along G.

Lemma 3.2 (the dual edge). Let G be a two-face of A that is not a triangle, with G° = [u,u'].
Then Zu + Zu' is a saturated sublattice of M. Hence there is w, € N with (u,w,) =0 and
(', wy) =1, and u NN = Ng @ Zwy . In particular e, is a primitive affine function on
the lattice of aff(u").

Proof. Let L = (Ru+Ru') N M, a saturated sublattice of rank two. Since £(G°) = 1, v/ —u is
primitive in M, hence in L; complete it to a basis (v’ —u, f) of L and write u = x(u/ —u) 4y f
with 2,y € Z. For a vertex a of G, (u,a) = (u/;a) = —1, so (v —u,a) =0 and —1 = y(f, a);
hence y = +1, and (v — u,u) is a basis of L. So L = Zu + Zu'. A saturated sublattice
spanned by u,u’ extends to a basis of M, and the dual basis contains a vector w, as stated.
For n € u N N the vector n — (u/,n)w, lies in Ng. O

The vectors w, (and w,, with u and u’ exchanged) are the ones used at the node points
in Section 7.1. The lemma uses only reflexivity and ¢(G°) = 1. The lattice point a on the
level —1 of both w and v’ is needed: u = (1,0) and «’ = (2,2) have primitive difference and
span a sublattice of index two.

3.2. The partial resolution, the small resolution and K. The singular points of X.
For a two-face G of A let 7¢ = cone(G). Since G lies in the hyperplane {(u,-) = —1}, the
affine toric variety of 7g is Ug x C*, where Ug is the three-dimensional Gorenstein affine toric
variety of 7¢ in the lattice N Nspan(G): the cone over the toric surface of the polygon G,
embedded by its anticanonical class. The orbit O(7g) = C* is the curve {0} x C*. As X is A°-
regular, it meets O(7¢) transversally in £(G°) points [Bat94, §3]: the equation of X restricted
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to the orbit is a Laurent polynomial in one variable with simple zeros. If G is not a triangle,
then ¢(G°) = 1 by Definition 2.1, and we write x for this point. (For a triangle, £/(G°) can
exceed one: in the cross-polytope conv{tes,...,tes} the triangle conv(ey, ez, e3) has dual
edge {(—1,—1,—1,s) : |s| < 1} of length two.) By the implicit function theorem, near x¢g
the hypersurface X is the graph of a holomorphic function Ugs — C*, so the projection to
Ug identifies a neighbourhood of x¢ in X with a neighbourhood of the vertex of Ug. Thus
r¢ is a node when G is a unit square, a cone over dP; when G is a pentagon, and a cone
over dPs when G is a hexagon. The cones over the edges and the unimodular triangles of
A are generated by parts of lattice bases, so Pa is smooth along their orbits and so is X;
and X misses the torus-fixed points of Pa, since its equation restricted to such a point is the
coefficient of a vertex of A°, which is nonzero. So the singular points of X are the points x¢,
one for each square, pentagon and hexagon.

The partial resolution. The profile ¢ subdivides 7 into the cones over its cells; let
U’G7 » — Ug be the corresponding toric morphism. The partial resolution X — X replaces a
neighbourhood of each xg by the corresponding neighbourhood of the fibre over the vertex
in U’Gﬂ, and is an isomorphism elsewhere; since the xg are isolated, this defines a compact
complex space. Under (Proj) it is the proper transform of X in P. of Section 2.2: the cones
of the fan of P, in the cone over a face of dimension at most two are the cones over the
cells of o, and X meets no orbit of a cone that is not contained in such a cone. Similarly, a
small resolution X — X ! is locally, at each node, one of the two small resolutions of the cone
{zy = zw}. At the node of the parallelogram abcd they are the toric resolutions given by the
triangles abc, acd (the diagonal {a, c}) or abd, bed (the diagonal {b,d}). So near the preimage
of x¢, a small resolution is the toric resolution of Ug given by the triangulation of G obtained
from o by one diagonal in each parallelogram. Every small resolution is a compact complex
manifold with trivial canonical class, since X, — X and X — X/, are crepant and Ky = 0
[Bat94, §4].

The divisors D,.. For a vertex r of A let D, C X be the proper transform of the surface
X N D2, where D2 is the toric divisor of Pa of the ray through r; for the centre o of a
pentagon or hexagon G let D, C X be the exceptional surface over xg. Near the preimage
of zg, D, is the toric divisor of the ray through r in the local model, for every r € RN G.
As X is smooth, each D, is a Cartier divisor, with a class D, € H2(X;Z). When X is the
proper transform of X in a toric variety refining the fan of Pa, D, is the restriction of the
toric divisor of the ray through r; toric divisors of rays not through points of R restrict to
zero, because their orbits lie over torus-fixed points of Pa.

Lemma 3.3. For every small resolution X of X! the classes D, r € R, span HQ(X';Q).
Hence

(3.2) Hy(X:Q) — Q% O+ (Dy - Crer,

is injective. This does not require (Proj).

The proof is in Appendix B.

Proposition 3.4. Let A be admissible and o a profile.

(1) X/ has ezactly one singular point for each node parallelogram, an ordinary double
point, and is smooth elsewhere. Under (Proj), X! — X is induced by the projective
toric morphism P, — Pa.

(2) Let X be a small resolution of X_. If)A( uses the diagonal {a,c} at the node q of the
parallelogram abed, the image of [Cy] under (3.2) is circg = ep+eq— eq — €¢; if it uses
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{b,d}, it is —circy. Consequently, for the small resolution with the chosen diagonals,

{A €Z9: 3 AICy) =0 in HQ()?;Q)} - K,

and the classes [Cy] span a subspace of HQ(X;Q) of dimension |Q| — rank K. When

X is projective, this is the relative Picard number of)? — X!

(3) Assume (Proj). The small resolution with the chosen diagonals is projective if and
only if no nonzero A € K has all \y > 0; it is then the proper transform of X in the
toric variety of a regular refinement of ¥'. The diagonals at the squares can always
be chosen so that this holds.

Proof. (1) Let P = abcd be a node parallelogram in the two-face G. The cone over P is
generated by four vectors with a + ¢ = b + d that span a saturated sublattice of rank three,
so its affine toric variety is {zy = zw} x C*. In the local model U, , over z¢ it contributes
the torus-fixed point of the cone over P, an ordinary double point; the other cells of o|g
are unimodular triangles and primitive segments (Lemma 3.1(4)), whose cones are smooth.
Over the squares, X, = X near 2, which is a node. The other points of X/ lie over smooth
points of X. The second sentence was shown above.

(2) Near Cy, X is the small resolution of the cone {zy = zw} given by the three-dimensional
cones cone(a, b, ¢) and cone(a, ¢, d), and Cy is the curve of their common wall cone(a, ¢). The
divisors Dy, ..., D4 are there the toric divisors of the local model, and the wall relation
b+d—-—a—-c=0gives Dy-Cy =Dy-Cy =1and D,-Cy = D.-Cy =—1. A divisor D,
with r ¢ {a,b,c,d} is disjoint from Cy, because in the local model the orbit closure of the
ray through r contains the orbit of cone(a,c) only if r € {a,c}, and the other orbits of X
over zg that meet C, are those of cone(a, b, c) and cone(a, ¢,d). Hence [C,] — circy, and the
other diagonal exchanges the roles of {a,c} and {b,d}. Since (3.2) is injective (Lemma 3.3),
> 2q[Cql = 0if and only if 7 Agcircy = 0, and the span of the [Cy] is isomorphic to that of
the circy, of dimension |@| — rank K. When X is projective, the divisors D, span H? ()? Q)
(Lemma 3.3), so a rational combination of curves is numerically trivial if and only if its class
in Hy(X;Q) vanishes; hence the span of the contracted curves in Nl()?/XC’,) ® Q has the
same dimension. R

(3) If an ample class L exists on X, then L-Cy > 0 for all ¢, and a relation » 3, Ag[Cy] =0
with A > 0 forces A = 0. Conversely, suppose no nonzero A > 0 lies in K. By Gordan’s
alternative there is 1 € QF with (circg, 1) > 0 for every g; extend 1 by 0 to the other lattice
points of OA. Let h be a strictly convex function inducing ¥’. For € > 0 small, the strict
inequalities by which h exceeds its linear piece on the cone over a cell of ¥ at the lattice points
outside that cell persist for h + €, so the subdivision it induces refines ¥’ and subdivides
each cell w of ¥’ by the regular subdivision of w N N induced by t|,. This subdivision may
use lattice points of w that are not vertices of w; these lie in the relative interiors of facets of
A, and the proper transform of X meets no orbit of a cone containing one of them, since such
an orbit lies over a torus-fixed point of Pa. A unimodular triangle or a primitive segment
is not subdivided, and v subdivides a parallelogram abed by the diagonal {a,c} if and only
if Y(a) + ¢¥(c) < ¥(b) + (d), that is, (circg,?) > 0. The toric variety of the refined fan is
projective, it is smooth along the orbits that X meets, and the proper transform of X in it
is the small resolution with the chosen diagonals. For the last sentence take v equal to —1
at the centres and to small generic values at the vertices of A, and choose at each square



24 BERND JOHANNES WUEBBEN

the diagonal {a,c} with (circg, 1)) > 0. At a parallelogram of a pentagon or hexagon, whose
chosen diagonal passes through the centre, (circy, ) is 1 plus a small number. ]

When every singular two-face is a unit square, the identification of the classes [C,] with
the circuits is stated in [BK10, §2]. The relations hold integrally (Proposition 3.5 below).

Integral relations among the exceptional curves. Proposition 3.4(2) determines the relations
among the classes [Cy] in rational homology. They hold integrally, because HQ(}? ;7)) is
torsion-free and is detected by the divisors D,. Let T'= N ® C* be the dense torus of Pa
and W = X NT. The singular points xg of X lie on orbits of cones over two-faces, so W lies
in the locus over which X — X is an isomorphism, and we regard W as an open subset of
X. It is the affine hypersurface in T' of a Laurent polynomial with Newton polytope A°.

Proposition 3.5 (integral relations among the exceptional curves). Let A be admissible,
o a profile and X any small resolution of X!, with the node parallelograms labelled by the
diagonals of X. Then:

(1) the homomorphism
(3.3) evp: Ho(X;Z) — 7%, C+— (D, - C)yer,

is injective; in particular Hy(X;Z) is torsion-free;
2) {xe YA >y \lCql =0 in Hy(X;2)} = K.

Hypothesis (Proj) is not required, and X need not be projective.

Part (2) follows from part (1): by the proof of Proposition 3.4(2), evp[Cy] = circy, a local
toric computation that is integral as it stands, so evp (3 ¢ [Cql) = > g AgCireg, which van-
ishes if and only if A € K. Part (1) also recovers the injectivity of (3.2). With Theorem A(1),
the exceptional curves of X and the vanishing spheres of Y; have the same relation lattice K,
integrally.

The proof of part (1) rests on two lemmas. The first is a lattice property of admissible
polytopes. For a two-face G of A let Lg = spang(G) N N, a saturated sublattice of rank
three, and call three vertices of G a unimodular triple if they span a triangle of normalised
area one in the affine lattice aff(G) N N.

Lemma 3.6 (unimodular triples). Ewvery two-face G of an admissible A has a unimodular
triple y1,y2,y3. Every unimodular triple of G is a basis of Lo and extends to a basis of N.
Consequently the classes y; An, i=1,2,3, n € N, span A’N.

The second lemma is a Lefschetz theorem for the hypersurface W and for its intersections
with the torus orbits of the vertices. It follows from Oka’s theorem on the complement of
a nondegenerate hypersurface. A Laurent polynomial g is nondegenerate if for every face ©
of its Newton polytope, including the polytope itself, the truncation gg and its logarithmic
derivatives have no common zero in the torus; this is equivalent to Batyrev’s regularity
condition [Bat94, §3] and to Oka’s global non-degeneracy [Oka80, Def. (5.1)].

Lemma 3.7. Let T' be an algebraic torus of dimension n > 2, let g be a nondegenerate
Laurent polynomial on T' whose Newton polytope has dimension n, and let W' = {g = 0}.
Then the inclusion j: W' — T’ induces isomorphisms j.: H,(W';Z) — Hg(T';Z) for k <
n — 2. In particular W' is connected.
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The proofs of the two lemmas and of part (1) are in Appendix B. Part (1) is proved in
three steps. Step A uses the two lemmas to show that Ha(W;Z) — Hy(X;7Z) is zero; Step B
deduces from the exact sequence of the pair (X, W) that Hy(X;Z) injects into Hy(X, W;Z);
and Step C identifies HQ(X, W;Z) with H*(D;Z) = Z®, D the union of the divisors D,., by
duality for the compact subset D, so that the composite is tevp.

Remark 3.8. The class of a relation > A¢[Cg], A € K, is torsion by Proposition 3.4(2), so

Proposition 3.5(2) is equivalent to the vanishing of the torsion of HQ(X ;Z) on these classes.
For projective X it can also be derived from the computation of Batyrev and Kreuzer. By
universal coefficients Tors Hg()? :7) is dual to Tors H3(X;Z), and for a smooth projective
crepant resolution the latter is the Brauer group, isomorphic to Hom(A2N/(N A N"),Q/7Z)
with N the sublattice generated by the lattice points of A on faces of dimension at most one
[BK06, Cor. 3.9]. For admissible A, N” is generated by the vertices, and Lemma 3.6 gives
N AN" = A?N. Step A is the topological counterpart of this computation, and it does not
require X to be projective.

The exceptional surfaces. Let G be a pentagon or a hexagon, and let X use the diagonal
through the centre o at each parallelogram of G. The triangulation of G in the local model is
then the star subdivision into the triangles T;. Put ' = Eg := D,, the fibre of X — X over
rg, and let E' = E; C X be the fibre of X] — X over zg. For each j let f; := Dy, N E.
We use the marking of dPs of [Wue26b],

(3.4)

Jo=e, fi=Hgp—e1—e2, fo=e [fs=Hp—ex—e3, [fi=e3 [5=Hg—e1—es,
with Hg the pullback of the class of a line and ey, e2, e3 the exceptional classes of BlsP?, and
for the pentagon in the coordinates (3.1)

(3.5) Jo=el, fi=Hgp—ei—e fao=e, fs=Hp—e f1=Hg—e;
on Bl,P2.

Proposition 3.9 (the classical description). With these conventions, E is the smooth toric
surface of the complete fan in Ng with rays w; — o, and its boundary curves are the f;.

(1) Pentagon. E = BloyP? with the marking (3.5). The node parallelograms are Py and
Py, and their exceptional curves are Cy, = fo = e1 and Cy, = fo = ea, two disjoint
(—1)-curves. E' =2 P2, and the two nodes lie at two of its three torus-fized points.

(2) Aj hexagon. E = BI3P? with the marking (3.4). For the Ay subdivision with paral-
lelograms P; and Pjy3, the exceptional curves are fjy1 and fji4, two opposite, hence
disjoint, (—1)-curves. We label the nodes so that the middle vertex of q1 has even
index; then Cy, = e; and Cyy, = Hp — ey, — ¢ with {i,k,1} = {1,2,3}. E' =2 P! x P!,
and the two nodes lie at two opposite torus-fized points.

(3) Az hexagon. E 2 Bl3P? with the marking (3.4). For the As subdivision {P; : j =
jo mod 2} the exceptional curves are the three pairwise disjoint (—1)-curves fji1:
for jo = 1 they are C = eg,e3,e1 (for j = 1,3,5), and for jo = 0 the lines C =
Hp —e; —ey, Hp—ey—e3, Hp —e1 —e3 (for j =0,2,4). E' =2 P2, and the three
nodes are its three torus-fixed points.

The proof is in Appendix B.

The two hexagon cases are [Wue26b, Prop. 3.7(2),(3)]. The subdivision W ; there is the
A1 subdivision with j = 2, written with the representative j = 5: its parallelogram P5 > wy
is q1, with Cy, = fo = e1, and Cy, = f3 = Hg — e2 — e3. The subdivision Ws 2 is the Ay
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subdivision with jo = 1. The labelling of ¢1, ¢z in (2) matters for signs only: the rotation of
the hexagon by three positions is the Cremona involution of dPs, which changes the sign of
the class ¢ below.

Remark 3.10 (the ties). The centre o of a pentagon or hexagon G lies on no other face of
dimension at most two, so it occurs only in the circuits of the node parallelograms in G, each
time with coefficient —1 (the chosen diagonal passes through o). Hence every A € K satisfies

> A =0,

qCG

a condition on two coordinates at a pentagon or an A; hexagon and on three at an A,
hexagon. The same condition follows from D,|r = Kp, which holds by adjunction because
K¢ = 0: the curves C; with ¢ ¢ G are disjoint from E, each C, with ¢ C G is a (—1)-curve of
E,so Kg-Cy = —1, and pairing a relation with D, gives — A¢ = 0. By Proposition 3.9,
the part of a relation at GG is a class in a root lattice of E:

(1) at a pentagon, A, [Cq, | + Ao [Cqo] = Mg, (€1 — e2) € Z(er — e2);

(2) at an A; hexagon, Ay, [Cy] + A, [Cop]l = Ay ¢ with ¢ = e; — (Hgp —ex, — ) = —Hp +
e1 + ea + e3, the Ay root line of dFPgs; the three Ay subdivisions give the same line;

(3) at an Ay hexagon, chG M| Cy] = pier + poea + pses with pg + po + pz = 0, where
(1, p2, 113) = (Ags» Agys Ags) for jo = 1 and (Agy, Agys Agy) for jo = 0, indexing the node
gj of P; by j; for jo = 0 the multiples of Hg cancel by the tie. The local tie plane
{\ € Z3 : 3 X\ = 0} maps isomorphically onto the As root lattice {>_ pie; : > p; = 0}.

In each case every A\, with ¢ C G is nonzero if and only if the local class is nonzero on
every root coordinate: )4, # 0 at a pentagon or an A; hexagon, and ppuops # 0 at an A
hexagon. When every singular point of X is a node or a dP; point, that is, when A has no
hexagonal two-face, the criterion [Wue26b, Thm. 4.7] therefore says that X has a convergent
one-parameter smoothing if and only if some A € K has all \; # 0; the proof of Corollary 9.11
verifies the hypotheses of [Wue26b, Thm. 4.7] and the identification of its criterion with this
condition, and that part of the proof does not use (Proj). For the nodal threefold X!, with
any profile, the corresponding criterion is Corollary B.

qCG

3.3. Gross’s base. From now on until the end of Section 3.5 we assume (Proj), and ¥’
denotes the subdivision of JA it provides. Let h: Ng — R be a function that is piecewise
linear and strictly convex on the fan over 3’ (convex, with the cones over the cells of ¥’ as
its maximal domains of linearity) and vanishes at 0; it exists by (Proj).

Heights. Let T and h be as in Hypothesis (U): 7 is a unimodular triangulation of dA°
refining its faces, so that its vertex set is OA° N M and the cone over each tetrahedron is
generated by a basis of M, and h is an integral piecewise linear function on the fan over T~
with A(0) = 0. Let ¢ equal 1 on AA° and be linear on the cones over the faces of A°. The
two conditions of Hypothesis (U) are

(G1) h is strictly convex on the fan over T
(G2) B := h — ¢ is strictly convex on the fan over 7.

Since 7 is unimodular, the linear function ¢, that agrees with A on the cone over a tetra-
hedron « is integral, and strict convexity gives h(m) > £.(m) + 1 for every lattice point
m outside that cone. The standing hypotheses of Gross’s construction [Gro05, §3] are that
h is integral, piecewise linear and strictly convex and that &’ is convex, together with the
corresponding conditions on the fan side (h integral and strictly convex, h — ¢ convex, with
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¢ as in Section 2.4); the fan-side function enters the construction of the base and of its de-
composition only through the subdivision >/ below [Gro05, Prop. 3.12, Def. 3.13, Prop. 3.14].
Some h that satisfies these fan-side hypotheses induces >’ and the same ¥': the functions h
as above that induce ¥’ and ¥’ form a nonempty set cut out by finitely many linear equations
and strict linear inequalities with rational coefficients, so it contains one with rational slopes.
Let m be a positive integer with mh integral. Replacing h by mh + ¢ changes the heights
h(a) of the points (a,0) in the construction of ¥’ below to mh(a) 4+ 1 and leaves the heights
0 of the points (w, 1) unchanged; this is a scaling by m followed by the addition of the affine
function (y,l) — 1 — [, which changes no regular subdivision. And mh + ¢ is integral and
strictly convex on the fan over ¥/, with (mh + ¢) — ¢ = mh convex. Strictness in (G2) is an
additional requirement. Replacing i by v¢ + 2h with v > —1 an odd integer preserves (G1)
and (G2), because ¢ is convex and linear on the cones over the simplices of T, 2h—@ = h+ 1/,
and (v@ + 2h) — ¢ = 20 + (v + 1)¢; for v large it makes h(m) odd and positive for every
m € 0A° N M. We assume this normalisation, which Section 10 uses, and build the base
from the normalised height. It is not a restriction: two heights on the same 7 satisfying (G1)
and (G2) give bases related by a piecewise linear homeomorphism that preserves the cells,
their lower supports and face labels, the discriminant and the local system A (Lemmas 4.9
and 6.5(2)).
The polytope. Put

Vhi={y e Ng: (m,y) > —h(m) for all m € DA° N M}.

By (G1) the normal fan of V" is the fan over 7. Its facets F, correspond to the lattice points
u € OA° N M, its two-faces F,,y = F,, N F, to the edges [u,u'] of T, its edges to the triangles
and its vertices to the tetrahedra; we write F for the face of the simplex 7. Gross’s base
B% is contained in V" [Gro05, Cor. 3.3]. Conversely every face of V* is F, = 7V + V’;,,
where 7V is the face of A on which every vertex of 7 takes the value —1 and Vél is the face
of V" with inner normal cone cone(r) (Lemma 4.2), and these sets are the ones whose union

defines Bhv [Gro05, §3]. So the base is the three-sphere B = ovh ; for a hypersurface this also
follows from [Yam21, (5.36) and Prop. 5.4], cf. [Yam21, Ex. 5.16].

The decomposition. Let 3 be the normal fan of the epigraph Epi = {(m,l) : m € A°, [ >
B (m)} [Gro05, Prop. 3.5, 3.7], a fan in Ng @ R whose support is {I > 0}, the dual of the
recession cone {0} x R>g of Epi. By (G1) and (G2) its maximal cones are the normal cones
S, at the vertices (u,/(u)), u € OA° N M, and the cone Zup = cone(Vh x {1}) at (0,0)
[Gro05, Prop. 3.7]. We fix the following subdivision ' of ¥: on each %, it is the cone over
the regular subdivision of the point configuration (u¥ N N) x {0} U vert(VZ ) x {1} with the
heights h(a) at (a,0) and 0 at (w,1), and iup is not subdivided. These subdivisions agree
on common faces, since the heights are global. The trace of > on N X {0} is the fan over
Y/, and its other rays are generated by the vectors (w, 1), w a vertex of V", Such a w is
a lattice point: it is Vﬁl for a tetrahedron x = {uy,...,us} of T, so (u;, w) = —h'(u;) € Z,
and up,...,uy is a basis of M. So (w, 1) is primitive and > s good for ¥’ in the sense of
[Gro05, Def. 3.8]. It is the subdivision of [Gro05, Rem. 3.18] determined by the values h on
Nr x {0} and 0 on f]up (Lemma 4.3), and it is the subdivision used in the computations of
Section 11. A cone of ¥/ is mized if it has rays of both kinds. A mixed cone of dimension

d + 2 with lower generators w x {0} (w a cell of ') and upper generators 73 x {1} gives the
d-cell w + conv 1 of the polyhedral decomposition & of B [Gro05, Def. 3.13, Obs. 3.9]; w is
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its lower support. For a cell ¢ the smallest face of V" containing it is Fr(c), and 7(c) is its
face label. A vertex of &2 is n + w with lower support one lattice point n, its lower ray. The
same construction applies to any regular subdivision of JA refining the faces of A in place
of ¥'; Section 6 uses it for F¢ (Section 3.5).

Lemma 3.11 (facet index). Every mazimal cell C' of & lies in a facet F,, of Vh, and
(uc,n) = —1 for every lower ray n of C. We call uc the facet index of C.

Proof. The five-dimensional cone of C' lies in a unique maximal cone of 3. A lower ray (n,0)
lies in f]p if and only if (-, n) is minimal on A° at p, that is, (p,n) = —1; it never lies in iup.
So the cone lies in some ip with (p,n) = —1 on the lower rays. An upper ray (w,1) € f)p
is an inner normal at (p, #'(p)) of a lower face containing (0,0), so (p,w) = —h'(p). Hence
{p,n +w) = —1 — ' (p) = —h(p) on the vertices of C, that is, C' C F},. O

The affine structure [Gro05, Prop. 3.14]. On the interior of a maximal cell C' the chart is
the inclusion into aff(C') = aff(F,,.), with tangent lattice u5 N N. At a vertex n+w the chart
is the projection m,: Ng — Nr/Rn, defined on the open star of the vertex in the barycentric
subdivision, with lattice N/Zn. On the part of the open star of n + w inside a maximal cell
C, the two charts differ by the projection aff(F,.) — Ngr/Rn, which is an integral affine
isomorphism because (uc,n) = —1; its inverse on tangent lattices is z +— = + (uc, x)n.

Lemma 3.12 (monodromy of a flag). Let e C f be an edge and a two-cell of &, let Cy be
the two mazimal cells containing f, with facet indices u+, and let the lower rays of the end
points of e be n,n’. Let v be a loop based in Cy that passes into C_ near the end point with
lower ray n and returns near the end point with lower ray n’. Then parallel transport along
v 8

Ty(z) =z + (uy —u_,z) (n —n), x € uy N N.
It is nontrivial if and only if n #n' and uy # u_.

Proof. Through the chart at the end point with lower ray n, x € ui is carried to the repre-
sentative 4 (u_, x)n of its class in N/Zn that lies in u. Returning through the chart at the
other end point gives = + (u_,z)(n —n’), since (ux,n) = (ux,n’)y = —1 and (u4,z) = 0. As
(u—,z) = (u— —uq,x), this is the formula. This is [Gro05, Prop. 3.15] for hypersurfaces. [

3.4. The discriminant. Legs. For an edge e and a two-cell f D e as in Lemma 3.12
with nontrivial monodromy, the segment E = [b, bs] joining their barycentres is a leg. Its
vanishing vector is dg = n’ — n and its covector is ag = uy — u_, both defined up to a
common sign; the monodromy of a loop around E is the transvection x — x + (ap,x)dg.
The discriminant T is the union of the legs. The lower support {n,n’} of e is an edge of ¥ on
which both u; and u_ take the value —1, so it lies in the face {us,u_}" of A, of dimension
at most two; by admissibility and Lemma 3.1(4), dg is primitive. A leg lies in a two-cell
fCF,NF,_ =F,._,sol is contained in the two-skeleton J Fuw of V" and meets no
open facet.

I' is contained in Gross’s discriminant, and the affine structure extends over the rest of
it. For a lattice point n let R,, the vertex region of n, be the union of the open simplices
of the barycentric subdivision Bar &7 whose smallest cell has lower support {n}. Every facet
F, through a point of En has (u,n) = —1, so B is locally a graph over Ng/Rn there, and
the projection along n is a chart on R,, compatible with the facet charts (Lemma 4.4). The
open facets int F,, and the vertex regions R, cover B \I'. We write A for the local system of
integral tangent vectors on B\ I" and ¢: B\ I' — B for the inclusion.
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Lemma 3.13. T is a full subcomplex of Bar &: every simplex of Bar & whose vertices lie
on T liesinT.

Proof. A leg [be,by] is the simplex of the chain e C f, so I' is a subcomplex. The relative
interior of a leg lies in the relative interior of f, and its end points are b, and by. So a
barycentre b, lies on I' only if ¢ is the edge or the two-cell of a leg: b, € I" forces e to have
a two-point lower support {n,n’'} with n # n/, and by € T" forces uy(f) # u—(f). A simplex
of Bar &2 with all its vertices on I' is therefore the simplex of a chain consisting of at most
one edge and at most one two-cell. If it is a chain e C f, then the flag (e, f) has n # n’ and
Uy # u_, so it has nontrivial monodromy by Lemma 3.12, and [b, by] is a leg. O

For a two-dimensional cell L of ¥, let G(L) be the smallest face of A containing L. We
use the convention ¢(G(L)°) = 0 when G(L) is a facet, so its dual is a point.

Lemma 3.14 (stack lemma). The two-cells of &2 with lower support L, together with the
mazximal cells containing them, form a linear sequence Cy| f1|C1 |-+ | fx | Cx with k > 1, in
which Cy and Cy have as lower supports the two three-cells of X' containing L. Along the
sequence the facet indices run monotonically through all lattice points of G(L)°, and exactly
U(G(L)°) of the f; separate mazimal cells with different facet indices.

Proof. By goodness, = cone(L) x {0} is a cone of 3. Fix z in its relative interior. The
cones of ¥/ containing x project to a complete fan of the closed half-plane that is the image
of {{ > 0} in (Ng ®R)/spank. Its two boundary rays are the images of the cones over the
two three-cells of ¥’ through L; its interior rays are the images of the four-dimensional mixed
cones with lower part k, that is, of the two-cells with lower support L; its sectors are the
maximal cells through them. A complete fan of a half-plane is a linear sequence of sectors,
and there is at least one interior ray since every sector is pointed. The coarse fan ¥ at x
consists of the ¥, with (p,-) = —1 on L, that is, p € G(L)°NM = {py, ...,px}. By (G1) and
(G2) each such f]p is five-dimensional, and ipj ﬁiij is a wall because [pj, pj+1] € T. So the
coarse sectors are A 4 1 sectors in the order of the p;. Each refined sector lies in the coarse
sector of its facet index (Lemma 3.11), so the facet indices are constant on coarse sectors and
change exactly at the A coarse walls. ([l

Lemma 3.15 (edge lemma). Let e be an edge of & with lower support {n,n'}, n #n'. The
mazimal cells through e carry 7 < 3 distinct facet indices, and the number of two-cells f D e
for which the flag (e, f) has nontrivial monodromy is j if 7 > 2 and 0 if j = 1. If e has a
one-point lower support, no flag at e has nontrivial monodromy.

Proof. The last sentence is Lemma 3.12. Fix x in the relative interior of the three-dimensional
mixed cone of e; the cones through = project to a complete fan of a plane, with rays the two-
cells through e and sectors the maximal cells. The coarse cones through z are the ip with p
a vertex of the bounded face ¢ of the epigraph whose normal cone contains x in its relative
interior. By (G1) and (G2), ¢ is the lift of a simplex s of T, and every vertex of s takes the
value —1 on n and n’, so s lies in the face of A° dual to the smallest face of A containing
[n,n/]. That face of A has dimension at least one, so its dual has dimension at most two and
s has at most three vertices; the facet indices around e are the vertices of s. So 7 < 3, and the
j coarse sectors are separated by exactly j walls if 7 > 2 and by none if j = 1. The refined
rays on the walls are the two-cells across which the facet index changes, and by Lemma 3.12
these are the flags with nontrivial monodromy. O
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Definition 3.16. Let p be a point of I' at which three legs meet, and let 13,75, T3 be the
monodromies of loops around the three legs, based near p and oriented compatibly with an
orientation of B. The point p is of negative type if T;(x) = x + (o, z)d; with a common
primitive covector a and d; + dy + ds = 0 spanning a saturated sublattice of rank two of a*;
it is of positive type if T;(z) = x + (o, x)d with a common primitive d and a; + ag + a3 =0
spanning a saturated sublattice of rank two of d-. An edge point of T, the term used in
[CBM14, Def. 7.2(b)], is a point of I' that is not a vertex of the graph I': an interior point of
a leg, or a point at which exactly two legs meet.

These are the local monodromies at the two kinds of trivalent vertex of the discriminant
in Gross’s topological torus fibrations [Gro01, Thm. 1.11(2)], the negative vertex [CBM14,
Ex. 2.3] and the positive vertex [CBM14, Ex. 2.4]. At a point where two legs meet, the two
legs have the same vanishing vector and the same covector up to sign (Lemma 3.17), so near
every edge point the monodromy is that of an edge point of the discriminant in [CBM14,
Ex. 2.2], the product of the focus-focus singularity of [CBM14, Ex. 2.1] with an interval;
[CBM14, §3.2, (4)] gives the corresponding monodromy on the first homology of the fibres of
the model torus fibration.

Lemma 3.17 (vertex types). The points of I' at which the number of legs is not zero are the
following, and no others:

point position lower support type

by interior of a two-face F two points edge point, two legs
by interior of a two-face Fyy unimodular triangle mnegative, three legs
by interior of a two-face Fyy node parallelogram  four legs

be interior of a two-face Fy two points edge point, two legs
be interior of an edge of V" two points positive, three legs

Proof. Legs exist only on two-cells f contained in a two-face F,,,/, and at their edges e with
a two-point lower support. The lower support of f is a cell of ¥’ in the face [u,u']¥ of
A, which has dimension at most two; by admissibility and Lemma 3.1(4) it is a point, a
primitive segment, a unimodular triangle or a unit parallelogram. The number of legs at by
is the number of edges of f with a two-point lower support (Lemma 3.12); a two-cell with a
one-point lower support has none, a two-cell with lower support a segment {n, n'} has exactly
two such edges (the faces of f selected by the two normals of the segment in the plane of f),
and a two-cell with lower support a polygon has one for each edge of the polygon. At b, the
count is Lemma 3.15: j = 2 if e lies in the interior of a two-face, and j = 3 if e lies on an
edge of V", dual to a triangle {uy,us,uz} of T.

Negative type. At by with lower support a triangle {n,, ny, n.} in Fy,,, the three legs share
f, hence the covector @ = v’ — u, which is primitive since [u, /] is an edge of the unimodular
triangulation 7. The vanishing vectors are the oriented edge vectors of the triangle, which
sum to zero; the triangle is unimodular in the plane {(u,-) = (¢/,-) = —1}, so they span the
saturated lattice {u,u’'}* NN C at.

Positive type. At b, with e on the edge of V" dual to {uy,us,u3}, the three legs share e,
hence d = n’ — n, which is primitive. The covectors are the differences u; — u;, which sum
to zero with suitable orientations. Since 7 is unimodular, the tetrahedron {0, u,us,us} is
unimodular, so ug — w1 and usz — u; span a saturated lattice of rank two, and it lies in d*
since (u;,n) = (u;,n') = —1.
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Points on two legs. At b, in the interior of F,, both legs have d = n’ — n from e and
a=u' —u. At by with a two-point lower support {n,n'} the two legs are the two edges of f
with that lower support, and they share d and, through f, «. ([l

The positive case uses the unimodularity of 7: for a triangulation containing an empty
tetrahedron of normalised volume two, the three covectors at a positive vertex span a sub-
lattice of index two. Gross’s simplicity theorem [Gro05, Thm. 3.16] assumes elementary sim-
plices on both sides and does not apply to X', whose parallelograms produce the four-valent
vertices.

Carrying cells. Let ¢ € @, with node parallelogram P in the two-face G and G° = [u_, u4].
By the stack lemma and ¢(G(P)°) = ¢(G°) = 1, exactly one of the two-cells of & with lower
support P separates maximal cells with different facet indices. We call it the carrying cell ¢,
of g; it lies in the two-face F),_,, , and we put p, := b,. Likewise every unimodular triangle
L of o in a two-face G is the lower support of exactly one two-cell ¢, C Fy_,, with different
facet indices on its two sides.

Proposition 3.18. (1) The discriminant T of Bl is a graph and a full subcomplex of
Bar &. Its four-valent vertices are the points py, one for each q € Q; its three-valent
vertices are of negative or positive type; every other point of I' is an edge point, near
which the monodromy is that of [CBM14, Ex. 2.2]. In particular Bl has no positive
node.

(2) After the vertex of I inside each carrying cell is moved as in Lemma 3.19, the germ of
B! at each four-valent vertex is integral affine isomorphic, with integral translations,
to the germ of [CBM14, Ex. 6.1] at its vertez. So these vertices are negative nodes
in the sense of [CBM14, Def. 6.3]. The moved and the barycentric discriminants are
related by a homeomorphism of B that preserves every cell of & and the local system
(Lemma 3.20).

Proof of (1). Fullness is Lemma 3.13. By Lemma 3.17, I" is a graph whose three-valent
vertices are of negative or positive type and whose other points are edge points, except
at the barycentres of two-cells with a node parallelogram as lower support. By the stack
lemma these barycentres, on cells carrying legs, are exactly the py; the other two-cells over
a node parallelogram, and all two-cells over parallelograms interior to facets of A, carry no
leg. Four-valent points b, do not occur (Lemma 3.15), so every four-valent vertex of I' is a
point pg. The legs at p, are the flags (e, ;) with e an edge of ¢, over an edge of the node
parallelogram, and ¢, separates maximal cells with facet indices u4; by Lemma 3.12 their
monodromies are transvections with the common covector +(u; — u_) and with vanishing
vectors the edge vectors of the parallelogram, two of which are linearly independent. The flat
sections of A near p, form the rank-two lattice {u_,u; }* NN (Lemma 5.1(2)). At a positive
node the monodromies of the two loops computed in [CBM14, Ex. 6.2] are transvections with
a common vanishing vector e;, and the vectors invariant under both form the line Re;. An
integral affine isomorphism of neighbourhoods carries flat sections to flat sections, so no p,
is a positive node, and B! has none. O

The node germ. Let ¢ € @ with node parallelogram P = abed in the two-face G, G° =
[u—,u4], carrying cell ¢ = ¢, and adjacent maximal cells C with facet indices ui. By
Lemma 4.3(2), applied to the face F;,_,, that contains ¢, ¢ = P+ conv 7, where conv 1 = V]T”:
for a simplex 7/ D [u_,uy] of T; it lies in a translate of {u_,u,}*, so 7 is a point, a
segment or a polygon parallel to the plane of P. Put o = uy — u_ and hy = ﬁ(ui), so that
C: C {{us,") = —hy} and o = h_ — hy on ¢. The four edges of ¢ with a two-point lower
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support have lower supports {a, b}, {b,c}, {c,d}, {d,a}, one for each edge of P, and the four
legs at p, join pg to their barycentres. The legs over {a,b} and {c,d} have vanishing vector
+(b—a) = £(c—d), those over {b,c} and {d,a} have +(c —b) = +(d — a), and all four have
covector +a. We call the pair of opposite legs over {a,b} and {c,d} the b — a passage at q,
and the pair over {b,c} and {d,a} the ¢ — b passage (Figure 1). The vector b — a is fixed by
the monodromies of all four legs, since («,b — a) = 0, and so is ¢ — b.

t(b—a)
d c
+(c—0) == | Pa
0 e )
b
+(b—a)

¢ CFyu, C avh

FIGURE 1. Left: a node parallelogram P = abcd in a two-face G of A, with
the diagonal {a,c} dashed. Right: its carrying cell ¢, = P + conv 7 in the

two-face Fy_y, of V", drawn for 7 a segment; the maximal cells Cy lie on
the two sides of the page. The thick edges have the two-point lower supports
{a,b}, {b,c}, {c,d}, {d,a}, and the four legs of I join p, to their barycentres,
labelled with their vanishing vectors. The four complementary regions carry
the charts of the lower rays a, b, c,d. The b — a passage (solid) and the ¢ — b
passage (dashed) are the two pairs of opposite legs.

Lemma 3.19 (the node germ). (1) Forn € P let m, be the chart Ng — Nr/Rn, iden-

tified with Ho = ut by x +— x + (uy,z)n. Then for n,n’ € P,

—hy (n' —n) on Cq,
Tpt — T = 3
—(hs 4+ y2(2)) (0 —=n) onC_,

and yo >0 on Cy,y2<00onC_, yo =0 on c.

Let TV be any four-legged star in ¢ whose legs end at the barycentres of the four edges
of ¢ with a two-point lower support. Giving the region between consecutive legs the
chart of the lower ray of the boundary arc of ¢ that it contains defines an integral
affine structure on a neighbourhood of ¢ minus I, which agrees with that of B off c.
Its local system of integral tangent vectors is given on each region by the chart of that
region, by the same rule for every such star.

Let V' be the centre of a translate P+ z C ¢, z a vertex of conv 7, and let Ty be a star
with vertex Y whose legs leave b in the directions +(b — a), £(d — a) and continue
inside ¢ to the barycentres of the edges with lower supports {a,d},{b,c},{a,b},{c,d},
coinciding with the legs of T' mear these barycentres. Then a neighbourhood of V' is
integral affine isomorphic, with integral translations, to a neighbourhood of the vertex
of the discriminant in [CBM14, Ex. 6.1].

ya(z) == alc) — a(2),

Proof. (1) Since (u4,n) = =1, N = (HyN N) & Zn, and x — z + (uy,z)n is the lattice
projection along n onto Hy. Hence 7, — 1, = (uy,z)(n’ —n). On C4, (uy,x) = —h4. On
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C_, (up,z) = a(z)+ (u_,z) = a(z) —h_ = —hy —y(x). Since V" is convex, (u_,z) > —h_
on Cy and (uy,z) > —hy on C_, which give the signs of ys.

(2) By (1) the charts 7, n € P, differ on C by integral translations and on C_ by integral
affine shears  — 2 — (hy +y2(x))(n' —n), with y; an integral affine function there; so on each
of Cy separately every 7, is a chart of the integral affine structure of that cell. Across ¢ the
change of chart is piecewise linear and not affine, so near each point of ¢ off the star a single
chart m, must be used on both sides of ¢; the affine structure near such a point depends on
which chart it receives. So inside ¢ one needs only a closed set separating four regions, each
containing the vertices of ¢ with a given lower ray. Edges of ¢ with a one-point lower support
join vertices with the same lower ray, and the four edges with a two-point lower support
separate the boundary of ¢ into four arcs with lower rays a, b, ¢, d in this cyclic order.

(3) Choose the origin at the lattice point a + z and the basis v1 = b—a, w,_, v3 =d —a
of Hy N N, where w,_ is the vector of Lemma 3.2 for (u,u’) = (uy,u—): by that lemma
HyNn N = Ng & Zw,_, and vy,v3 is a basis of Ng because P is a unit parallelogram.
Then a(v1) = a(vs) = 0 and a(w,_) = —1, so the second coordinate of a point of Hy is
y2. In the coordinates y = (y1,y2,ys) of this basis, the chart of the corner a + iv; + jus
(i,j € {0,1}) is, up to an integral translation, y on {yo > 0} and (I — (ie; + jes)e] )y
on {y» < 0}, by (1). Near b = (3,0,3) the region of the corner (i,j) is the quadrant
{sign(y; — %) = 2i — 1, sign(ys — %) = 2j — 1}. This is the atlas of [CBM14, Ex. 6.1]:
two triangular prisms glued along a unit square, with perpendicular prism directions ey, e3,
the monodromy-invariant plane (ej, e3), and the vertex at the barycentre of the square; the
translations are integral. O

The sign of the shear in (3), forced by the convexity of V" through (1), is the one of
[CBM14, Ex. 6.1], where it is forced by the two prisms. With the barycentric placement, the
vertex of I sits at the barycentre of ¢, whose position modulo the lattice is in general not
that of b'; this is why the vertex is moved in (3).

Lemma 3.20 (placement). Let IV be T with the star inside every carrying cell replaced by
I'y. There is a piecewise linear homeomorphism ¢y of B which preserves every closed face

of V" and every cell of P, carries T onto T' and the local system of B\ T’ to that of B\T,
and is supported in a compact subset of the union of the open stars of the points p, in Bar &.
It is isotopic to the identity through homeomorphisms with the same support that preserve I'
outside the carrying cells.

Proof. Both stars lie in the disc ¢, have the same four end points on Oc, coincide near them,
and have their legs in the same cyclic order. So there is a piecewise linear homeomorphism
of ¢, equal to the identity near Oc, carrying one to the other; by the Alexander trick [Ale23],
[FM12, Lemma 2.1] it is isotopic to the identity relative to a neighbourhood of dc¢. Extend it
and the isotopy across the two sides of ¢ by a product in a thin collar, tapering to the identity.
The support is then a compact subset of the open star of p,, which is an open neighbourhood
of intc. By Lemma 3.19(2) both placements assign the charts to the four complementary
regions by the same rule, and ¢ preserves the regions, so it carries A to A. O

The open stars of distinct points p, in Bar & are disjoint, because no chain of cells contains
two different two-cells; so the modifications at different nodes do not interact. This holds
even when the closed carrying cells of two nodes meet, which happens: at an A; hexagon
they may share a vertex with lower ray o, at a pentagon or an Ay hexagon they may share
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an edge with lower support {o,w}, and across an edge of A they may share an edge whose
barycentre is a positive vertex of I'.

Proof of Proposition 3.18(2). The germ is described by Lemma 3.19(3), and the comparison
of the two placements is Lemma 3.20. g

We work with the barycentric placement from now on; the node point is p, = b,. Relative
tropical 2-cycles (Definition 2.4) are defined on triangulations in which T" is full, and Bar &
is one by Lemma 3.13.

The stalks of ¢, A at the points of I' are computed in Lemma 5.1: on a leg in F,,/, at a
negative vertex and at a node point of F,, the stalk is {u,u'}*- N N, and at a positive vertex
on the edge of V/ dual to the triangle {u1,us,u3} it is {u1,us,u3}* N N = Zd, with d the
common vanishing vector of the three legs.

The discriminant in a two-face. Let G be a pentagon or a hexagon, G° = [u_, u4]. Each
node parallelogram P of o|g has two legs whose lower supports are interior edges [0, w] of
0|, which share the lower ray o and are therefore adjacent in the cyclic order at p,, and two
legs whose lower supports are edges of A.

Lemma 3.21 (arcs across interior edges). Let € = [0, w] be an interior edge of olg, and let
L and L' be the two cells of o|g containing it, with two-cells ¢, ¢ C Fy_y, as above. Then
I' contains an arc from b, to b, that is a union of legs with lower support {o,w}, vanishing
vector £(w — o) and covector £(uy — u_), and whose interior points are edge points of I".

Proof. Let I'c be the union of the legs with lower support {0, w}, a subgraph of I'. The facet
indices of the maximal cells at such a leg take the value —1 at o, so they are u_ and u, the
only lattice points of A° with this property (o is interior to G, and G° "M = {u_,u+}). So
every such leg lies in a two-cell f C Fy_,, whose lower support contains e: the segment e
itself, or a two-cell of ¥/ containing € on which u+ take the value —1, that is, L or L'. We
compute the number of legs of I'. at each point.

e At b, e an edge with lower support e: the facet indices around e lie in {u_,uy}. If
e lies in one facet, so that j = 1 in Lemma 3.15, no leg ends at b.. If b, € T'¢, then
j =2, and by Lemma 3.15 exactly two legs end at b., both with the lower support of
e.

o At by, f a two-cell with lower support € and uy (f) # u—(f): f has exactly two edges
with lower support € and no other edge with a two-point lower support, so two legs
of I'c end at by.

o At b, : the unique edge of ¢;, with lower support €, the face selected by the outer
normal of € in L, gives exactly one leg of I'¢; likewise at b ,. By the stack lemma no
other two-cell over L or L’ carries a leg.

So I'¢ is a finite graph in which b;, and b, have valency one and every other vertex has
valency two. The component of b, is therefore a path, whose other end has valency one and
is not b, ; it is b ,. Its interior points are points b in the interior of Fy,_,, and points by
with a two-point lower support, which are edge points by Lemma 3.17. All its legs have the
vanishing vector +(w — 0) and the covector +(uy — u_). O

By Proposition 4.10(2) this arc is the only arc of I" with lower support {0, w}. Applied to
the interior edges of Lemma 3.1(3), the lemma gives the shape of I" in the two-face F,_, of
a del Pezzo face: at a pentagon, a cycle through the two nodes and the negative vertex of
the triangle, with one arc from node to node (across [0, w1] in the coordinates (3.1)); at an
A hexagon, a cycle through the two nodes and the two negative vertices, with no arc from
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node to node; at an A hexagon, three arcs from node to node, across the edges [0, w;| with
j = jo mod 2, forming a cycle of I through the three nodes with no trivalent vertex. These
configurations are used in Section 5; the lift of Section 8 treats several nodes in one two-face
in Section 8.8, and the resolution side in Lemma F.3.

3.5. The mirror subdivision. The mirror family of Section 2.4 uses a height H = kop+ho
on OA N N, where h¢ induces a refinement F¢ of ¥'. The analysis near the node points
(Section 7.1) needs two properties of F¢: it agrees with ¥/ on the faces of dimension at most
two, so that every node parallelogram is a cell, and the three-cells of F containing a node
parallelogram P have all their lattice points off P at lattice height one over the plane of P.
We construct F¢ by pulling the lattice points of QA that are not vertices of ¥/, and show
that the second property then holds automatically. The subdivision Y’ itself need not have
it (Remark 3.27).

Fans and subdivisions of A. Let A = (OA N N)U{0}. We use the language of point
configurations [DLRS10]. A subdivision § of A is regular if it is induced by a height g: A — R:
its cells are the subsets 9 = {a € A : g(a) = f3(a)} for the affine functions ¢, < g on A whose
equality set spans a face of the lower hull. Let §: conv.A — R be the lower envelope, the
largest convex function with § < g on A; then ¢ = £, on convd, and {§ = ¢} = convd. A
complete fan in Vg that refines the fan over the faces of A and has its rays generated by points
of A is the fan of cones from 0 over the cells of a subdivision of A all of whose maximal cells
contain 0, the cells on A being those of the fan; the fan carries a strictly convex piecewise
linear function if and only if the subdivision is regular, the function, normalised to vanish at
0, being a height that induces the subdivision. By (Proj), ¥’ is regular in this sense. A point
j € Ais a vertex of S if {j} is a cell.

Definition 3.22 (pulling). Let S be a subdivision of A and j € A. The pulling pull; S keeps
every cell 0 with j ¢ convd, and replaces every cell 0 with j € conv d by the cells {j}U(dNF),
for the faces F' of convd with j ¢ F [DLRS10, §4.3].

The definition applies to every cell whose convex hull contains j, also when j is not a point
of the cell, as happens after an earlier pulling has placed j strictly above the lower hull.

Lemma 3.23 (pulling preserves regularity). Let g induce S and let j € A. Put g,(j) =
9(j) —n and g, = g on A\ {j}. Forn >0 small, g, induces pull; S. In particular pull; S
is regular, j is one of its vertices, and every vertex of S other than j remains a verter. If
J € OA and every mazximal cell of S contains 0, then every mazimal cell of pull; S contains

0.

Proof. Let 0 be a cell with j € convd, and F' a facet of convd with j ¢ F. Let Ap be the
affine function on aff 9, extended to the ambient space, with Ap = 0 on F and A\p(j) = 1; it is
positive on conv 0\ F'. The affine function ¢, —nAr agrees with g, at j, because 4,(j) = 9(j),
and on 0 N F; it lies strictly below g, =g =6 on 2\ (FU{j}). At a point a € A\ (0U {j})
we have g(a) > ly(a), and since A is finite, ¢y(a) —nAr(a) < g(a) for n small. So {j}U(@NF)
is a cell of the subdivision induced by g,, with convex hull conv({j} U F'); these convex hulls,
over the facets F' not containing j, cover convd. If j ¢ convd, then §(j) > ¢(j), because
{g = L} = conv; so for n small 4y(j) < ¢,(j), and D remains a cell. Applying this to the
maximal cells, the cells found cover conv A, so they are all the maximal cells of the subdivision
induced by gy, which is therefore pull; S. The point j is a vertex of every cell conv({;j}U F'),
and a vertex v # j of S is kept because j ¢ conv{v}.

For the last statement, a maximal cell of S with j in its convex hull is conv({0} U C') with
C a cell on 0A, and j € conv C because j € A and C lies in a supporting hyperplane of



36 BERND JOHANNES WUEBBEN

A. The facets of conv({0} UC) are C' and the cones conv({0} U F’) over the facets F” of C;
those not containing j are of the second kind and contain 0. ([l

Let F¢ be the subdivision of QA obtained from ¥’ by pulling, one at a time and in any
order, the lattice points of QA that are not vertices of ¥'. By Lemma 3.23 it is induced
by a height on A, which we may take rational; the function on Ny that is linear on the
cone over each cell and equal to this height on its vertices is strictly convex on the fan over
Fo. Multiplying it by a positive integer makes its linear functions integral. We let h¢ be
such a function: strictly convex on the fan over F¢, inducing F¢, with integral slopes and
hc(0) = 0.

Lemma 3.24 (the pyramid over a unit parallelogram). Let P = abcd C G be a node paral-
lelogram, G° = [u, ], and let © € v’ NN with hy := ey (x) > 1. With w, as in Lemma 3.2,
write

x—a=alb—a)+ p(d—a)+ hywy, a, B €.

Theny = a+ [a/hg|(b—a)+ [B/he|(d— a) + w,y is the only lattice point of conv(P U {x})
with ey = 1. If hy > 2, then y is not a vertex of conv(P U {x}).

Proof. By Lemma 3.2, (b — a,d — a,w,/) is a basis of u N N, since b — a,d — a is a basis of
N¢g (P is a unit parallelogram). In the lattice coordinates (s,t,e) of this basis with origin
a on aff(u¥), e = ey, P = [0,1)2 x {0} and # = (a, 3, hz). The slice of conv(P U {z})
at e = 11is (1 — 1/hy)P + x/hy, the product of the intervals [a/hy, a/hy + 1 — 1/hy] and
[8/hg, B/hs+1—1/h,]. Each has length 1—1/h, and end points in lleZ? writing o = mh, +1
with 0 < < h,, the first interval is [m +i/hy, m + (i + hy — 1)/h;], which contains exactly
one integer, [a/h,]; likewise for 3. The vertices of conv(P U {z}) lie at the levels 0 and h,,
so for h, > 2 the point y at level 1 is not a vertex. ([l

Lemma 3.25 (a high apex forces a lattice point). Let S be a subdivision of OA into lattice
polytopes that induces o on the two-faces of A. Let P C G be a node parallelogram, G° =
[u,u'], and w the three-cell of S in u" containing P. If some vertex x of w has ey (x) > 2,
then the point y of Lemma 3.2/ is a lattice point of w that is not a vertex of w, and it lies in
the relative interior of the facet u".

Proof. y € conv(P U {z}) C w. A vertex of w lying in the subpolytope conv(P U {z}) is a
vertex of it, and by Lemma 3.24 y is not. Suppose y lay in a face G” of A of dimension at
most two; we may take G” C u". Then w N G” is a face of w, hence a cell of S contained
in G”, that is, a cell of o or a face of one. Such a cell has no lattice points other than its
vertices (Lemma 3.1(4)), so y would be a vertex of w N G”, hence of w, a contradiction. [

Proposition 3.26. Let A be admissible and o a profile satisfying (Proj), with any number
of pentagons and of hexagons on either branch. Then:

(1) Fc is regular: there is a function ho with integral slopes, strictly convex on the fan
over Fc, that induces Fe; every maximal cell of the corresponding subdivision of A
contains 0;

(2) Fe refines ¥ and agrees with it on the faces of A of dimension at most two; so the
two-cells of Fo in two-faces of A are unimodular triangles and node parallelograms;

(3) every lattice point of OA is a vertex of F¢;

(4) (height condition) for every node parallelogram P C G, G° = [u,u], let w; C u" and
wa C 'Y be the three-cells of Fo containing P. Every lattice point of wy not in P has
ew = 1, and every lattice point of we not in P has e, = 1.
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Proof. (1) By Lemma 3.23, applied at each step, F¢ is induced by a height on A and every
maximal cell of the corresponding subdivision of A contains 0; the integral slopes of ho come
from the choice of h¢ after the definition of F¢. (2) Pulling j changes only the cells whose
convex hull contains j, and refines them. Every lattice point of a face of dimension at most
two lies in R and is a vertex of ¥/ (Section 3.1), so every pulled point lies in the relative
interior of a facet of A, and no cell in a face of dimension at most two contains it. By
induction these cells are never changed. (3) Each pulled point becomes a vertex, and vertices
are never lost (Lemma 3.23).

(4) Let w = w;. The set wNu'Y = wN G is a face of w and, by (2), a cell of ¢ in G
containing P; so it is P. Hence every vertex of w off P has e, > 1. If a vertex had e,s > 2,
Lemma 3.25 would give a lattice point of w that is not a vertex of w; by (3) it is a vertex of
Fo, and a vertex of a polyhedral complex that lies in a cell is a vertex of that cell. So every
vertex of w off P has e,y = 1. As ey is affine and takes values in [0,1] on w, every lattice
point of w has e, € {0,1}, and those with e, = 0 lie in w NG = P. The statement for wy
follows by exchanging u and /.

The face type enters only through three facts, which hold for every profile: ¢(G°) =1 at
the face of P (used in Lemma 3.2); every cell of o, and every face of one, has no lattice points
besides its vertices (used in Lemma 3.25; Lemma 3.1(4) for pentagons and for hexagons on
both branches); and every point of R, the hexagon centres included, is a vertex of ¥/ (used
in (2)). A node parallelogram is a two-cell of o|g, so no other cell of 0| contains it; at an
A, hexagon this applies to each of the three rhombi, although they share edges pairwise. [

The lattice points of w; Uws not in P are the apezes of P in Section 7.1. The proof of (4)
shows more.

Remark 3.27. (1) Let S be a regular subdivision of OA into lattice polytopes that induces
o on the two-faces and in which the three-cells containing node parallelograms have
no lattice points other than their vertices. Then the height condition holds for S, by
the argument of (4) with Lemma 3.25. In particular it holds for ¥’ itself whenever
every lattice point of OA is a vertex of X'; this is the case for the subdivisions ¥/ of
the examples Xg, X19 and Xog in Section 11, and there Fo = X'.

(2) In general a subdivision ¥’ satisfying (Proj) does not satisfy the height condition. The
polytope Ag of the example Xg has a subdivision satisfying (Proj) whose vertices are
all the lattice points of 0Ag except (—1,0,0,0); in it the three-cell over one of the
pentagon parallelograms P, in the facet u = (1, -1, —1,—1) with «' = (0,1, -1, 1),
is the pyramid conv(P U {(0,1,0,0)}) with e, ((0,1,0,0)) = 2, whose only lattice
point at height one is (—1,0,0,0). Pulling this point gives the ¥’ of Section 11. On
the list of Section 11.4, the subdivisions ¥’ obtained by solving the linear feasibility
problem of (Proj) violate the height condition on 7 of the 364 hexagon-free polytopes
satisfying (Proj), with apexes at height 2 or 3, while F¢ satisfies it on all of them
(exact computation; the results for each polytope are in the accompanying data,
https://github.com/bwuebben/calabi-yau-smoothability, directory paper6).

3.6. When (Proj) fails. This section does not assume (Proj). We show that (Proj) is equiv-
alent to the projectivity of X! — X, and describe what a failure means for the exceptional
surfaces. For an interior edge € = [0, w;] of o|g, G a pentagon or a hexagon, put

I = ew;_; + ew; .y — ajew; + (a; —2)e, € 7R, (wj—1 — 0) + (wj+1 — 0) = aj(w; — o).
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For a function ¢ on G N N that is affine on the cells L D Tj_; and L' D Tj of o|g at e,
(Ie, ) = Y(wjs1) — lr(wjq1), where £, is the affine function equal to ¢ on L: the bend of ¢
across €, measured at a point at lattice distance one from e.

Lemma 3.28. (Proj) holds if and only if there is 1 € QF with (circy, v) = 0 for every q € Q
and (I¢,v) > 0 for every interior edge € of o at a pentagon or a hexagon.

Proof. A function ¥ on G N N induces o|¢ if and only if it is affine on each cell, which for a
parallelogram is (circy, 1) = 0, and bends positively across each interior edge; local convexity
across the interior edges implies convexity on G. If (Proj) holds, the restriction to R of a
strictly convex function inducing ' has these properties. Conversely, given 1, let Sg be the
regular subdivision of ® N R induced by v on each facet ® of A. On a face of ® it restricts to
the regular subdivision induced by the restriction of ¢, which on two-faces is o and on edges
is trivial; so the Sg agree on common faces and form a subdivision S of A with vertices in
R. Let g be the function on Ng that is linear on the cone over each cell of S and equals 1)
on R. It is convex across the walls inside the cones over facets. The function ¢ that equals
1 on OA and is linear on the cones over the facets is convex, with positive bend across each
wall between two facet cones, and linear inside them; so for « large, g + v is strictly convex
on the fan over §. The toric variety of this fan is projective, its rays pass through points of
R C 0A, and it induces o. O

Let X be the small resolution with the chosen diagonals, which exists as a compact complex
manifold without (Proj) (Section 3.2). For an interior edge € = [0, w;] of 0|, let fc C Ef, be
the torus-invariant curve of the cone over € in the local model U’G’ »» and fe C Eq its proper
transform in X , which is the curve f; of Proposition 3.9. In the local model of X the curve ﬂ
is the curve of the wall cone(o, w;) between the cones over Tj_; and T}, and the wall relation
wj—1 + wjy1 — ajwj + (aj —2)o = 0 gives (Dy - fe)rer = Ie.

Proposition 3.29. The following are equivalent:
(1) (Proj) holds;
(2) X, — X is projective; 3
(3) there are no rational numbers y. > 0, not all zero, and vy with Y, ye[fe] =
in Hy(X;Q).

Proof. (1)=(2): X/ — X is induced by the projective morphism P, — Pa. (2)=(3): let L
be relatively ample for X! — X and w: X — X/. Then 7*L - C, = 0, since C, is contracted
by 7, and 7L - f. = L - f. > 0, since f. is a curve in a fibre of X! — X. A relation as in (3)
would pair with 7*L to a positive number on the left and to 0 on the right. (3)=-(1): if (Proj)
fails, the linear system of Lemma 3.28 is infeasible, and by the Farkas—Motzkin alternative
there are y. > 0, not all zero, and vy with 3 _yele = > vycireq in QF. By Proposition 3.4(2)

qVQ[Cq]

and the computation above, the class 3. ye[fe] =) 4 ValCql has zero image under (3.2), which
is injective without (Proj) (Lemma 3.3); so it vanishes. O

A relation as in (3) is a Farkas certificate. Where (Proj) fails there is no toric variety P,
no subdivision ¥’ and no base B/, and the methods of this paper do not apply.

4. THE COMPLEX OF DUAL CELL PAIRS

The base Bl of X/ and the base By of the mirror family are built from the same two
subdivisions, of 0A° by 7 and of 0A by a fan-side subdivision, with the roles of Newton side
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and fan side exchanged. Gross proved that the base built from Y’ is Legendre dual, after a
rescaling of the polarization, to a base on 9V™0"*™1¢ for a suitable h inducing ¥/ and suitable
positive integers mg, my, built from the same ¥’ with a decomposition that he constructs
from the polarization [Gro05, Thms. 3.21, 3.25, 3.26] (Remark 4.8); the discrete Legendre
transform matches the cells of two polyhedral decompositions. The decompositions attached
to the degenerations used here need not be Legendre dual to one another (compare [Gro05,
§3, after Rem. 3.18]), and the mirror base is built from the pulling refinement F¢ of ¥/ rather
than from Y’ itself. This section therefore introduces a coarser structure, used in both parts
of the paper: a regular cell decomposition of each base whose cells are indexed by pairs of dual
cells of 7 and of the subdivision of A (Proposition 4.7). Its face poset is the same on both
bases, it needs no polarization, and it carries the discriminants (Proposition 4.10) and a flat
perfect pairing between the two local systems of integral tangent vectors (Proposition 4.11).
Section 5 uses it to compute with relative tropical 2-cycles on B!, and Section 6 to transfer
them to By. The proof that the cells are balls is in Appendix C.

4.1. Faces, decompositions and charts. Throughout this section 7" and & are as in Sec-
tion 2.3, with the normalisation of Section 3.3: 7T is a unimodular triangulation of OA°
refining its faces, and the integral height A and &' := h — ¢ are strictly convex on the fan
over 7T, that is, convex, with the cones over the tetrahedra of 7 as their maximal domains
of linearity. In the language of Section 2.1, (A°, T, ﬁ) is the Newton side of the degeneration
of X/.

Definition 4.1 (fan-side subdivisions). A fan-side subdivision is a subdivision F of A into
lattice polytopes, refining the faces of A, that is induced by a function h: Ng — R which is
piecewise linear and strictly convex on the fan over F: convex, with the cones over the cells
of F as its maximal domains of linearity.

A fan-side subdivision is a regular polyhedral subdivision of A in the sense of [DLRS10,
§2.3], and the fan over it is the fan of a projective toric variety refining Pa. The fan-side
subdivisions of this paper are ¥’ (Hypothesis (Proj)), the pulling refinement F¢ (Section 3.5)
and the regular refinements of Section 10.

Cells of T are denoted 7, cells of F are denoted w, vertices of T are denoted u,u’ and
vertices of F are denoted n,n’. For 7 € T and w € F put

7V ={n € A: (u,n) = —1 for all vertices u of 7},
wY ={m e A°: (m,n) = —1 for all vertices n of w}.

If G is the smallest face of A° containing 7, then 7 meets the relative interior of GG, and an
affine function that is > —1 on G and equal to —1 at a relative interior point is —1 on G; so
7V is the face of A dual to G, of dimension 3 —dim G < 3—dim 7. The same holds for w". We
write ri Z for the relative interior of a convex set Z, cone(r) = R>o7, and L, C Mg for the
linear span of 7; since the vertices of 7 lie in a hyperplane {(-,n) = —1}, dim L, = dim 7+ 1.

Lemma 4.2 (faces). Fort € T let Vél ={we v (u, w) = —h'(u) for all vertices u of T},
where VM = {w € Ng : (m,w) > —h'(m) for all m € Mg}.
(1) Vé/ is the face of the polytope V* with inner normal cone cone(r); dim Vél =3 -
dim 7, and Vél - V?: if and only if T D 7'
(2) Vh= A+ VBI, its normal fan is the fan over T, and the face with inner normal cone
cone(t) is Fr =7V + Vél. In particular 7V # 0, dim F, = 3 —dim 7, and F, C F if
and only if T 2 7'.
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We write F,, = FY, for the facets and Fy = FJ,, for the two-faces. The proof is in
Appendix C.1.

Gross’s decomposition. Let S be the normal fan of the epigraph Epi = {(m,l) : m €
A° 1> h’( )} [Gro05, Prop. 3.7], and for a vertex u of T let ©, be its normal cone at the
Vertex (u, h'(u)). The Cayley polytope of u is

Cay,, = conv(u" x {0} U Vﬁl x {1}) C N @ R.

It lies in the affine hyperplane {(u,y) + (h(u) — 2)l = —1}, since (u,a) = —1 for a € u" and
(u, w) = —h(u) =1 —h(u) for w € Vh The maximal cones of 3 are the 3, and the normal
cone Eup = cone(V" x {1}) at the vertex (0,0) of Epi [Gro05, Prop. 3.7].

Given a fan-side subdivision F with function h, we fix the following subdivision > of
: on each iu its cones are the cones over the cells of the regular subdivision of the point
configuration (u¥ N N) x {0} Uvert V7 x {1} with the heights h(a) at (a,0) and 0 at (w, 1),
and iup is not subdivided. These subdivisions agree on common faces, since the heights are
global and vanish on the upper points. The trace of >’ on Ng X {0} is the fan over F, and its
other rays are generated by the vectors (w, 1), w a vertex of V", Such a w is a lattice point:
it is Vé/ for a tetrahedron 7 = {uy,...,us} of T, so (u;,w) = —h'(u;) € Z, and uy, ..., uy is a
basis of M because T is unimodular. So (w, 1) is primitive, and > s good for F in the sense
of [Gro05, Def. 3.8]. It is the subdivision of [Gro05, Rem. 3.18] determined by the values h
on N x {0} and 0 on iup, because on ¥, the lower envelope of these values is the cone over
the lower envelope of the heights on the slice Cay, (Lemma 4.3(1)). We let Bx = Bx(F)
be V" with the decomposition Py = @% of [Gro05, Def. 3.13]: a mixed cone with lower
generators w x {0} and upper generators 71 x {1} gives the cell w4+ conv 7. For F =¥’ this
is the base B! with its decomposition & (Section 3.3).

Lemma 4.3 (the cells as a mixed subdivision). (1) X, is the cone over Cay,,.
(2) For T € T, the cells of Px contained in F; are the cells of the regular mixzed subdi-

vision of TV + Vh with the hezghts h on VNN and 0 on Vh the projections to Nr
of the bounded faces ofA + VT, where

A: = conv{(a, h(a)) :a € 7Y NN} +Rs0(0,1),  V,=V" x {0} +Rs0(0,1).

Each such cell is ¢ = w + V?: withweF,wCtY,and7 €T, 27, and w and 7'
are determined by c.

The proof, by the Cayley trick, is in Appendix C.1. For a cell ¢ of Zx we call w(c) its
lower support, as in Section 2.3, and the 7(c) € T with ric C 1iFy () its face label; F, ()

is the smallest face of V" containing c¢. If ¢ C ¢, then 7(c) 2 7(¢/) and w(c) C w(c'), the
latter because the lifted face of ¢ is a face of the lifted face of ¢/. The barycentric subdivision
Bar #x has one simplex for each chain ¢y C - -+ C ¢ of cells.

Regions, discriminant and charts. For a vertex n of F let }N?n be the union of the open
simplices of Bar Zx whose chain has w(cg) = {n}, and let I'x be the union of the closed
simplices whose chain has dimw(cp) > 1 and dim 7(¢;) > 1. A maximal such chain is e C f
with f a two-cell in a two-face F,,s and e an edge of f with a two-point lower support; we
call the segment [be, bs] between their barycentres a leg of I'y. For F = ¥’ these are the legs
of Section 2.3 (Lemma 3.12), and I'x is the discriminant I' of BY.



MIRROR SYMMETRY FOR CONIFOLD RELATIONS 41

Lemma 4.4 (charts). (1) R, is open. Ifb € R, then (u,n) = —1 for every facet F,

containing b, and the projection m,: Ngr — Nr/Rn restricts to a homeomorphism of
a neighbourhood of b in Bx onto an open set, which on each facet F,, is the restriction
of an affine isomorphism aff F,, — Ng/Rn with linear part the lattice isomorphism
ut NN — N/Zn.

(2) Bx\I'x =, int F, U, ]5%, and I'x is the union of the open simplices whose chain
has dimw(co) > 1 and dim7(cg) > 1.

(3) The facet charts on the int F,, and the projections m, on the R, form an integral
affine atlas on Bx \ I'x, which restricts to Gross’s structure [Gro05, Prop. 3.14] on
the complement of Gross’s discriminant.

We write Ax for the local system of integral tangent vectors of this structure. For F = ¥’
it is the local system A of Section 2.3. The proof is in Appendix C.1.

The mirror base. Let H: Nr — R be piecewise linear on the fan over F, with integral
slopes (on each cone of that fan H is the restriction of an element of M), and such that
H' := H — ¢ is strictly convex on that fan. The height H = kgp + h¢ of the mirror family
(Section 2.4) is such a function for F = F¢: ¢ is convex and linear on the cones over the
cells of Fe, so H = (ko — 1) + he, ko > 1, has the maximal domains of linearity of h¢;
and H has integral slopes because ¢ does, A being reflexive, and hc does by choice. The
vertices of V' are lattice points: the vertex with inner normal cone cone(w), w a maximal
cell, is —my,, where m,, € M is the slope of H' on cone(w). The mirror base is By = ovH,
VH = {m € Mg : (m,n) > —H(n) ¥n}. It is the same construction with the roles of
(A°,T,h) and (A, F, H) exchanged: (A, F,H) is the Newton side and (A°,7,h) the fan
side. Its faces are F* = w" + VH' w e F, with VI the face of V' with inner normal cone
cone(w); its decomposition Py is defined by the heights h on the lower points and 0 on the
upper vertices; a cell ¢ of Py has a face label wy (¢) € F and a lower support 7y (c) € T; the
regions are the ]SLZ, with charts Mg — Mg /Ru; the facet F* carries the lattice n N M; and
the discriminant 'y and the local system Ay are defined as above. Lemmas 4.2—4.4 hold for
By with the same proofs, which use only the strict convexity of the Newton-side function
(K, respectively H') and of the fan-side function (h, respectively i). The subdivision of Sy
that defines &y is good in the sense of [Gro05, Def. 3.8], by the argument above with the
vertices of V" in place of those of V"', So, by [Gro05, Prop. 3.14] with the roles exchanged,
(By, Py) is the dual intersection complex of Gross’s toric degeneration X{, C X (f]g,) [Gro05,
Thm. 3.10] attached to the good subdivision f]g/ that defines %y. Its equation is ts+ s = 0,
with s the section given by the lattice point (0,0) and s a general section with Newton
polytope {(n,1) : n € A, 1 > H'(n)}; the members {3, c,t1™z" = 0} of the mirror family
with ¢y = 1 have this form, with s = Zn;ﬁO cntH/(")ac”, since H = H + ¢, ¢ = 1 on 0A
and H(0) = 0. Since H(0) = 0, the polytope V¥ is the region on which the term n = 0
of the tropical polynomial m ~— min, (H(n) + (m,n)) attains the minimum, and By is the
target of Yamamoto’s tropical contraction of the tropical hypersurface [Yam21, Thm. 1.2(2),
(5.36), Prop. 5.4]; we do not use the contraction. We write Bx(F) and By (F) when the

fan-side subdivision must be specified. Thus B/, = Bx(Y'), and the mirror base of this paper
is By = By (F¢) with the height H of Section 2.4.

4.2. The complex of dual cell pairs.

Definition 4.5 (dual cell pairs). A dual cell pair is a pair (1,w) € T x F with (u,n) = —1
for all vertices u of 7 and n of w; equivalently w C 7V, or 7 C w”. The set DP of dual cell
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pairs is ordered by (1,w) < (7/,w) if 7 2 7/ and w 2 w’. We put dimp = 3 — dim7 — dimw
for p = (1,w); since dimw < dim7¥ < 3 —dim 7, dimp > 0.

In the language of Batyrev duality, (7,w) is a dual cell pair if and only if 7 and w lie in a
pair of mutually dual faces of A° and A.

Definition 4.6 (labels). A point b € Bx lies in the open simplex of a unique chain ¢y C
-+ C e of Px; put labx (b) = (7(c),w(co)), the face label of the top and the lower support

of the bottom. For b € By in the open simplex of a chain ¢g C --- C ¢ of Py, put
laby (b) = (1y (co),wy (ck)). For p € DP let Cx(p) = laby' (p) and Cy (p) = laby! (p).
Proposition 4.7 (the complex of dual cell pairs). (1) labx and laby take values in DP.

(2) The sets Cx(p), p € DP, are the open cells of a reqular CW decomposition of Bx
with face poset (DP, <): each closure Cx (p) = U,<, Cx(q) is a subcomplex of Bar Zx
and a piecewise linear ball of dimension dim p, with boundary sphere UCHP Cx(q). In
particular every Cx(p) is nonempty.

(3) The same holds for the Cy (p) on By, with the same poset.

(4) There is a piecewise linear homeomorphism L: Bx — By with L(Cx(p)) = Cy(p) for
allp € DP, and any two such homeomorphisms are isotopic through homeomorphisms
with this property.

(5) Cx(m,w) CriFr and Cy(1,w) C1riE}. Moreover, for every T € T and every vertex
n of F, riF, = J,Cx(7,w) and R,N1iF, = Cx(1,n); in particular int F,, =
U, Cx (u,w) and R, = U, Cx(1,n). Likewise on By, with the roles of T and w
exchanged. Hence L(int F,) = R* and L(R,) = int F*: L exchanges the open facets
with the regions.

We call the decomposition of (2) and (3) the complex of dual cell pairs of Bx and of By, and
a homeomorphism as in (4) a label-preserving cellular homeomorphism. On a face F; the cells
Cx (1,w) correspond to the cells of the polyhedral complex dual to the regular subdivision
Fl;v, that is, of the tropical hypersurface of m +— minge,van(h(a) + (m,a)) [MS15, §3.1],
refined by the normal fan of Vﬁl and truncated by a level set of a gauge function of V’Tl/,
which makes the unbounded cells bounded (Lemmas C.1 and C.3). The cells of &y are in
general not unions of cells of the complex of dual cell pairs: a maximal cell ¢ C F,, with
lower support an edge [n,n'] has its barycentre in Cx (u, [n,n]), while the open simplex of
the chain (n 4w C ¢), for a vertex n + w of ¢, lies in Cx (u,n).

Pairs of dual cells were used by Haase and Zharkov [HZ02, HZ03, HZ05], who realise two
mutually dual integral affine structures [HZ02, §2.4], [HZ03, §2.2] on a sphere subdivided by
the pairs of barycentres of simplices lying in mutually dual faces (the analogue of the dual cell
pairs of Definition 4.5) of coherent triangulations of the boundaries of a polar pair of reflex-
ive polytopes [HZ02, §2.1]; for nef-partitions they work with central subdivisions induced by
height functions, which need not be triangulations [HZ05, §1, §2.2]. Proposition 4.7 gives the
corresponding cell structures on Gross’s bases Bx and By themselves, for a fan-side subdivi-
sion that need not be a triangulation, and Proposition 4.11 the duality of the lattices. Posets
of pairs of dual cells also underlie the mirror isomorphism of tropical homology groups of
Matessi and Renaudineau [MR25, Thm. 1.1, §2]. A label-preserving cellular homeomorphism
is a piecewise linear homeomorphism matching two cell decompositions; it is not a discrete
Legendre transform in the sense of [GS06, §1.4], which requires a polarization.

Remark 4.8 (the discrete Legendre transform). In the proof of [Gro05, Thm. 3.26], Gross
takes h = 0 on Xy, and h = h on Ng x {0} and subdivides each cone of ¥ coherently by
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these values [Gro05, Rem. 3.18]; this is the subdivision 5 fixed above. Gross’s h is integral,
so that h has rational slopes. Here h may be taken with rational slopes: the functions that
induce F and the same ¥’ form a nonempty set cut out by finitely many linear equations and
strict linear inequalities with rational coefficients, so they include one with rational slopes,
and By, its decomposition and Ax depend only on h and ¥’. For suitable positive integers
mp, my the function moh + m1¢ is then integral and strictly convex on the same Y', and
moh + (m1 — 1)@ is convex; here ¢, the function of [Gr005 §3] defined by Epi, is linear on
cach cone of . So the pair (Bx, Px) is polarized by moh +m1@, and [Gro05, Thms. 3.21,
3.25] identify its discrete Legendre transform with the base on OV, H = mgh 4+ m1p, bullt
from the same F, carrying a decomposition that Gross constructs from the polarization,
through the normal fan of a Minkowski sum [Gro05, §3, the construction before Lemma 3.19,
and Thm. 3.21]. The decomposition Py defined by the heights (h,0), the one attached to the
degeneration of the mirror family, need not be that decomposition (compare [Gro05, §3, after
Rem. 3.18]), and the complex of dual cell pairs avoids comparing the two. Propositions 4.7
and 4.11 give for the cells of the complex of dual cell pairs the statements that the discrete
Legendre transform gives for cells, and they apply to &Zx and Py alike.

Proof of Proposition 4.7. (1) For a chain ¢y C --- C ¢, we have 7(cp) 2 7(ck), and w(cg) C
7(c)V C 7(ck)¥ by Lemma 4.3(2); so (7(cx),w(co)) is a dual cell pair. On By the argument
is the same with the roles exchanged.

(2) and (3) are proved in Appendix C.2. In outline: fix p = (7,w). On the face F; the cells
of &x are in inclusion-reversing bijection with the cells of a polyhedral complex R, in the
dual of the direction space of F;, the common refinement of the complex dual to F|,v and
of the normal fan of V' (Lemma C.1). Under this bijection the simplices of Bar Zx with
label < p form the order complex of the cells of R, contained in the cell D(w) dual to w, and
those with label < p the order complex of its cells in dD(w) together with its unbounded cells
(Lemma C.2). Truncation by a function that is linear on the normal fan of V*' realises the
first order complex as a linear triangulation of a convex polytope of dimension dim p, with
the second on its boundary (Lemma C.3).

(4) Let | Ord(DP)| be the geometric realisation of the order complex of DP, and Ord=F,
Ord™" the order complexes of {q < p} and {q < p}. We construct a piecewise linear home-
omorphism ¥x: |Ord(DP)| — Bx with Wx(|Ord=*|) = Cx(p) for all p, by induction on
dimp. For dimp = 0 the cell Cx(p) is a point, and ¥x(p) is that point. If ¥x has been
constructed on the union of the | Ord="| with dimq < k and dimp = k, then Ux maps
|Ord™" | = Ugp | Ord="| homeomorphically onto Ug<p Cx(a) = 0Cx(p), a piecewise linear

(k — 1)-sphere; | Ord=" | is the cone from the vertex p over | Ord=*|, and Cx(p) is piecewise
linearly the convex polytope of Lemma C.3, the cone from an interior point over its boundary;
so Ux extends by coning. The extensions over different cells agree on overlaps, which lie in
lower cells. In the same way we obtain Wy, and £ = ¥y o \IJ;{1 has the required property.
The uniqueness up to isotopy is proved in Appendix C.3.

(5) A point of Cx(7,w) lies in the open simplex of a chain whose top ¢; has face label
7, hence in ricy C riF;. Conversely, a point b € ri F; lies in the open simplex of a chain
whose top ¢ satisfies b € ric C riFr(,); since the relative interiors of the faces partition

Bx, 7(c;) = 7, and labx (b) = (7,w(cp)). This gives ri F; = |, Cx (7, w); R, = U, Cx(1,n)
is the definition of R,; and as Cx(7',n) C ri F,/, which is disjoint from ri F; for 7/ # 7, also
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R, Nri F, = Cx(7,n). On By the roles of the two labels are exchanged: ri F* = J_Cy (7,w)
and Ry =], Cy(u,w). Applying L gives the last statement. O

The decomposition Zx depends on the height A only through its geometry, not through
its combinatorics.

Lemma 4.9 (independence of the height). Let hy, hy be integral heights on T with h; and
hi — ¢ strictly convex on the fan over T, and let P be the decomposition of B = avh'

built from h;, with the same fan-side subdivision F and function h. Then w—i—V = w+ V] Ry
1s a well-defined bijection from the cells of 32 onto those of 32 which preserves mcluszons
dimensions, lower supports and face labels. Consequently the barycentric subdivisions are
isomorphic simplicial complezes, and the simplexwise linear map ¢: B}( — Bg( sending each
barycentre to the barycentre of the corresponding cell is a piecewise linear homeomorphism
that preserves the labels labx of Definition 4.6, hence the open facets, the regions Ry, the
discriminant U'x and its legs with their lower supports.

Proof. Fix 7 € T. By Lemmas 4.3(2) and C.1(3), ¢+ ¢* is an inclusion-reversing bijection
from the cells of &% in F onto the cells of the complex R, in Mr/L., with dim ¢+ dimc¢* =

3 —dim 7, and the cell c = w+ Vﬁ; corresponds to ¢* = D(w) Ncone, (7). The complex R, is
the common refinement of the complex D, of the D(w), which is defined by F and the values
of h on 7V NN, and of the fan of the images of the cones cone(7’), 7/ 2 7, which is defined by
T (Lemma C.1(1),(2)); neither depends on h;. Indeed, every cell of R is such an intersection

and Conversely, if ¢ € ri D(w)Nricone,(7'), then (¢, 1) selects exactly @ in A, and exactly V ;
in VT , hence exactly the bounded face @+ V x {0} of the sum, so ¢ € ric” for ¢ = w+ V ;.

Conversely, if ¢ € ric*, then (¢, 1) selects exactly ¢ = w + V ; x {0}, and since the face of a
Minkowski sum selected by a functional is the sum of the faces selected on the summands

uniquely (proof of Lemma C.1(3),(4)), it selects exactly w in A, and exactly v o in VT ;

¢ € ri D(w) Nricone(7") by Lemma C.1(1),(2). Hence ric* = ri D(w )ﬂrlconeT( ", and a
cell of R, determines the pair (w,7’) with this property, because the relative interiors of the
cells of D, and those of the cones cone,(7’), are pairwise disjoint. So the set of pairs (w,7’)

for which w + V?é is a cell in F;, and the inclusions and dimensions of these cells, are the
same for ¢ = 1, 2; the face label is read from the recession cone of ¢* (Lemma C.1(5)). Every
cell lies in a facet, and two cells ¢ C ¢ lie in a common facet Fy, u a vertex of 7(¢); taking
7 = u gives the bijection with its properties. The maps obtained from different facets agree:

a cell ¢ lies in every facet F, with u a vertex of 7(c), and the pair (w,7’) with ¢ = w + VI;}

is determined by ¢ (Lemma 4.3(2)), so every such facet assigns to ¢ the same cell w + Vh,2
A chain of cells goes to a chain, so the barycentric subdivisions are isomorphic; Bar WX is a
triangulation of B, so ¢ is a piecewise linear homeomorphism, and it preserves the labels
of the chains. The last assertions follow from the definitions of the open facets, the regions
and I'x through the labels (Lemma 4.4(2)). O

4.3. The discriminants and the flat pairing. A loop around an arc Cx(t,w), 7 = [u,u'],
w = [n,n], is a loop in a small neighbourhood of a point of the arc which passes once through
each of the cells whose closures contain the arc. These are the cells C'x (p) with p = (7,w), that
is, p = (7',w') # (1,w) with 7/ C 7 and &’ C w: four three-cells and four two-cells. Since the
complex of dual cell pairs is a regular cell decomposition of a three-manifold with face poset
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(DP, =) (Proposition 4.7(2)), a small circle linking the arc meets these eight cells in a cyclic
order in which a three-cell and a two-cell are consecutive exactly when the two-cell lies in the
boundary of the three-cell, that is, when their pairs are comparable. The comparability graph
of the eight pairs is the cycle Cx(u,n), Cx([u,u'],n), Cx(u',n), Cx (v, [n,n']), Cx(u',n'),
Cx([u,u'],n), Cx(u,n’), Cx(u,[n,n']), which is therefore the cyclic order in which they
surround the arc.

Proposition 4.10 (the discriminants). (1) I'x = | U{Cx(1,w) : dim7 > 1, dimw > 1}
and I'y = | {Cy(7,w) : dim7 > 1, dimw > 1}. Hence L(I'x) = I'y and L(Bx \
I'x) =By \TIy.

(2) I'x is a graph. Its edges, the arcs, are the one-cells Cx(T,w) with T and w edges;
each arc is a union of legs, consecutive legs meeting at a barycentre that lies on exactly
two legs. Its vertices are the zero-cells Cx (T,w) with T a triangle and w an edge, of
valency three, and those with T an edge and w a two-cell of F in a two-face of A,
of valency the number of edges of w. For F = X' and F = F¢ these two-cells are
the unimodular triangles and the node parallelograms of the profile o (Definition 2.3).
The same holds for I'y.

(3) The vertex types are exchanged. A vertex (edge [u,u'], unimodular triangle) is of
negative type on Bx and of positive type on By ; a vertex (triangle, edge [n,n']) is
of positive type on Bx and of negative type on By (Definition 3.16). At a node
(edge [u,u'], node parallelogram) the monodromies of the four arcs have the common
covector u' —u on By, as at a negative node, and the common vector u' — u on By,
as at a positive node [CBM14, Ex. 6.1, 6.2].

(4) Let v be a loop around the arc ([u,u'],[n,n]), based in Cx(u,n) and passing through
Cx(u,n), Cx(u',n), Cx(u',n"), Cx(u,n’) in this order. Then parallel transport in
Ax along v and in Ay along Lo~y is

TX(x)=a+ (U —u,z)(n—n') (z€u"NN),
TE(Q) =C+(¢n' —n) (W' —u) (¢ entNM).
Both are nontrivial transvections.

Proposition 4.11 (the flat pairing). On Cx(u,n) C int F,, the lattice Ax is v N N, and
on Oy (u,n) C int E¥ the lattice Ay is n- N M. There is a unique pairing of local systems

<'a'>£:£*AY®AX—>Z onBX\FX

which on every Cx (u,n) is the restriction of (, }: (n* N M) x (ut N N) — Z. It is perfect
and flat. Consequently L*Ay =AY, and Tgv = (Tf)_—r for every loop 7y in Bx \T'x.

Proposition 4.11 is the analogue, for the label-preserving cellular homeomorphism £, of
the duality of the lattice local systems of a base and its discrete Legendre transform, whose
linear holonomies satisfy pz(v) = ‘op(y~") [GS06, Prop. 1.50(1)]: the tangent lattice of one
base is the cotangent lattice of the other, although £ is not a discrete Legendre transform.

Proof of Proposition 4.10(1),(2). (1) By Lemma 4.4(2), I'x is the union of the open simplices
whose label (7(c),w(cp)) has dim7 > 1 and dimw > 1. On By the defining condition is that
the lower support 7y (cp) of the bottom and the face label wy (¢x) of the top have dimension
at least one; this is the same set of labels.

(2) If dim7 > 1 and dimw > 1, then dim(7,w) < 1. The one-cells are the pairs of edges;
the zero-cells are the pairs (triangle, edge) and (edge, two-cell), as T is a triangulation. By
Proposition 4.7(2) each arc is a one-ball whose two end points are zero-cells, and the arcs at
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a zero-cell (7,w) are the pairs of edges (71,w;) with 71 C 7, w1 C w, all of which are dual
cell pairs: three for a triangle 7, and one for each edge of a two-cell w. A leg [b,bs] is the
closed simplex of a chain e C f with label (7(f),w(e)), a pair of edges, so each arc is a union
of legs; since the arc is an open one-cell and the legs of other arcs lie in other cells, a point
of the arc at which legs meet, a barycentre in the interior of a two-face, lies on exactly two
legs. A two-cell w paired with an edge 7 lies in 7V, a face of A of dimension at most two.
By admissibility and Definition 2.3, the two-cells of ¥’ in the two-faces of A are unimodular
triangles and node parallelograms, and F¢ has the same two-cells there (Proposition 3.26).
The argument for I'y is the same. 4

Proof of Proposition 4.11. By Propositions 4.7(5) and 4.10(1) and Lemma 4.4(2), Bx \ I'x
is covered by the open sets int I, and R,,. The open facets are pairwise disjoint, the regions
are pairwise disjoint, and int F,, N R,, = C'x (u,n), an open three-ball, nonempty if and only if
(u,n) = —1; there are no triple intersections. On int F), the local system Ay is the constant
lattice u- NN of the facet chart; on En it is the constant lattice N/Zn, through the derivative
of 7, since all local charts there are restrictions of 7, (Lemma 4.4(1)); on Cx(u,n) the two
are related by the isomorphism 7;x,: = N N — N/Zn. On By the roles are exchanged: £
maps int F, onto RZ, where Ay is the constant lattice M /Zu, and En onto int F;;, where Ay
is n N M; on Cy (u,n) they are related by 7, : nt N\ M — M/Zu.

On int F, define (-, -)zu: M/Zu x (ut N N) = Z by ((,z)cu = (¢,z), which is well
defined because (u,x) = 0. It is perfect: w is primitive, as a lattice point of the boundary of
the reflexive polytope A°, so ut NN is a saturated sublattice of rank three, restriction M —
Hom(ut N N, Z) is surjective, and its kernel is QuN M = Zu. On R, define (-, )z ,: (nt N
M) x N/Zn — Z in the same way; it is perfect because n is primitive. On Cx(u,n), for
(entnNMand z € ut NN,

<7T1}:nC7 .’E>£7u = <<,LE> = <<’ ﬂ—ii(nx>£,n'

So the local pairings agree on the overlaps of the cover and glue to a perfect morphism
of local systems (-, -),, which is unique because Bx \ I'x is connected. Flatness gives
<TE/WC,T7X$>£ = (¢, z) ¢ for every loop 7, that is, Tgv = (T,f()_—r. O

Proof of Proposition 4.10(4). The cells Cx(u,n), Cx([u,u'],n), Cx(u/,n) lie in R,,, where
transport is the identity of N/Zn; so transport from Cx (u,n) to Cx(u',n) sends x € ut NN
to the element x4 (u’, 2)n of w'* N N congruent to z modulo n. From Cx (v/,n) to Cx (u',n’)
the loop stays in int Fy/, and transport is the identity. From Cx(u/,n’) to Cx(u,n’) it is
y =y ~+ (u,y)n’, and back to Cx(u,n) it is the identity. Using (u,z) =0 and (u,n) = —1,
TX(x) =+ (W, z)n+ ((u,z) + (W, 2)(u,n))n’ =z + (u' — u,z)(n —n').

On By, Ly passes through the same labels. From Cy (u,n) to Cy(u/,n) it stays in int F
(identity); from Cy (u/,n) to Cy(u',n’) it stays in EZ,, giving ¢ — ¢ + (¢,n/)u/; then the
identity in int F,; and from Cy (u,n’) to Cy(u,n), in R, 1m0+ (n,n)u. With (¢,n) =0
and (u’,n) = —1 the composite is ¢ + ({,n’ — n)(v' — u). Both maps are transvections, since
(u/ —u,n—n') =0, and they are nontrivial because v’ — u is not a multiple of u and n’ —n is

not a multiple of n. For F = ¥/ the formula for T f is that of Lemma 3.12, which is [Gro05,
Prop. 3.15] for hypersurfaces. O

Proof of Proposition 4.10(3). By (4), the arc ([u, ], [n,n/]) has TX —1 = +(n'—n)®(u'—u, - )
and TY —1 = +(v/—u)®(-,n'—n). At a zero-cell ([u,u'],w) all arcs contain the edge [u, u/] and
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share u’ — u, a covector on Bx and a vector on By; at a zero-cell (7, [n,n']) they share n’ —n,
a vector on Bx and a covector on By. We check the primitivity and saturation conditions
of Definition 3.16 on By, with base cell Cy (u1,n), Ay = nt N M and A} = N/Zn.

o At (triangle {u1,uz2,us}, [n,n']): the common covector is the class of n’ —n in N/Zn,
which is primitive because n’ — n is primitive and (uj,n) = (u1,n’) = —1, so that
{0,n,n'} is a unimodular triangle and Zn + Zn' is saturated. The vectors u; — u; lie
in n N M, sum to zero with orientations, and span a saturated rank-two sublattice
of (n' —n)*t, because {0, u1,us,uz} is a face of a unimodular simplex. So the vertex
is of negative type.

o At ([u,u'], triangle {ng,np,nc}): the common vector w' — w is primitive, as an edge
vector of the unimodular triangulation 7. The covectors are the classes of ny — ng,
Ne — Ny, Ng — Ne in N/Zn,. The triangle is unimodular in its plane, on which (u,-) =
—1, so {ng,np,nc} is a basis of the saturated rank-three lattice N N R{ng, np, nc};
hence the classes of n, — n, and n. — n, span a saturated rank-two sublattice of
N/Zn,, contained in (v — u)t. So the vertex is of positive type.

The same two computations with the roles of (u, M) and (n, N) exchanged show that on Bx
the first vertex is of positive type and the second of negative type; for F = ¥/ this is also
Lemma 3.17. At a node ([u, ], P) the four arcs share v’ — u, a covector on Bx and a vector
on By. O

Remark 4.12 (orientation of loops). For one and the same loop the monodromies of Ax and
Ay are inverse transposes of each other, not transposes; formulas for the two sides that are
transposes of each other refer to loops that are inverse to each other under £. The types
of Definition 3.16 do not depend on the orientation of the loops, since reversing it replaces
each d; by —d;, respectively each «; by —a;; but a statement comparing a monodromy on
Bx with one on By must use the inverse transpose.

5. RELATIVE TROPICAL 2-CYCLES

This section proves Theorem C: on the base B = B! every balanced network is the bound-
ary network of a relative tropical 2-cycle, and the node coefficients of balanced networks form
exactly the lattice K of relations among the circuits. The proof is combinatorial topology of
the pair (B,I'), a three-sphere and a graph in it, with the coefficients of Definition 2.4. It
has two parts.

The boundary level, p(Bal(I')) = K (Section 5.3), is a statement about flows. A balanced
network splits into one integral 1-chain for each edge ¢ of the subdivision ¥’ of the two-
skeleton of A, supported on the legs whose lower support is €. The balance conditions at the
negative vertices and nodes say that these 1-chains assemble into a cellular 1-chain on JA,
the node coefficients are read off from its boundary, and H;(9A;Z) = 0 produces a balanced
network for every k € K.

The filling, 0Z(Ry) = Bal(I") (Section 5.5), moves a balanced network, by 2-chains sup-
ported in discs transverse to the cells of B, to a 1-cycle in B\ I" with coefficients in the local
system A. The class of that cycle is computed from the cover of B\ T by the open facets and
the vertex regions of B, and it lies in the span of the meridians of I' (Lemma 5.17). The proof
of that lemma has two parts. A Mayer—Vietoris argument over a regular neighbourhood of
I", whose homology relative to its frontier is computed in Section 5.4, shows that meridians
generate Hi(B \ I';Z). A computation on the boundary spheres of the facets of B, which
uses the cells of B indexed by dual cell pairs, the connectedness of the links of vertices in the
triangulated faces of A°, H'(S?) = 0, and the fact that the vertices of every simplex of the
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unimodular triangulation 7 are part of a basis of M, then passes from constant coefficients
to the coefficients A. A meridian with an invariant coefficient bounds a disc that crosses I
once.

Section 5.2 shows that the tropical 2-cycles of Castano-Bernard and Matessi [CBM14,
Def. 7.2], triangulated, are relative tropical 2-cycles with the same node coefficients. Sec-
tion 5.4 computes the homology of a regular neighbourhood of I' with coefficients in ¢, A
and deduces a normal form of relative tropical 2-cycles near I', which the lift of Section 8
uses. Throughout, A is admissible with a profile o satisfying (Proj), and (7, h) is fixed as in
Section 2.3; all homology is integral unless coefficients are named.

5.1. The coefficient system. The cells indexed by dual cell pairs. We use the cell de-
composition of B by dual cell pairs of Section 4. For a simplex 7 of 7 and a cell w of ¥/
put

7V ={n € A: (u,n) = —1 for all vertices u of 7},

w' ={m € A°: {m,n) = —1 for all vertices n of w};

7V is the face of A dual to the smallest face of A° containing 7, and likewise for w". We write
u” for {u}", and lin(w) C Ng for the linear span of the differences of points of w, so that
lin(w) N N is the lattice of integral vectors parallel to w. A dual cell pair is a pair (7,w) with
w C 7V, equivalently 7 C w", that is, (u,n) = —1 for every vertex u of 7 and every vertex n
of w (Definition 4.5). For a cell ¢ of £ let w(c) € X' be its lower support and 7(c) € T its
face label, so that F(.) is the smallest face of V" containing c. For a dual cell pair (7,w) let
C(1,w) C B be the union of the open simplices of the barycentric subdivision K of & whose
chains ¢o C - -+ C ¢ have 7(¢;) = 7 and w(cp) = w; this is the cell Cx (7, w) of Definition 4.6.
The following facts are Propositions 4.7(2),(4),(5) and 4.10, Lemma 4.4 and Lemma 3.17.

(D1) The sets C(7,w) are the open cells of a regular cell decomposition of B; C(7,w) is
nonempty, of dimension 3 —dim 7 — dimw, and C(7,w’) lies in its closure if and only
if 7/ O 7 and w’ D w. Each closed cell is a piecewise linear ball and a subcomplex of
Ro.

(D2) int F,, =, C(u,w), the vertex region is R, = U, C(7,n), and int FyNR, = C(u,n).
The open facets are pairwise disjoint, the regions are pairwise disjoint, and together
they cover B\I'. On int F,, the local system A is the constant lattice u~NN (the facet
chart), on Ry, it is N/Zn (the region chart), and on C(u,n) the two are identified by
Tun: U™ NN — N/Zn, x + x mod n, an isomorphism because (u,n) = —1.

(D3) I' = Y{C(1,w) : dim7 > 1, dimw > 1}. It is a graph. Its arcs are the one-cells
C(7,w) with 7 and w edges; each arc is a union of legs, all with lower support w and
vanishing vector £dy,, dj, /) = n' —n, and it is the interior of an embedded segment
whose two end points are distinct zero-cells. The zero-cells in I', the I"-vertices, are:
the positive vertices C(7,¢), T a triangle and € an edge, with three arcs; the negative
vertices C(7,w), 7 an edge and w a unimodular triangle, with three arcs; and the
nodes p; = C(7,q), 7 an edge and ¢ a node parallelogram, with four arcs. The arcs
at a [-vertex C(7,w) are the C(71,w1) with 7 C 7, w1 C w edges.

(D4) Let A = C([u,u],[n,n]) be an arc. A small loop around A passes through C(u,n),
C([“? ul]? n)a C(u,a n)7 C(U/, [’I’L, TL/]), C(’LL/, ’I’L/), C([u7 ul]a n,)v C(“? TLI), C(u’ [TL, n/]) in
this cyclic order, and parallel transport along it, based in C(u,n), is z — x + (u' —
u,z)(n —n') on u N N.
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(D5) There is a piecewise linear homeomorphism £ of B onto the boundary of a convex
four-polytope V¥ < My that carries R,, onto the interior of a facet of VH and
U, C(7,w) onto the relative interior of a face of V! of dimension 3 — dim w.

We use (D5) only to know that each R, is an open three-ball (Lemma 5.16) and that the
closure of |J. C(7,¢), for an edge € of ¥', is a closed two-disc whose boundary circle is the
union of the closures of the sets | J. C(7,w), w D ¢ a two-cell (Lemma 5.14(1)). In (D5),
VH is the polytope of the mirror base By (X') of Section 4, for a height H that is piecewise
linear on the fan over ¥’ with integral slopes and has H — ¢ strictly convex on that fan.
Such an H exists: the functions that are strictly convex on the fan over ¥/, with the cones
over the cells of ¥’ as their maximal domains of linearity, form a set cut out by finitely many
linear equations and strict linear inequalities with rational coefficients, nonempty by (Proj);
it contains a function with rational slopes, a positive integral multiple i of which has integral
slopes, and H = h + ¢ has the required properties, since ¢ has integral slopes, A being
reflexive.

The two-cells of ¥ in two-faces of A are the unimodular triangles and the node parallel-
ograms of the profile (Definition 2.3); this is why only these occur in (D3). At a hexagon
on the Ay branch the three node parallelograms share pairwise the edges [0, w] through the
centre, and the three nodes are pairwise joined by the arcs C(G°,[o,w]); these three arcs
form a cycle of I" whose only vertices are nodes. At a pentagon, and at a hexagon on the
A; branch, an interior edge [0, w] likewise gives one arc joining the I-vertices of the two cells
containing it. No argument below assumes that an arc ends at a trivalent vertex.

Stalks. For z € I let Inv(x) be the group of flat sections of A over V' \ I, for a small open
ball V' around z in which I' is the cone from x over finitely many points. For an arc A we
write Inv(A) for the common value at its points.

Lemma 5.1 (stalks). (1) Let V C B be open and y € N with (u,y) = 0 for every u such

that int F,, meets V. Then y in the facet charts and y mod n in the region charts
define a flat section of A over V\T'.

(2) If v € C(1,w) C T, then Inv(xz) = 7+ N N, embedded as in (1). Thus Inv(A) =
[u, u']* NN, of rank two and containing da, on an arc A = C([u, '], [n,n']); Inv(p) =
lin(w) NN, of rank two and spanned by the edge vectors of w, at a negative vertex or
node p = C([u,u'],w); and Inv(p) = Zd. at a positive vertex p = C(1,¢). If A is an
arc at the T'-vertex p, then Inv(p) C Inv(A) as sublattices of N.

(3) For every I'-vertex C(7,w) the vertices of T are part of a basis of M.

Proof. (1) By (D2) the local data agree on the overlaps C(u,n), since my,(y) = y mod n.
(2) If V is a small ball around z, the facets whose interiors meet V' are the F,, with u € T,
so every y € 7= N N is a flat section by (1). Conversely let y be a flat section over V' \ T,
and let u € 7. Its value in the facet chart of F} is a vector v, € u N N; since int F,, NV is
connected, y,, is one vector. For every arc C([u,u1],w1) at  with u € [u,u;] C 7, invariance
under the loop of (D4) gives (u; —u, y,)(n—n’) = 0 with n # n/, hence (uy,y,) = 0. By (D3),
if 7 = [u, /] this gives y, L o/, and if 7 = {u, w1, us} it gives y, L uy,ug; so v, € 7+, and y is
the section of (1) defined by y,. The rank of 7+ NN is 3 — dim 7, since the vertices of 7 lie in
the hyperplane (-, n) = —1 and are linearly independent. On an arc (u,d4) = (u/,d4) = 0.
At a negative vertex or node, [u,u’]t N N is saturated of rank two and contains the edge
vectors of w, which span the lattice lin(w) N N because w is a unimodular triangle or a unit
parallelogram; two saturated lattices of the same rank, one containing the other, are equal.
At a positive vertex 7NN has rank one and contains the primitive vector d. (the edges of ¥’
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in faces of dimension at most two are primitive). The inclusion Inv(p) C Inv(A) is 7+ C 7
for i C 7.

(3) 7 is a simplex of the unimodular triangulation 7 (Hypothesis (U)), so the cone over 7
is a face of a cone generated by a basis of M. O

By Lemma 5.1(2), a flat section near a point of I is represented by one vector of N in every
facet chart near that point. We use this identification throughout: all the lattices Inv(-) are
sublattices of N, and so are the groups F'(s) of simplices meeting I'.

Lemma 5.2 (the coefficient system). Let 8 be a triangulation of B in which T is full, and s
a simplex of K.
(1) If sNT = (), then F(s) is the group of flat sections of A over a neighbourhood of 3,
free of rank three.
(2) If snT # 0, then sp :=5NT is a face of s, and F'(s) = (¢, Inv(x). This is Inv(A)
if sp lies in an arc A, and otherwise the intersection of the stalks of the I'-vertices in
ST.
(3) The restriction maps F(s) — F(s') are injective; for simplices meeting I' they are
inclusions of sublattices of N.

Proof. (2) The first assertion is fullness. Choose the neighbourhood V of 5 as a regular
neighbourhood of s that meets I' in a regular neighbourhood of sp in I Then V \ T is
connected, and its fundamental group is generated by meridians of I" at points of st together
with, at each I'-vertex in sp, meridians of the germs at that vertex of the arcs through it.
Indeed, if sp # ), the pair (V,V NT) is a cone pair, except when sr is an edge whose two end
points are I'-vertices, when it is the union of two cone pairs glued along a disc that meets I'
in one point; the complement of a cone-like tree in a three-ball has free fundamental group
generated by meridians, and by van Kampen’s theorem so has the complement of I' in two
such pairs glued along a disc meeting I" once. So the flat sections over V' \ I are the vectors
invariant under these meridians, which is (. Inv(z), since the meridians at a point = are
those that define Inv(x). By Lemma 5.1(2) the stalk is constant along an arc and drops to
Inv(p) at a I-vertex p. (1) and (3) hold because the neighbourhoods may be chosen nested
and connected off T. O

Subdivision and balanced networks. If K is a subdivision of K in which T' is full, each
simplex s; of & lies in a simplex s of &, and restriction gives F'(s) — F'(s1). The subdivision
operator sd: Cy(&; F) — Ci(R; F), which replaces a simplex by the sum of the simplices of
R1 in it, each with the restricted coefficient, is a chain map. It preserves the chains on I" with
coefficients in D, so it carries Z(R) into Z(R;) and commutes with taking boundary networks.
The group of coefficients may grow under subdivision: a simplex of &1 near a positive vertex
p that does not contain p has coefficients Inv(A) or A, not Inv(p).

Every edge E of £ in I lies in the closure A of an arc A, and dp = +ds. At a vertex
of K interior to an arc the coefficient group is the torsion-free group Inv(A), so the balance
condition says that the two edges at that vertex carry the same multiple of d4. Hence a
balanced network is the same as an integer c4 for each arc A, with A oriented and carrying
the vector cada, such that the vectors of the arcs at each I'-vertex p, oriented away from p,
sum to zero in Inv(p) C N. In particular Bal(I') does not depend on the triangulation, and
sd induces the identity on it.

5.2. Tropical 2-cycles in the sense of Castano-Bernard and Matessi. We refer to the
clauses of [CBM14, Def. 7.2] by their content. The following dictionary gives their letters
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in the arXiv version and their numbers in the published version, followed by the conditions
used here.

Embedding (a; i).: S is a tropical domain [CBM14, Def. 7.1] and j: (S,0S) — (B,I")
is an embedding.

Discriminant-intersection (bj; ii).: j7Y(T') = 95 U {r1,...,1}, where the 1; are
smooth points of S mapped to points of arcs. Put Sp = Sem \ {r1}-

Primitive-field (c; iii).: v is a primitive integral parallel vector field along j(Sp).

Boundary-vertex (d; iv).: j(p) is a negative vertex if and only if p is a boundary
vertex of S.

Node-passage (e; v).: At a negative node the two edges of 9S follow two opposite
legs.

Positive-node (f; vi).: This clause concerns positive nodes; B has none (Proposi-
tion 3.18).

Interior-edge balancing (g; vii).: Along an interior edge the fields vy, ve, v3 of the
adjacent sheets span a rank-two subspace and satisfy syv; + sovg + sgvg = 0. Here
s = *1 according as the orientation of the k-th sheet induces the chosen orientation
of the edge.

Boundary-monodromy (h; viii).: Along an edge of 95, kerv is the monodromy-
invariant subspace of the cotangent lattice.

Crossing (i; ix).: At r the monodromy on ker v is conjugate to (19).

Interior-vertex (j; x).: At an interior vertex the six values of v span T},B.

Castano-Bernard and Matessi do not name the group in which the conjugacy in the crossing
clause is taken; we read it as conjugacy in GLy(Z). In [CBM14, §7.7, Step 6] the crossing
clause enters through an integral basis of ker v in which the monodromy has this form, with
no condition on the orientation of the basis, and in Step 7 through the identification of v with
the class e3, and so its invariance. Lemma F.4, the proof of Lemma 6.5(3), and the classes of
cycles in Conjecture G and Theorem E depend on this reading. Since conjugacy in SLo(Z)
implies conjugacy in GLs(Z), the class of cycles under the stricter reading is contained in the
class used here; so Theorem E as stated covers both readings, while under the stricter reading
Conjecture G asks for more. The definition [CBM14, Def. 7.2] is stated for a tropical conifold
[CBM14, Def. 6.3], whose three-valent vertices are of the negative or positive type of [CBM14,
Ex. 2.3, 2.4]; at the three-valent vertices of I' we prove only that the monodromies are of
these types (Definition 3.16, Lemma 3.17), not that the germs are integral affine isomorphic
to those of [CBM14, Ex. 2.3, 2.4], and in the boundary-vertex clause a negative vertex means
a vertex of negative type in the sense of Definition 3.16. The sheets of S are oriented, and j
is assumed piecewise linear. The readings of the crossing and boundary-vertex clauses above
and the piecewise linearity of j are the three conventions of Definition 2.5. The clauses refer
only to I'; A and the vertex types; the polarization of (B, ) enters none of them, and the
tropical 2-cycles for the placement of the node vertex in Proposition 3.18(2) and for the
barycentric placement correspond bijectively with the same node coefficients (Lemma 3.20).
We use the barycentric placement.

Passages. Let ¢ € Q with p, € j(0S). By the node-passage clause the two edges of 05 at
pq follow one of the two passages at g, the b — a passage or the ¢ — b passage of Section 3.4
(Figure 1), whose vanishing vector b — a, respectively ¢ — b, is fixed by the monodromy of all
four legs.

Lemma 5.3. Along an edge of S lying on a leg with vanishing vector d, v = =£d.
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Proof. The monodromy around the leg is a transvection z — x £ (o, z)d (Lemma 3.12), so
it acts on covectors by £ — & + £(d)a and its invariant covectors are those vanishing on d.
By the boundary-monodromy clause, kerv is this set, so v is proportional to d; both are
primitive. O

Choose a triangulation 8 of B in which j(S) and I' are subcomplexes, each triangle of
j(S) lies in one sheet, and I is full; a derived subdivision of a triangulation with the first two
properties has all three [RS72, Ch. 3]. Put

zg 1= sz [s],

the sum over the triangles s of j(S), oriented by their sheets, with vs the value of v on s.

Lemma 5.4 (tropical 2-cycles are relative tropical 2-cycles). (1) vs € F(s) for every
triangle s of j(S), and zs € Z(R). Its boundary network is ) pv|g [E], over the
edges E of j(0S) oriented as the boundary of S, and v|p = +dg.

(2) pg(zs) = 0 if pg & j(0S). If pg € §(0S), let Gin and Doy be the canonical lifts of
v on the edges of OS entering and leaving py; then Tout — Uin = pq(zg) circy and
palzs) € {1},

We write p(S) := p(zg) and call it the vector of node coefficients of S. By (2) it is read
off from a collar of 3S and does not depend on K; it plays the role of the orientation signs
that [CBM14, §9.5] attach at the nodes, which motivate the coefficients eg, s, (p) of [CBM14,
Def. 8.1].

Proof. (1) By Lemma 5.2(2) we must show that vs is invariant under the monodromy at
every point of § N T', which lies in j(9S) U {rx} by the discriminant-intersection clause. At
a point of a leg on 05, v = +£d by Lemma 5.3, and d is invariant. At g; the sheet is a
punctured disc on which v is parallel, so v is invariant under the loop around gz in the sheet.
By the crossing clause the monodromy along this loop is nontrivial, so the loop is a nonzero
power of a meridian of the leg, which acts by a transvection x — x + (a, x)d; invariance
gives (a,v) = 0, that is, v € Inv(A). At a negative vertex p = j(p'), the sheet containing s
is bounded near p by a boundary edge on a leg with vanishing vector d;, so vy = *+d;, and
d; € Inv(p) by Lemma 5.1(2). At a node on 95 the part of Sy near p, is connected (by the
discriminant-intersection and node-passage clauses) and v equals &+ the vanishing vector of
the passage, which lies in Inv(p,) = lin(q) N N. At a positive vertex on 95, 95 uses two
of the three legs, which have the same vanishing vector d (Lemma 3.17), so v = +d on the
half-disc of S at p, and Inv(p) = Zd. Off T there is nothing to check.

The boundary of zg vanishes on edges interior to a sheet (the two triangles induce opposite
orientations and carry the same v), on interior edges of .S by the interior-edge balancing clause,
and on edges through the points rj, which are interior to a sheet. What remains is ) _ , v|g[E]
over the edges of j(05), with v|p = £dg by Lemma 5.3.

(2) If pg ¢ §(OS), Ozg vanishes near p,. Otherwise the canonical lift of dzg is Y 0|g[E],

and at p, the edge entering contributes oi, and the edge leaving —Uout to 00zs(pg); by
Definition 2.6, Uout — Uin = pq(2g)circy. For the b — a passage, entering along ab and leaving

along dc with v = €(b — a), the jump is e(e. — eq) — €(ep, — e,) = —ecirey; for the ¢ — b
passage, entering along bc with v = €' (c—1b), it is €'(eq — eq) — € (e — €) = €’circy. The other
orientations are the same computation. Since j is an embedding, 95 meets p, once. ([l

Reversing the orientation of S together with v — —v leaves p(S) unchanged. The boundary
networks of the chains zg are special: every |ca| < 1, at a node exactly one opposite pair of
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legs or none is used, at a positive vertex two legs or none, and at a negative vertex three legs
or none. Relative tropical 2-cycles have no such restriction, and Theorem C needs the extra
room; whether the chains zg alone suffice is Conjecture G.

5.3. Node coefficients of balanced networks. Let ¥, be the subdivision of the two-
skeleton of A induced by ¥'. Its edges are the edges of A and the edges [0, w] inside the
pentagons and hexagons, and they are the lower supports of legs. Fix an orientation of each
edge € = [n,n/] of ¥, put d. = n' — n, é& = e,y — e, € Z%, and let I'. be the union of the
arcs C(1,¢) and the positive vertices C(r,¢). Its closure T adds the end points of the arcs
C(7,¢) that are negative vertices or nodes, the points C'(7,w) with w D ¢ a two-cell; every
negative vertex or node C(7,w) with ¢ C w arises in this way. ¢ is connected: for an edge ¢
of A it is the graph dual to the triangulation of the polygon ¢ by T, with one extra end for
each boundary edge; for € = [0, w] inside a pentagon or hexagon G, ¢V = G° is a single edge
of T (it has lattice length one), and T is one closed arc.

Every leg lies in exactly one I'.. So every chain g € C1(I'; D) on £ can be written uniquely
as 8 =3 .n- ® d. with 7. € C1(Ts; Z) supported on the legs of T, and its canonical lift is
/8 = Zg Ne @ €.

The A-side complex. Let X be the regular cell decomposition of A =2 S3 whose cells are
the points of R, the edges and two-cells of ¥_,, and the facets of A. (X" induces the profile on
the two-faces and does not subdivide the edges of A, which are primitive.) Its cellular chain
complex has Co(X) = Z® and Hy(X) = H1(S®) = 0. Let & denote the one-cell ¢ oriented
from n to n’, so that 95 = é., and let ev: Zf — N, e, — r; then ev ¢ = d.. For a negative
vertex or node p = C(7,w) put

Xp(B) = (9n:)(p) & € C1(X).

eCow

Then 95(p) = 3_.(9n:) () & = Ixy(5).
Lemma 5.5 (balanced networks). Let = )"_n. ® d. € C1(I'; D).

(1) B € Bal(I') if and only if (i) On. vanishes at every point of I'c, for every e, and
(i1) ev Oxp(B) = 0 for every negative vertex and node p.

(2) Let 8 € Bal(T'). Then df3 vanishes at every point of T' other than the nodes. At a
node pq, with the edges of q oriented along the cycle a — b — c— d — a,

Xp, (B) = :cq([ab] + [Cd]) + yq([bc] + [da]), 9B(pq) = (24 — yq) circy,

for integers x4, yq, so that py(B) = yq — 4.
(3) If the coefficients of B on the legs at py with lower supports {a,b} and {b,c}, oriented
away from pg, are cqap(b —a) and cpe(c —b), then py(B) = cap — Cpe-

Proof. (1) At a point x of T' the legs at x have dg € Inv(z) C N, and the balance condition
0B(x) =01in F(z) =Inv(z) is )y tcpdp = 0 in N. At a point of I'. (a positive vertex or a
point interior to an arc) all legs lie in I'; and have dg = £d,; since Inv(z) is torsion free the
condition is (On:)(z) = 0. At a negative vertex or node p = C(7,w) the legs at p are one in
each I'c, e C Ow, and the condition is )_(9n.)(p)d: = evIx,(5) = 0.

(2) At points of T, 9 = (9n.) ®é. = 0 by (1)(i). Since 1. ® d. and 7. ® é. are unchanged
when d. and 7. change sign together, we may orient the edges of a two-cell w along its
boundary cycle when we compute at C(7,w). Write f; = (9n:)(p). If w is a unimodular
triangle, its three edge vectors sum to zero and any two are independent, so (1)(ii) forces f. =t
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for all three edges; then x,(3) =t 0[w] and 63(19) = Oxp(B) = 0. If w = P,, the edge vectors
are b—a, c—b, d—c = a—b, a—d = b—c, and (1)(ii) reads (fap— fed) (0—a)+(foc— faa)(c—b) = 0;
as b —a and ¢ — b are independent, fu, = feq =: x4 and fic = fga =: Y. Then

IMXpy(B) = z4(ep—eateq—ec) tyq(ec—eptea—ea) = (2g—yg)(ep+eq—ea—ec) = (x4—Yyq) circg,
and Definition 2.6 gives py(8) = yq — 4.

(3) A leg oriented away from p, with coefficient ¢(b — a) contributes —c to (Onap)(pq), so
Tq = —cqp and likewise y, = —cpe. O

Part (3) is the formula p; = ca — ¢ Of Section 2.3. Balance at a node says that the
flow passes straight through: with away orientations, the legs with lower supports {a, b} and
{c,d} carry cqp(b— a) and —cq,(b — a), and similarly for the other pair (Lemma 5.10).
Proposition 5.6. p(Bal(I')) = K.

Proof. C: For B € Bal(T'), Lemma 5.5(2) and Definition 2.6 give > pq(B)circ; =
> dB(x), the negative of the augmentation of the boundary d3, which is zero.

D: Letk € Kandep =3, kq([bc]+[da])q € C1(X), the edges oriented along the boundary
cycles of the node parallelograms. Then dci = kglec — ey + €q — €q) = — > kgcireq = 0,
and since Hi(X) = 0 there is w = ) wy[w] € Ca(X) with Ow = ¢1, where each two-cell w is
oriented and a node parallelogram ¢ is oriented along its boundary cyclea - b —c — d — a,
so that 0[q] = [ab] + [bc] + [cd] 4 [da] with the edges oriented along the cycle. For each two-cell
w of X choose one negative vertex or node p(w) = C(7,w); one exists because the dual edge
G° of the two-face G O w contains at least one edge 7 of 7, and for a node parallelogram ¢

there is exactly one, p,, because ¢(G°) = 1 for squares, pentagons and hexagons. Prescribe
the 1-chains

Xp(w) = —Ww 0lw] (w a triangle), Xp, = —wq Oq] + kq([bc] + [da]),

and x, := 0 at the remaining negative vertices (a triangle G with ¢(G°) = m has m of them).
Each satisfies ev 0x;, = 0, since 00{w] = 0 and ev(circy) =b+d —a—c =0, and
pr =—0w+c =0 in Cy(X).
P
For an edge ¢ of E/§2 let f,. be the coeflicient of € in Xp~7The coefficient of € in Zp Xp is
Zp fp,e, the sum over the negative vertices and nodes of I';, and it vanishes. Since I'; is
connected there is . € C1(T';Z), supported on the legs of I'., with dn. = Zp fpelp]. Then
B =3 .1 ®@d: has xp(f) = xp for every p, so it satisfies (i) and (ii) of Lemma 5.5(1) and
lies in Bal(I"), and by Lemma 5.5(2) pq(8) = yq — 24 = (—wq + kq) — (—wq) = kq. O

At a pentagon or hexagon no separate treatment is needed: its cells are two-cells of X,
its interior edges [0, w] are one-cells of X, and for such an edge I'. is the single arc joining
the two I'-vertices, so the condition that the coefficient of £ in Zp Xp vanishes is the balance
along that arc.

Proposition 5.7 (containment). For every strict tropical 2-cycle S on B (Definition 2.5),
p(S) € K.

Proof. 0zs € Bal(I') by Lemma 5.4(1), and p(Bal(I')) C K. O

Only a collar of 0S enters this argument. Proposition 5.7 is the combinatorial form of
Theorems D and E, which realise the relation » pq(5)[d4] = 0, respectively > pq(9)[Cq] =
0, by chains.
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5.4. The neighbourhood of the discriminant. This subsection computes the homology
of a regular neighbourhood of I, relative to its frontier, with the coefficients F', and deduces a
normal form of relative tropical 2-cycles near I'. The results are used with constant coefficients
Z in Section 5.5 and with the coefficients F' in Section 8.

Let & be a triangulation of B in which I is full, and &’ its barycentric subdivision, whose
simplices are the chains (so C -+ C s,) of simplices of & Such a simplex meets I if and only
if sp C I', and then its intersection with I' is the face spanned by the barycentres by, with
s; C T', an initial segment of the chain. Let U be the union of the closed simplices of & that
meet I', and QU the union of the simplices of U that do not; U is a regular neighbourhood
of I' [RS72, Ch. 3]. For a vertex p of R on I' let B, be the union of the simplices with p € sg,
the closed star of p in &': a three-ball, the cone from p over the two-sphere B, = Lk(p, &').
For an edge E of & in I' let D(E) be the union of the simplices with E C sq: a two-disc, the
cone from the midpoint bg over the circle 9D(FE) formed by the chains with E C s, which
is the barycentric subdivision of Lk(E, &). It meets I only in bg. We orient D(E) so that its
orientation followed by the direction of E is the orientation of B.

Definition 5.8 (transverse discs). For an edge F of & in I', with A the arc whose closure
contains E, and v € Inv(A), the 2-chain v- D(E) € Cy(&'; F) is the transverse disc at E with
coefficient v. Orient each arc once and for all, and its edges accordingly. Let dr: @p Inv(p) —
@D Inv(E), the sums over the vertices and edges of & in I' and Inv(E) := Inv(A), be
(dr(vp)p)(E) = vo(p) — vy(k), Where o(E) and t(E) are the origin and terminus of E. The
group of transverse discs is Tr(I") := coker dp.

A transverse disc is a disc crossing I' once, at an interior point of an arc, and carrying a
monodromy-invariant coefficient; it is the local form of a sheet of [CBM14] at one of the points
1 of the discriminant-intersection clause. Contracting the vertices interior to arcs, at which
dr identifies the summands of the two adjacent edges, gives Tr(I") = coker(@p Inv(p) —

@ 4 Inv(A)), the sum over the I'-vertices and the arcs; every arc has two end vertices (D3).

Lemma 5.9 (the neighbourhood of T). (1) Hp(U,0U; F) =0 for k # 2,3, and there is

an exact sequence

0 — H3(U,0U; F) — @ Inv(p) A, P nv(E) — Hy(U,0U; F) = 0
P E

whose third map sends v in the summand of E to the class of v- D(E). In particular
every relative 2-cycle of (U, 0U; F') is homologous relative to OU to a sum of transverse
discs, and Hy(U,0U; F) = Tr(T).

(2) The sequence

0 — Tr(T) — Ho(U,0U UT; F, D) -2 Bal(T) — 0,

whose second map is induced by inclusion and whose third map takes the boundary
on T, is exact.

(3) Part (1) holds, with the same proof, for the constant coefficient system Z, with
Inv(p) = Inv(E) = Z.

Here C,(QUUT; F, D) := C(0U; F)®C\(T'; D), a subcomplex of C(U; F) because OUNT =
(); its relative 2-cycles are the 2-chains on U whose boundary is a chain on QU plus a chain
on I' with coefficients in D, and the latter is their I'-boundary.
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Proof. The blocks. Every simplex of U is a face of a simplex meeting I", whose sg lies in T’
and is therefore a vertex p or an edge E = [p,p/] of I'; so every simplex of U lies in some B,
A simplex of B, N By, p # p', has p,p’ € so; if sop C T then sq = [p,p'] = E and the simplex
lies in D(E), and otherwise it misses I' and lies in OU. So 9B, = (0B, N oU) U Ugsp D(E),
D(E)NdU = dD(E), and D(E)N D(E') C U for E # E'.

Coefficients. A simplex of U with sy = p meets I" in p or in a half-edge [p, bg], and has
coefficient group Inv(p) by Lemma 5.2(2) and Inv(p) C Inv(E); a simplex with sp = E meets
I' in bg and has Inv(E). All restriction maps among the simplices of B, containing p, and
among those of D(E) containing bg, are identities.

The cone lemma. Let C' = cx L be a simplicial cone and let a coefficient system on C' be the
constant group I, with identity restrictions, on the simplices containing c¢. Then C,(C, L; I)
is I ® 5'*_1(L), by ¢ * s <> s and ¢ < the augmentation, up to sign; so Hy(C,L;I) =
I ® Hy_1(L). Hence H.(Bp,0By; F) is Inv(p) in degree 3, generated by the classes v, - [Bp],
and H,(D(E),0D(E); F) is Inv(E) in degree 2, generated by the v - [D(E)].

Proof of (1). Let Uy = U Uy D(E). By the block description,

C.(Ur; F)/C.(8U; F) = (P C.(D(E), 0D(E); F),
E

Ci(U; F)/Cu(Uy; F) = @C*(praBPQF)-

So H.(U1,0U; F) = @plnv(E) in degree 2 and H.(U,U; F) = P, Inv(p) in degree
3, and the exact sequence of the triple (U,U;,0U) reduces to the sequence of (1), with
Hy(U,0U;F) = 0 for k # 2,3. The connecting map sends v, - [Bp] to v, - [0B,] modulo
C(0U; F), which is > p €(p, E) vp - [D(E)] with e(p,E) = +1 if p = o(E) and —1 if
p = t(E): at o(E) the outward normal of B, along D(E) points along E. So the connecting
map is dr.

Proof of (2). The triple C,(0U; F) C C,(QUUT; F, D) C C(U; F) gives the exact sequence

Hy(T; D) — Hy(U,8U; F) — Hy(U,0U UT; F, D) — Hy([;D) — Hy(U,dU; F).

Hy(T; D) = 0 since T is a graph, Hy(I'; D) is the group of 1-cycles of C,(T'; D) on K, which
is Bal(T") (Section 5.1), and H;(U,0U; F') = 0 by (1).

(3) The proof of (1) used only that the coefficients are constant, with identity restrictions,
on the simplices of each B, containing p and of each D(E) containing bg. O

Lemma 5.10 (balanced leg data). At a I'-vertex p let Bal, C Ztares at v} pe the group of
integers (ca) with Y 4 cada = 0 in Inv(p), the vanishing vectors da oriented away from p.

(1) At a negative vertex, with the da oriented so that di +dy +ds = 0: Bal, = Z(1,1,1).
(2) At a positive vertex, with the dy oriented to be equal: Bal, = {c1 + ca + ¢35 = 0}, with
basis (1,0,—1), (0,1, —1).
(3) At a node pq, with dgy = dge = b — a and dpe = dgg = ¢ — b on the legs with lower
supports {a,b}, {c,d}, {b,c}, {a,d}: Bal, = {csp = —Cde; Coc = —Caa}, with basis the
b — a passage (cqp, cae) = (1,—1) and the ¢ — b passage (cpe,Caq) = (1, —1).
Each basis element is the leg datum of a germ of 0S for a tropical 2-cycle S in the sense of

[CBM14]: a boundary vertex of S (a tripod), a turn of S through a positive vertex, and a
passage through a node.



MIRROR SYMMETRY FOR CONIFOLD RELATIONS 57

Proof. (1) The d; span Inv(p) of rank two with dy +da+ds = 0 (Definition 3.16), so > ¢;d; = 0
forces ¢1 = ca = c3. (2) All three dyg equal d # 0 (Lemma 3.17). (3) The equation is
(cap + cac)(b — a) + (cbe + €aq)(c — b) = 0 with b — a, ¢ — b independent. O

Lemma 5.11 (normal form). Let z € Z(R), and let © be a relative 2-cycle of (U, 0UUT; F, D)
on R whose T'-boundary is sd(0z). Choose one edge E4 in each arc A. There are w €
C3(U; F), va € Inv(A) and y € Co(R'; F) supported on simplices not in U \ U, such that

sd(z) — 0w =0 + ZUA -D(Ex) +v.
A
The class of (va)a in Tr(T') is determined by z and ©. In particular sd(z) — Ow has the
boundary network and the node coefficients of z, and near I' it consists of © and transverse
discs.

Proof. Let zy be the part of sd(z) on the 2-simplices of U. An edge of U not in OU meets T, so
every 2-simplex containing it lies in U, and dzy agrees with dsd(z) on such edges. Hence zy
is a relative 2-cycle of (U, OU UT'; F, D) with I'-boundary sd(0z), and zy — © has boundary on
OU: it is a relative 2-cycle of (U,9U; F). By Lemma 5.9(1), 2y —© = > pvg- D(E)+0w+c
with w € C3(U; F) and ¢ € C3(0U; F). To collect the discs of an arc into one, let E, E' be
consecutive edges of A with common vertex p = ¢t(E) = o(E’). The proof of Lemma 5.9(1)
gives 9[By] = —D(E) + D(E’) + (a chain on dU), so for v € Inv(A) = Inv(p)

v-D(E)—v-D(E') = —0(v-[By]) + (a chain on dU).

After these moves, sd(z) — 0w’ = © + > yva - D(E4) +y with y = (sd(z) — zv) + ¢, ¢ a
chain on OU. The class of (v4) is the class of ziy — © in Hy(U, 0U; F) = Tr(T'). O

An admissible © always exists: zy is one, and by Lemma 5.9(2) every balanced network
is the I-boundary of a relative 2-cycle of (U,0U UT; F, D). Two choices of © with the same
I-boundary differ by an element of Tr(I"), for instance two windings of a sheet about an arc.

Remark 5.12 (the group of transverse discs is free). The map dr is injective and Tr(T") is
free of rank 2a — 2(n_ + |Q|) — n4, where a, n_ and ny are the numbers of arcs, negative
vertices and positive vertices. To see the integrality assertion, suppose that a rational family
(vp)p has dr(vp), integral. Its classes in Ng/N agree along every arc. In a two-face F, with
7V = G a two-face of A, the dual graph of the subdivision of G is connected, including its
boundary legs. The common class therefore lies in the images of the rational lines generated
by all boundary edge vectors of G: at the adjoining positive vertices these are precisely the
stalks of Lemma 5.1. Two of those vectors form a basis of the saturated plane lattice of G.
For a pentagon or hexagon one may take w;+1 — w;, w;1o — wiy1 with w; + w;ro = 0+ wjiy1;
the triangle and square cases are immediate. As these two vectors di, ds form a basis of the
saturated plane lattice span(d;, d2) NN, the images of Qd; and Qdy in Ng/N meet only in 0:
if t1dy —tods € N with t1,to € Q, then t1,t9 € Z. So this common class is zero. The connected
dual graph of the triangulation of each EV, for an edge E of A, joins every remaining positive
vertex to such a boundary leg. Thus every v, is integral. Applied to (v,)/m for every positive
integer m when dr(v,) = 0, this also proves injectivity. The image is saturated, and the rank
follows from the stalk ranks and the arc presentation above.

Remark 5.13 (scope). The proofs of Lemmas 5.2, 5.9 and 5.11 use only that B is a triangulated
three-manifold, that I' is a graph full in the triangulation, and that F' is the system of flat
sections of a local system on B\ I'; they hold verbatim for any such triple. Lemma 5.10 and
Remark 5.12 use the stalks of Lemma 5.1. Section 8 applies the former on the base of the
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mirror, through a homeomorphism of pairs and an isomorphism of local systems, and uses
from this subsection only the surjectivity in Lemma 5.9(1), the moves of Lemma 5.11, and
Lemma 5.10.

5.5. Filling. We work on £p, the barycentric subdivision of &, in which I' is full
(Lemma 3.13), and prove that every balanced network is a boundary network. Let & C Ko
be the subcomplex of simplices disjoint from I". Every point x € B\ I lies in a simplex
s = sr * S, with sp the face spanned by the vertices on I" and sy # () the opposite face, and
is (1 —t)a + tb with a € sp, b € sp, t € (0,1]; pushing ¢ to 1 is a deformation retraction of
B\ T onto |&]|. Simplicial chains on K with coefficients ' compute H,(B\ I';A).

Lemma 5.14 (dual discs and dual paths). (1) For an edge € of ¥, the dual disc D,

the closure of |J. C(7,€), is a closed two-disc and a subcomplex of K. D. NI = T.,
with T, in the interior and the negative vertices and nodes of T. on the boundary
circle, which is the union of the dual paths D,, of the two-cells w D ¢.

(2) For a two-cell w of X', the dual path D, the closure of |J, C(T,w), is the path
bc, —bp, —bo, — -+ — by, — b, of Ro, where Co|f1|Ch|---|fi|Cy is the sequence of
two-cells with lower support w and mazimal cells of Lemma 3.14. Its points on T’
are the barycentres of the f; that separate maximal cells with different facet indices;
if w lies in a two-face G of A with G° = [ug, ..., un), these are the m > 1 points
C([wi—1,ui],w), and if w lies in the interior of a facet of A there are none. Two dual
paths meet at most in common end points, the points bc,, be, , which lie in C(u,ws)
for three-cells w3 D w.

(3) For every simplex s of D., d. € F(s), and the restriction maps send d. to d.. So
¢ c®de is a chain map Cy(Dg; Z) — Cy(Ro; F).

Proof. (1) By (D5), £L(D.) is a two-dimensional face of the convex polytope V¥, a polygon
whose edges are the images of the D,,, w D e. By (D1) its cells are the C(7,w) with w D ¢;
those in T have dim7 > 1, and are the arcs and positive vertices C(7,¢) and the negative
vertices and nodes C(7,w) with w 2 ¢ a two-cell (a pair (7,w) with w a three-cell has 7 a
vertex).

(2) The simplices of K¢ in |J, C(7,w) are the chains with w(cp) = w, which consist of the
fi and of the maximal cells C1, ..., Cy_;, whose lower support is w; the closure adds b, and
bc,. Such a simplex lies in I' if and only if dim7(¢x) > 1, that is, ¢, = f; lies in a two-face
of V", which means that f; separates cells with different facet indices; by Lemma 3.14 there
are m = ((G°) of them, and none if w lies in a facet of A. A common point of D, and D,y
lies in a cell C(7,w”) with w” D wU W', a three-cell.

(3) A small neighbourhood V of a simplex of D, meets only cells C(7/,w’) with 7/ C 7 for
some (7,w) with w D €, so 7/ C ¢". Hence every facet F,, whose interior meets V has u € €V,
so (u,d.) = 0, and Lemma 5.1(1) makes the vector d. a flat section over V' \I'. It is the same
vector of NV for all simplices. O

Step 1: pushing a network onto the dual paths. Let 8 € Bal(I'), and write 8 =) _n. ® d.
as in Section 5.3. By Lemma 5.5(1)(i), 7. is a relative l-cycle of (D.,dD.). Since D is
a disc, H1(Ds,0D;) = 0, so n. = 9 + & with (¢ € Ca(De;Z) and & € C1(0D;Z). By
Lemma 5.14(3), ¢ :== > _ (- ® de € C2(Ro; F'), and

bi=f-3(=) &@d

is a 1-cycle of C\(Ro; F') supported on the union of the dual paths.
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Lemma 5.15. Orient each dual path D, from bc, to bc,. Along D, the cycle b has one
constant coefficient y,, € N; if w lies in a two-face of A, y,, € lin(w) N N.

Proof. Interior points of a dual path lie on no other dual path. At a vertex bc; or by, off I',
both in the interior of one facet F,, the cycle condition in F' = u NN makes the coefficients
of the two edges equal. At a point by, on I' both edges meet I' only in by,, so their coefficients
lie in Inv(by,) = lin(w) N N (Lemma 5.1(2)), and the cycle condition in F(by,) = Inv(by,)
makes them equal as vectors of V. Il

Step 2: moving off I'. For each two-cell w in a two-face of A fix a vertex n, of w. Let
v = by be a point of D, on I', where f separates the maximal cells C_ and C (in this order
along D,,) with facet indices u_ # wuy, and let v/ be a vertex of & in f with lower ray n,.
The triangles [b,, bs, b, | of Ry meet I only in by: their other open faces lie in C(7(f), ny),
C(u+,w) and C(u+,n,,), and their vertices other than by are off I'. So by Lemma 5.2(2) and
Lemma 5.15

0, = yw([bvl, bf, bc_] — [bv/, bf, bc+]) € Cg(ﬁo; F),
with boundary
80y = Yo ([bc_, bur] + [bur, boy ] — [be_, bs] = by, bey])-
Adding 00, to b replaces the path segment bc_ — by — bc, by bo_ — by — bc,. Let 6 be
the sum of the 6, over the points of the dual paths on I' and b’ := b+ 96. Then V' is a 1-cycle
on RY with coefficients in A, homologous to b in Cy(Ro; F').

The complement of I'. Let Ur be the union of the open facets and Ur the union of the
vertex regions. By (D2) and (D5), Up and Ug are disjoint unions of open three-balls, they
cover B\ T', and Up NUR is the disjoint union of the open three-cells C'(u,n), one for each
dual cell pair (u,n) of a vertex of 7 and a vertex of ¥’. Put

Zag = {x = (zun) € EB ut NN : qun = 0 for every u, qun € Zn for every n}
(u,n) n u

This is the group of 1-cycles of the bipartite graph Gg with vertices the u and the n and one

edge for each dual pair (u,n), with the coefficients u~ N N at « and on the edges and N/Zn

at n; Gy is the nerve of the cover. Call a vertex of K a facet vertez if it lies in Up \ Ur and

a region vertex if it lies in Ug \ UF.

Lemma 5.16 (the cover by facets and regions). Ha(B\I';A) =0, and the connecting map of
the Mayer—Vietoris sequence of the cover {Up,Ur} is an isomorphism it: Hi(B\I';A) = Z¢.
Let c be a 1-cycle of 8 with coefficients in A all of whose vertices are facet vertices or region
vertices. Then an edge of ¢ joining two facet vertices, or two region vertices, lies in one open
facet, respectively one region, and an edge joining a facet vertex in F, to a region vertex in
R, has its interior in C(u,n). The component Ty, of it|c] is the sum, over the edges of the
second kind at (u,n), of +y for an edge running from F, to En and —y for an edge running
from Ry, to F,, where y is the coefficient of the edge read in the facet chart.

We call it[c] the itinerary of c: it records, with coefficients, the transitions of ¢ between
open facets and regions.

Proof. The Mayer—Vietoris sequence of an open cover holds for homology with local coef-
ficients: as for constant coefficients, it follows from the exact sequence of a pair and from
excision, both of which hold for local coefficients [Hat02, §3.H]. Since every component of
Ur, Ur and Up NUR is contractible, their homology with coefficients in A is concentrated in
degree zero, where it is the group of flat sections: v NN on int F,, and on C(u,n), and N/Zn
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on R, the maps being the identity and 7, (D2). The sequence gives Ho(B \T'; A) = 0 and
identifies Hy(B \ I'; A) with the kernel of @, ,, ut NN = @, ut NN &, N/Zn, which
is Zq.

An edge of Rj is a chain ¢y C ¢; of cells of Z; its open part lies in C(7(¢1),w(cp)), and its
end points in C(7(cp),w(cp)) and C(7(c1),w(er)). Since 7(c1) € 7(cp) and w(cp) € w(cy), an
edge between two facet vertices lies in one int F},, an edge between two region vertices lies in
one R,, and an edge between a facet vertex in F, and a region vertex in R, has its interior
in C(u,n). Subdivide the edges of the third kind at their midpoints and write ¢ = cg + cg,
with ¢p the part on the edges of the first kind and the halves at facet vertices. Then it[c]
is the class of dcp in Ho(Ur NUR; A) = @(u,n) u™ N N; a half running from a facet vertex
to a midpoint in C(u,n) with coefficient y contributes +y there, and a half running from a
midpoint to a facet vertex contributes —y. O

The itinerary of b'. The vertices of b are facet vertices or region vertices: the bg;, the by,
off I" and the end points b¢,, bc, lie in open facets and have lower supports of dimension

at least one, while the b,y have a one-point lower support and lie in two-faces of vh A

dual path D, with w in a two-face G, after Step 2, runs through int F,,, R, , int F,,,, ...,
Ry, int F,,, with G° = [ug,...,un], and its coefficient y, € lin(w) C uj is the same
vector of N in all these facet charts. By Lemma 5.16 its contribution to it[b'] telescopes to

Yoo ([10; new] — [t ), and a dual path inside a facet contributes nothing. Hence
it = Y g (fuo(@), ] — [m (w), 1))

the sum over the two-cells in two-faces of A, where [u,n] denotes the summand of the dual
cell pair (u,n).

The degree map and the meridians. For & € Zg define deg(z) € ZV'*¥ by D ouTun =
deg(z), n. From the display, >, it[blun = > —p (Y — %) = 0, s0

degit[b'] = 0.
For an arc A = C([u,u], [n,n']) and v € Inv(A) = [u,u’]* N N put
ma(v) == v([u,n] — [W,n] + [, n'] — [u,n']) € Z¢,

and let It C Zg be the span of all ma(v). Each ma(v) lies in kerdeg. Let L = [b, bf| be a
leg in A, with e C f, let v1,vs be the end points of e and C+ the maximal cells containing f,
with facet indices u4. The link of L in £ is the 4-cycle Lk(L) = by, —bc, —by, —bc_ —by, (the
chains v; C e C f C C4), whose vertices are region vertices b,, and facet vertices bc, , and
the cone by * Lk(L) consists of the triangles [bs, by,, bc, |, whose open parts lie in C(u4,n;)
(Figure 2). These triangles meet I' only in by, which is a two-leg point, a negative vertex
or a node, with Inv(bf) = [u_,us]* NN = Inv(A). So v- (b * Lk(L)) € Co(Ro; F) for
v € Inv(A), with boundary v - Lk(L), the coefficient on each edge being the restriction of v;
and by Lemma 5.16
itfv - Lk(L)] = £ma(v),

since the coefficient read in the facet charts of Fy,, is v. The cycle Lk(L) is a meridian of L:
it bounds the disc = x Lk(L), which meets I" only in an interior point x of L.

Lemma 5.17 (generation by invariant meridians). ker deg = Ip.

The lemma says that every degree-zero class in the complement is generated by meridians
with invariant coefficients. The proof below has two parts. Part (a), with constant coefficients,
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FIGURE 2. Aleg L = [be,bs] of I, its link Lk(L) in R, and the cone by*Lk(L).
The link passes alternately through the vertex regions of the lower rays of the
end points of e and the open facets of the two maximal cells containing f;
with a coefficient v € Inv(A) its itinerary is the meridian class +m(v). The
cone meets I' only at its apex by, where v is a flat section.

shows that meridians generate Hy(B \ I';Z); it uses H1(B;Z) = 0, the fact that transverse
discs generate Ho(U,0U;Z) (Lemma 5.9(3)), and a radial retraction of the boundary circle of
each such disc onto the link of its leg. Part (b) passes to the local system, where the additional
obstruction is measured by the quotient of N by the invariant lattices. Its two-cycles split
into cochains on the graphs I' N 0F),; since each O0F), is a two-sphere, these cochains come
from vertex functions, and unimodularity lifts the vertex functions to vectors in N over the
integers. This last step is what excludes a finite-index obstruction.

Proof. Let Xy be the two-dimensional cell complex obtained from the graph Gy by attaching
one square [y for each arc A = C([u,v/],[n,n']) along the edge loop (u,n), (v',n), (u',n'),
(u,n'). On Xy consider the coefficient system A of subgroups of N given by u~ N N at the
vertex u and on the edges (u,n), by N at the vertex n, and by [u,u’}L N N on Oy, with
inclusions as restriction maps. Then Cy(Xg; A) is a subcomplex of Cy(Xo) ® N. Its 1-cycles
are the x with Zn Tun = 0 and Zu ZTun = 0 in N, which is ker deg because n # 0; and with
suitable orientations of the squares d(v - [04) = ma(v), so its 1-boundaries form Ip. The
claim is H;(Xo;A) = 0. Let Q = N/A. Tt is 0 at the vertices n; N/(u™ N N) = Z by (u,-)
at u and on the edges (u,n); and N/([u,v']* N N) = Z2 by ({u,-), (v/,-)) on (4, these maps
being onto because u, u’ are part of a basis of M (Lemma 5.1(3)). The exact sequence of
05 AN Q — 0 contains

Hy(Xo; N) = Ha(X0; Q) = H1(Xo; A) = H1(Xo; N),
and we show that the last group vanishes and the first map is onto.

(a) Hi(X0; N) = H1(X0;Z)® N since N is free, and H;(Xo;Z) is the quotient of Hy(Go;Z)
by the classes of the attaching loops. Lemma 5.16, with A replaced by the constant system
Z, identifies Hy (B \ T';Z) with H1(Gp;Z), and carries the class of Lk(L), L C A, to + the
attaching loop of (4. So it suffices that the meridians Lk(L) generate Hi(B \ I';Z). Let
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U D T be the neighbourhood of Section 5.4 for & = Ky, and € the union of the simplices of
£ disjoint from I'; then B=UUE&, UN €& = 9U, and B\ T retracts onto € as above. In the
Mayer—Vietoris sequence Hy(0U) — H1(U)® H1(€) — Hy(B) = 0, a class (0,7) is the image
of a class of H1(0U) that vanishes in H;(U), that is, of a boundary 09, ¥ € Hy(U,0U;7Z).
By Lemma 5.9(3), ¥ is a sum of discs D(L), L a leg, so H1(€) is generated by the circles
OD(L). The closed star L * Lk(L) of L in & meets I" only in L, because I is full, and the
radial projection along the join lines is a deformation retraction of (L*Lk(L))\ L onto Lk(L).
It maps dD(L), which lies in (L * Lk(L)) \ L, homeomorphically onto Lk(L): it sends the
barycentre of L * s to the barycentre of s, and the segment between two such barycentres
onto a segment. Hence [0D(L)] = £[Lk(L)] in H;(B\T).

(b) There are no three-cells, so Ha(X(; Q) is the group of 2-cycles. A 2-chain with co-
efficients in Q is a family of integers p = (p%) ), one for each arc A and each vertex u of
T4, where A = C(74,w4); the boundary of C.(Xy; Q) in degree two decouples over u, the
component on the edge (u,n) involving only the p®. Fix u and let S, = OF,, a two-sphere
oriented as the boundary of F,,. By (D2), S, is the union of the cells C(r,w) with u € 7
and dim 7 > 1, a subcomplex of the complex of dual cell pairs. Its cells in I' form the graph
', =T'NS,, whose one-cells are the arcs A with u € 74; its other cells are the C'(7,n), which
group, according to n, into the sets Dj; = S, N R,,. Each nonempty DY is connected: its
cells are the C(u * s,n), s a simplex of the link of u in the triangulation of the face n" of
A°, with C(u * s,n) in the closure of C(u * s’,n) when s 2 s’. That link is connected: n"
is a facet of A° if n is a vertex of A, an edge of lattice length one (with w an end point) if
n is the centre of a pentagon or hexagon, and a point if n lies in the interior of a facet of
A, and the link of a vertex in a triangulated three-polytope is a disc or a sphere. So the D}
are the components of S, \ I'y,. An arc A = C([u,u/],[n,n']) lies in the closure of exactly
two two-cells of Sy, C([u,v'],n) € DY and C([u,u'],n") C D, with opposite incidences; the
two-face F},, is oriented oppositely as a face of S,, and of S, so the orientation of (14 can be
chosen so that, for both u and ’, the coefficient of d(p[J4) on (u,n) is p times the incidence
of C([u,v'],n) with A in S,. With this choice, p is a cycle if and only if, for every u and n,
the 1-cochain p®) on the arcs of ', satisfies

> (@™)() =0,

two-cells fCDY

where 5 extends p(*) by zero to the one-cells of S, not in I, and d is the cellular coboundary
of S,.

Consider the exact sequence 0 = H'(S,) — H'(I'y) — H?(S,,T,). The relative cellular
cochains of (S,,I'y) split as @, C;;, the cochains on the cells of D}, since the coboundary
of a cell C(r,n) consists of cells C(7/,n). Each one-cell of DY lies on exactly two two-cells,
both in D}, with opposite incidences, and D} is connected, so the sum of the values on
the two-cells identifies C2/dC}} with Z; thus H?(S,,Ty) = €,, Z, and the connecting map
sends the class of p(*) to the family of sums displayed above. Therefore the u-components of
2-cycles are exactly the coboundaries p(“) = dy, of functions ¢, on the vertices of I, that
is, the integral combinations ), . (v) dy[v] of the vertex cochains d,[v], which are 1 on
the arcs of I', at v and 0 elsewhere (arcs have distinct end points).

For a I'-vertex v = C(7y,wy) let 3, be the sum of the squares (04 of the arcs at v, with
signs making it a 2-cycle of Xy with integer coefficients: at a negative vertex or node the arcs
are the C(7,,¢), € an edge of w,, and each edge (u,n), n a vertex of w,, occurs in the two
squares of the edges of w, at n; at a positive vertex the arcs are the C(71,w,), 71 an edge of
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Ty, and each edge (u,n) occurs in the two squares of the edges of 7, at u. For y € N the image
of y- ¥, in C3(Xp; Q) has u-component, for u € 7, equal to (u,y) times a cycle supported on
the arcs of I'y, at v with entries +1. The cycles supported on these arcs form a group of rank
at most one. Indeed, the arcs of I';, at v are the C(71,w1) at v with w € 71; for such a cycle
the condition attached to D} involves exactly the arcs at v whose lower support contains n,
each with coefficient +1; and the graph on the arcs at v in which two are joined when their
lower supports share a vertex is connected (a cycle for a negative vertex or node, and two
arcs with the same lower support for a positive vertex). So the value on one arc determines
the others. As d,[v] is such a cycle with entries +1, the u-component of the image of y - ¥,
is €,(v)(u, y) dy[v] with €,(v) = £1.

Now let p be a 2-cycle, p(®) = > Pu(v)dyfv]. By Lemma 5.1(3) the map N — Z7,
y — ((u,y))uer,, is onto, so there are y, € N with (u,y,) = €,(v)py(v) for all u € 7,. Then
S Yo - By € Ha(X0; N) maps to p. So Ha(Xo; N) — Ha(Xo; Q) is onto, and Hy(Xo;A) =
0. O

Theorem 5.18 (filling). 0Z(Ry) = Bal(I").

Proof. 0Z(Ry) C Bal(I') because 99 = 0. Let 8 € Bal(l") and let ¢, b, 0, b’ be as in Steps 1
and 2. By Lemmas 5.16 and 5.17, it[t/] € kerdeg = Ir, so it[t'] = >, ma,(v;) for finitely
many arcs A; and v; € Inv(A4;). Choose a leg L; C A; with apex by, and signs so that
it[v; - Lk(L;)] = ma, (v;). Then b’ — ", v; - Lk(L;) is a 1-cycle on K with itinerary zero, hence
null-homologous in B\ T' (Lemma 5.16), hence the boundary dyg of a 2-chain yy on £ with
coeflicients in A. Put

zi=(—0+y+ sz“ (bs: ¥ Lk(Ly)) € Co(Ro; F).

Since B =b+9(, b="b—00, V' = dyo + >, vi - Lk(L;) and 9(bs * ¢) = c for a 1-cycle ¢, we
get 0z = 5. So z € Z(Ry) with boundary network 3. O

Proof of Theorem C. By Theorem 5.18 and Proposition 5.6,

p(Z(8o)) = p(0Z(Ro)) = p(Bal(l)) = K.

For any triangulation £ of B in which T is full, 0Z(8&) C Bal(T") (Section 5.1), so p(Z(R)) C
K. (]

If R is a subdivision of K in which I' is full, the subdivision operator carries Z(£y) into
Z(R) without changing node coefficients, so p(Z(8)) = K as well.

Remark 5.19 (no torsion). Every step is integral: Hy(D.,dD.) =0, H{(X) =0, H!(S?) =0,
H1(S3) = 0, and the unimodularity of 7 in Lemma 5.1(3). No condition on the torsion of
Hy(X;Z) or of Hi(B; ) enters, and p(Z(Ry)) is K itself, not a sublattice of finite index.

Remark 5.20 (where K enters). The lattice K enters only through Proposition 5.6. The-
orem 5.18 holds for every balanced network, whatever its node coefficients, and its proof
uses Hypothesis (Proj) only through the existence of B, admissibility through the list of
I-vertices (D3), and Hypothesis (U) through Lemma 5.1(2),(3). The fillings it constructs
consist of sheets (. ® d. in the dual discs, with coefficients in Zd. and containing arcs and
positive vertices in their interior; pairs of triangles at the I'-points of the dual paths, with
coefficients in lin(w); cones by * Lk(L) crossing a leg at by with an invariant coefficient; and
a A-valued 2-chain in B\ I". The finite computations illustrating the theorem are described
in Section 11.4.
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Part II. The mirror lift and the relation lattice

6. THE TRANSFER TO THE MIRROR BASE

The relative tropical 2-cycles of Theorem C live on the base B., whereas the chains of

Theorem D are built over the base By of the degeneration of the mirror family. This section
constructs a piecewise linear homeomorphism b: B — By that carries the discriminant of B/,
onto that of By and the local system of integral tangent vectors of B, onto the dual of that of
By, and uses it to transfer relative tropical 2-cycles to By with the same boundary networks
and the same node coefficients (Proposition 6.10). The homeomorphism is assembled from
three comparisons, each compatible with the complex of dual cell pairs of Section 4: a change
of fan-side subdivision (Proposition 6.3), by which ¥’ is replaced by F¢; a change of height
(Lemma 6.5); and the label-preserving cellular homeomorphism between the two bases built
from the same data (Proposition 4.7). Lemmas 6.6 and 6.7 describe the cell structure near
a node and near an arc of the discriminant; these are the neighbourhoods in which the local
models of Section 8 are placed.

6.1. Change of fan-side subdivision and of height. Three comparisons of bases occur in
this paper: a change of fan-side subdivision (Proposition 6.3), a change of height (Lemma 6.5)
and the transfer to the mirror base (Section 6.3). Each consists of a piecewise linear home-
omorphism of pairs and an isomorphism of local systems, and each carries relative tropical
2-cycles by the following lemma.

Lemma 6.1 (transport of relative cycles). For i = 1,2 let B; be a closed piecewise linear
three-manifold, I'; C B; a compact one-dimensional subpolyhedron, A; a local system of free
abelian groups of rank three on B; \ I';, and suppose that T'; is the union of finitely many
points and open arcs A, each carrying a flat section da of A; over Vo \T; for a neighbourhood
V4 of the closure A. For triangulations & of B; in which T; is a full subcomplex define Fj,
D;(E) = Zd for E C A, and Z;(R) as in Definition 2.4. Let f: By — B be a piecewise linear
homeomorphism with f(T'1) = T's, mapping each arc A onto an arc f(A), and 0: Ay — f*Agy
an isomorphism of local systems on By \ T'1 with 0(da) = dya) for every arc A. Let R be a
triangulation of By in which T'1 is full, &) a subdivision of & on whose simplices f is linear,
and 81 a derived subdivision of &Y. Then:

(1) f(R1) is a triangulation of By in which I'y is a full subcomplez; if f is linear on the
simplices of R, the same holds for f(R), and one may take 8 = K below;

(2) 0 induces isomorphisms Fi(s) — Fy(f(s)), compatible with the restrictions
and carrying D1(E) onto Dy(f(E)), hence an isomorphism of chain complezes
f#: C*(ﬁl; Fl) — C*(f(ﬁ1)7 FQ) mappz'ng C*(Fl; Dl) onto C*(FQ;DQ);

(3) the composite fy = fu osd: Z1(R) = Zo(f(R1)), with sd the subdivision operator, is
an injective homomorphism, and if 0z = ) cpd z(g)[E], A(E) the arc whose closure
contains the edge E, then 0f.z = Y pce Y picp deamy)lf(E')], the inner sum over
the edges E' of &1 in E with the orientation of E.

Proof. (1) The subcomplex I'; of R is a subcomplex of every subdivision, and in a derived
subdivision every subcomplex is full [RS72, Ch. 3]. As f is linear on the simplices of £, it is
a simplicial isomorphism onto f(£;), which is therefore a triangulation of Bs with I'y = f(T'y)
full. The derived subdivision is needed: in an arbitrary subdivision on which f is linear, a
simplex with all its vertices on I'y need not lie in I';.

(2) For a simplex s of &1, f maps the neighbourhoods V' of § onto neighbourhoods f(V')
of f(5), all small ones arising in this way, with f(V \I'1) = f(V) \ I'2, and 6 maps the flat
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sections of A; over V'\T'; to the flat sections of Ay over f(V)\T'y, compatibly with restriction
to smaller sets. By hypothesis it carries da to dy(a).

(3) The subdivision operator sends an oriented simplex s of R with coefficient X € F(s)
to the sum of the simplices s’ of £1 of the same dimension in 5, with the induced orientations
and the coefficients X|y; the restriction is defined because a neighbourhood of 5 is a neigh-
bourhood of §. It is a chain map, it maps C4(I'1; D;) into itself, since the edges of £ in an
edge E C A of 'y lie in A, and it is injective, since restriction of flat sections to a smaller
connected set is injective and V \ I'y is connected for small V. So it maps Z;(R) injectively
into Z1(R1), with the stated boundary, and (2) applies. O

The hypothesis of Lemma 6.1 concerns neighbourhoods of the closed arcs, including their
end points. For the bases of this paper it is verified once, by the following lemma.

Lemma 6.2 (flatness near the closed arcs). Let F be a fan-side subdivision, Bx = Bx(F)
the base built from F and an integral height h, and By = By (F) the base built from a height
H, as in Section 4.1. Let p. = ([u, ], [n,n']) be a dual cell pair of edges, and let Vx C By
and Vy- C By be the unions of the cells Cx(p), respectively Cy (p), over the dual cell pairs p
with p = z for some dual cell pair z < pe.

(1) There are exactly two dual cell pairs z4 = (T4,wt) < Pe; they have dimension zero,
and 74 2 [u, ], we 2 [n,n']. The closure of the arc Cx(p.) is Cx(pe) U Cx(24) U
Cx(z-), and Vx is an open neighbourhood of it. The same holds on By .

(2) The vector n —n in the chart of every open facet int F,,» that meets Vx, together with
its class modulo n” in the chart of every region énu, defines a flat section of Ax over
Vx \I'x.

(3) The covector (-,n' —n), on n'*

N M over every open facet int F%, and on M /Zu"
over every region RY, that meets Vy, defines a flat section of Ay over Vy \ T'y.

Proof. (1) By Proposition 4.7(2) the closure of a cell Cx(p) is the union of the cells Cx(q),
q = p, and it is a ball of dimension dim p whose boundary is the union of the cells with q < p,
all of them nonempty. For p = p. the closure is a one-ball, and its boundary, two points, is
the disjoint union of the nonempty cells Cx(q), q < pe, each of dimension less than one. So
there are exactly two pairs z4 < p., both of dimension zero, and 24 < p. means 74 2O [u, u/]
and wy 2D [n,n']. If q # 24 and q # 2_, the same holds for every q' < g, so the closed cell

Cx(q) does not meet Vx; hence the complement of Vy is the union of these finitely many
closed cells, and Vy is open. It contains Cx(p.) and Cx(z+). On By the argument is the
same, with Proposition 4.7(3).

(2) By Lemma 4.4(2), Vx \ T'x is covered by the sets int F,» N Vx and Ry N Vx. As Vy
is a union of cells and int F,,y = |J,, Cx (v”,w) (Proposition 4.7(5)), the open facet int Fy»
meets Vx only if (v”,w) = z4 or (u”,w) = z_ for some w, that is, only if u” is a vertex of
74 or of 7_. Since z+ is a dual cell pair and n,n’ are vertices of w., every vertex u” of 74
has (u”,n) = (u",n') = —1,s0 n' —n € "+ N N. On int F,» the local system Ay is the
constant lattice u”/+ N N of the facet chart, and on R, it is the constant lattice N /Zn" of
the region chart (proof of Proposition 4.11); so the prescribed values are flat sections over the
pieces. On an overlap Cx (u”,n”) = int F,r N Ryr the two charts are related by the reduction
"+ NN — N/Zn" modulo n” (Lemma 4.4(1)), which carries n’ —n to its class. So the pieces
glue to a flat section over Vx \ I'x.

(3) On By the roles are exchanged: Ay is the constant lattice n”+ N M on int F>, and

M /74" on R¥,, the two being related on Cy (u”,n”) by the reduction modulo ”, and }NBZ,, =

e



66 BERND JOHANNES WUEBBEN

U, Cy (v",w) meets Vi only if u” is a vertex of 71 or of 7_ (Proposition 4.7(5)). For such
u”, (u’,n' —n) =0 as in (2), so {-,n’ —n) is a homomorphism M/Zu" — Z; on n"*+ N M it
is defined for every n”; and it is compatible with the reductions modulo u”. So it defines a
flat section of the dual local system Ay over Vy \ I'y. ]

At an end point of the arc, Lemma 6.2 contains the following statements about monodromy,
which are recorded for comparison (Proposition 4.10(3),(4)); we state them for F = ¥’ and
F = Fc, which agree on the faces of A of dimension at most two (Proposition 3.26(2)), so
that the two-cells in two-faces of A are unimodular triangles and node parallelograms. On
Bx, at a negative vertex ([u,u'],w), w a unimodular triangle, and at a node ([u, ], P), the
monodromies around all arcs at the vertex are transvections z — x &+ (v’ — u,x)d with the
common covector u’ —u, and they fix the edge vector n’ —n of w, respectively of P (for F = ¥’
this is Lemma 3.17, and at a node the invariance of b—a and ¢—b noted before Lemma 3.19).
At a positive vertex ({ui,us,us},[n,n’]) the three arcs have the common vanishing vector
n' —n and covectors u; — u; € (n’ —n)*, so each of their transvections fixes n’ — n. On By
the types are exchanged, and for F = F¢ the invariant covectors at the vertices of each type,
listed in Proposition 6.9(3), contain (-,n’ —n). The lemma gives more than invariance under
the loops around the arcs: a flat section over the complement of the discriminant in a whole
neighbourhood of the closed arc.

Consequently, for every base Bx (F) the discriminant, with its arcs and the sections d4 =
n’ — n of Lemma 6.2(2), satisfies the hypothesis of Lemma 6.1 on the sections dy, and
so does the discriminant of By (F) with the dual local system and the sections (-,n’ —
n) of Lemma 6.2(3); for the image of the latter under a piecewise linear homeomorphism
T of By this follows by transport, since T maps neighbourhoods of the closed arcs onto
neighbourhoods of the closed arcs. In particular d4 lies in F(E) for every edge E C A of a
triangulation in which the discriminant is full, including the edges that end at a vertex of the
discriminant.

When Lemma 6.1 is applied below, the identity 6(d4) = df4) is checked at one point of
B; \ T'; near A. This suffices. Let V be the connected component containing Aof Van
S H(Vi(ay), an open neighbourhood of A because f(A) = f(A). Then V \ T’y is connected,
since a subpolyhedron of codimension two does not separate a connected piecewise linear
manifold, and 6(da) and f*dy 4y are flat sections of f*Ay over it; if they agree at one point,
they agree on V' \ T';.

Proposition 6.3 (change of fan-side subdivision). Let F; and F2 be two fan-side subdivisions
which agree on the two-skeleton of OA: a cell of either contained in a face of A of dimension
at most two is a cell of the other. Write C*, I, A for the cells, discriminant and local

system of Bx (F;); the underlying space OV is the same.

(1) The dual cell pairs (t,w) with dim 7T > 1 are the same for Fi and F;.

(2) If w is not contained in a face of A of dimension at most two, then every dual cell
pair (T,w) has T = {ug}, where G is the facet of A containing w and ug the vertex
of A° dual to G. )

(3) There is a piecewise linear homeomorphism g of OV, preserving every face F.
and isotopic to the identity through face-preserving homeomorphisms, such that
g(Cl(r,w)) = C?(r,w) for dim7 > 1. In particular g(T'%) = T'%, g maps the arc
CY([u,u'], [n,n]) onto the arc C*([u,u'], [n,n']) and each vertex of Tk, onto the vertex
of Fg( of the same dual cell pair, and there is an isomorphism k: Aﬁ( — g*A§< that
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is the identity of u™ N N on every open facet int F,, and carries the vanishing vector
n' —n of each arc to that of its image.
(4) If h1 and ha agree on the lattice points of the two-skeleton, g can be taken to be the

identity on the two-skeleton of OV".

Proof. (1) If dim7 > 1, then w C 7V, a face of A of dimension at most two, where the two
subdivisions agree. (2) The smallest face of A containing w is a facet G, and 7V is a proper
face of A containing w, so 7¥ = G the only point m € A° with (m,-) = —1 on G is ug.

(3) By Proposition 4.7(5), the two-skeleton |Jy;,,,>1 Fr is the union of the cells C*(7,w)
with dim7 > 1; these form a subcomplex of each complex of dual cell pairs, with the same
indexing set and order by (1). The inductive construction in the proof of Proposition 4.7(4),
applied to these two regular CW structures on the same space, gives a piecewise linear
homeomorphism g of the two-skeleton with ¢g(C'(7,w)) = C?(r,w); it preserves every F,
with dim7 > 1, which is the union of the cells C*(7/,w) with 7/ O 7. Extend g over each
facet, a convex three-ball whose boundary it preserves, by coning from an interior point; the
cone of a piecewise linear map is piecewise linear. Faces of dimension zero are points and are
fixed; on the edges, the two-faces and the facets in turn, g is isotopic to the identity relative to
the lower-dimensional faces by the Alexander trick, extended by coning as in Appendix C.3.
By Propositions 4.10(1),(2), g(I'y) = T'%, with arcs and vertices as stated. Define x on
each int F,,, which ¢ preserves, as the identity of u® N N. A point b of the two-skeleton
outside '} lies in some C'(7,n) with dim7 > 1, so b € R} and g(b) € C*(r,n) C R2. On a
connected neighbourhood U C E}L N gfl(ﬁi) of b both local systems are the constant N/Zn,
and on U Nint F, the identity of u~ N N corresponds to the identity of N/Zn under 7X on
both sides. So k extends over U as the identity of N/Zn, compatibly on overlaps, and is an
isomorphism of local systems on 9V \I'},. Near the arc C?([u, u'], [n,n']) the vanishing vector
is represented in the chart of F,, by n’ —n € u™ N N on both bases (Proposition 4.10(4)),
and x is the identity there. On both bases n’ — n is a flat section over the complement of
the discriminant in a neighbourhood of the closed arc (Lemma 6.2(2)); since the two sections
correspond under x in the chart of Fy, they correspond on such a neighbourhood (the last
paragraph after Lemma 6.2), so (g, <) satisfies the hypotheses of Lemma 6.1.

(4) By Lemma 4.3(2), the decomposition of a face F, with dim7 > 1 depends only on the
restriction of h; to 7V N N, which lies in the two-skeleton of OA. So the two decompositions,
their barycentric subdivisions and their cells agree on the two-skeleton, and g can be taken
to be the identity there. O

The vertices of F» in the interior of a facet G' of A only change the cells C?(ug,w) inside
the open facet int F,,, by (2); there A?X is the constant facet lattice, and k is its identity.

We apply Proposition 6.3 with F; = ¥’/ and F» = F¢. The pulling refinement F¢ is a
fan-side subdivision, induced by the height h¢, and it agrees with ¥’ on the two-skeleton
(Proposition 3.26). We build Bx(F¢) with the function he, and fix the resulting piecewise
linear homeomorphism g¢: B) — Bx(F¢) and the isomorphism x¢o: A — géA)F(C. Since g¢
maps the vertex p, of the discriminant, the zero-cell C([u, u'], Py), to the zero-cell of the same
dual cell pair, and each arc to the arc with the same lower support, the node coefficients of
Definition 2.6, read from the lower supports of the legs at pgq, are preserved by the transport
(9c)« of Lemma 6.1.

Remark 6.4. If every lattice point of A is a vertex of ¥, no point is pulled and Fo = Y'; if
in addition By (F¢) is built with the same function h as B/, then go can be taken to be the
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identity. This is the case for the subdivisions of the examples Xg, X19 and X9 of Section 11
(Remark 3.27(1)). Nothing in this paper uses it.

Lemma 6.5 (change of height). Let hi and hy be two integral heights on the same unimodular
triangulation T of OA®, both with hi and h; — @ strictly convex on the fan over T, and let
B; = OV be the base Bx (X') built from h;, with the same function h in ¥'. Write Ci(r,w)
for the cells of its complex of dual cell pairs, I'; for its discriminant and A; for its local system.
Then:

(1) there is a piecewise linear homeomorphism ¢: By — By with ¢(C(1,w)) = C*(1,w)
for every dual cell pair (T,w); it maps each open facet int F,, and each region ﬁn onto
the open facet and the region with the same index, I'y onto I'a, each vertex p, of the
discriminant onto py, each arc onto the arc with the same dual cell pair, and each
vertex of I'1 onto a vertex of I's of the same type;

(2) there is an isomorphism of local systems k: Ay — ¢*Ag on By \T'1 that is the identity
of ut NN on every int F,, and the identity of N/Zn on every én;

(3) the transport ¢. of Lemma 6.1 carries relative tropical 2-cycles on By to relative
tropical 2-cycles on Bo with the same integers cg in their boundary networks and the
same node coefficients; and (S, j,v) — (S, ¢oj, k(v)) is a bijection from the tropical 2-
cycles of [CBM14, Def. 7.2] on Bj to those on Ba, which preserves piecewise linearity
of j and the node coefficients.

In particular, relative tropical 2-cycles and tropical 2-cycles on the base of any such height on
T are carried to cycles of the same kind on the base of the normalised height of Section 3.3,
with the same node coefficients.

Proof. (1) The homeomorphism of Lemma 4.9 has these properties. Alternatively: the set
of dual cell pairs and its order depend only on 7 and X', and Proposition 4.7, which uses
only the strict convexity of h; and h; — ¢, applies to both heights. The inductive con-
struction in its proof gives piecewise linear homeomorphisms ¥;: |Ord(DP)| — B; with
U,;(|Ord=F |) = Ci(p), and ¢ = Wy o0 ;! preserves the cells. The facets, regions, arcs and
vertices of the discriminant are unions of cells described by their dual cell pairs (Proposi-
tions 4.7(5) and 4.10(1),(2)); the vertex p, of the discriminant is the zero-cell C*([u,u'], P,),
the barycentre of the carrying cell, the unique cell with face label [u, '] and lower support
P, (Lemma 3.14); and the type of a three-valent vertex is determined by its dual cell pair
(Proposition 4.10(3)).

(2) The open facets and the regions cover B; \ I';, with int F;, N R, = C*(u,n) and no
triple intersections (proof of Proposition 4.11). On int F,, the lattice A; is u™ N N, on R, it
is N/Zn, and on C’(u,n) the two are related by the projection u* N N — N/Zn, on both
bases. So the identities on the pieces agree on the overlaps and define k.

(3) The pair (¢, k) satisfies the hypotheses of Lemma 6.1: the vanishing vector n’ — n
of the arc of ([u,u'],[n,n']) is, on both bases, a flat section over the complement of the
discriminant in a neighbourhood of the closed arc (Lemma 6.2(2)); in the chart of F, it is
n’ —n € ut N N on both bases and & is the identity there, so s carries the one section
to the other on such a neighbourhood (the last paragraph after Lemma 6.2). The integers
cp are therefore unchanged, and the node coefficients, read from the lower supports of the
legs at the node points (Definition 2.6), are unchanged by (1). The clauses of [CBM14,
Def. 7.2] refer to the topology of S and j, to I'; with its vertex types and nodes, and to A;
and its monodromy. With the crossing clause read as conjugacy in GL2(Z) (Section 5.2),
an orientation of B; enters only through Definition 3.16, whose types do not depend on it
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(Remark 4.12), and through the cyclic indexing of the three sheets at an interior edge in
the interior-edge balancing clause of [CBM14, Def. 7.2], which does not affect the balancing
condition there. By (1) and (2), ¢ and k preserve all of these, and  intertwines parallel
transport, so (S, ¢ o j, k(v)) satisfies the clauses if and only if (S, j,v) does; ¢ o j is piecewise
linear if j is. For a tropical 2-cycle, triangulated, the node coefficients are those of the relative
cycle it defines (Section 5.2), and these are unchanged. ([l

6.2. The cells near a node and near an arc of the discriminant. In this subsection
Bx = Bx(F¢), By is the mirror base, and £ = ¥y o ‘Il)}l is the label-preserving cellular
homeomorphism constructed in the proof of Proposition 4.7(4), which we fix. Since g¢ pre-
serves the faces of V" and the cells C(7,w) with dim 7 > 1 (Proposition 6.3(3)), statements
about B! that involve only these are carried over by g¢.

Let ¢ € @ be a node, with node parallelogram P = abed in the two-face G of A, labelled
as in Section 2.2, and G° = [u,v/], an edge of T because ¢(G°) = 1. Then ([u,u], P) is a
dual cell pair of dimension zero; its zero-cell in B, is the vertex p, of the discriminant, the
barycentre of the carrying cell, the unique cell of & with face label [u, u] and lower support
P (Lemma 3.14). Write q = ([u, ], P) for this dual cell pair; its zero-cells are indexed by
the node ¢q. Put fi =b—a=c—d and fo =d— a = c—0b. The statements below concern
only the cells of 7 contained in [u, u'] and the cells of F¢ contained in P; they do not depend
on whether G is a square, a pentagon or a hexagon, nor, for a hexagon, on the branch of the
profile.

To a face w of P assign (€1(w),e2(w)) € {—,0,+}?, its position in the directions f; and
fora— (—,=), b= (+,—-), c— (+,+),d— (—,+), ab — (0,—), bc — (+,0), ed — (0,+),
da — (—,0), P+ (0,0). To 7 € {u, [u,u'],u'} assign e3(u) = —, e3([u,u']) = 0, e3(u’) = +.
In R? with coordinates (y1,y2,ys) let O = {y : signy; = ¢} for € € {—,0,+}3, the relatively
open coordinate orthants of all dimensions, and O = {|y1| + [y2| + |y3] < 1}. Put St =
Ux(stq) and St}l/ = Uy (st q), where st q is the closed star of the vertex q in Ord(DP); these
are closed neighbourhoods of the zero-cells indexed by ¢, and E(Stgf )= Stqy. Finally let W,
be the union of the cells Cy ([u,u/],w), w C P: the node, the four arcs at it and the four
two-cells between them.

Lemma 6.6 (the node star). (1) The dual cell pairs p = q are the 27 pairs (1,w) with T
equal to u, [u,u'] or v’ and w a face of P: the node; four arcs, T = [u,u'] and w an
edge; four two-cells, 7 = [u,u'] and w a vertex; two one-cells, w = P and T a vertez;
eight two-cells, T a vertex and w an edge; and eight three-cells, T and w vertices. The
map €(T,w) = (€1(w), e2(w), €3(7)) is an isomorphism of this poset onto the face poset
of the coordinate fan: p <X p’ if and only if Ocp) € Ocpry; and dimp is the number of
nonzero entries of €(p).

(2) There are piecewise linear homeomorphisms @é(: St? — O and @}I/: St}; — O with
DX (Cx(p) NStY) = Oy NO = Y (Cy(p) NStY) for all p = q, and ®Y o L = F
on Sté(. Any two homeomorphisms St;/ — O with this property are isotopic through
such homeomorphisms. N N

(3) Consequently ®F (W, N Sté/) = {y3 = 0} N O; ®) maps R} N St;/ and R}, N St;/
onto {y3 <0} NO and {y3 > 0} N O, the open facets int Fy;, ..., int F; onto the four
quadrants {(signyi,signys) = (€1,€2)} of the vertices, and the edge F}, of V! onto
the y3-axis. On By, <I>g< maps Fy, N Stg( onto {ys =0} N O and int F,, int F,; onto
the two half-balls.
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Proof. (1) The pairs = q are the (7,w) with 7 C [u,v/] and w C P, and every such pair is
dual, being contained in a dual cell pair. The faces of the parallelogram P are the products
of faces of two segments, and the faces of the segment [u,u'] are its end points and itself; in
each factor, inclusion of faces corresponds to €; € {0, ¢} with 0 for the larger face, which is
the order of the coordinate fan. The number of nonzero entries is 3 — dim 7 — dim w.

(2) The closed star of q in Ord(DP) consists of the chains containing q and their subchains;
since q is minimal in {p > q} and has dimq = 0, it is the cone q * Ord(DP, ). The nonzero
sign vectors, ordered as in (1), form the face poset of the boundary of the cross-polytope O,
the face of € being conv{e;e; : €; # 0}; so € induces a simplicial isomorphism of Ord(DPyq)
with the barycentric subdivision of 0O, whose cone is a piecewise linear homeomorphism
Ey: [stq] — O. The open simplices of st ¢ whose chain has top p are mapped onto Oc,) N O,
and ¥y maps their union onto Cx(p) N Stg( , because open simplices of chains with top p
lie in W' (Cx(p)). So <I>§( = F,0 ¥ and <I>}I/ = F, 0 ¥y have the stated properties, and
fb}; oLl = q)éf . Two homeomorphisms with the property differ by a homeomorphism of O
preserving every O, N O, which is isotopic to the identity through such homeomorphisms
(Appendix C.3).

(3) The cells of W, are those with 7 = [u,u/], that is, e3 = 0. By Proposition 4.7(5),
]A%fb N St}; is the union of the cells Cy (u,w), that is, e3 = —; int F' N St}; is the union of
the cells Cy (7, a), that is, (€1,€2) = (—,—); and Fp N St}; is the union of the cells Cy (7, P),
that is, e, = e = 0. On By, F, and int F, are the unions of the cells with 7 = [u, /],
respectively 7 = u, by Proposition 4.7(5). O

The arcs at the node map under q)}; to the four half-axes in {y3 = 0}: the arc over ab to
{y1 =y3 =0, y2 < 0}, over dc to y2 > 0, over da to y; < 0 and over bc to y; > 0. The four
standard halves at q are the sets ((I)qy)fl({yl =0, +y3 > 0}) and (CIJ;/)*l({yg =0, ty3 > 0});
by (1) and (3), (®})"'({y1 = 0, y3 > 0}) is the union of the closed cells with sign vectors
(0,%,4) and (0, *,0), that is, the closure of Cy (v, ab) UCy (u/, P) UCy (v, cd), and similarly
for the other three. In the node model of Section 7, the tropical chart T, of Lemma 7.20(4)
has the same quadrant and half-space description. That lemma compares the chart with
scaled logarithmic coordinates on the hypersurface up to O(1/L); the cell identification here
concerns the tropical bases.

Let pe = ([u,u/],[n,n']) be a dual cell pair of edges, so that Cy(p.) is an arc of I'y
(Proposition 4.10(2)). To the faces of [n,n’] assign €;(n) = —, e1(n') = +, e1([n,n’]) = 0, and
to the faces of [u, u'] assign ez(u) = —, ea(v') = +, e2([u,u']) = 0. Fore € {—,0,+1}? let o =
{(x1,22) : signz; = ¢}. In R® with coordinates (1,22, 23) let V = conv((0 x {0}) U {*es}),
where ¢ = {|z1|+|z2| <1}, and V° = V'\ {£e3}. Put StX = Wx(stp.) and St} = Ty (st p.),
with st p. the closed star of the vertex p, in Ord(DP); then £(StX) = St}

Lemma 6.7 (the neighbourhood of an arc). (1) The dual cell pairs p = pe are the nine
pairs (T,w) with 7 C [u,u] and w C [n,n]. The map e(T,w) = (e1(w), ea(7)) is
an isomorphism of this poset onto the face poset of the coordinate fan of R%, and
dimp — 1 is the number of nonzero entries of €(p). There are exactly two dual cell
pairs z4+ < Pe; they have dimension zero, and Cy (z+) are the end points of the arc.

(2) There are piecewise linear homeomorphisms ®X : StX — V and ®Y: StY — V with
®Y o L =®X, mapping Oy (z+) to *es, the arc Cy(p.) onto the open segment {x1 =
x9 =0, |x3] < 1}, and Cy(p) NSty onto {x € V°: (z1,25) € (’)E?g)} for every p > pe;

likewise on Bx. The set Stz 18 a neighbourhood of the open arc.
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(3) Consequently ®Y maps int Fx N'StY and int F¥, NSt} onto {x1 < 0}NV° and {z; >
0} NVe, R NSty and }:?Z, NSty onto {za < 0} NV° and {z2 > 0} NV°, the
two-cells Cy (u,[n,n’]) and Cy(u',[n,n']) onto {x1 = 0, o2 < 0} NV° and {z1 =
0, 22 > 0} NV?, and Cy ([u,u'],n), Cy([u,u'],n") onto {xo =0, 1 <0} NV° and
{$2 =0, 1 > 0} nve.

(4) Suppose that an end of the arc is a node q, so that [n,n'] is an edge of the node
parallelogram P, labelled so that n' —n € {f1, fo}. For p = pe the sign vector of p in
Lemma 6.6 is obtained from e(p) = (€}, €5) by inserting the constant sign of the arc:
it is (€}, —,€b), (€1, +,€5), (—, €1, €5), (+,¢€),€5) for the arcs over ab, dc, ad, be. In
particular, on Stz N St}l/ the standard halves containing the arc, on the sides ys > 0
and y3 < 0, are the closures in StzﬁStZ of Cy (v, [n,n']) and Cy (u,[n,n’]), which
®Y maps to {x1 =0, 2o >0} and {x; =0, x5 < 0}.

Proof. (1) The pairs »= p. are the (7,w) with 7 C [u,4/] and w C [n,n/], all dual, being
contained in a dual cell pair. The faces of a segment are its two end points and itself,
and in each factor inclusion corresponds to ¢; € {0,¢,} with 0 for the larger face; dimp =
3—dim 7—dim w is one more than the number of end points among 7, w. By Proposition 4.7(2),
Cy (pe) is a one-ball whose boundary is the union of the nonempty cells Cy (z), z < p.; these
have d, = 0, so they are points, and there are exactly two of them.

(2) This is a join construction like that of Lemma 6.6(2); the details are in Appendix C.3.

(3) By Proposition 4.7(5), int F}; = |J, Cy(7,n) and R = U,, Cy (u,w); within St} these

are the cells with €; = —, respectively e = —. The other statements are (2) for the individual
cells.

(4) The sign vector of Lemma 6.6 is (€1(w), e2(w), €3(7)) for the faces w of P. For w C [a, b]
the second entry is — and the first is e1(w) of the present lemma, with (n,n’) = (a,b);

the other three arcs are the same, with (n,n’) = (d,c¢), (a,d), (b,c). The standard half
{y1 =0, y3 > 0} meets St} N St;/, near the arc over ab, in the closure of O _ ), the cell of
(u', [a, b)), and similarly in the other cases; now apply (3). O

Lemmas 6.6 and 6.7 are statements about the cells Cy (p) and hold for their images under
any homeomorphism T of By: with <I>qT = (I)}z/ oY !and &) := &Y o T they hold for the
cells T(Cy(p)). In Section 8 they are used in this form for the model complex.

6.3. Transfer of relative tropical 2-cycles. The lift of Section 8 is built over By, after
the discriminant of By has been moved by a piecewise linear homeomorphism Y™ of By to
the positions over which the local models of the mirror sit (Lemma 8.5). We therefore define
the transfer for an arbitrary piecewise linear homeomorphism Y of By. Of Lemma 8.5 only
the fact that Y™ is such a homeomorphism is used here; the cells, the discriminant and the
local system of the model complex are then the transported ones of Definition 6.8.

Definition 6.8 (the transfer). Let T be a piecewise linear homeomorphism of By. Put
CY(p) := Y(Cy(p)) for p € DP, T := T(Ty) and AT := T, Ay, and let

h:=YoLogc: B, — By,
with gco of Section 6.1 and the label-preserving cellular homeomorphism £: Bx(F¢) — By

fixed in Section 6.2. Let
kp: A — b (AT)Y  on BL\T

be the composite of kg: A — géAf(C (Proposition 6.3(3)), of the isomorphism Af(c —
(L*Ay)Y, z — (-,z)z, given by the flat perfect pairing of Proposition 4.11, and of the
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transport by Y. For an arc A = CY ([u,u], [n,n']) of I'T put d% := (-, n' — n), a flat section
of (AT)Y over the complement of I'T in a neighbourhood of the closed arc A (Lemma 6.2(3),
Proposition 6.9(2)). For a triangulation &* of By in which I'T is full, let F*(s) be the group
of flat sections of (AY)Y over V' \ I'Y, V a small neighbourhood of 3, let D*(E) := Zd* for
an edge E C A of TV, and let Z(8&*; F*,D*) be the group of chains z* € Co(&*; F*) with
dz* € C1(T'Y; D*), as in Definition 2.4.

For a triangulation & of B/ in which T is full, choose a subdivision &) of & on whose
simplices b is linear and a derived subdivision & of &). The transfer of z € Z(8) is huz :=
hy(sd z), the transport of Lemma 6.1 for the pair (b, ky).

The group F*(s) is the analogue on By of the coefficient group F'(s) of Definition 2.4, for
the dual local system: the coefficients of a transferred cycle are integral cotangent vectors
of By, invariant under the local monodromy. In Section 8, T = Y™ and we write C™(p),
'™ and AM for CY(p), TT and AY. For 2 € T'T let Inv*(x) be the group of flat sections of
(AT)Y over V\T'Y for a small ball V about z, and for an arc A let Inv*(A) be its value at
the points of A.

Proposition 6.9 (the transferred coefficients). (1) The homeomorphism b maps every
cell C(p) of B! with p = (1,w), dim7 > 1, onto C¥(p). In particular h(I') =TT ; b
maps the arc of ([u,u'],[n,n']) onto the arc of the same dual cell pair, the vertex pq
of the discriminant onto the zero-cell O ([u, '], P,), the negative vertices of T (edge,
triangle) onto the vertices of T'Y of positive type, and the positive vertices (triangle,
edge) onto the vertices of negative type. At a point of an open facet int F,,, where
A=utNN and AY = M/Zu at the image point, ky(z) = (-, ).

(2) On the arc A = CY([u,u], [n,n']): W' —u is a flat section of AY near A; d¥ = (-, n'—n)
is a flat section of (AT)Y over the complement of 'Y in a neighbourhood V' of the closed
arc A, and ry(n' —n) = d% over h=Y(V)\T for a suitable such V;

Inv*(A) = {X € (AT)Y : X (v —u) =0},

of rank two, with d¥ primitive in it; and the sublattice of AT fized by the monodromy
around A is {n,n'}t N M = ker d%, of rank two.
(3) At the vertices of I'Y :
e at a node CY([u,u'], P), P = abed: Tnv* = {X : X (u' —u) = 0} = Inv*(A) for
each of the four arcs A at it, with basis (-,b—a), (-,c—b);
e at a vertex CY ([u,u'], {na,np, ne}) of positive type: Inv* = {X : X (v’ —u) = 0},
of rank two, containing d’ for the three arcs A at it;
o at a vertex CY ({uy,ug,uz}, [n,n']) of negative type: Inv* = Z(-,n' —n), the
common value of d% on the three arcs at it, up to sign.
In each case ky maps the stalk of ..\ at the corresponding point of I' onto this group.
(4) For a 1-cycle 3° s cady[A] of Cu(T'Y;D¥), with d% = (-,n'y — na), define its canon-
ical lift 3 4 calen, — eny)[A] € C(I'T; ZR) and its node coefficients py by the rule
of Definition 2.6 at the zero-cell CY ([u,u], P;). Equivalently, with the coefficients
oriented away from the node and written cqp(-,b — a) and cpe(-,c —b) on the arcs
over ab and be, py = Cap — Cpe-

Proof. (1) The first statement combines Proposition 6.3(3) for gc, Proposition 4.7(4) for £
and the definition of C'Y (p); the vertex types are those of Proposition 4.10(3), and Y carries
the monodromies of Ay to those of AT. The map g¢ preserves int F,, where k¢ is the identity



MIRROR SYMMETRY FOR CONIFOLD RELATIONS 73

of ut NN, and L(int F,) = R*, where Ay = M/Zu and the flat pairing is (,z)s = (¢, )
(proof of Proposition 4.11).

(2) Transport by T does not change monodromies, so it suffices to argue on By near the
arc Cy ([u, ], [n,n/]). In the chart of Cy (u,n), Ay = n*N M, which contains u’ — u because
(u,ny = (u',n) = —1. By Proposition 4.10(4) the monodromy is T'(¢) = ¢+ ({,n' —n) (v’ —u).
So T(v —u) = v —u, as {(u' —u,n’ —n) = 0; the fixed sublattice is {¢ € nt N M :
(¢,n' —n) =0} = {n,n'}*+ N M, of rank two because n,n’ are linearly independent; and a
covector X is invariant under the dual action if and only if X (7¢) = X (() for all {, that is,
(¢,n' —n)X (v —u) =0 for all ¢ € nt N M, that is, X (v —u) = 0, since {-,n/ —n) does not
vanish on n'- N M. The covector (-,n' —n) vanishes on «’ —u, hence is flat, and it is primitive
in N/Zn (proof of Proposition 4.10(3)). Near the closed arc: (-,n’ —n) is a flat section of Ay
over the complement of I'y in a neighbourhood of the closure of the arc Cy ([u, '], [n,n']) of
By = By (F¢) (Lemma 6.2(3)), and transport by T carries it to such a section of (AT)Y near
A; and n’ —n is a flat section of A over the complement of I in a neighbourhood of the closed
arc of B, = Bx(¥') with the same dual cell pair (Lemma 6.2(2)), which kj carries to a flat
section near A, as h maps that closed arc onto A by (1). By (1), ky(n’ —n) = (-,n’ —n) on
the side of F,, so the two sections agree on a neighbourhood of A (the last paragraph after
Lemma 6.2).

(3) At a node or at a vertex of positive type, all arcs share the vector u’ — u (Proposi-
tion 4.10(3)) and have monodromies ¢ — ¢ + ((,ta)(u' — u) with ¢4 the edge vectors of P,
respectively of the triangle; as in (2) the invariant covectors are those vanishing on v’ —u. At
a node, in the chart of Cy (u,a), (Ay)Y = N/Za and the covectors vanishing on u’ — u form
the image of (v —u)* N N. The plane of G is at lattice distance one from the origin and the
triangle abd is unimodular in it, so {a,b—a,d —a} is a basis of (v' —u)*~ N N, and the classes
of b—a and d — a = ¢ — b form a basis of the invariants. At a vertex of negative type the
three arcs share the covector (-,n’ —n) and have monodromies ¢ — ¢+ ({,n' —n)(u; —u;); a
covector is invariant if and only if it vanishes on the u; —u;, which span a saturated rank-two
sublattice of n N M (proof of Proposition 4.10(3)); its annihilator in N/Zn is saturated of
rank one and contains the primitive class of n’ —n. The last statement holds because ky is an
isomorphism of local systems and h maps small balls about a point of I onto neighbourhoods
of its image.

(4) The equivalence of the two descriptions is the computation of Section 5.3 for Defini-
tion 2.6, which uses only the labels n4,n’y of the arcs at the node. ]

Proposition 6.10 (transfer of relative tropical 2-cycles). Let 8 be a triangulation of B. in
which T is full, and R as in Definition 6.8. Then H(R1) is a triangulation of By in which
'Y s full, and

b.: Z(8) — Z(H(R1); F*, D)
is an injective homomorphism; if b is linear on the simplices of R and K1 = R, it is an
isomorphism. If the boundary network of z is Y cp dg[E], the boundary network of bz is
Y ECE D pICE d;(A(E))[f)(E’)], with the same integers cg, and

5 (6.2) = p(2).
Proof. By Proposition 6.9(1), b is a piecewise linear homeomorphism with h(I') = I'T mapping
arcs onto arcs, and by Proposition 6.9(2), ky(dg) = ks(n' —n) = dy 4y for a leg E with lower

support {n,n’'} on the arc A of ([u, ], [n,n']) (Proposition 4.10(2)), as flat sections over the
complement of the discriminant in neighbourhoods of the closed arcs, on which dg and d;( )
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are defined by Lemma 6.2(2),(3). So (b, ky) satisfies the hypotheses of Lemma 6.1, which
gives all but the last statement. The node coefficients of z are computed from the integers cg
on the legs at p, and the lower supports of these legs; those of .z from the same integers on
the arcs at h(p,) = CY([u,u/], P,) and the same labels (Proposition 6.9(1),(4)). Subdivision
replaces each leg by edges with the same coefficient, which does not change the boundary of
the canonical lift at the node. O

Different choices of &) and R give transfers with the same boundary networks, up to
subdivision, and the same node coefficients; no orientation of Bl or of By enters the definition.
By Proposition 6.9(3) the transferred coefficient system has, at the vertices of I'T, the stalks
of 1, A at the corresponding vertices of I', with the types exchanged: the rank-one stalks,
which sit at the positive vertices of B/, sit on By at the vertices of negative type, and the
rank-two stalks of the negative vertices of Bl at the vertices of positive type.

Remark 6.11 (tropical 2-cycles and the lift of Castano-Bernard and Matessi). Let (.S, 7,v)
be a strict tropical 2-cycle (Definition 2.5), triangulated, so that it defines a relative tropical
2-cycle z with coefficient v on the triangles of its smooth part (Section 5.2). The coefficients
of h.z are the covectors ky(v), and ker ky(v) C AT is a rank-two subbundle along the image
of the smooth part. It is the bundle kerv C T*B of [CBM14, Def. 7.2], written in the affine
structure of By . In [CBM14, §7] the lift S of S lies in the torus fibration over B! with fibres
Ty B/AY, with fibre (kerv)/(kerv), N A over a smooth point; by Proposition 4.11 this is
the torus fibration over By with fibres Ay ® U(1), and the fibre of the lift over the image
point is the two-torus ker ky(v) ® U(1). This is the fibre of the chain of Theorem D over the
regular part.

Remark 6.12 (why a transfer map is needed). A relative tropical 2-cycle on B is not read
directly as an object on By, for two reasons. First, the polyhedral decompositions need not
correspond. An inclusion-reversing bijection ¢ +— ¢ from the cells of #x onto those of Py
with 7y (¢) = 7(¢) and wy(¢) = w(c) would map the legs of the arc Cx(7,w), the chains
e C f with w(e) = w and 7(f) = 7, bijectively onto the legs of Cy (7,w), the chains f" C €
with 7y (f') = 7 and wy (¢/) = w, so corresponding arcs would consist of the same number of
legs. These numbers are determined by mixed subdivisions of different faces with different
heights, of F, with h on 7V for Cx(7,w) and of F with A on w" for Cy (7,w); the complex
of dual cell pairs needs no such coincidence. Second, the transfer of a tropical 2-cycle is not
a tropical 2-cycle of By in the sense of [CBM14, Def. 7.2]: its coefficients are covectors; its
boundary vertices, which lie at negative vertices of By, lie at vertices of positive type of By;
and at a node met by its boundary, which is of positive type on By by Proposition 4.10(3),
its boundary continues along one line of the discriminant, whereas the positive-node clause
of [CBM14, Def. 7.2] requires the boundary to turn from one line to the other at a positive
node [CBM14, Fig. 14(3)]. The transfer b, records the data from which the lift is built, in
the affine structure of By, without asking them to be a tropical object there.

7. THE LOCALIZED MIRROR AND MORSE CHARTS AT THE NODES

This section prepares the analytic side of the mirror lift. We fix the members Y; of The-
orem A and study them near the maximally degenerate limit by comparing monomials in
units of L = log(1/t). Three results are proved. First, for ¢ small and every coefficient vector
in a window around Z, the member Y; is smooth and isotopic in X7 to a smooth compact
submanifold W*, the localized mirror, on which every stratum of the tropical picture near
the discriminant has an exact algebraic model (Lemma 7.11 and Proposition 7.12). Second,



MIRROR SYMMETRY FOR CONIFOLD RELATIONS 75

near the node point (Definition 7.13) of each P € @ the defining function, in the trivialisa-
tion of the anticanonical bundle by the monomial ~,z%, has exactly one critical point; it is
nondegenerate, its critical value differs by O(t%/2) from —kp = 1 — /11;1, and on a polydisc
around it W* is exactly the conifold smoothing {zxy + 2122 = kp} (Lemmas 7.14 and 7.15).
This defines the vanishing sphere ,. Third, a sphere isotopic to d, is the boundary, over
a Lefschetz thimble, of a four-chain II; lying over a standard half-plane through the node
of the base By of Section 4; we orient d, so that this boundary is p, d, for every standard
half at ¢ (defined in Section 7.5), with either orientation and either sign of its coefficient
(Definition 7.23 and Lemma 7.24). Section 8 builds the chains of Theorem D from these
node pieces and from pieces along the legs of the discriminant.

The localized mirror is modelled on the tropical localizations of Mikhalkin [Mik04] and
Yamamoto [Yam16, Def. 3.1]: each monomial is multiplied by a cut-off that vanishes where
the monomial is far from maximal, so that near each stratum only the monomials of one
cell of the tropical picture survive. Their results assume a unimodular subdivision; the
mirror subdivision contains the node parallelograms and is not unimodular, so their results
do not apply here, and the smoothness of the interpolating family and the isotopy are proved
directly. The estimates are comparisons of tropical deficits. The proofs of the one-cell lemma,
of Lemma 7.11 and of the lemmas on the Morse chart are in Appendix D.

Standing assumptions. In this section and in Sections 8 and 9 the polytope A is admissible,
the profile o satisfies (Proj), the pair (7, k) is fixed as in Section 2.3, and F¢ is the pulling
refinement of ', with its height ho (Section 3.5). We use three of the properties proved
in Proposition 3.26: h¢ induces F¢, and every maximal cell of the induced subdivision of
(OA N N) U {0} contains 0 (item (1)); Fc agrees with ¥’ on the two-skeleton, so that its
cells in a two-face of A are the cells of o (Definition 2.3), each without lattice points other
than its vertices (item (2)); and the height condition of item (4), restated in coordinates in
Definition 7.6. The subdivision ¥/ itself need not satisfy the height condition, which is why
the mirror family is built on F¢.

Constants. The constants of Sections 7 and 8 depend on data chosen in a fixed order. First
the configuration is fixed: A, o, T and h, F¢ and its height h¢, the lattice vectors w, of
Section 7.1, and the integer ky. A constant is said to depend only on the configuration if it
depends on these data alone. Then a compact set 6y C Z, a radius r and a size 79 of the
perturbation of the node binomials are chosen, then a threshold ¢, and finally the coefficient
vector ¢ and t < ty. The principal constants are these.
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constant role fixed in
Configuration and lattice constants

he strictly convex height inducing F¢ Section 3.5

ko multiple of ¢ in the height H (7.3), Lemma 7.7(4)
) threshold of the one-cell lemma, Lemma 7.5

gr, 0w apex gap of a node, vertex gap of a triangle Definition 7.6

Ep, Emax, Emax  €xponent constants Definition 7.6

0. maximum on the face E, of the smallest deficit Definition 7.9

of a monomial other than 0, n,n’
Coefficient bounds and Morse radii

Cy, Cr ratio of the largest to the smallest |np|; bound of Lemma 7.2; after Defini-
I€]] by maxp |np| tion 7.3

1, T radii  of the Morse polydisc; 1 = Lemma 7.14, Definition 7.3
min(1/4, (20/Cr)'/?)

70 size of the perturbation of the node binomials, Definition 7.3
no < 12/20

Localization and model pieces

01, 0>, 03 cut-off constant; sizes in the torus directions and Definition 7.9, Section 7.2
of the first segments of the model arcs

Op reach of the node neighbourhood, gp/2 — 6, after (7.3)

04 size of the germs at the model points Definition 8.1(2)

Smaxs SO depth of the pieces Lemma 8.14; Section 8

Small-parameter threshold

to threshold on ¢, below the threshold ¢; of Lemmas 7.11, 7.14, 7.15
Lemma 7.14

These constants exist for every admissible A and every profile satisfying (Proj), with the
conventions of Remark 9.12 when there are no nodes. The height h¢ exists by the regularity
of Fc. The constant 6y is the minimum of finitely many positive values of linear programs
(Lemma 7.5). The gaps and the exponent constants are read off from the lattice data, the
vectors w,, and the heights, and kg is any integer above the explicit bound of Lemma 7.7(4),
which involves only lattice data and hc. The constants €, and Cr come from the linear
algebra of the vectors rp (Lemma 7.2); 0., 01, 02, 63, Op and 7 are explicit; 64 and ¢pax
are bounds over the finitely many model data of Section 8; and ¢ is the minimum of finitely
many thresholds, each given by an explicit inequality in Appendix D.

7.1. The mirror member.

Toric conventions. The vertices u € 0A°NM of T span the rays of a complete unimodular fan
in Mg, and X7 is the corresponding smooth projective toric fourfold, with Cox coordinates
Z,, [CLS11]. For n € A= AN N the Cox monomial

=]z, eu(n) = (um)+1 20,

is a section of the anticanonical bundle, and z"/x"™ = x™~ " is a character of the dense torus
T = M @ C*. The face v/ = {n € A: (u,n) = —1} of A consists of the lattice points with
ew(n) = 0; it is a facet when u is a vertex of A°. The origin has e,(0) = 1 for every u. On
the chart U, = C* of a maximal cone ¢ the Cox coordinates Z,, u € c, are coordinates and
the others are set to 1; a point lies on the orbit of a cone ¢’ exactly when the Z, with u € ¢’
vanish there. We write Log: T — My for the map with (Logz,n) = log|x"(z)|. Cells of F¢
are denoted w, as in Section 4.
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For every edge [u,u'] of T that lies in a face of A° of dimension at most two we fix an
order (u,u’) of its end points and a lattice vector w,, € N with (u,w,) =1 and (v, w,) =0
(the fan over T is unimodular; for the dual edge of a node, compare Lemma 3.2).

Heights and the member. The height is H = kgp+he of Section 2.4, with h¢ as in Section 3.5:
strictly convex on the fan over F¢, inducing F¢, with integral slopes and he(0) = 0; and ¢,
equal to 1 on OA and linear on the cones over the faces of A, has integral slopes since A is
reflexive. So H(0) =0, H(n) = ko+hc(n) for n € OANN, and H is integral at lattice points;
the integer ko > 1 is fixed below. A subset I C A is cellular if the lifted points (n, H(n)),
n € I, lie on a common lower face of their convex hull.

Lemma 7.1. For kg > 0 the lower faces are the polytopes conv(0,w) and w, w € F¢, and
their faces. A set I C A is cellular if and only if I C {0} Uw for some cell w of F¢.

Proof. H is convex, with the cones over the cells of F¢ as its maximal domains of linearity,
since ¢ is convex and linear on the cones over the faces of A and h¢ is strictly convex on the
finer fan over F¢. The lifted lattice points lie on the graph of H, which over A is the lower
hull of their convex hull, because a convex function is at most any convex combination of its
values. The domains of linearity of H on A are the conv(0,w). t

The integer ko is fixed subject to one lower bound, (7.3) below; by Lemma 7.7(4) this
bound holds for every ko > max(Zemax, 6, 1 — mingany hc). The mirror member is the
member Y; . of Section 2.4,

Y={R=0tcXr, F=) mi" qu=ct'™, —0<t<1,
neA

and we put L := log(1/t). The coefficient vector c¢ is real with the sign pattern co > 0 and
cn < 0 for n # 0.

Node binomials and the window. Let P = abcd be a node parallelogram, labelled as in
Section 2.2. Since H is linear on the cone over P and a+ ¢ = b+ d, its node binomial ratio is
wp = cqce/(cvcq) = YaYe/(Wva). The set Z of Section 2.4 is nonempty: it contains the vector
with ¢g = 1 and ¢, = —1 for n # 0. Fix a compact set 6y C Z. As in Section 2.4, every real
¢ with the sign pattern is uniquely ¢ = ¢(9¢$ with ¢(9) € Z and ¢ € spang{rp}, and we put

np :=logup =rp-¢§.

Lemma 7.2. Assume Q # (. The map { — (np)p has image V.= {n : > pkpnp = 0 for
every relation Y p kprp = 0}, and no coordinate np vanishes identically on V. Consequently
there are a direction & € span{rp}, which we fix once for the matriz R with rows rp, and a
constant Cy, > 1, depending only on R and €, such that for every ny > 0 the multiple € of &
with maxp [np| = no satisfies no/Cyy < Inp| < no for all P.

Proof. The image is the column space of the matrix R with rows rp, which is the annihilator
of its left kernel. The coordinate np vanishes on it if and only if ep lies in the left kernel, that
is rp = 0, which never holds. So the complement in the image of the hyperplanes {np = 0}
is dense; take £ with RE in it and C, = maxp |rp - €|/ minp |rp - €. O

Definition 7.3 (the window). Fix r € (0,7;], with r; as in Lemma 7.14, and o € (0,7%/20].
A coefficient vector ¢ = c(@ef with ¢(¥) € %y and ¢ € spang{rp} is in the window if 1y/C,, <
Inp| < no for every node. For ¢(9) € €, the complex neighbourhood Uc = Uc(c(9)) is the set of
et with &€ € CA, ||€]| < 1 and |np(€)| < o for every node, and U is defined in the same
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way with the bounds 2 and 2ny. Here [|£]| := max,, |£,|, and || - ||+ denotes the dual norm, so
that ||rp|. = 4.

In the notation of Theorem A, C' = (), and 7 = r%/ZO; for ng < 1 we take r = r1. Both
depend only on the matrix R with rows 7p and on the direction £ of Lemma 7.2. Every vector
in the window lies in Ug: for £ in the span of the rp one has ||£|| < Cr maxp |np|, with Cr
depending only on R (the map £ — R¢ is injective on the span of the rows), and Crn < 1,
because 179 < 72/20 < r?/20 and 7? < 20/Cr (Lemma 7.14). The union of the sets Ug(c(o)),
) € €, is compact, so |c,| and |c,|~! are bounded on it by a constant depending on %p.
Constants called C, and the thresholds on ¢, depend on the configuration and on % through
these bounds, and on r and 7y where this is indicated; we do not repeat the dependence
on 6. Lemmas 7.11(2), 7.14 and 7.15(2) are stated for ¢ € UZ, as Section 9 requires
(Lemma 9.1); their proofs use only these two-sided bounds on |c,|, the bound |np| < 219
and the standing choices r < 1/4, iy < 72/20. No threshold is uniform on all of Z: when

| log |C£LO)|| is comparable to 6y L the coefficients move the tropical picture, and the estimates
below fail.

When every singular two-face of A is a unit square, Z is the set of real points, with the
sign pattern, of the locus to which Batyrev and Kreuzer specialise the mirror family [BK10,
§3], on which the face polynomial of every square is a product of two binomials. At a hexagon
this is different.

Remark 7.4 (the face polynomial of a hexagon). Let G be a hexagon, in lattice coordi-
nates of its plane with o = 0 and wy,...,ws as in Section 2.2; write its face polynomial
as fa = ¢, + Zj cw;X"7. The node parallelograms have their diagonal through o, so
PP = CoCuwjyr/(CuwjCuw,,) for P = {o,wj,wji1,wjr2}. The analogues of the specialisation
of [BK10] are the product loci below; we write a;, b;, e; for the coefficients of the factors.
(1) Ay branch, Py = {o,wp, w1, w2}, Po» = {0, w3, ws, ws} (the other A; subdivisions are
rotations). For fg = (ag+a1x™* +azx™")(bg+ b1 x"® +bax"*) one finds ¢, = ), a;b;,

(Cwgs - - - » Cws) = (a1bp, a2bg, agby, agb1, agbe, a1be),

and pup, = pp, = 1+ (agbg + agb2)/(a1by). A real product has real factors after
rescaling (a trinomial whose Newton polygon is a unimodular triangle is irreducible);
the sign conditions Cw; <0 then force all a; to have one sign and all b; the other,
S0 ¢, = »_;a;b; < 0: no real point of the product locus has the sign pattern, and in
particular none lies in Z.

(2) Ay branch, parallelograms P;, j € {0,2,4} (the odd subdivision is symmetric). For
fa = (ap + a1x™)(bg + b1x*2)(ep + e1x™*), since wy + wa + wg = 0, ¢, = T1 + Th
with Ty = agboeo, 7> = aibier, and pup, = 1 + T/Ty # 1 for all three j (for the
odd subdivision 1 + T7/T5). So the product locus misses Z. Its real points do not
have the sign pattern either: the factors are again real after rescaling, their Newton
segments being distinct, and the conditions ¢,,; < 0 force T1,T> < 0, so ¢, < 0. Its
curve is three curves meeting pairwise transversally in one point each; the three points
coincide exactly when c, = 0.

(3) Fort small and c in the window, if the face polynomial ) _~vn,X" of F} is such a
product and |c,|T! are bounded, then |up — 1| < Ct for every node parallelogram
P of G. On the A; branch, (agbg)/(a1b1) = 72, Yws/(YwyV2,) and (azbs)/(aiby) =
V2 Yws/ (V2 Yuws) are bounded multiples of ¢ to the powers H(w1) + H (w3) — H (w2) —
H(o) and H(w1) + H(ws) — H(wo) — H(0), using H(wg) + H(w2) = H (o) + H(w;)
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(linearity of H on the cone over P;). As wy + w3 = wa + o, the midpoint of [w, w3]
lies on the edge [0, ws] of a cell, while w1, w3 lie in no common cell; so strict convexity
makes the first exponent a positive integer, and likewise the second, with w; 4+ ws =
wp + 0. On the Ay branch To/T1 = Yaw, Yws Yaws / (Yawe Yws Yws) 1S @ bounded multiple of
tH (wo)+H (w2)+H(wa)=3H(0) Yy Jinearity of H on the cones over the Pj; as wo-+wy 4w,y =
30 and H is convex but not affine on conv(wg,ws,w,), which meets the interiors of
the three P;, the exponent is again a positive integer.

So the product loci lie within O(t) of Z in the coordinates np, outside the window for ¢
small. The node condition used below involves only the four monomials of P and the origin
(Lemma 7.14): it is ep = 0, close to up = 1, and not a factorisation of fg.

Deficits and the one-cell threshold. For x € X7 and n € A the deficit of n at z is
maXy, [yma™(z)|
[ ()|
a ratio of sections of one bundle, hence a function; it is infinite where x™ vanishes. On the

torus, with p = Log z/L,

(7.1)  du(2) =dy(p) + O(1/L),  dy(p) = max((p,m) — H(m)) = ((p,n) - H(n)).

1
dp(x) = Zlog € [0, o0],

So d,, is, up to O(1/L), the tropical deficit of n at the tropical point p: the amount by which
the monomial n falls short of the maximal one, in units of L. We write val, (p) := (p,n)—H (n),
and for I C A put v*(I) := minye g, maxper di (p).

In Sections 7-9 we use the convention p = —m for the tropical variable m € Mg and
maxima of valuations (Section 2.1). Let Trop C Mg be the tropical hypersurface of (A, H),
the corner locus of p — max,, val,(p). Since H(0) = 0, the set on which the origin is maximal
is =V and the union of the bounded cells of Trop is its boundary —By (Section 4). We
identify By with this union of bounded cells by m + —m. Then the face F} of By is the
cell of Trop on which the origin and the lattice points of w are the maximal monomials; the
unbounded cells of Trop are called tentacles. For a vertex u of T, the one-parameter subgroup
of w multiplies the Cox coordinate Z, by s € C*, fixes the other Cox coordinates of a chart
containing u, and moves Log by (log |s|) u; so lowering | Z,| moves the tropical position along
—u.

Lemma 7.5 (one-cell lemma). v*(I) = 0 if and only if I is cellular. Put 6y := min{~y*(I) :
I not cellular} > 0. For L larger than a constant depending on the configuration and on 6
(through a bound on |log |cy/cp|| over the union of the sets U (c?)), ¢ € ), and for
every ¢ in that union, the set {n : d,(x) < 36p/4} is cellular for every x € Xr.

The proof is in Appendix D.1; each 4*(1) is the value of a linear program, and the minimum
is over finitely many sets. We call

Clz):={neA:d,(z) <by/2}
the core at x. It is cellular, and every monomial n outside it satisfies [y,z" ()| < t%/2 m(z),
where m(z) := max,, |[vmz™(z)|.
Node data and the gap lemma.

Definition 7.6. Let P = abcd be a node parallelogram in the two-face G of A, and G° =
[u,u'], an edge of T of lattice length one with vV Nu"Y = G. Let w1 C v and wy C v’V
be the three-cells of F¢o containing P. The function e, is affine on w;, nonnegative there,
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and vanishes exactly on w; N/ = w; NG = P. The height condition (Proposition 3.26)
says that every lattice point of wy; not in P has e,y = 1, and every lattice point of ws not
in P has ¢, = 1. We call the lattice points of wi; U wsy not in P the apezres of P, and put
Ap := {0} Uw; Uwy. By Lemma 7.1 the cellular sets containing P are the subsets of {0} Uw,
and of {0} U wa.

The apex gap of P is gp := min(H(v) + H(v') — H(0) — £p(v + v')), over apexes v € wy,
v’ € wy, where {p is the linear function equal to H on the cone over P; the point v + v’ lies
in the plane of G. For a unimodular triangle w of F¢ in a two-face with dual edge [u, /], the
tropical cell dual to conv(0,w) is a segment; its vertex gap g, is twice the smallest tropical
deficit, at the midpoint of that segment, of a lattice point n ¢ {0} Uw lying in a cell of F¢
that contains w.

FEzponents at a node. Let w, € N be the vector of Section 7.1 for the edge G° = [u, u'], so
that (u,w,) =1 and (v/,w,) = 0, and put w, := —a — w,. Since (u,a) = (v’,a) = —1, we
have (u,w,/) =0 and (u/,w,) = 1. For n € N the vector n —a — (u,n — a)w, — (u',n — a)w,y
is orthogonal to u and v/, hence lies in the lattice of the plane of G, of which b—a, d—a is a
basis because P is a unit parallelogram. As (u,n —a) = e,(n) and (v, n —a) = e, (n), every
n € N is uniquely

(7.2) n—a=ap(b—a)+ Pn(d—a)+ ey (n)w, + ey(n)wy, o, Bn € Z,

and the origin has oy = fp = 0. Put |n|p := |an| +|5n| and Ap := max |n|p over the apexes.
The exponent constant of P is

Ep = max(Q + Ap, Ii?ip(|n|p + Ap + (max(ey(n), ew(n)) —1)7(2 + Ap))),

ne
where 27 := max(z,0), and Epax := maxp Ep. It depends only on the lattice data at P and
on the choice of w,, not on the heights. We write epyax := max,, y €,(n), over the vertices u

of T and n € A.
We require

7.3 > 6 14260 > 0 1 k in ho > 1
(7.3) gp > 0+ 1+ 264, gw > 00+ 1, 0+ min he > 1,

for all node parallelograms P and all triangles w as above, where 6; < min(fp,1) is the
cut-off constant of Section 7.2. The first condition is used in two ways: the apexes have
deficit at least gp/2 > (1+46p)/2 on the Morse polydisc (proof of Lemma 7.14), and the node
neighbourhood of Section 7.5 reaches 0p := gp/2 — 61 > (1 + 0y)/2 along the segment Jp of
the next lemma. By that lemma, (7.3) is a lower bound on k.

Lemma 7.7 (the gaps). Let G be a two-face of A with G° = [u,v'], let w be a node parallel-
ogram or a unimodular triangle of Fc in G, and let wy C u" and ws C u'V be the three-cells
of Fc containing w.

(1) The tropical cell dual to conv(0,w) is a segment J, = {pw+s(u' —u) : s < s < s4}.
On J, a lattice point n of w1 \ w has tropical deficit e, (n)(s4 — s), with e (n) > 1,
and a lattice point n of wa \ w has tropical deficit e, (n)(s — s_), with e,(n) > 1. The
length |J,| := sy — s_ satisfies |J,| = ko + |Jo|?), where |J,|©) > 0 is the length of
the corresponding segment for the height heo alone.

(2) For a node parallelogram, gp = |Jp|; at each point of Jp all apexes of wi have the
same tropical deficit, and so do all apexes of wo, and at the midpoint both deficits

equal gp/2; and gp = ko + ggg), where gﬁf) > 0 is the apexr gap for the height hc.
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For a triangle, g, = my|J,|, where my, > 1 is the smallest of the exponents e, (n),
n € wy \w, and e,(n), n € wy \ w, over lattice points.

(3) 6y < gp/2 for every node parallelogram P, and 0y < g, — |Ju|/(2emax) for every
triangle w as above.

(4) Consequently (7.3) holds whenever ko > max(?emax, 6, 1 — mingann hc).

Proof. (1) A cell of F¢ containing w lies in a face of A containing G, that is in G, u" or u/V. In
G the only such cell is w, which is a maximal cell of the subdivision ¢ of G and hence of F¢|g
(Proposition 3.26 and Definition 2.3); in u" it is the unique three-cell w; of F¢|,v containing
the boundary two-cell w, and likewise wo in u/V. So by Lemma 7.1 the lower faces containing
conv(0,w) are conv(0,w), conv(0,w1) and conv(0,wz). By the inclusion-reversing duality
between the lower faces of conv{(n, H(n))} and the cells of Trop, the cell dual to conv(0,w)
is a segment whose end points are dual to conv(0,w;) and conv(0,ws). On it the origin and
the points of w are maximal, with value 0, so it lies on the line {p : (p,n) = H(n), n € w};
since w spans the linear span of G, and (u' —wu,n) = 0 for n € G, this line is p, + R(u' —u) for
any point p,, of it. For n € v” we have (' —u,n) = (e, (n) —1)+1 = ey (n), and for n € u'V,
(' —u,n) = —eyu(n). Let sy be the parameter of the end dual to conv(0,w;); there every
lattice point of wy is maximal, because H is linear on the cone over w;. Since the maximal
value is 0 all along J,,, a lattice point n of w; has tropical deficit — ((pw,, n)+s ey (n)—H(n)) =
ew(n)(sy —s)on J,. Ifné¢w, thenn ¢ vV, since wy Nu"Y Cwi NG =w; so ey(n) > 1. The
statement for wy is proved in the same way, with s_ the other end.

For the length, choose lattice points v € w;\w and v' € wy\w and put e = e,/ (v), ¢/ = e, (V').
The deficits vanish at the ends, so H(v)— (p,,v) = e st and H(v") —(pw,v') = —e’ s_, whence

e€' |Jy| = ' H(v) + eH (V') — (py, w), w:=e'v+ev.

Since (u' — u,w) = €’e — ee’ = 0, w lies in the span of G, where (p,, -) is the linear function
¢, equal to H on the cone over w. The right-hand side is therefore linear in H. For H = ¢:
©(v) = p(v') = 1, and on the span of G C u" the function 4, is —(u,-), with (u,v) = —1
and (u,v’) = € — 1; so the right-hand side equals ¢’ + e + €/(—1) + e(¢/ — 1) = ee’. For
H = kop + he this gives |J,| = ko + |Jo|©, where |J,|© is given by the same formula for
he; by Lemma 7.1 with kg = 0 it is the length of a segment whose two ends are dual to the
distinct lower faces conv(0,w;) # conv (0, ws), hence positive.

(2) For a node parallelogram every apex has e,y = 1 on w; and e, = 1 on wo (the height
condition), so by (1) the apexes of w; all have deficit s; — s and those of wy all have s — s_.
The computation of (1) with apexes v,v’ and e = ¢/ = 1 reads |Jp| = H(v)+ H(v') — H(0) —
¢p(v+v') for every pair of apexes; so gp = |Jp|, the apexes have deficit gp/2 at the midpoint,
and gp = ko + gﬁf) with gﬁf) = [Jp|® > 0. For a triangle, the cells containing w are w, wi
and wa, so the lattice points n ¢ {0} Uw in a cell containing w are those of (w; Uws) \ w, and
by (1) their deficits at the midpoint are e,/ (n)|J,|/2 and e,(n)|Ju|/2; S0 g = M| Ju|.

(3) Let v € wy\w and v’ € we\w be lattice points, with e, e’ as in (1). The set I = wU{v,v'}
is not cellular: by Lemma 7.1 a cell containing it would lie in a proper face of A containing
G, that is in G, u" or «'V, but v ¢ vV and v' ¢ u". The points of w have deficit 0 on J,, so

by (1)

ee’

0o <~v*(I) < Sirgnsigﬂ max (e(sy —s), €'(s —s_)) = cx e | Sl
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For a node parallelogram, with apexes v, v, this is 6y < |Jp|/2 = gp/2. For a triangle, choose
v and v with e and €’ smallest on their sides, so that min(e,e’) = m,,; then
ee

e—i—e’>:|Jw| e+e T 2emax

(4) By (1) and (2), gp > ko and g, > |Jw| > ko. So by (3), 8w — 0o > |Jw|/(2€max) >
ko/(2emax) > 1 when ko > 2epmax, and, since 01 < 1, gp — 0y —201 > gp/2—2 > ko/2—-22>1
when kg > 6. The bound is not circular: ey,x depends only on the lattice data, and 6; <1
by its definition, whereas 6y and the gaps may grow with kg (Remark 7.8). The last condition

of (7.3) is kg > 1 — min h¢. O

Remark 7.8 (the size of 6p). The construction compares #y with no absolute constant: it
compares 1 < min(fp, 1), and Oy enters (7.3) only through Lemma 7.7(3). So it needs
neither a bound on 6y nor its growth with kg, and both occur. If some facet u" contains a
non-cellular set I (for instance when F¢ subdivides u"), then along p’ — Au, A — oo, only
the monomials of " stay maximal, and v*(I) is bounded by a quantity depending on h¢|,v
alone, so g is bounded independently of kq. If every facet is a cell of F¢, the cellular sets
are those of the height ¢, and 6y > ko miny v*(I; ¢) — 2max |h¢c| grows linearly in k.

! min(e, e')? < || ‘

g — 0y > |Jw|(min(e,e') -

7.2. The localized mirror and the smoothness of the interpolating family. We
multiply every monomial by a cut-off that vanishes where the monomial is far from maximal.
Our rule differs from that of [Yam16, Def. 3.1], a product of cut-offs of the pairwise differences
of the logarithms of the monomials: the cut-off of a monomial is a function of its smoothed
maximal deficit, and the monomial of the origin is never cut.

Definition 7.9 (the faces E. and their interior polygons). Let e = [n,n/] be an edge of
Fo in the two-skeleton of JA. Tts tropical cell E, C Mg is the polygon {p : dif(p) =
di(p) = d%(p) = 0} on which 0,n,n’ are the maximal monomials; it is dual to the lower
face conv(0,n,7n'), and it is the face F; of By. Put f. := min,gfonn d® on E, and
0. := maxg, f., which is positive because at relative interior points of F. only 0,n,n’ are
maximal. The cut-off constant is 61 := min(6y, min, 8., 1), over all such edges e. The interior
polygon of e is Q. := {p € E. : fc(p) > 361/4}, a nonempty open convex subset of E., since
01 < 0. and f. is a minimum of affine functions.

The arcs of I'y in the relative interior of E,. are the arcs Cy ([u,u'], e) with [u,u'] an edge
of T in e¥ (Propositions 4.7(5) and 4.10). When e lies in the interior of a two-face G there is
one such arc for each edge of 7 in G°, and only one if G contains a node parallelogram, since
then G° has length one; when e lies on an edge E of A, ¢V = EV is a triangulated two-face of
A° and the arcs meet at the vertices Cy (7,e), 7 a triangle of 7, which are of negative type
on By (Proposition 4.10(3)); we call them turning points.

Put 6 := 61/(16 max(Emax, D)), where D is the largest length of a difference n — n’ of
lattice points of A for a fixed norm on Ng; tropical distances in My are measured in the dual
norm, so that [(p—p’,n—n')| < D|p—p’|. Thus Epby < 01/16 for every node and Dby < 6,/16;
f2 bounds, in the torus directions, the sets of Lemma 7.18 on which the weights are exactly 0
or 1. Put 03 := min(02/4, cpr/(8emax)), where cps is the smallest norm of a nonzero vector of
M; it bounds the lengths of the level segments with which the model arcs of Section 8 begin.
Fix a smooth nonincreasing 5: R — [0,1] with 8 =1 on (—o0, 6;/4] and 5 =0 on [#;/2, c0).

Definition 7.10 (the localized mirror). The smoothed deficit of n is

~ 1
d, = 2L<10g; ]'ymxm|2 — log hn:z:"]2>.
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Put 9o := 1 and v, := B(d,,) for n # 0, and for s € [0, 1]
FO =3 "pyma”,  thpi=(1—s)n+s, W= {F® =0}
neA

The localized mirror is W* := Wy; and Wy = Y;.

Since d,, < d,, < dy + log|A|/(2L), a monomial with 1, # 0 lies in the core, and the
maximal monomial at any point has 1, = 1. Each 1, is a smooth function on X;: it
depends only on the moduli of the monomials and vanishes identically near the zero set of
z". So F(®) is a smooth section of the anticanonical bundle, in general not holomorphic. The
compact torus M ® U (1) multiplies each summand by the same character as z".

Lemma 7.11 (smoothness of the interpolating family). There is a threshold ty =
to(r,mo, o) > 0 such that for 0 <t < ty:

(1) for every coefficient vector in the window and every s € [0,1], F®) has real rank
two along Ws; so Wy is a smooth compact submanifold of real codimension two, and
W1 =Y, is a smooth hypersurface;

(2) at s = 1, for every c € Ug, the singular points of Y; . are exactly the points qp of
Lemma 7.14 whose critical value ep vanishes.

The proof is in Appendix D.2. It runs through the core at a point x of W,. By Lemma 7.5
the core is cellular; let H(x) be the smallest face of A containing C(x) \ {0}. Since the two-
cells of F¢ in the two-faces of A are unimodular triangles and node parallelograms, at least
one of the following holds (Lemma D.3).

(A) C(x) is affinely independent. A derivative along the torus action, dual to the simplex
C(x), picks out one core monomial of size at least max,, |ymz™|/(2].A|).

(B) H(x) is a facet u¥. Then the origin dominates every other monomial of positive Z,-
exponent by a factor t3%0/4 and OF (5) /07, is the derivative of the origin monomial
up to a small relative error: W; is a graph over the Z,-direction. This is where
o = 1 enters. If the origin were cut, Wy would be singular at the square faces [J of
the prisms adjacent to a node at which the binomial ratio ug equals 1; for € in the
window, log o is a combination of several np and does vanish for some &.

(C) C(x)\ {0} is a node parallelogram P. This case is treated by Lemmas 7.14 and 7.15.

In each case the cut-offs contribute to the derivative through their own derivatives, which are
O(1/L) in logarithmic units and carried by monomials in transition; a regularity criterion of
Wirtinger type (Lemma D.2) shows that they cannot cancel the holomorphic part. Part (1)
uses the window only in case (C) near the node point, where the lower bound comes from

kp| = n0/(2Cy).

Proposition 7.12. Fort < tg and c in the window there is an isotopy (\Ijs)se[OJ] of X7 with
Uy =1id and V4(W*) = Ws. In particular W* and Yy are diffeomorphic.

Proof. By Lemma 7.11(1) and the implicit function theorem applied to (s, z) — F©®)(z), the
set (J,{s}xWj is a compact submanifold of [0, 1] x X7 submersing onto [0, 1]. By Ehresmann’s
theorem it is a trivial bundle, and the isotopy extension theorem gives W, [Hir76, Ch. 8]. O

Transversality to the torus orbits is not used, and it fails in general: at the square faces [J
above, when pug = 1, the initial form of [J is singular, and W; is not transverse to the orbits
near the tropical cell dual to 0. Smoothness holds by case (B).
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7.3. The Morse chart at a node. Fix a node parallelogram P = abcd with the data of
Definition 7.6. On the affine chart U, ,» = C? x (C*)? of the cone spanned by u,u’ we use the
characters Z := x%, Z' := x%, x1 := X"~ and x3 := x¢¢. They are coordinates, because
(b—a,d — a,wy,w,) is a basis of N, and Z, Z’ are the Cox coordinates Z,,, Z,s times units,
vanishing to first order along D,,, D,s. By (7.2), 2" /2% = x"" % = X?”x’g”Ze“(")Z’eu’(”). The
function f() := F(s)/ (7ax®) is therefore a polynomial in Z, 7" and a Laurent polynomial in
X1, X2 With smooth coefficients. By the height condition the monomials of Ap contribute

1+)21+)~(2+/LP)~(1)~(2+AZ+A/Z/+[)ZZ/, )~(1 = %le )22 = %XQ,

where A (resp. A’) is the sum over the apexes of wy (resp. wy), a Laurent polynomial in
X1, X2, and b = 70/, is a constant, since ag = fy = 0 (in f(*) each term carries its weight).
This choice of w,,w, , which makes the origin the monomial ZZ’ up to a constant, is used
throughout.

Definition 7.13 (Morse coordinates). Put
T = u}aﬂfa + u;m, Y= M}D/QSQ + u;l/z, kpi=e " —1,
so that 1 4+ x1 + X2 + pupX1X2 = xy — kp exactly. The node point is x = y = 0. Let
|Almon, |A'|mon be the largest moduli of a single term of A, A’ at the node point, and
Ap = |b]/(|Almon| A |mon) there; then A\p > C~1=97. The normalised coordinates are
\oL/2 AL/

Z:=7 7 =7 = P .— P
vz 2V R 7 A

with constants satisfying vzvz = 1/|b|. The Morse polydisc is Dp = {|z| <, |y| <r, |Z| <
1, |Z'] <1}

The normalisation places the node point at the centre of the range of |Z|/|Z’| on which
both apex sums are negligible: on Dp one has |[AZ|,|A'Z'| < 2AP].A\)\I_31/2 < Ct97/2 while
|[6ZZ'| < C. The Morse bidisc of P is the closed bidisc Bp := {|z| <7, |y| <} in the torus
coordinates (x1,x2), the projection of the closure of Dp.

Lemma 7.14 (Morse chart at anode). Putri := min(1/4, (20/Cr)'/?), with Cr the constant
defined after Definition 7.3; it depends only on the matriz R of Lemma 7.2. For r < ry there
is t1 = t1(r,6p) > 0 such that for t < t1, every c € Ud and every s € [0,1]:
(1) on the polydisc 2D p with doubled radii, 1, =1 for n € PU{0} and v, = s for every
other n. Hence ) = fO 4 s(f0) — £ is holomorphic on 2Dp, and
fO =gy —kp+9p 27, fO—fO = aZ+d'Z' +R,
where Ip :=b/|b|, a = Avy, o/ = A'vy, and
sup |a|, sup |d'| < CA;l/Q, sup |R| < Ct%/2;
2D p 2Dp b
(2) f) has exactly one critical point qp(s) in Dp; it is nondegenerate, lies within
C(r)t%/2 of the node point, and its critical value is ep(s) = —rp + O(t%/2);
(3) if c is in the window and C(r)t%/2 < ny/(4C,), then ep(s) # 0 for all s € [0,1].

The proof is in Appendix D.3. On the polydisc only the four monomials of P and the
origin survive in W*, so W* N Dp is the exact conifold smoothing {xy + ¥pZZ" = kp}; the
family Wy turns the apex monomials and all others back on linearly, and they are too small
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to move the critical value off —kp. The critical value comes from the perturbation off Z and
not from the apex monomials. The proof uses only the height condition, that is, that the
apexes have exponent one, and not the shape of the cells of F¢ adjacent to P; so the lemma
holds whatever these cells are. Besides pyramids and prisms they include cells with seven
or eight vertices, a node parallelogram together with three or four apexes; at the nodes of a
hexagon, for instance, eight-vertex cells occur. We write gp := ¢p(1) and ep :=ep(1).

Since —kp = 1 — e7"7, the critical value is ep = np + O(n%) + O(t%/2). Critical points
and critical values of F} off Y; depend on the trivialisation of the anticanonical bundle; ours
are those of f() = F, /(7ax®), the trivialisation by ~,2%. Other normalisations, for instance
up = 14 np, or another local trivialisation in place of v,z%, multiply ep by a factor that is
nonzero near Z and depends only on the node (to first order a sign, or the value at gp of
the ratio of the two trivialisations). Such a factor does not change the loci {ep = 0}, the
vanishing spheres, or their orientations, since Definition 7.23 below applies to every argument
of kp (Remark 7.25); in particular it does not change the relation lattice of the d,.

Put Up :={z € U, : C(x)\ {0} = P}, the set of points at which the core, with the origin
removed, consists of the vertices of P. It contains Dp (proof of Lemma 7.14), and the sets
Up of distinct nodes are disjoint. This applies also to two node parallelograms that share an
edge, as in an Ay subdivision of a hexagon.

Lemma 7.15 (no other critical points near a node). For t < to(r,n9,%0):
(1) if ¢ is in the window, every point of Ws NUp is a regular point of F®), for every
s €0,1];
(2) ifce Ug, every singular point of Y; . in Up lies in Dp.

The proof (Appendix D.3) compares monomials with equal exponents in (Z, Z’), whose
ratio depends only on (x1,x2). Either the origin dominates the Z- or the Z’-derivative, or
all terms depending on Z, Z’' are small and the torus derivatives of the four-term polynomial
xy — kp are bounded below. At s = 1 the second alternative pins every critical point to
Z~—-A)b, 7' =~ —A/b, x =~y =0, which lies in Dp.

Definition 7.16 (the vanishing sphere). For ¢ in the window, 6, C ¥; NDp is the vanishing
sphere of the Morse point gp of f @ for the straight path of values from ep to 0: in holomor-
phic coordinates ¢ centred at ¢p with f(1) = ep+y; (2 itis{¢ € (—ep)'/?R > (2= —ep}h.
It is well defined up to isotopy in Y;NDp. Its orientation is fixed in Definition 7.23. (Compare
the three-spheres over edges of [GM18, §4.4].)

Lemma 7.17 (transport of the sphere). Let ¥ C W, NDp be the vanishing sphere of qp(s)
for ) and the straight path from ep(s) to 0. For c in the window, Vi(Xg) is isotopic to
0g = X1 in Yy, with Uy as in Proposition 7.12.

Proof. On Dp the f(s) form a holomorphic family, smooth in s, with one Morse point each
and ep(s) # 0 (Lemma 7.14(3)). The holomorphic Morse lemma with parameters [AGZV85,
§§86.2, 9.6] gives Morse coordinates depending smoothly on s, so X can be chosen to depend
smoothly on s; its radius |ep(s)|1/2 < (219)Y/? < r/3 keeps it inside Dp. Then ;1 (X,) is a
smooth family of embedded spheres in W* from ¥y to \111_1(21), and isotopy extension gives
the claim. ]

That ep(s) does not vanish along the family is the reason for the lower bound |np| > n9/C,,
in the window. For ¢ € Uc the loci {ep = 0} are smooth hypersurfaces, since dep =
e "Pdnp + O(t%/2) and the dnp are nonzero. For the estimate of dep: at s = 1 the critical
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value p is holomorphic in ¢, and by Lemma 7.14(2) on UZ, ep + kp = O(t%/?) there; every
point of Ug is the centre of a polydisc in &, of polyradius min(1/2, no/(2maxp ||rpll+)),
contained in UZ, so the Cauchy estimates bound d(ep + kp) by C(10)t%/2 on Uc. These loci
are the loci D, of Section 9.1.

The node neighbourhood. Let P be a node parallelogram. We say that (x1, x2) is within € of
the node point if |log |upxi|| < €L and |log|upxe|| < eL. With p = gp/2 — 61, the node
neighbourhood is

Np :={z € Uy : (x1,X2) within 65 of the node point,
Z| < 7% |72 <70, |22 < 70,

Tropically, Np consists of the points within 65 of the region below the part of the edge Jp
of Lemma 7.7 at distance at most fp from its midpoint, that is, up to distance 61 from its
ends; it extends to distance 65 in the torus directions.

7.4. Where the localized mirror is given by exact models. On the following sets the
weights of the localized mirror are exactly 0 or 1, so that W* is there given by an algebraic
model: near the legs, from the nodes and vertices to the legs, at the nodes, and at the vertices
of positive type. Section 7.5 uses item (2); Section 8 uses all of them.

Lemma 7.18 (exactness of the weights). For t small, with ¢ € Uc:

(1) (legs) Let e = [n,n'], let = be a point of the chart of the cone of an edge [u,u'] of
T in e¥ whose tropical position lies within 05 of Q., and let ' have the same torus
coordinates, with |Z(x')| < |Z(x)| and |Z'(2")| < |Z'(x)|. Then at 2’ the weights are
Yo = ¥p = Y = 1 and Y, = 0 for all other m. The same holds at the turning
points, in the chart of the three-cone of the triangle, with the three Cox coordinates
of the cone lowered.

(1) (from a node or a vertex to its legs) Let w be a node parallelogram or a unimodular
triangle of Fco in a two-face G, [u,u'] an edge of T in G°, with Cox coordinates Z, 7',
and e an edge of w. Let m be the midpoint of J, if w is a node parallelogram, and a
point of the segment J°, of (3) if w is a triangle; let m' € E, with |m' —m| < 63/4,
Pe € Qe, and I := [m,m'| U [m/,p.]. Let v € Uy, be a point whose tropical position
is obtained from a point within 63 of I by lowering log|Z| and log|Z’'|. Then at x
the origin and the two monomials of e have weight one, and every monomial outside
{0} Uw has weight zero.

(2) (nodes) On the node neighbourhood Np every apex and every monomial outside Ap
has weight 0, and the monomials of P have weight 1.

(3) (vertices of positive type) Let w = [ng,np, ne| be a unimodular triangle of Fo in a
two-face G, with G° = [ug, ug] and ug, ..., uy its lattice points in order; write J, =
{pw + s(ur —up) : s— < s < sy} asin Lemma 7.7(1), applied with (u,u') = (ug, ug),
and Spyid = (s++s-)/2. Let [u,u’] be an edge of T in G°, with Coz coordinates Z,Z’'.
The set J° of points of J,, at which every lattice point of (wi U ws) \ w has tropical
deficit at least 301 /4 is a segment containing the points with |s—smid| < 1/(4emax). At
the points of U, s whose tropical position is within 02 of a point of ij, or is obtained
from such a point by lowering log |Z| and log |Z’'|, the weights of 0,n4, Ny, ne are one
and all other weights are zero.

(4) Let x € W* N Dy, and let I(x) be the set of monomials that do not vanish on D,y
and have positive weight at x. If I(x) is affinely independent, or ¢ is in the window
and I(z) C P for a node parallelogram P C vV, then W* is transverse to D, at
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x. In particular W* is transverse to Dy, and D, (resp. D) on the regions of (1)-
(3), wherever it meets them; on the regions of (2), and of (1') when w is a node
parallelogram, this requires ¢ to be in the window.

The proof is in Appendix D.4. Every lattice point of A has nonnegative Cox exponents,
so lowering |Z| and |Z'| at fixed torus coordinates multiplies each monomial by a factor at
most one and leaves n and n’ unchanged; hence weights that are exactly 0 or 1 at a point
remain so after lowering. In (1") the deficits along I are affine, which interpolates between
the node or vertex and €.

The set Np contains Dp (Appendix D.4), and by (2) only the origin and the monomials
of P have positive weight on it. So the node neighbourhoods of distinct nodes P # P’
are disjoint: P’ has a vertex v ¢ P; on Np/ the monomial v has weight 1, while on Np
every monomial other than 0 and those of P has weight 0. This holds also for two node
parallelograms that share an edge, as in an A, subdivision of a hexagon.

7.5. The node piece and the orientation of the vanishing sphere. In this subsection ¢
is in the window and P = abcd is a node parallelogram. We describe W* near the node point
as a space fibred by circles over a three-dimensional model base, identify the model base with
a neighbourhood of the node of By, and exhibit a sphere isotopic to d, as the boundary of
a four-chain lying over a standard half-plane, the node piece. The orientation of J, is then
fixed so that this boundary is p, 4. Section 8 uses the node pieces with multiplicities. We
work on W* in the coordinates of Definition 7.13.

The circle action. On the node neighbourhood Np of Section 7.3, by Lemma 7.18(2),
W*NNp = {gp+b2Z" =0}, gp =14+ X1+ X2+ ppX1X2 = zy — Kp.

Let SL act by (Z,2') — (77 Z,e7Z"), ¥ € R; it is the circle of the cocharacter #(u/ — u)

of T, the common vector of the monodromies of the four legs at the node of By (Proposi-

tion 4.10(3)). It preserves |Z| and |Z'|, hence all weights, and every monomial surviving on
Np has equal exponents in Z and Z’. So S} acts on W* N Np. Put ji:=|Z|> — |Z'|%.

Lemma 7.19 (the quotient). The map w: (Z,Z', x1,x2) — ({1, X1, Xx2) identifies (W* N
Np)/SL with a subset of R x (C*)2. Its fibre over (fi, x1,X2) is a circle, except when ji = 0
and gp(x1,x2) = 0, where it is a point.

Proof. Given (x1, x2) and /i, the equation fixes 27 = —gp/9p, and |Z|2—|Z’|2 = [i then fixes
|Z| and |Z'|. The solutions form one S}-orbit, which is a point exactly when Z = Z' =0. O

The node model. The node model base is B, = R? with coordinates

s1:= log |ppX1, 59 := log |pX2l, i,

and 7y 1= (s1,82,/1): W* N Np — B,. The fibre angles are ¢; = argxi, g2 = arg x2 and
the angle 9, of SL. The cell structure at the corresponding node of By is described by the
tropical coordinates (y1,y2, q) below. Lemma 7.20(4) compares these coordinates with the
scaled logarithmic coordinates of the hypersurface.

Lemma 7.20 (the node model). (1) The moduli of the four monomials of P are propor-
tional to pp, €', €52, €152 When |s1],|s2| > |np|, the largest monomial is a, b, ¢
or d according as the signs of (s1,s2) are (—,—), (+,—), (+,+) or (—,+).

(2) i < 0 ezactly where |Z| < |Z'|, that is towards the divisor Dy, and i > 0 towards
Dy
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(3) The S}-orbits collapse exactly where 7 =27 = 0, equivalently where i = 0 and
gp = 0. Their (s1,s2)-coordinates lie in the amoeba <p = {(s1,%2) : gp =
0 for some phases}, which satisfies

Ap S {|s1| < [np[+1log3} U {|s2| < [np|+log3}.
(4) (tropical chart) Let mp be the midpoint of Jp, and put
y1 := val, — valg, Y9 = valg — valg, g = (- —mp, Wy — Wy),

and Ty = (y1,y2,q): Mr — R3. There is 0q > 0 such that T; maps a neighbour-
hood of mp in By piecewise linearly and homeomorphically onto [—oq, Qq]3. It maps
int £y, ...,int Fj into the open quadrants of (y1,y2) with the sign patterns of (1), the
two-faces Fy, Fy., F¥, F7 into the half-planes {y1 = 0, y2 < 0}, {yo =0, y1 > 0},
{y1i =0, y2 > 0}, {y2 =0, y1 <0}, and the edge F'p, = Jp into the ay-azxis. At a
point x of W* N Np in the dense torus,

T,(Logz/L) = (s1, s2, log|Z| —log|Z'|)/L + O(1/L).

Proof. (1) Relative to v,2% the four monomials are 1, X1, X2, pX1X2, of moduli ,u;l times
wp, €51, €52 51152 and |log up| = |np|. Comparison of their logarithms gives the four labels
whenever both [s;| > |np]|. (2) is the definition of ji, with Z = Z,, and Z' = Z,, up to units. (3)
The orbit collapses exactly where Z = Z’ = 0, which on W* means gpr(x1,x2) = 0. Outside
the two strips in (3), one of the four monomials has modulus strictly greater than three times
the modulus of each of the other three, by the same logarithmic comparison. The triangle
inequality then excludes a zero of gp. (4) The linear parts b — a, d — a, w,, — w, of the three
coordinates and the linear part a of val, are linearly independent, since (b—a, d—a, wy, w,) is
a basis of N and a = —w, —w,/. At mp only the origin and the monomials of P are maximal
(Lemma 7.7(2); the other lattice points have positive deficit there), and H(a) + H(c) =
H(b) + H(d) because H is linear on the cone over P, so val, = val, +y1 +y2. Hence near mp

By = {max(val,, valy, val., valg) = 0} = {val, = — max(0,y1, y2,y1 + y2)},

the graph of a piecewise linear function of (y1,y2, oy); this gives the homeomorphism, and
the faces are read off from which of val,, ..., valy attain the maximum. For the last state-
ment: x1 = x*~® and |y,/7a| = t7O=H@|c, /¢, |, s0 log|upx1| = Ly1(Logz/L) + O(1), and
likewise for so. Further log|Z| — log|Z'| = (Logx,w, — wy) — log(vz/vy) and vy /vy =
|A"|mon/|A|mon- By Lemma 7.7(2) the apexes of wy and of wy have the same deficit gp/2 at
mp; since the terms of A carry Z and those of A’ carry Z’, this says log |A’|mon —10g | A|mon =
L{mp,w, — wy) + O(1) at the node point, whose torus coordinates are those of mp up to
O(1). O

The four standard halves of the node model base are {s; =0, it > 0} and {s; =0, i <0}
(the b — a passage, along the legs over ab and dc) and {s2 = 0, i = 0} (the ¢ — b passage,
along bc and da). The corresponding standard halves in the tropical chart are the sets
qul({yl =0, a4 > 0}) and T;l({yg =0, a4 > 0}): the parts of F, UFUFY,, respectively
of F, U Fp UF; , near mp on one side of {a; = 0}. In Section 8 the discriminant of By is
moved so that its node at P is mp and its legs leave mp along {a; = 0} (Lemma 8.5), and
the transferred cycle is put in a normal form in which, near mp, it is an integral combination
of these four sets. The node piece below is the lift of one standard half.
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The surface € and the node piece. Consider the b — a passage. On its legs |upxi| = 1, and
there the curve {gp = 0} follows the branch {x = 0}. Write kp = |kp|e’® and let

Ty ={(z,y) 1y =€z, |2|* < |rp|}

be the Lefschetz thimble of zy — kp at its critical point for the straight path of values, a disc
bounded by the circle {zy = kp, || = |y|}. Let €p be the part of {gp = 0} over Np tending
to the branch {x = 0}: near the node point it is {zy = kp, |z| < |y|}, and outside the Morse
bidisc it is the curve {gp = 0} along the two legs of the passage. Put ¢ := ¢p U .7,. The
coordinate y identifies ¢ with C\ {,ul_gl/2} = C*, the omitted point being 2 = 0, and its two
ends run along the two legs.

Definition 7.21 (the node piece). Fix 6’ € (0,6s], and let 1 > 0 be a smooth function of
(x1, x2) with i < t7297 /4. Replace € by its part over the points (x1,x2) within 8’ of the
node point, still denoted €. Put

I = {pe W' NNp: (x1,x2)(p) €%, 0<ip) < ii(x1,x2)},

and define I, in the same way with —pi < /i < 0. For the ¢ — b passage replace the branch
{z =0} by {y = 0}, and parametrise € by x. Section 8 takes 6’ = 6, and a specific [i.

Lemma 7.22 (the node piece). (1) Over €p, Hq+ s the divisor piece W* N Dy N
{(x,x2) € 6p, 127 <}y ={Z" =0, (x1,x2) € €p, |Z]* < i(x1,x2)}, and II; is
W* N Dy over €p, with |Z')? < ji.

(2) The map (y, 1, 00) — p, with 9, = arg Z, is a homeomorphism from {(y,f1) : y €
€, 0<p<p(y)} xSt onto IS N {fi > 0} which restricts to diﬁeomorphism:s over
the two closed pieces €p and Ty of €; likewise for 11, with ¥, = —argZ’ and
fi € [~i,0). In both cases U is the angle of S}.

(3) Hqi is a topological four-manifold, piecewise smooth, whose boundary consists of the
outer part {{i = i1}, the ends over the two legs, and the three-sphere

Sq =11 ({0} x 7)) = {(z,9) € Ty, 12| = |Z|, 9pZZ" = kp — xy}.

Over {0} x €p the circles collapse without creating boundary.
(4) X, is isotopic in W* N Dp to the vanishing sphere X of Lemma 7.17.

Proof. (1) On €p we have gp = 0, so bZZ' = 0; with /i > 0 this forces Z’' = 0 and |Z|? = j.
Conversely every point of W* N D, over %p has i = |Z|*> > 0.

(2) By Lemma 7.19, for fi > 0 the fibre of 7 over (fi, X1, x2) is a free S}-orbit on which 7 +
0, containing exactly one point with arg Z = ¥, for each ¥,. The point of € with coordinate
y is (kp/y,y) over €p and (ei®y,y) over ,; these agree on the neck circle |y|? = |kp|, so
the map is continuous, and it is smooth on each closed piece but only continuous across the
neck. The inverse is continuous, and smooth over each piece, because ]Z | and ]Z’ | are smooth
functions of i and |ZZ'| = |gp| where |Z|2 > fi > 0. For ji < 0 the same holds with Z’ # 0
and ¥, = —arg Z', since S} acts on Z’ by e,

(3) Over €p, by (1), I is the bundle over €p of the closed discs |Z)? < j1, and the points
with /i = 0 are the centres of the discs, which are interior. Over the interior of .7 we have
gp #0,s0 Z, 7" # 0, and H;r is a circle bundle over {(y,p1) 1y € J5, 0 < 1 < fi(y)} whose
boundary over i = 0 is the circle bundle over .7, collapsing over 0.7, a three-sphere. The
two descriptions meet over 0.7, where % has a corner; this is the only failure of smoothness.
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(4) With z; := Z and z := ¥pZ’', holomorphic coordinates on Dp, we have f(O =
zy + 2122 — kp exactly, and Xy = {(z,y) € F4, 2122 = kp — xy, |21| = |22]}. On 7,
kp —xy = e(|kp| — |z|?), so |21]? = |kp| — |z|? and 2z = €'®Z;. Hence

Eq = El = {y = €i¢j7 22 = €i¢217 ‘1"2 + ’21‘2 - ‘HP‘}7

the standard vanishing sphere of xy + 2129 — kp for the straight path, which is g up to
isotopy in W* N Dp. O

The coordinate o identifies ¥ with an annulus in C*. Away from the Morse bidisc, the
fibre of T} over a point (s2, /i) of the standard half with 4 > 0 is the circle {|x2| = const}
of € times the Sl-orbit: the affine two-torus of [CBM14, Lemma 5.14], spanned by S} and
the rotation of xo. Over ép, H; is the set of points of W* N D, over €p with ]2]2 < i, and

11, the set of points of W* N D, with |Z’|2 < 1. Section 8 chooses [ so that, along the two
legs of the passage, the node piece agrees with the divisor pieces defined there by the same
inequality where the two overlap. Figure 3 shows the node piece schematically.

Orientations. The torus fibre over a point of an open facet int F)¥ of By is Ay ® U(1) with
Ay = nt N M (Proposition 4.11). The coefficients of a transferred cycle on By are flat
sections of the dual local system Ay (Section 4). For an oriented sheet Sy in the complement
of the discriminant, carrying a primitive covector v*, put Ag := kerv* C Ay; the torus
T(v*) := As®@U(1) is oriented by or(Ag) An = or(By) for any n with v*(n) > 0, and the lift
of Sy is oriented as Sy x T(v*). We identify base directions with fibre directions through the
complex structure: for a character y that is a coordinate, the base function log | x| corresponds
to the fibre angle arg x. In the node model the pairs are (s1,¢1), (s2,92) and (fi,94); the
last is oriented like the complex coordinate Z where Z’ = 0. Let ogh € {£1} be the sign of
the chart Tj of Lemma 7.20(4) relative to the orientation of By. It is also the sign of the
chart (s, 9, /) transported by Lemma 7.20(4): s1, so and log|Z| — log|Z’|, which has the
sign of [, are L times the coordinates of T up to O(1).

The node coefficients are those of Definition 2.6; the transfer to By leaves them unchanged
(Section 6). On By they are read off as follows: with the boundary coefficients oriented away
from g, the covector is cqp( -, b — a) on the leg over ab and ¢y (-, c — b) on the leg over bc, and

Pq = Cab — Che-

Definition 7.23 (orientation of d;). Orient the sphere X' of Lemma 7.22(4) by oS times
the orientation of its projection to C%x .,)» the round sphere |z|2 + |21|?> = |kp| oriented as

the boundary of the ball. Orient 3, ¥ and, through Lemma 7.17, §, accordingly.

The convention is formed from the labelling of P, the order of u,u’ and the vector w,; of
these it depends only on the diagonal {a,c} of P chosen by the labelling.

(i) The relabelling abed — adcb, which keeps the diagonal, exchanges y; and 9, hence

reverses ogh, and exchanges x and y; it leaves kp, 21, 2o and the set 3! unchanged.
On X! we have y = €%z, and (z, 21) + (e'*Z, 21) reverses the orientation of C? and
preserves the round ball, so the projections to (z,z1) and to (y, z1) induce opposite
orientations. The two sign changes cancel.

(ii) Exchanging the order of u,u’, with the old w, as the new w,, exchanges Z and

Z' and reverses g, hence ogh. It leaves f(© and X! unchanged, and the new z; is

Ipzy = Upe’®Zz; on X'; as in (i), the projection orientation is reversed, and the two

sign changes cancel.
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(iii) Replacing w, by w,+k, with k a lattice vector of the plane of G, changes oy by 2(-, k),
a linear combination of y; and y» up to a constant, so the chart changes by a linear
map of determinant one and ogh is unchanged. It multiplies z; by a holomorphic unit
and zy by its inverse; the differential of this change at the critical point is complex
linear in z1, and the tangent planes of the two thimbles there lie in the connected
family of maximal positive planes of the proof of Lemma 7.26, so the orientation is
unchanged.

Together with Lemma 7.26, which treats the relabelling abcd — beda, these determine the
effect of every relabelling of P, since the two relabellings generate the symmetry group of
the parallelogram. The convention does not depend on the passage: the two passages have
the same thimble .7, and the same sphere ¥,. Changing the chosen diagonal of P reverses it
(Lemma 7.26).

Lemma 7.24 (sign independence). Let a sheet near q be one of the four standard halves,
with either orientation, carrying the covector (- ,b— a) for the b — a passage or £(-,c—b)
for the ¢ — b passage, and let 11, be the corresponding node piece, oriented as the lift of the
sheet. Then the part of Oll, over J is pg X4, where py = %1 is the node coefficient of the
boundary of the sheet.

Proof. Reductions. Replacing the orientation of By by that of the chart multiplies both the
lift and 3, by ogh, SO We may assume ogh = 1; then ¥, = ¥! (Lemma 7.22(4)) carries the
orientation [S?] of its projection to (z,21). Reversing the orientation of the sheet reverses
its lift and its boundary, hence the sign of p,; changing the sign of the covector reverses
T(v*), hence the lift, and changes the sign of every coefficient on the boundary, hence of
pq- So both sides change sign together, and it suffices to treat, for each of the four halves,
the sheet with the frame written below and the covector +(-,b — a) = dsy, respectively
+{(-,c—b) =(-,d—a) = dss.

Orientation classes are written as ordered frames; (y) stands for the complex orientation
of the coordinate y. Since s +ips = log(upx2) is a holomorphic function of y, (s2, p2) = (y)
as orientations, and likewise (s1,¢1) = (x). On X! the projection to (z,21) is (y,0a) —
(€7, (|kp| — |y|*)'/?€"=) in the b — a passage and (x,9,) — (z, (|kp| — |z]?)/2€"?*) in the
c — b passage. The second map has degree +1 onto [S3]: at z = 0 its differential sends
(02, 0xy,09,,) t0 (O, Oy, |kp|20m 2, ), and (ORe ;> Ory» Oy Om 2, ) is & positive frame of C2
with the outward normal first. Since y — e®y reverses orientation, the first map has degree
—1. Over 7, the angle ¥, = —arg 7" used where i < 0 differs from arg2 by the phase of
ZZ', a function of y (resp. x) alone, so these degrees hold for both halves.

The b — a passage, half it > 0, frame (s2,1). With the outward normal —0j, first, the
boundary has the direction 0s,: it arrives at g along the leg over ab (where sy < 0), with
away-oriented coefficient ¢, = —1, and leaves along dc; so p, = —1. The kernel of ds; is
spanned by the directions of s9 and i, and (sg, fi, s1) is an even permutation of (si, s2, 1), so
T(v*) is oriented by (¢2,94) and the lift by (se, fi, p2, %) = —(y, i, Jo); by Lemma 7.22(2)
the coordinates (y, fi, Ja) cover IIF N{f > 0}. Since (=94,¥y,Ya) = —(¥, i1, ¥a), the boundary
at i = 0 is oriented by (y,,), that is, by —[S?] = p,Z,.

The b—a passage, half i1 <0, frame (s, f1). The outward normal is +0j, so the boundary
has the direction —0,, and p; = 4+1. The lift is —(y, fi,Ya) = —(94,y, ), so the boundary
is —(y, V) = [5%] = o4,

The ¢ — b passage, half i > 0, frame (s1,[1). The legs are over da (where s; < 0) and
bc; the boundary has the direction Js,, so it leaves along bc with ¢, = 1 and ¢ = 0, and
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pq = —1. Since (s1, f1, s2) is an odd permutation of (s1, s, i), T(v*) is oriented by —(¢1,94)
and the lift by —(s1, i1, v1,Ya) = (2, ft,¥4). With the outward normal —0; the boundary is
—(2,9) = -[$°] = Pg>q-

The ¢ — b passage, half [ <0, frame (s1,ft). Now p, = +1, the lift is (x, i,9,), and the
outward normal +0;, gives the boundary (z,9,) = [S?] = p,Zq. O

{zy + 2120 = kp}

i
p=p
-
2
IT; fibre T, 5. —— leg de
52
Cp: in Dy \ Cp: in Dy

Iyt boundary pg2,

(a) (b)

FI1GURE 3. The Morse chart at a node. (a) Schematic real picture of W* N
Dp = {zy + 2122 = kp}, two dimensions lower: in coordinates ( with zy +
z122 = Y, (2, the vanishing sphere X is the waist {¢ € /{}3/2R4 1>, =kp}
It transports to a sphere isotopic to J, (Lemma 7.17); the dashed lines are
the cone of the singular fibre kp = 0. (b) The node piece H;_ of the b — a
passage over the standard half {s; = 0, 4 > 0}, drawn in the coordinates
(s2,ft). Over the interior the fibre is a two-torus (the angle @3 of x2 and the
angle ¥, of SL). Over fi = 0 the circles S collapse along € (dashed), where
IT} lies in the divisor D,/ and has no boundary; over the thimble .7, (thick)
they do not, and the boundary there is the three-sphere ¥, which transports
to a sphere isotopic to d,, with multiplicity p, (Lemma 7.24).

Remark 7.25 (the sign of kp). The window allows both signs of np, hence of kp, and the proof
above covers every argument ¢ of kp. The convention of Definition 7.23 is also compatible
with moving kp around 0. In the family {zy + 2122 = &}, k = |k|e?, the sphere ¥!(k) is
carried along a path of k by the complex-linear maps (z, vy, 21, 22) — ei‘z’/2(a?, Y, 21, 22), which
preserve the orientation of the projection to (z,z1). A full turn of k acts on Hs of the fibre
by the Picard-Lefschetz transformation [Lam81], which fixes [0], because (d,0) = 0 for the
skew intersection form on H3 of a six-manifold. So the orientations of the J, for different
coefficient vectors in Ug agree under transport.

Lemma 7.26 (change of diagonal). Replace the labelling abed of P by beda, which chooses
the other diagonal, and keep the order of u,u’. Then ogh is unchanged, and the orientation
of 04 given by Definition 7.23 is reversed. Since circgy, the coordinate A\, of K and p, change
sign as well, pq 04 and the classes Zq Al0q), A € K, do not depend on the choice of diagonals.

The proof is in Appendix D.
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8. THE LIFT OF RELATIVE TROPICAL 2-CYCLES

This section proves Theorem D. Fix an admissible A with a profile o satisfying (Proj), the
configuration of Section 7.1, a triangulation & of B = B/ in which T is full, and a relative
tropical 2-cycle z € Z(R). We construct an integral 4-chain on the localized mirror W* of
Definition 7.10 whose boundary is a pq(2) X4, where ¥y C W* is a three-sphere isotopic to
the vanishing sphere, and carry it to Y; by the isotopy of Proposition 7.12. The construction
has four steps.

(1)

(4)

The

Transfer and normal form (Section 8.1). The cycle z is carried to the mirror base
By by the label-preserving cellular homeomorphism of Section 6, and the discrimi-
nant of By is moved onto the positions over which W* has exact local models (the
model complex). Near the discriminant the transferred cycle is then replaced, without
changing its boundary network, by a sum of finitely many fixed surfaces with integer
coefficients: the model germs at the vertices of the discriminant and along its arcs,
taken with the multiplicities read off from the boundary network, and one transverse
disc on each arc, with an arbitrary monodromy-invariant coefficient. What is left lies
at positive distance from the discriminant. This is the normal form of Lemma 5.11,
applied on By, and it is the only place where z enters: near the discriminant only its
boundary network and the coefficients of the transverse discs remain.

Pieces (Sections 8.2-8.4). Each model germ and each transverse disc has an explicit
liftt near the discriminant, a four-dimensional piece of W*, made of subsets of toric
divisors, of the conifold smoothing at a node, and of torus orbits through the positive
real locus. At a node the pieces of the two passages contain the same sphere 3, and
Lemma 7.24 computes their boundary there.

The regular part (Sections 8.5 and 8.6). The rest of the normalised chain is lifted over
an abstract 2-complex .: the disjoint union of its summands (the germs, the discs,
the remainder), glued only along the curves where their boundaries cancel. Over
& the lift is a bundle of two-tori with integer multiplicities, completed by 3-chains
in the fibres over the edges where several summands meet. Summands that meet
transversally in By are not identified in .; their lifts are separate chains, which add
in W*. The map to W* is built cell by cell in regions of W* that are aspherical, with
fundamental group the local lattice of the base.

The fibre class (Proposition 8.26). The boundary of the resulting chain is Zq Pq2q
plus closed 3-cycles in fibres over finitely many points. Each is a multiple of the class
of a fibre three-torus, and pairing with the positive real locus of W*, which meets a
fibre torus once and misses every >,, shows that the multiples sum to zero.
construction follows the local lifts, torus bundles and edge fillings of Castano-Bernard

and Matessi [CBM14, §7]. Here the exact local equations occur at prescribed positions, and

relativi

e cycles may have arbitrary multiplicities and invariant crossing coefficients. Moving

the discriminant and putting the cycle in normal form address the first issue; Proposition 8.26
removes the residual fibre boundary in the second. The principal objects used below are as

follows.
term meaning
model complex the base cell complex after the discriminant has been moved to
the positions of the exact local equations
model vertex a positive-type vertex of By, the image of a negative-type vertex

of B/,
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turning point a negative-type vertex of By, the image of a positive-type vertex
of B.,

model germ one of the fixed local surfaces, with its coefficient, used in the
normal form near the discriminant

summand a connected part with constant total coefficient, with the tripod
convention of Definition 8.12

junction a curve along which boundaries of adjacent summands cancel;
transverse intersections are not junctions

piece and collar a local lift near the discriminant and its connection to the lift of
the regular part

region an open subset of the localized mirror homotopy equivalent to the

torus of the local lattice

For strict cycles, the local models have multiplicity 0 or =£1. Under the position conditions
of Remark 8.29, their correspondence with [CBM14] is given by the following table.

part of the lift constructed in counterpart in [CBM14]

over the sheets: torus bundle Section 8.6 [CBM14, §7, (46)]

over interior edges Section 8.6 [CBM14, §7.7, Step 2]

node piece Lemmas 7.22, 8.15 [CBM14, Lemma 5.14]

pieces at the model vertices Lemma 8.14(2) [CBM14, §7.5; §7.7, Steps 2-3]
pieces at turning points Lemma 8.14(3) [CBM14, Lemma 7.6]

pieces at crossings Lemma 8.16(2) [CBM14, §7.7, Step 6]
interior vertices Proposition 8.26 replaces [CBM14, §7.7, Step 5]

Throughout the section c is a real coefficient vector with ¢g > 0 > ¢, for n # 0, in the
window of Definition 7.3, with » < r; and 79 < r2/20, and t < to(r, 1m0, %0); these are the
members of Theorem A (Section 7.1). We use the notation of Section 7: L = log(1/t),
the valuations val,,, the deficits, the weights ,,, the cut-off constants 6y, ...,03 and D, the
constants em.x and cpy, the node data of Definition 7.6, and the identification of By with
the union of the bounded cells of the tropical hypersurface Trop C Mg. The lattices Ay, AM
are lattices of integral tangent vectors of By, contained in M; relative cycles on By have
coeflicients in the dual local system, the covectors, whose values on int F)' are the classes in
N/Zn of the elements of N.

8.1. Moving the discriminant to the local models; a normal form for the trans-
ferred cycle. We first move the discriminant to the positions of the exact local models and
transfer the cycle to the mirror base. The normal-form lemma then separates its boundary
germs, transverse discs and a remainder disjoint from the discriminant.

The faces E. and the model positions. The local models of W* sit over definite points of By:
the Morse chart over the midpoint of the edge Jp of Lemma 7.7, the models at the vertices
of positive type over the segments J°, of Lemma 7.18(3), and the leg models over the interior
polygons 2. of Definition 7.9. In general the discriminant I'y does not pass through these
positions (Remark 8.6). We move it there by a homeomorphism of By that preserves the
complex of dual cell pairs of Proposition 4.7; Section 6 uses only the combinatorics of the
cells of that complex, not their positions inside the faces of By.

We use the faces F,, the interior polygons €2, and the turning points of Definition 7.9 and
the paragraph after it.

For every edge [u,u] of T in the dual edge G° of a two-face G, or in a two-face EV of
A° dual to an edge E of A, we take the vector w, € N of Section 7.1, with (u,w,) =1
and (u/,w,) = 0, put w, = —ng — w, for a lattice point ng of the face [u, ']V of A, and
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write au, = (-, w, — wy); at a node these are the vectors of (7.2), with ng = a. At the
tropical position of a point of the torus, Lo, = log|Z|—log|Z'| for the characters Z = y"»,
Z' = x"™v', which are the Cox coordinates of u and «’ times units on the chart U, . Since
(W —u, wy —w,) = —2, on every polygon E, with e C [u, ]V the level lines of cv,, are parallel
lines transverse to u’ — u, and the edges J,, of E, for the two-cells w D e with w" > u, v are
parallel to v/ — u.

Definition 8.1 (model positions). (1) The model node of a node parallelogram P is the
midpoint mp of Jp. For a unimodular triangle w of F¢ in a two-face G, let uy, . .., ug
be the lattice points of G° in order, and let qu C J, be the segment of Lemma 7.18(3),
which contains the points p,, + s(ur — ug) with s — smia| < 1/(4emax). The model
vertices of w are points my, 1,..., My i of JZ at mutual distances at least 463, in the
order in which the zero-cells Cy ([u;—1, u;],w) lie on J,,. They exist, since that segment
has length at least k cpr/(2€max) > 4(k — 1)03.

(2) Let e be an edge of F¢ in the two-skeleton with dime” > 1, w D e a two-cell of a
two-face GG, and m a model node or vertex of w, with edge [u,u'] of T. A leaf path
from m is a path in E, made of two segments [m,m’| and [m/, p.], where [m,m/'] lies
on the level line of ay,, through m and has positive length at most 63, and p. € Q..
Since 03 < 602/4, it is a path of Lemma 7.18(1"). Let 64 € (0,602/2] be a constant,
depending only on the configuration and the leaf paths, such that at every model
node and vertex the points of the leaf paths whose torus coordinates are within 26,
of those of m lie on the first segments.

(3) A model arc system of e is a family of piecewise linear arcs in E,, each meeting every
line parallel to the direction u’ — u of its edge [u,u'] of T at most once, as follows. If
e lies in the interior of a two-face G with k edges of 7 in G°, it consists of k disjoint
arcs; the i-th joins the i-th model points on the two edges J,, of E., where w4 are
the two two-cells of G containing e, and consists of a leaf path from each of them and
an arc in €. If e lies on an edge F of A, it is a plane graph properly embedded in Fk,
isomorphic, as a plane graph with its leaves on 0F,. in their cyclic order, to I'y N Ek,
the graph dual to the triangulation of EY by T together with one leaf for each edge
of T on OEY (Proposition 4.10(2)); its leaves are the model points on the edges J,
of E., its leaf edges begin with leaf paths, and its interior vertices and the remaining
parts of its edges lie in €2, each edge dual to [u;,u;] being transverse to u; — u;.

In (3) the graph is a tree exactly when EV has no lattice point in its interior; this fails on
each of the examples X9, X719 and Xy of Section 11. When e lies in the interior of a two-face
and both two-cells w4 are node parallelograms, the arc joins two model nodes. This occurs at
a pentagon (the edge from the centre shared by its two parallelograms) and at a hexagon on
the Ay branch, where the three rhombi share pairwise the edges [0, wj,], [0, wj,+2], [0, Wjy+4]
and the three arcs between their model nodes form a cycle of '™ without vertices of valency
three. Nothing below distinguishes these arcs from others.

Model arc systems. We construct model arc systems as homothetic copies of I'y N E, joined
to the model points by leaf paths. The arcs, vertices and leaves of I'y N E, itself, in their
actual positions, are called original. Fix e as in Definition 8.1(3). In the picture of Trop the
face B, is —(e¥ + V'), where eV + V' is the face F* of 9V and V¥’ is a polygon parallel
to eV. By Lemma 4.3(2) for By, the cells of 2y in E, are the sets —(Fy () + F2(¢)), ¢ € Ng,
where Fy(¢) is the cell of 7 in e¥ on which a +— (a, ) + h(a) is minimal and F»(() is the face
of VI " on which ¢ is minimal; F1(¢) is the lower support of the cell, and only the class of ¢
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modulo Rn + Rn/ matters. For a cell ¢ we write b, for the average of its vertices, the vertex
of the barycentric subdivision.

Lemma 8.2 (original arcs). Let 7 = [u;, u;j] be an edge of T in e”, and let y € Ny satisfy
(uj —us,y) =0 and y ¢ Rn+ Rn'. Then the closure of the arc Cy (T, €) is a polygonal arc
along which (-,y) is strictly monotone. In particular it meets every line parallel to uj — u;
at most once.

The proof is in Appendix E.

The construction. Fix o, € Q. and t. € (0,1/2] with ¢.(E.) C . for the homothety
t.(p) := 0c + te(p — 0.). For an edge J of E. let y; be the affine function on the plane of
E. with y;y =0 on J and ys(0.) = 1, so that y; > 0 on E, and yjot. =1 —t. + tyy. Let
Sy i={oe+t(b—o0):beriJ, t> 0}, an open convex sector; the sectors of distinct edges
are disjoint. A model point m on J = J,, with edge [u,u'] of T, lies in riJ C Sy, and the
level line of av,s through m is transverse to J. Choose n; € (0,1/4] so small that for every
model point m on J the point m’ of that level line with y;(m') = n; satisfies |m’ —m| < 63
and m’ € S;. The leaf path of m in E. is [m,m'] U [m/, t.(m)], where m is the original leaf
Cy ([u,u'],w) corresponding to m (the i-th model point to the i-th original leaf). It is a leaf
path in the sense of Definition 8.1(2), since €.(m) € Q.

Lemma 8.3 (leaf paths). The segments of the leaf paths in E. are pairwise disjoint, except
that the two segments of one path share the point m’. Fach leaf path meets OE, only at its
model point, and t.(E.) only at its end €.(m).

The proof is in Appendix E.

Lemma 8.4 (model arc systems). For every triangle sa of T in e" let ¢s, be the polygon
of the proof of Lemma 8.2, let ¢ run over the three edges of ¢s, at which the closed arcs

Cy(r,e), T C s, end with the segments [be, b, |, and let vs, be the centroid of the triangle
with vertices the three points b.. Let T, be T'y N E. with each segment [bc,bcm] replaced by

[be,vs, |, and 9. the union of €.(I',) and of the leaf paths in E.. Then 9. is a model arc
system of e, and the correspondence which maps Cy (sa,e) to t.(vs,) and each original leaf
to its model point is an isomorphism of plane graphs from I'y N B onto 9., preserving the
rotation at every vertex and the cyclic order of the leaves on OE, (the points t.(m) being
points of degree two). At every interior vertex €.(vs, ) the three angles between consecutive
edges are less than 7.

The proof is in Appendix E.

The model complex.

Lemma 8.5 (the model complex). Fix model positions and model arc systems. There are a
reqular cell decomposition {CM (p)}pepp of By with face poset (DP, <) and a piecewise linear
homeomorphism YM of By such that:
(1) T™(Cy(p)) = CM(p) for every dual cell pair p; YM maps every face F* of By onto
itself, and it is isotopic to the identity through homeomorphisms with this property;
(2) the zero-cells CM([u,u],w), w a two-cell of a two-face, are the model nodes and
model vertices, the zero-cells C'M(T7 e), T a triangle of T, are the interior vertices of
the model arc systems, and the arcs CM ([u,u'],e) are the arcs and edges of the model
arc systems;
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(3) the local system AM := YM Ay is the constant lattice n- "M on int F¥ and M/Zu on
RM .=, CM(u,w), glued on RM Mint ¥ = CM(u,n) by the projection n* N M —
M/Zu, as Ay is (Proposition 4.11).

The proof is in Appendix E.

We write I'M := YM(Ty) for the model discriminant; its vertices are the model nodes,
the model vertices and the turning points C (1,e), and we call them the I'M _yertices. The
model vertices are of positive type and the turning points of negative type on By (Proposi-
tion 4.10(3)).

Remark 8.6 (the original positions). The node Cy ([u, '], P) of I'y is the barycentre of the
cell of Py on Jp with lower support [u,u']. If h(u) # h(u') this cell is a segment of length
one at an end of Jp, and the node lies at distance (gp — 1)/2 from mp, where the Morse
chart of W* sits. This is why the model complex is needed.

Charts at the model discriminant. At a model node mp we use the tropical chart T, =
(y1,Y2, og) of Lemma 7.20(4), with oy = ayy — e (mp). Along the model arcs we use the
following charts.

Lemma 8.7 (tropical charts along the model arcs). (1) Let w be a two-cell of a two-face
G, [u,u'] an edge of T in G° and m its model point on J,. Near m, CM(u,w) and
CM (!, w) are the parts of J,, on which oy, is smaller, respectively larger, than at
m.

(2) Let A be an arc of the model arc system of e = [n,n’], with edge [u,u'] of T, and let
ny € N complete n' —n to a basis of the lattice {x € N : (u,x) = (v, x) = 0}. Then
(Wy, Wy, W' —n,ny) is a basis of N, and the level lines of y := (-, ny) in E. are parallel
to u' —u, so A is the graph of a piecewise linear function & over an interval of values
of y: auy = a@(y) on A. Put ye := val,y — val,, ae := ayw —a(y) and Te := (Ye, Qe, Y).-
Near the part of A in the interior of E., T is a piecewise linear homeomorphism onto
an open subset of R3, mapping int F¥, E. and int F*, into {y < 0}, {y. = 0} and
{ye > 0}, A onto a segment of the y-axis, and the cells CM(u,e), CM(u',e) near A
into {ye =0, ae <0} and {ye =0, a. > 0}.

The proof is in Appendix E.

So at every model node and model vertex the side au/ > s (m) is the side of o/, the side
of the tentacles of the divisor D,s. The model nodes are the midpoints of pairwise distinct
edges Jp of By; this includes the two nodes of a pentagon and the three nodes of an As
hexagon, which share the edge [u,u/] of T. We take the g, of Lemma 7.20(4) so small that
the cubes Tq_l([—gq, 04]?) are pairwise disjoint and disjoint from fixed neighbourhoods of the
other I'M_vertices.

Lemma 8.8 (model cells near the model discriminant). There is rg € (0,64/4], depending
only on the configuration, the model positions and YM | such that:

(1) at each model node mp, Tq_l({yl =0, o >0} N Tq_l([—rs,rs]S) is the intersection
with that cube of the closure of CM(u',ab)UCM (u/, PYUCM (W, cd), and it is bounded
on TM by the model arcs of the legs over ab and dc; likewise {ys = 0, ag > 0} with
be and da, and {og < 0} with u in place of v';

(2) near each model vertex m = my,;, w = [ng, Ny, N}, with edge [u,u'] = [ui—1,u;] of
T and edges e, ea,e3 of w, the closure of CM(u/,w) U, CM (v, ex) is the union of
three closed sectors, one in each E.,_, meeting along the half-edge CM (!, w) of Jo,
the k-th bounded by that half-edge and the model arc CM ([u,u], ex); likewise with w;
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(3) mear each turning point CM(r.e), T = [u1,u2,u3], the closure of CM(u;,e) is the
sector of E. between the model arcs of [u;, u;j] and [u;,ug], of angle less than =;

(4) near each model arc A in the interior of E,, in the chart T., the closures of CM (/) e)
and CM (u,e) are {y. =0, ae >0} and {y. =0, a. < 0}.

The proof is in Appendix E.

The transferred cycle. We apply Definition 6.8 with T = YM: h = YM o Lo go: B, — By,
ky: A — H*(AM)Y] the coefficient groups F*(s) and D*(E) = Zd*, d* = (-,n’ — n) on the
arc A of ([u,u'],[n,n']). For z € Z(R) the transferred cycle is

ZM = bz € Z(h(ﬁl);F*vp*)v

a relative cycle on the triangulation h(£) of By, in which '™ is full. By Proposition 6.10
its boundary network b := 92M has the integers of 9z, and p*(zM) = p(2); we write p for
p* and Bal(T'™) for the group of balanced networks on I'™ | the 1-cycles of C\(T'M;D*). By
Proposition 6.9(2),(3) the stalks Inv* are: on an arc, {v : v(v'—u) = 0}, of rank two, with basis
d’ and g% := (-,ny) (Lemma 8.16); at a model node, the same group, with basis (-,b— a),
(-,c—b); at a model vertex, of positive type, a group of rank two containing the covectors
d* of its three arcs; at a turning point C* (7, e), of negative type, Zd}, d := (-,n’ —n) for
e = [n,n’], the common covector of its three arcs up to sign.

Lemmas 5.9 and 5.11 hold on By, for '™ and the coefficients F'*, D*, on every triangulation
in which I'M is full: their proofs use only a triangulated three-manifold, a full graph and the
flat sections of a local system (Remark 5.13). Equivalently, for a triangulation & of By
refining H(£;) the map h~! is linear on the simplices of &%, and Lemma 6.1 applied to
(h~1, /4;;1) identifies the chain complexes, coefficient systems and stalks on &* with those on

the triangulation h~1(&*) of B., in which T is full.

Lemma 8.9 (balanced leg data on By). At a I'M-vertex p let Bal,, be the lattice of balanced
leg data: the vectors (ca) of coefficients on the arcs A at p, oriented away from p, with
Yoacady =0 inInv*(p). Then: at a model vertex, with the d¥ oriented so that dj +ds+d5 =
0, Bal, = 7Z(1,1,1); at a turning point, with the d* oriented equal, Bal, = {ci2+ci13+c23 = 0};
at a model node, with d, = d, = (-,b—a) and dj, = dj, = (-,c—b), Bal, = {csp =
—Cde, Che = —Cda}- A balanced network restricts at p to an element of Bal,.

Proof. At a model vertex the three d* are +(-,ej) for the three edges e; of a unimodular
triangle, which span a lattice of rank two and satisfy one relation; at a turning point they are
equal up to sign; at a node (-,b —a) and (-,c — b) are independent. The last statement is
the balance of a balanced network at p, a relation in F*(p) = Inv*(p). This is Lemma 5.10,
transported by h and ry, with the vertex types exchanged. ]

Model germs. All germs below are fixed once, after the configuration, the model positions
and Y™, and before z and t. They lie in Ny, the ro-neighbourhood of IT'M | where ry < rg/4
is so small that Ny lies in the union of the cubes Tq_l([—rs, r5]?), the neighbourhoods of the
model vertices and turning points of Lemma 8.8(2),(3), and the domains of the charts T¢.
Each germ is a piecewise linear surface with boundary on I'™ and, off ™, on the curves
where it is truncated, carrying a coefficient that is a flat section of (AM)Y over it. The
away-oriented leg data of a germ at a I'M-vertex p are the coefficients ¢4 of its boundary
>4 cady[A] on the arcs A at p, each oriented away from p.

(M1) Node halves. At a model node mp the four standard halves are T; ' ({y1 = 0, +aq >
0}) (the b — a passage, along the legs over ab and dc) and Tq_l({?JQ =0, oy > 0})
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(the ¢ — b passage, along bc and da). We use the side oy > 0. The unit germ gqp is
the b — a half with the orientation of the frame (y2, ) and the covector —(-,b — a);
the unit germ gy is the ¢ — b half with the orientation of the frame (y1, o) and the
covector +(-,c—b). The boundary of g, runs from the leg over ab to the leg over
dc, and that of gp. from the leg over da to the leg over be; so their away-oriented leg
data are (cqp,cpe) = (1,0) and (0,1), and py(gap) = 1, pg(gec) = —1. Both covectors
lie in Inv*(mp).

(M2) Tripods. At a model vertex m = my,; the unit germ is the union of the three sectors
of Lemma 8.8(2) on the side of u/. Orient the edges e of w cyclically, so that
e1 + ex + ez = 0, orient the sector in E,, so that its boundary leaves m along its
model arc (and hence arrives at m along the half-edge C(u’,w)), and give it the
covector (-, eg), which is d% for its arc. The three sectors induce the same orientation
on the half-edge, their covectors sum to zero there, and the away-oriented leg data
are (1,1,1).

(M3) Turning germs. At a turning point CM(r,e), 7 = [u,us,us), e = [n,7n/], let A;j
be the arc of [u;,u;] and C(u;) the sector of Lemma 8.8(3) between A;; and Ajy.
Fix an orientation o, of E.. With every sector oriented by o. and carrying d, the
leg data (ci2,c13,c23) of the three sectors sum to zero, and each sector has data
+1 on its two arcs and 0 on the third. We label 7 so that C(u;) = (1,-1,0),
C(uz2) = (-1,0,1), C(uz) = (0,1,—1). The turning germs are Turn(u;) = C(u1)
and Turn(us) := C(uz) with orientation o, and Turn(usz) := C(ug) with orientation
—0e, all with covector d}; their leg data are (1,—1,0), (1,0,—1), (0,1, —1). The chain
Turn(u; ) — Turn(ug) + Turn(us), the full disc of E, about the vertex with orientation
0e, has zero leg data.

(M4) Ezit sheets and reference sheets. Orient each arc A from one end pg to the other end
p1 and fix, in the part of A in €2, five points in this order: yjm, y%, IA, y}éx, Y1
and take rg at most a quarter of their mutual distances, of their distances from A\ Q.
and of their distances from the ends pg,p1 of A, so that the stretches of length at
most ro about y; , below lie in Q¢ and away from the balls Bgo, Bgl of Section 8.5,
whose radius is at most rg. A unit germ at an end p of A that uses A continues along
A as its exit sheet: in the chart T, the half-plane {y. = 0, a. > 0} (the closure of
CM(u' e)) or {ye =0, ae <0} (that of C(u,e)), according to its side at p, from p
to yg if p = pg and to y114 if p = p1. The reference side of every arc is a, > 0. Fix a
convex polygon P C R?, symmetric about 0, with gauge op. An exit sheet on the side
o < 0 is rotated to the reference side at yj"p: in the chart it is the half-plane o, < 0
up to y} ,, the normal half-disc {y = Yy Ye =0, 0P (Ye, @e) < 1o} there, and the
half-plane a, > 0 after it. All half-planes are truncated at gp < rg. The reference
sheet of A with coefficient cad’ is the half-plane o, > 0 over [y%,y}éx], oriented so
that its boundary on A runs in the direction of A.

(M5) Transverse discs. At ra, the normal disc M4 := {y = y(ra), > + a? < 12} in the
chart T,, cooriented by A: (orientation of 94, direction of A) is the orientation of
By.

At an end p of A the exit sheets on a given side come from one germ type: at a turning
point the side u; of the arc of [u;, u;] belongs to Turn(u;), and at a model node or vertex each
leg is used by one germ type, on the side . An arc joining two model nodes receives one exit
sheet from each end, cut at y% and yY. The rotation through the half-plane y. > 0 rather
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than through y. < 0 is a convention; the other choice changes the chain by a transverse disc
with coefficient in Zd%.

By Lemma 8.9 the unit germs at p form a Z-basis of Bal,: g5, gpe at a model node, the
tripod at a model vertex, Turn(ui), Turn(ug) at a turning point. For b € Bal(I'™) write
b, = Zg mg(b) Bg at every I'M-vertex p, with integers m,(b) (g running over the unit germs
of the basis at p).

Definition 8.10 (the chain of germs). For b € Bal(T'M) the chain of germs Std™ (b) is the
sum over all '™ -vertices p of > g mg(b) g, each unit germ with its exit sheets, cut transversally

at y?4 or y}4, plus, on every arc A, the reference sheet with covector cad’ between y% and
yY, where cad*[A] is the part of b on A.

Along A the exit sheets arriving from each end carry, on the reference side, covectors
summing to cad?¥ with the orientation of the reference sheet, by the balance of b along the
arc; so the transverse cut segments cancel. The rest of the boundary of Std™ (b) off TM lies
where the germs are truncated (at op = 7 along the arcs, and on their outer frontier near
the TM -vertices); this set ©y,, where the germs are cut off, is compact and disjoint from M,
So StdM (b) is a relative cycle of (Ny, Oy UTM) with boundary network b. It is linear in b.

Where sheets of Std™ (b) coincide as sets, namely sheets on the reference side of one arc,
their coefficients add.

The normal form on By. Let zM = b,z and b = 9. Choose a triangulation £ of
By refining h(£;), in which '™, the germs (M1)-(M5) and their junction segments are
subcomplexes, and which is so fine near T'™ that the simplicial neighbourhoods below lie in
the interior of Ny and are disjoint from the set ©. where the germs are cut off. Let K2 be
a derived subdivision of &9, in which T'™ is full and the germs are subcomplexes; choose its
derived points off the points r4, so that p4 lies in the interior of an edge E4 of R in A; and
let &) be a derived subdivision of K2 whose new vertex on Ey4 is ra. Put U := N(FM,R’Q),
the union of the closed simplices meeting T'™. Then sd 2™ lies on &, and Std™ wMnU
is a relative cycle of (U,0U UTM) on &), with boundary network b*: its coefficients lie in
the stalks, since near a I'M-vertex only the germs of that vertex occur and along an arc only
covectors in Inv*(A); and an edge of U not in OU meets T'M | so that all 2-simplices at it lie in
U and intersecting with U creates boundary only on U, while the set ©. where the germs
are cut off lies outside U. By Lemma 5.11, with the edge F 4 chosen in each arc A,

(8.1) sd 2™ — 0w =Std” VM) N U+ waD(Ea)+y,  va€lnv(4),
A

with w a 3-chain in U, vaD(E,) the transverse disc at E4 in & (Definition 5.8), centred at
ta, and y supported in By \ int U. Of Lemma 5.9 only the surjectivity in part (1) enters,
applied to the chain sd zM |y — Std™ (b™) N U, which has zero boundary on IT'M.

We then make two local modifications. Each replaces a chain C by a chain C’ with the
same boundary on I'M and adds a chain R supported off I'M with OR = 0C — 9C’ off T'M;
it preserves the boundary network.

o Straightening the transverse discs. Let N, (ra) be a piecewise linear regular neigh-
bourhood of 4 of diameter at most €4, for instance a closed star in a derived sub-
division in which D(E4) and I'™ are subcomplexes. By regular-neighbourhood the-
ory [RS72, Ch. 3] the triple (N.,, N., N D(E4), N., N TM) is unknotted (a ball,
a proper disc and a proper arc meeting it once transversally), so 9N, minus the
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two points of T'™ is an open annulus in which ON., N D(E4) is essential. Let

‘ﬁi“ be the normal disc of (M5) of radius €’y < rg, so small that its solid cylin-
der T, ({y2 + a2 < &%, ly—y(ra)] <€4}) lies in int N ,. Replace va(D(E4) N N,)

/

by v plus v4 times an embedded annulus in N, \ ('™ U cylinder) between the
two essential circles; v4 extends over it because it lies in a punctured neighbourhood
of an arc point.

e Smoothing the rotations. On a stretch ay, > yjl,p of length at most ry replace every
rotated exit sheet by the union of the rays {(pcos©(y), 0sinO(y),y) : ¢ > 0} in
the coordinates (e, ., y), truncated at op < gp, with © smooth and monotone,
© = —m/2 near the start and © = 7/2 near the end of the stretch, passing through
© = 0; add the strip on the polygonal cylinder {op = 0o} over the stretch between
the two outer curves, closed up at its ends.

The sizes €4 and g are chosen so that the neighbourhoods N.,(r4) and the solid cylinders
{op < po} over the stretches lie in int U, and each meets no summand other than the sheets
along its own arc.

Lemma 8.11 (normal form of the transferred cycle). The result is a relative cycle

(8.2) A =5tdMOM) + ) vaMa+4h va € Invi(A),
A

with boundary network b¥M and p(2%) = p(z), where Std™ (b™) now has smooth rotations and

is truncated at OU, Ny is M ;" continued by the annulus and by D(E4) outside N¢,(xa), and
y? is y plus the strips of the smoothing. Let ry > 0 be the distance, in a fived metric on By,
from TM to the union of supp y? and of the parts of the transverse discs outside the normal
discs ‘ﬁi{‘. Within distance ry of TM, 2% is evactly Sta™ (M) + 3" , UAWZA : germs in the
positions of Lemma 8.8 and normal discs at the points r4.

Proof. The two modifications preserve the boundary network. The strips of the smoothing
lie at distance at least go/Cp from I'M | Cp the equivalence constant of gp and the Euclidean
norm; the annuli lie in compact subsets of IV, , \FM ; y lies off int U; and the transverse discs
meet I'M only at their centres. So 7y > 0, with ry < min(y, 00/Cp). O

The homology class of z plays no role: what follows needs only a relative cycle with the
boundary network of 2z, and Lemma 8.11 provides one of the required shape.

The surfaces near T'™. Near '™ the normal form (8.2) is a finite sum of surfaces with
integer coefficients:

(S1) for each I'™-vertex p and each unit germ g at p, the surface of g (its component at p
in Ny together with its exit sheets, rotated and smoothed where required, up to y%
or yY), with coefficient m,(b™) times the covector of g;

(S2) the reference sheets, with coefficients cad%;

(S3) the transverse discs vA94.

Surfaces of this list coincide as sets only for sheets on the reference side of one arc; there we
add their coeflicients.

Definition 8.12 (summands and junctions). First add the coefficients of coincident sheets
in (S1)—(S3). Except at a tripod, a summand is a maximal connected part of one surface, or
of coincident sheets, on which the total coefficient is constant. At a tripod, its three sectors
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and their exit strips form one summand. The half-edge C™ (u/,w) is its interior branching
curve, and the three coefficients m( -, e;) balance with the orientations of (M2).

Two summands are adjacent along a junction segment if they meet along a curve across
which the total coefficient on one side of the arc changes. The half-edge of a tripod is excluded
from this definition.

The following observations locate the junction segments. Where a germ continues as its
own exit strip, including at the start of a rotation, the coefficient is the same on both sides, so
the transverse segment is interior to one summand; thus the part of a unit germ at its vertex
and its exit strips belong to one summand up to the first place where another sheet joins
them. Junction segments occur only where a rotated exit strip reaches a reference side that
already carries a strip: inside the polygonal cylinder at the far end of the stretch, and outside
it where the piecewise linear normal half-disc of the rotation at yjﬁl?p meets the reference-side
strip. Where a rotated strip reaches an empty reference side, it continues there; where the exit
strips on the reference side meet the reference sheet, at y% and y}4, they already total cad’
with the orientation of the reference sheet, by the balance of ¥ along A. In both cases the
total coefficient does not change and the curve is interior to one summand. Along a junction
segment every adjacent coefficient is a multiple of d’, and the multiples sum to zero with the
orientation signs, because 27 is a relative cycle with boundary only on T'™ . Inside the stretch,
after y}, ,, the reference-side sheet carries one coefficient inside the cylinder {op < 00}, where
the smoothed strip is still rotating, and another outside it, where the piecewise linear rotated
sheet has already arrived; they meet the correction strip of the smoothing along the seam
{op = 00}, at distance at least go/Cp > 1y from M,

Summands may also meet transversally: a transverse disc and a sheet, the two node halves
along CM (v, P), and exit sheets of different germs meeting only on I'™. Such meetings are
not junctions, and the summands are lifted separately (Section 8.6).

8.2. Local lifts along the discriminant and at its three-valent vertices. We lift the
boundary germs in the binomial and pair-of-pants models of the localized hypersurface. The
positive real section fixes compatible base points for the torus orbits, and Lemma 7.18 places
these orbits in regions where the equations are exact.

The positive section.

Lemma 8.13 (the positive locus). For t small and every real ¢ with the sign pattern:

(1) the positive real locus X+ := Y; N (Rs0)* is a smooth strictly convex three-sphere in
the torus (compare [AGIS20, §3.1]);

(2) for s € [0,1] the positive locus XF of W is a smooth closed three-manifold, the ¥F
form a smooth family, and Log(3)/L is a star-shaped sphere within O(1/L) of By .
Radial projection therefore defines a section sV : By — E;’V = 23 c W+,

Proof. (1) On the positive part of the torus, Fy/(ypz") = 1 — > n#0 v /v0]el™ with w =
Logx. The sum is strictly convex in w, because the n # 0 span Ng, and proper, because 0 is
interior to their convex hull; its value at w = 0 is O(tFo+tminic) < 1. So {3” = 1} is a smooth
strictly convex sphere.

(2) Complex conjugation preserves F (5), since the coefficients are real and the weights
depend only on moduli; so at a real point dF(®) maps real tangent vectors to R and imaginary
ones to iR, and real rank two (Lemma 7.11(1)) forces dF(®)|ga # 0. Hence ¥} is a regular
level set, and the family is smooth. It does not meet the toric boundary: on the nonnegative
part of a divisor the origin monomial vanishes and the others are nonpositive, the maximal



MIRROR SYMMETRY FOR CONIFOLD RELATIONS 103

one having weight one. Along a ray w = Awy, at a zero of F(®) the origin monomial lies
between m and |A|m, m the largest monomial; so the deficit of the origin is O(1/L), w/L
lies within O(1/L) of By, and |w| = O(L). A monomial n # 0 of positive weight has
dp < dp < 601/2 <1/2, 50 |ypx"| > t'/?m, that is (w,n) > L(H(n) — H—-0@1)>L-0(1),
since H(n) > 1 by (7.3). The function Z(X) :=3_, Y|y /70le™ equals 1 at a crossing;
with the weights held constant its derivative with respect to log A is at least L/2 — O(1)
there, and the derivatives of the weights are O(1) (Lemma D.1(2)) and multiply monomials
in transition, of total size O(tel/ 4) relative to the origin. So each ray crosses Zar exactly once,
transversally. O

For a primitive covector v in the stalk of (AM)Y at a point of By \I'™, the quotient of the
fibre torus AM ® U(1) by T(v) := kerv ® U(1) is the circle of the character x? for any lift
v € N of v, and its phase is 0 on EIJ,FV. So the union of the T(v)-orbits through the points of
5" over a surface with coefficient v is contained in {argx® = 0}.

Where the localized mirror is given by exact models. We use Lemma 7.18: on the sets listed
there the weights of the localized mirror are exactly 0 or 1. For node parallelograms, item
(1) covers the stretches of the model arcs from a model node to 2., along the leaf paths, and
for triangles those from a model vertex.

Normalised coordinates along the model arcs. Let A be an arc of the model arc system of
e = [n,n'], with edge [u,u] of T and ny as in Lemma 8.7(2). On the chart U, s we use
Z =W, 7' = xW', x1 = X”/*" and xo = x™. The normalised coordinates along A are
Z = ZJvy and Z' = Z' /vy, where vz, vz > 0 are smooth functions of log |x1| and log |x2|
such that [y0z°| = |y,2"||ZZ'|, and vz /vy is a function of log | 2| alone with +log(vz/vz) =
a(log |xz2|/L) + O(1/L); where the torus coordinates are within 26, of those of a model node
they are the constants of Definition 7.13, with the reference monomial a in place of n, and
near a model vertex, for the reference monomial ng of the definition of w,/, they are constants
with |Z| = |Z'| at the vertex; on these sets @ is constant, so the two requirements agree. Put
fi:=|Z]?> = |Z'|? and
Sg = Zd)m [ym@™ |/ | ma”|,
m

v of A, the monomials free of Z and Z'.

| 2

the sum over the lattice points m of the face [u, /]
Changing the reference monomial n to n”, with the same ratio vz /vz, multiplies |Z|?, |2’
and S¢ by the same function of (x1, x2). Where only 0,n,n’ have positive weight, W* is the
leg model

(8.3) 1+ﬂeX1+bZZ/:07 Ke = Yn'/Yn > 0, blyzvz =1,

with b a monomial in the torus coordinates, and Sg = 1 + |kexi1|. Its critical locus is
{Z=2"=0, x1 = —1/K.}, and the rank-two torus Ty := ({n,n'}* N M) ® U(1), the ezact
torus of the leg, acts on it; it contains S, and {n,n/}+ N M = ker d’ is the sublattice of AM
fixed by the monodromy around the arc.

The leg model base is the (x1,x2)-plane, 1 = log|kex1| and x2 = [i, times the leg co-
ordinate y. As at a node, n is the larger of n,n’ where 7 < 0 and n’ where 21 > 0, and
x9 < 0 (resp. 2 > 0) is the side of D,, (resp. D,s). At a point of the torus, T.(Logx/L) =
(1, log|Z/Z'|, log|x2|)/L + O(1/L). The model map

Ey(ye, ae) := (Lye, (1+ e™¥*)sinh(La,))
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is a smooth homeomorphism of R? with Ey(ye, ) = L(ye,20e) + O(L?(y? + a2)) near 0; it
takes the tropical coordinates (ye, ) to the coordinates (x1,z2) of the leg model base, in
the sense of Lemma 8.22.

The pieces.

Lemma 8.14 (pieces along the arcs, at vertices and at turning points). Let 0 < ¢ < ¢pax for
the constant max < 02/4 of the proof, which depends only on the configuration and the model

arc systems, and t small.

(1)

Arcs. Let a be a compact stretch of a model arc A of e = [n,n'], contained in Q., and
©: a — R smooth. For the sheet {(pcosO(y), 0sinO(y),y) : 0 < 0 < po, y € a} in
the chart T,, oo > ¢, put
Iy :=Ty- {X(Et(QCOSG(y), 0sin O(y)), y) 0<o<g, ye a},

where x(x1,x2,y) is the point of W* with log|x2| = Ly, argx2 = 0, x1 = —€"'/Ke,
fi = 29 and Z > 0. Then I, is a smooth four-manifold fibred over the sheet, with
fibres Ty collapsing to circles over the arc and no boundary over the arc, and on
it the phase of X"~ is m. Where © = /2 it is the divisor piece {Z' =0, x1 =
—1/ke, |Z]2 < 2sinh(L<)}, and where © = —7/2 the corresponding part of W* N D,.

Along a part of a model arc on which the sheet is the closure of CM(u/,e) (resp.
CM(u,e)), the piece is the divisor piece of depth : the set of points x of W* N Dy
over the stretch and on the branch of the arc with |Z(x)? < Sg(x)sinh(Ls) (resp.
the same with D, and Z'). Here the branch is the curve {g. = 0}, go the weighted
sum of the monomials of [u,u']" divided by v,x™, on which the two monomials of e
are the largest; on the node neighbourhood it is €p, and where the torus coordinates
are within 04 of those of the node point the divisor piece is the node piece Hflt over
¢p with i = Sgsinh(Lg). Divisor pieces defined near different model points agree
where they overlap, and they agree with I where © = £m /2. A divisor piece is a
smooth four-manifold, fibred over the sheet with fibre S. times the circle of the branch,

collapsing to that circle over the arc; on it the phase of X' ~™ is within O(ném) of
7. It is exact: by Lemma 7.18(2) on the node neighbourhood, by (1') along the leaf
paths, by (1) along the arc in Qe and at the turning points, and by (3) near a model
vertez.

Model vertices. Quver m = my;, w = [ng,npy, ne), with edge [u,u'] of T, W* =
{627 + f(xl,)@) = 0} with f the weighted trinomial of w. The vertex piece II, is
the set of points of W* N D, = {Z' =0, f = 0} whose torus coordinates are within
04 of those of m and with |Z)? < Sgsinh(Ls): a smooth pair of pants times a disc,
as in [CBM14, §7.5]. It is invariant under SL; along each tentacle its level sets of the
leg coordinate and of |Z|2/SG are S. times the circle of the tentacle, and its outer
part s S; times the truncated pair of pants {f = 0} near m, which plays the role of
the filling Q = € x @' of [CBM14, §7.7, Steps 2-3] with £ = S}. Along the tentacles it
agrees with the divisor pieces of the three arcs, and its boundary consists of the outer
part {|Z|> = Sgsinh(L)} and the ends of the tentacles, where it continues as those
divisor pieces.

Turning points. Over CM (7, ¢e), 7 = [u1, ug, ug], W* = {b 212223 + V(1 + kex1) = 0}
in the Cox coordinates z; of the u;. The turning piece Ily(Turn(uq)) is the union,
near the vertez, of the divisor pieces of depth < of the arcs of [uy,us] and [uq,us] in
W*N Dy, ={21 =0, x1 = —1/ke} = C2 _ ; it is swept by the exact torus rotating

22,237
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22, 23, and near each of the two arcs it is the divisor piece of the common ray ui. It
is the piece of [CBM14, Lemma 7.6]. The pieces of Turn(ug), Turn(ug) lie in D,,,
D,,.

The proof is in Appendix E.

8.3. Node pieces with multiplicity. The two elementary passages through a node lift to
chains whose boundary is the oriented vanishing sphere. Lemma 7.24 determines the sign;
arbitrary integral multiplicities are then handled by addition of chains.

Let P = abed be a node parallelogram and ¢ its node. We use the node neighbourhood
Np, the circle SL, the node model and the node pieces Hqi of Section 7.5, with the truncation
parameter #’ = 04 of Definition 7.21 and, for 0 < ¢ < Guax,

i = Sg sinh(Lg),

where S¢ is the function of Section 8.2 for the reference monomial a. On Np only the four
monomials of P among those free of Z and Z’ have positive weight, so S¢ = 1 + |x1| +
IXa| + |tpX1X2| is a smooth function of (x1, x2), at most Ct~2% within 6, of the node point;
since ¢ < 03/4 and 205 + 05/4 < 1/2 < Op, the bound g < t*29p/4 of Definition 7.21 holds
for ¢ small. With this choice the node piece and the divisor pieces along the two legs of
its passage are the same subset of W* where they overlap: by Lemma 7.22(1), over ¢p the
node piece I} is {Z' = 0, (x1,x2) € €p, |Z)? < Sgsinh(Ls)}, which is the divisor piece of
depth ¢ of Lemma 8.14(1) along either leg of the passage; that divisor piece is defined by the
same inequality, which does not depend on the reference monomial, and with the same ratio
vz vz, which is constant within 264 of the node point.

We write TI¢ (gap) and II$ (gee) for II], with this i, over the branch of the b — a and of the
¢ — b passage, oriented as the lift of the unit germs g4 and gy of (M1): by the orientation of
the germ followed by that of its torus (Section 7.5).

Lemma 8.15 (node pieces with multiplicity). For integers cqp, cpe the part of 8(cab IT5 (9ap) +
Che Hz(gbc)) over the thimble J; is (cqp — Cbc) Xq, with X, oriented by Definition 7.23.

Proof. Both pieces contain ¥, = 771({0} x 7,) (Lemma 7.22(3)). The thimble .7, is sym-
metric in z and y, so it is the same disc for the two passages, and ¥, and its orientation do
not depend on the passage (Definition 7.23). The unit germs are standard halves carrying
the covectors —(-,b—a) and +(-,c—b), with node coefficients p,(gap) = 1 and pg(gsc) = —1
(Section 8.1); by Lemma 7.24 the part of 9lI;(g) over 7 is py(g) Xy for each of them. The
statement follows by adding. O

In the normal form the summands containing the node halves of g, and gp. carry cgp
and c¢p. times the covectors of the unit germs, where b%P = Cap OGab + Cbe Ogpe in the basis
of Lemma 8.9; both passages may occur, with any integer coefficients, and then cqp — cpe =
pq(b™). The two pieces overlap in W*, over 7, and along the S}-orbits over the half-axis
CM (4, P); as chains they add, and no matching between them is required. Lemma 7.24 is
applied only to the two unit germs, and the multiplicities enter by adding. It covers both
halves, both orientations and both signs of the covector for either passage, so the other choices
of side in (M1), which change the normal form by transverse discs, give the same boundary
over the thimble.
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8.4. Crossings with an arbitrary invariant coefficient. A transverse disc v4914 of the
normal form may carry any nonzero v4 € Inv*(A): a non-primitive covector, a covector
whose kernel meets the vanishing direction with any multiplicity, or a multiple of d% itself.
The following lemma gives its piece in all cases. We use the chart U, ,» with the coordinates
Z =", Z'= " x1 = X" ", x2 = ¥ of Section 8.2, the dual basis (ez,€z/,€x1,€xy) Of
M to the basis (wy,wy,n’ —n,ny) of N, and, for ¢ > 0, the normal disc D := T, '({y =
y(xa), y? + a2 <%}) C By, the disc D, := E;({y? + a2 < ¢?}) in the leg model base, and
the Lefschetz neighbourhood Up, := {(Z,Z',x1) : 1 + kex1 + 6ZZ' = 0, (z1,22) € D¢},
with yo = el¥(4) fixed. Since b depends on arg xa, the fibres over different values of arg x»
are identified by the rotation és of Lemma 8.16(1) below, which preserves W* on the exact
region, fixes x1, and moves yo and Z together.

Lemma 8.16 (crossings). Let v € Inv*(A4), v # 0. Write v = muvg with m > 1 and v
primitive, and vo = kg g%y + ka d%. Put Ay, := kervg N AM and T(vg) = Ay, @ U(1).
(1) v —u € Ayy, and Ayy = (W — u, by) with by := kgé1 — kqéa, where é1 := arez + €y,
€2 1= agey + ey, and n = —w, — wy + a1 (n’ —n)+asny. Put ki := (lo,n' —n) =k,
and ke = (lo,n,) = —ka; then ged(ky, ke) = 1. The monodromy of AM around A
preserves Ny, and acts on it, in the basis (u' — u,ly), by ((1) klg)
(2) If kg # 0, the set

k
H(UO) = {(Z7 ZlelaX?) : (Z) Zl?Xl) € UDga 10g|X2| = Ly(FA), XQgX]fd S R>0}

is, through this identification, a connected |kg|-sheeted cover of Up_, a smooth four-
manifold without boundary over ra, with fibre of type I, over ra and fibre T(vo)
over the other points of ®¢; over 0D it is the union of the T(vg)-orbits through the
section of phase 0.
(3) If kg =0, then vy = +d* and T(vg) = Tq, the exact torus of the leg. It is generated

by the rotation u' — u, which rotates Z and Z' oppositely, and by é2, which rotates
X2 and Z; it fizes x1, and it acts freely at every point with Z,Z',xo # 0. The set
H(vg) := Ty -sY (D) is homeomorphic to D x T?, and its boundary lies over 0D,
where it is the union of the Tg-orbits through s".

The crossing piece of vy is mIl(vg), with ¢ = <y, oriented as the lift of the disc: the

orientation of N4 followed by that of T(vo).

The proof is in Appendix E.

For a strict tropical 2-cycle of [CBM14], the covector at a crossing is primitive and |ki| = 1
(the primitive-field and crossing clauses of [CBM14, Def. 7.2]); then (2) is the piece of [CBM14,
§7.7, Step 6]. For relative cycles no splitting of v is needed: when kg # 0 the piece II(vg) is
used directly, for every |ky| > 1, and the only additional case is ky = 0.

8.5. Joining the local lifts to the positive real section. We truncate the local lifts and
join their boundary tori to the positive real section by collar paths. The estimates below
keep these paths in the regions used to extend the lift over the regular part.

Truncation near the discriminant. Depths are defined per summand of the normal form (8.2)
near I'M . Fix for every I'M-vertex p a closed ball Bg of radius rg < rg about p, inside the
neighbourhoods of Lemma 8.8(1)~(3) and meeting ' only in the arcs at p. Inside B): a node
half has depth |ayl; a tripod at a model vertex m with edge [u, u’] has depth v — v (M);
a turning germ has depth equal to the smaller of the offsets from its two arcs, which are
affine coordinates near the turning point, since the angle between the arcs there is less than
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7w (Lemma 8.4). Outside the balls: a sheet along an arc (exit strip, reference sheet) has
depth |ael, the offset from its arc in the chart T¢; a rotating stretch and a transverse disc
have depth (y2 + a2)'/2. The remaining points of a summand, outside the balls and off these
sheets, stretches and discs (for instance the parts of tripod and turning-germ sectors far from
their arcs), are given depth +o0, so that they belong to the regular part. Let rg,, be the
distance from I'™ of the set of these points. It is positive: these points lie in the germs, which
are fixed before z, and outside the balls Bg every point of the germs close enough to I'M lies
on an exit strip, a reference sheet, a rotating stretch or a transverse disc. These descriptions
agree where they overlap at the points of depth at most 2¢y (with ¢y as below): at the model
nodes and vertices exactly, since the model arcs begin with level segments of c,,’, where & is
constant; at the ends of the stretches since © = +7/2 there; and near 8Bg at a turning point
because there a point at offset at most 2¢y from one arc is at offset at least crg — C'- 2¢y from
the other, where ¢ > 0 depends only on the angles between the arcs at the turning points and
C > 1 is the largest ratio of the gradient norms of the two offsets there. Put cp := ¢/(C +1);
if o < cprp/8, then crp — 2Cg > 2¢, so the smaller offset is the offset from the arc of the
strip.

Definition 8.17 (depth). For a summand g and 0 < ¢ < 2¢, g<c is the set of points of g of

depth at most ¢, the inner boundary C’g(g ) is its frontier in g away from the junction segments,
and the regular part of g is g>c := ¢\ g<c. The inner boundary of a tripod has a trivalent
point on the half-edge CM (v/, w).

Fix a metric on By and a common Lipschitz constant C7 > 1 of the inverse charts T, !,
qul, of the inverses of the charts p — (£(p), yw (p) — (M) of By near the model vertices
m (with £ as in the next paragraph, in the dual norm of Section 7.2), and of the inverse depth
parametrisations near the model vertices and turning points. Fix

0 < min(Smax/2, 7s/4, ry/(4C7), T4/ (4Cr), cprp/8).

A point at depth at most 2¢p then lies within 2C7¢y < min(ry, 7'ar)/2 of I'M 5o it lies at
distance at least rg,,/2 from every point of infinite depth, and a point of finite depth in the
closure of the set of points of infinite depth has depth at least rg,,/Cr > 4gy; and every
piece of depth at most 2¢y, and every collar strip below, lies over the region where z? consists
exactly of the germs and the normal discs (Lemma 8.11), inside the polygonal cylinders of
the smoothed rotations.

Base maps. The local pieces of depth ¢ (Lemmas 8.14 and 8.16, and the node pieces IT;, of
Section 8.3) lie over the model surfaces: for a summand g the base map 7, sends a point  to
the point of the model surface with leg coordinate y(z) := log|x2(z)|/L (for the arcs of a node
passage we take n, = d — a, respectively n, = b — a, according to the passage of g, so that y
is the coordinate ya, respectively y1, of Lemma 7.20(4) up to an additive constant), and with
the tropical coordinates (ye, a.) = E; ' (log |rex1(z)], fi(z)) on I, ¢ and on the crossing pieces,
and the offset 1 arsinh(fi(z)/Sc(z)) from the arc on the divisor pieces, the node pieces and the
vertex pieces. Near a model vertex, the position on the three sectors and the half-edge is given
by a fixed Lipschitz retraction (for instance a piecewise linear one), onto the tripod of the three
arcs, of a neighbourhood of it in the plane of the torus coordinates of w, which contains the
image of the pair of pants; near a turning point, the offsets from the two arcs are given by the
moduli of the two Cox coordinates zs, z3. Where two of these descriptions overlap they differ
by O(1/L), and 7, is obtained by interpolating them with a partition of unity in the tropical
coordinates; since E; (0, z2) = (0, + arsinh(z2/2)) and Sg = 2 on the branch over €, the
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descriptions agree to this order. At a model vertex we fix 7, € (0, min(64/4, 02/(11C7))], with
Cr as above. In the torus coordinates ¢ := (val,, —val,,, val, —val,,) of w = [ng, np, nc,
which vanish on J,,, we take the retraction to send a point near the k-th arc with |¢|o > 7,/2
to the point of that arc with the same value of the coordinate y of Lemma 8.7(2) for the arc,
and the partition of unity to use the vertex description alone over the points of the three
sectors with [{|oc < 7r,. Where the vertex description and the description along a tentacle
overlap, they then give the same leg coordinate and the same offset, so m, maps the pieces
of a tripod into its three sectors and its half-edge.

The piece of a summand. For a summand g and 0 < ¢ < 2¢g let II°(g) be the set of points
x of the local pieces of depth ¢ along g with 74(z) € g: the node piece 113 over the branch
of its passage near a model node, the vertex piece I, near a model vertex, the turning piece
in D, near a turning point if g contains Turn(u;), the divisor pieces along its exit strips and
reference sheets, the pieces Il, along its rotating stretch, and the crossing piece if g is a
transverse disc. The local pieces agree where they overlap (Lemma 8.14(1) and Section 8.3),
so II°(g) is one subset of W*, each point counted once, and 7, is a proper continuous map
of it onto g<¢, so it induces a homeomorphism from the quotient of II°(g) by its fibres onto
g<c. Over the points of g at positive depth away from the node cubes and from the points
of a tripod with [f|o < 7,/2 the fibre is a two-torus, collapsing to a circle over the points
of the arcs other than the crossing points r4 (Lemma 8.16); the fibres near a model node
are those of the node pieces (Section 8.3). Near the half-edge of a tripod the fibres depend
on the retraction, and nothing below uses them. If the coefficient of g is mvg with m € Z
and vy primitive (for a tripod see below), the piece of g is m [II°(g)], with II°(g) oriented
as the lift of ¢g: the orientation of g followed by that of T(vg). The piece of —vg is minus
that of vy, since the set is the same and the torus orientation is reversed. The outer part of

the piece is 7, I(Cg(g )) N1II°(g). For a summand containing the node half of g,, respectively
Jbe, the part of the piece over the node cube is ¢y H;(gab), respectively cpe Hg(gbc), restricted
to base points in g; the thimble lies over mp € ¢g. A tripod summand of multiplicity m
carries m( -, e) on its k-th sector; its piece is m II, near the vertex, continued by the divisor
pieces of its exit strips, oriented as the lift over each sector: over the k-th sector by the
orientation of that sector followed by that of T((-,ex)). These three orientations are the
restrictions of one orientation of the connected four-manifold II,,, by the orientations of (M2)
and the sign convention of [CBM14, §7.7, Step 2|; II, is counted once; at a turning point
the pieces of the summands containing Turn(u;) and Turn(ug), the latter oriented by —o,
as in (M3), lie in the different divisors D,,, and D,, and are separate chains. For example,
a turning point with away-oriented leg data (ci2,c¢13,c23) = (1,1, —2), which arises from a
positive vertex of Bl with two turns ending on the same leg, is —Turn(ui) + 2 Turn(usz) in
the basis (Turn(uq), Turn(uz)), or equally Turn(ug) + Turn(us), the two differing by the full
disc Turn(uq) — Turn(ug) + Turn(us), which has zero leg data; either way the lift consists of
separate turning pieces whose exit sheets run along the common arc on opposite sides, one of
them rotated to the reference side. Since the summands are separate, their inner boundaries
and pieces may cross in By and in W*; nothing below refers to such crossings.

Collar paths. In the exact models a point is determined by /i, the moduli and phases of the
torus coordinates X1, X2, and its position on its Sl-orbit, which is free where fi # 0 or g, # 0
(Lemma 7.19, and the same computation for the leg model and, as in Lemma 8.19(1), for
the vertex model; where two monomials are in transition, their weights depend on \Z A | with
logarithmic derivatives O(1/L), and |ZZ| is the fixed point of a contraction). Near a turning
point the moduli of the Cox coordinates zo, z3 take the place of ji. For a covector v with lift
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0, the T(v)-orbit of a point z is the set of points with the same /i, the same moduli of the
torus coordinates and the same phase of x"; it is a two-torus, and where the model has the
exact torus Ty and v € Zd’, it is the Tg-orbit of x. Every piece of Lemma 8.14, and every

node piece, has phase 7 for x?, v its covector, up to O(n(l)/Q) near the nodes and up to O(t"»)
on the sectors of a tripod where |¢|o, > r,, with ¢ > 0 depending only on the configuration;
there the fibres of the pieces are graphs over T(v)-orbits. The T(v)-orbits through sV have
phase 0.

On the strip g<a¢,Ng>¢, of a summand g the lift consists of collar paths, except that near the
half-edge of a tripod their second and third stages are replaced by one chain (Lemma 8.19).

Over the transverse segment from bg € Cg(og) to by € Cégg the collar path of a point runs in

three stages. First it runs through the pieces of depths between ¢y and 2¢y over that segment.
Then, from a point x of the piece of depth 2¢y over by, at fixed [i, fixed moduli of the torus
coordinates and fixed position on the S!-orbit, it turns the phase of x¥ from its value at x to
0 along one of the two arcs of the circle joining them, keeping the phase of x"v fixed, n, as in
Lemma 8.7(2) (for a node passage, the phase of the other node coordinate). Finally, at these
phases, i and the logarithms of the moduli of the torus coordinates move linearly to their
values at s¥(b;). For the point at which every phase, including the position on the S}-orbit,
is that of the positive real locus, this last stage is a path in Z‘J,FV ending at sV (by). Since the
fibre of the piece over b is a graph over a T(v)-orbit, the collar paths of its points end on the
T(v)-orbit through sV (by), which they cover with degree one; where the model has the exact
torus, the second and third stages are paths of T(v)-orbits. The conventions in the second
stage matter only where the fibres are not exact Tg4-orbits, that is, near the nodes, along the
leaf paths and on the sectors of a tripod; there the collar lies on the side & > 0, the position
on the S}-orbit is measured by arg Z, and ny is the one used by the base map. Where the
fibres are exact T4-orbits, two choices of the fixed phase or of the trivialisation of S} differ at
each stage by an element of T4, so the sets swept do not depend on them; at a turning point
the second stage fixes the phases of zo and z3, and where the two ends of an arc prescribe
different n, the change is made over a divisor piece in {2.. The two choices of the arc differ
by the fibre loop v, with (v,7,) = 1. The collar path of a summand with coefficient m vy is
m times that of vg. Around a crossing no phase is turned, since the crossing piece has phase
0: the collar path runs in E;‘Q from the positive point of the piece over by to sY(by), and the
union of the torus orbits through these paths is the crossing piece over the strip.
Orientation of the collar paths. Consider the equivalence relation on the arcs of '™ gener-
ated by declaring equivalent the two arcs of a turning germ and the two legs of one passage
at a model node. All arcs of an equivalence class carry the same covector d% up to sign:
through a turning point all arcs of E, have d¥ = £(-,n’ —n), and through a node passage
b—a = c—d. So a class determines a set of edges of F¢, closed under the translations
e+ e+ (d—a)and e — e + (b — a) across node parallelograms, and a translation preserves
the vector of an edge. Orient these edges compatibly and let dg := n’ — n for the oriented
edge [n,n]; no cycle of translations reverses the orientation. At an Ay hexagon the two legs
of a node that lie on node-to-node arcs are adjacent and belong to different passages, so an
equivalence class enters the hexagon along an outer leg, passes two of its nodes and leaves
along an outer leg; it does not run around the cycle of node-to-node arcs. On every arc of a
class, and for every summand other than a transverse disc, the geometric collar path turns
the phase of x%! from its value near 7 to 0 in the positive direction; for a summand with
covector m(=£d%) the collar is +m times this geometric family, which does not depend on the
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sign, since a positive turn of the phase of y%! is a negative turn of that of y~%! along the
same paths.

Lemma 8.18 (collar paths). (1) Along every sector or arc of a summand, and through
a turning germ or a node passage, the direction of the collar paths is constant.

(2) At a model vertex the three directions are independent: near the half-edge of a tripod
of multiplicity m the collar is m times the chain 6, of Lemma 8.19, which joins the
collars of the three sectors.

(3) At every junction segment the collars of the adjacent summands cancel.

(4) Around a crossing no phase is turned, and the collar runs in the positive locus.

Proof. (1) The strip cells along an arc are rectangles (segment x collar path) filled by the
explicit family; a change of direction would leave the loop class 4+, # 0 on the boundary of
a rectangle. Through a turning point and through a node passage the character is the same
on both arcs, by the choice of orientations above. The two legs of a passage, say the b — a
passage, are joined inside the node piece. On it, at the depths in [y, 2¢p] and including over
the neck, the coordinate = is O(|kp|'/2), since |z| < |kp|'/? on €; so X1 = —up' + u;l p
has phase 7 4+ O(|kp|'/?). For ji > 0 a point is determined up to the free action of S. by
(f1, X1, x2) (Lemma 7.19), so the turn of the phase of ¥; from m + O(|kp|"/?) to 0 in the
positive direction, at fixed i and fixed moduli, and the subsequent linear motion of j and
of the logarithms of the moduli, are defined pointwise and continuously over the whole strip
at the node, and the direction is constant through the node. The same holds for the ¢ — b
passage with y and yo. The second circle of the node, the rotation of o for the b — a passage
or of y; for the ¢ — b passage, lies in the fibre torus of the germ, so no half-turn correction
arises. (2) The three sectors of a tripod meet only along its half-edge, and near it their
collars are replaced by the chain %, of Lemma 8.19, whose boundary contains the collars of
the three sectors over the points ¢, where || = 7,, with whatever directions these have.
So no relation among the three directions is needed. (3) The collars on the two sides of a
junction segment are given by the same formula, with the same direction and covectors that
are multiples of d¥ summing to zero. (4) The crossing pieces have phase 0 (Lemma 8.16), so

the collar paths there run in Zﬁm_/v as described above. ]

Near the half-edge of a tripod the vertex model has no exact torus, and the fibres of the
vertex piece over points of the sectors close to the half-edge need not be graphs over T(v)-
orbits, so the second and third stages of the collar paths are not used there. They are replaced
by one explicit chain in a region with a product structure.

Lemma 8.19 (the collar at a tripod). Let g be a tripod summand of multiplicity m at the
model vertexr my, = My, W = [Na, Ny, Ne|, with edge [u,u'] of T, half-edge h = CM(u',w),
and let by be the point where C’éfg meets h. Put x1 := X" " and x2 := X" "¢, and use
the normalised coordinates for the reference monomial ng; near m, the localized mirror is
VZZ'+ f =0 with f = 1+ Kk1x1 4+ K2X2, K1, K2 > 0 and |9 =1, and Sg = 1+ |k1x1|+ |K2x2]|-
Write £; = %log\&jxﬂ, ¢ = %logﬂ where i > 0, Ap(f) := %log(l + elt 4 elt2) | and let
K C R? be the compact convex set

K= {(0): [lloo <2rp, AL(0) + 350 < ¢ < 4o+ 27, + 1 log3}.

Assume g < 1,. Then fort small:
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(1) the map ®,: x — ((, ¢, arg x1,arg xo, arg Z) restricts to a diffeomorphism from a
compact subset W C W* onto K x T? x S, under which S} rotates the last factor;

~

so W is homotopy equivalent to a three-torus and H3(Wg;Z) = Z;

(2) let S be the set of points of ngg with || < 1,, with end points cy,ca, c3 on the three
sectors. Then W[ contains the part A over S, of the outer part of the piece of depth
250, the union AT of the T((-,ex))-orbits through the points ¥ (b), b € S, on the k-th
sector, the second and third stages By of the collar paths of the k-th sector over cg,
and the fibre Ty, := ®; ({k1} x T? x SY), where ky is the (¢, £) of 5V (b1); all of them
are invariant under S} ;

(3) there are an integral 2-chain Q'(1) in {ki} x T? with 0Q'(1) = 3", sxGy, where Gy
is the image of the T({-,ex))-orbit through s (b1), oriented so that ®,1(Gy x S1) is
that orbit with its canonical orientation (Section 8.6), and s, = —1 is the sign with
which the k-th sector induces the orientation of the half-edge pointing away from my,
[CBM14, §7.7, Step 2], and an integral 4-chain €, in W, explicit up to the choice of
a filling in Ty, , with

0%, =D:=A"+&,'(Q(1) x S') -~ A-) B
k

Here S), carries its orientation as part of the boundary of g<ag,; A is oriented as part
of the boundary of the piece, By as part of the boundary of the collar of the k-th sector
beyond ci, and A* and the filling term as the lift (the orientation of the base followed
by that of the fibre); with these orientations D is a cycle. The class of Q'(1) modulo
boundaries in {ki} x T? is determined by the condition [D] = 0 in H3(Wy;Z).
Over the points of its strip with |{|o < 1, the collar of g is the first stage, m times the vertex
piece between depths ¢y and 259 over these points, followed by m 6, ; over the rest of the strip
it consists of the collar paths of the three sectors.

The proof is in Appendix E. The chain %, is obtained by contracting the moduli ((,¢)
linearly to ki, which carries D into the single fibre Tj,, and filling the image there; the
contraction stays in Wy because K is convex. Only the boundary of %, enters the later
gluing, and its terminal part AT and the filling term lie in the regions of Section 8.6 by
Lemma 8.22.

By Lemma 8.22 below, the ends of the collar paths of a summand over an edge of its

(

inner boundary curve 0223 lie in the region Wy, associated with the adjacent simplex s of
the triangulation ¥ (Section 8.6); these regions are defined in Definition 8.20. By the same
lemma, the collar paths over a compact subset W of a regular set V' lie in WY once ¢ is
below a threshold depending on V', W and e. The loop classes in the proof of Lemma 8.18(1)
are taken in such regions, over a subdivision of the strip into finitely many compact pieces,
each in a regular set (the strip is a compact subset of By \ I'M | covered by the open stars
of Proposition 4.7); these regular sets are chosen after ¢y, and their thresholds enter the final
choice of ¢ (Section 8.8).

8.6. Extending the lift over the regular part. The local pieces determine boundary data
for a cell-by-cell extension over the remaining domain. The essential input is Lemma 8.21:
each target region is aspherical, and its fundamental group is the prescribed integral lattice.

Regions. Over the regular part the lift is built in regions of W* defined by shadows. For a
vertex u of T let Vis(u) C By be the union of the facets F¥ with n € u", and m,: Mg —
Mg /Ru the projection. Then 7, is injective on Vis(u): if p € F;; and p + su € F, with
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n,n’ € uV, then 0 > val,(p + su) = —s and 0 > val,(p) = s. The vertex region RM lies in
Vis(u). Let U, C X7 be the union of the dense torus and the open orbit of D,,. The characters
X™, m € utNN, are regular and nowhere zero on Uy, so 7, (Log x) := (log |[x™(z)|)m is defined
on U,. For x € W* N U, with m,(Logz)/L € m,(Vis(u)), the u-shadow sh,(z) is the point
of Vis(u) with 7, (shy(x)) = myu(Logz)/L; for = in the torus, Logxz/L = shy(x) + Ay(z) u.
For a vertex n of F¢ fix my, € M with (m,,n) = 1; the projection w,: Mr — Mg/Rm,,
restricts to an affine isomorphism of the hyperplane {val, = 0}. For z in the torus the
n-shadow shy,(x) is the point of that hyperplane with the same image under w,, as Logz/L,
and Logz/L = shy,(z) + Ap(z) my,.

Definition 8.20 (regions). A regular set is an open set V' C By such that either its closure
is compact in the open star of a cell O™ (u,w) and 7, (V) is convex (V is of type u), or V is
contained in no vertex region, its closure is compact in the open star of a cell CM (1,m) with
dim7 > 1, and w, (V) is convex (type n). For € > 0 the region over V is

Wy i={xeW*NU,: shy(z) €V, \y(z) <€} (type u),
Wy i={xeW"NT: sh,(z) €V, ()] <€} (type n),
where A\, := —oo on D,, and T is the dense torus.

The open stars of the cells CM (u,w) and CM(7,n) cover By \ '™ (Proposition 4.7); the
first lie in RM | the second in int F*.

Lemma 8.21 (regular regions). Let V' be a regular set. There is ey > 0 such that for e < ey
and t < ty(e):

(1) if V' is of type u, then WY, is the graph of a smooth function Z, = ¢ over the
set Log Y (L m,(V)) of the torus (C*)® of the other Cox coordinates of a maximal
cone containing u; so Wi =2 T3 x 7, (V), and the inclusion Wi C U, induces an
isomorphism m (Wy,) — H1(Uy) = M /Zu;

(2) if V is of type n, then W7 is the graph of a smooth function x™ = ¢ over the set
Log (L wn(V)) of the torus of the characters in m;t NN, and the inclusion Wy> C T
induces an isomorphism of m (Wy) onto nt "M C M = Hy(T);

(3) if V! and V are reqular sets with V' C V, and W3, Wi are taken with constants
€ <€, then W5, CWYy, fore <eyry and t <ty y(€), also when V' is of type u and
V of type n; the inclusion induces the parallel transport of AM.

In particular every region is aspherical, with fundamental group the lattice of flat sections of
AM over V.

The proof is in Appendix E.

Lemma 8.22 (inner boundary). Lets := gy, and let x be a point of W* of one of the following
kinds: a point of the piece of depth 25 of a summand g whose base point mwy(z) lies at depth
at least ; a point of a collar path of g over a point b of its strip, and then my(x) := b; for
a tripod summand g, a point of the orbits A" of Lemma 8.19 over a point b of S.,, or of its
fibre Ty, , and then my(x) := b, respectively by; or a point s¥(b), and then my(x) :=b. There
are g1 € (0,5/2] and C, depending only on the configuration, the model arc systems, Y™, the
model germs and their auziliary choices (the balls Bg, the retraction at the model vertices
and the partition of unity defining the base maps my), the bounds on the coefficients over 6y,
and ¢, such that:

(1) if L > 1/1, then for every vertex u of T with my(x) € RM the point x lies in U,

|shy(x) — mg(x)| < C/L, and M\y(x) < C/L if x lies in the torus;
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(2) for every o > 0 there is L, such that, if mg(x) lies at distance at least g3 from the
two-skeleton of By and L > Le,, then x lies in the torus and | Logx/L—mg(x)| < C/L.

Consequently, if V is a reqular set and VW C V is compact, then every such x with my(x) € W
lies in Wy, fort < tyyy(e).

The proof is in Appendix E.

The abstract domain. Let . be the finite 2-complex obtained from the disjoint union of

e every summand of (8.2) near T'™ (the transverse discs ‘ﬁi“ included), restricted to
depth at least 2¢y and continued inside U up to 9U,

e the correction strips and annuli of the two local modifications,

e the simplices of y? outside U,

by identifying (i) the junction segments of adjacent summands, beyond depth 2¢y, and (ii)
the curves along which a summand ends on another summand: on QU, where it meets y; on

the circles 8‘RSAIA and d(D(E4) N Ne,) bounding the annuli; and on the polygonal cylinders
{op = 00}, where it meets a correction strip (this includes the seam of a smoothed rotation,
within the stretch after yj‘,p). Segments interior to a summand, such as the transverse
segments where a germ continues as its own exit strip and the start of a rotation, are not
cut. Summands that meet transversally in By (a transverse disc and a sheet along its
ray, the two node halves along CM (u/, P), exit sheets of different germs meeting only on
') are not identified. The triangulation R is chosen so that the finitely many curves of
transversal meeting cross OU and the boundaries of the replacement neighbourhoods and
cylinders transversally in finitely many points. Triangulate . compatibly, each summand
triangulated so that the triar(lg)ulations agree on the identified curves and y? simplicially, with
g
N

the inner boundary curves Uy as subcomplexes, whose vertices are the ends of the transverse

collar segments issuing from the vertices of a fixed triangulation of C§§ ) (the strips g<ac, Ng>q,
themselves are not part of .%; they are lifted by the collar paths). The inclusions define a
continuous map j¢: . — By \ '™, Put on each 2-simplex s of . the coefficient v of its
summand, a flat section of (j%)*(AM)Y over s.

Lemma 8.23 (the coefficient chain). v = Y _vs[s| is a 2-chain on ¥ whose boundary is

supported on the inner boundary curves, where it is ) (coefficient of g) [Cégg]

Proof. At an edge inside a summand, including the transverse segments where a germ contin-
ues as its own exit strip and the start of a rotation, the two sides carry the same coefficient.
At a tripod edge, on the half-edge of a tripod summand of multiplicity m, the three adjacent
coefficients m( -, er) sum to zero with the orientations of (M2). At a junction segment the
adjacent coefficients are multiples of one covector d’ summing to zero. At an identified curve
of type (ii) the adjacent triangles of .7 are exactly the triangles of 2% at that edge of By,
by the transversality of the meeting curves, and their coefficients sum to zero because 2% is a
relative cycle with boundary only on I'M. O

Since summands that meet transversally are different components of . near the meeting
curve, . has no edges along which two summands cross: a transverse disc and a sheet on
the same arc, the two node halves at a node used by both passages, and the two turning
germs of a turning point used twice on one arc are lifted separately. Branching edges inside
%, coming from the arbitrary chain off '™, remain; they are treated like any other edge.
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Triangulation and regular sets. Distances and neighbourhoods in By are taken in the fixed
metric on By. By a Lebesgue number argument for the cover of the compact set jh(ﬁﬁ ) C
By \ I'M by the open stars of Proposition 4.7, there is [ > 0, depending only on jh(f), such
that the [-neighbourhood in By of every subset of j“(ﬂ ) of diameter at most [ lies in the
open star of a cell CM (u,w) or CM(7,n). Then let T be a subdivision of the triangulation
of ., fine enough that the image of every simplex has diameter small compared with [; so
the [-neighbourhood of each j%(s) lies in such an open star. Let V; be the preimage in Vis(u)
under 7, or in {val, = 0} under w,, of the convex hull of the image under that map of the
tdim s-neighbourhood of jh(s) in By, with radii tg < v; < tg, each small compared with the
next, and to small compared with [. We take type u, with m,, whenever ju(s) lies in a vertex
region RM and the set so formed has compact closure in the open star of a cell CM (u,w);
this holds if the [-neighbourhood lies in such an open star. Otherwise we take type n, with
@, for a cell CM(7,n) whose open star contains the [-neighbourhood. In that case V; lies in
no vertex region: otherwise it would lie in RM Nint F¥ = CM(u,n) (Lemma 8.5(3)), where
my, and w, restrict to affine isomorphisms of the hyperplane {val, = 0}, so the set formed
with 7, would be the same and of type u. Then V; is a regular set, Vi D j%(s), and Vo C Vi
for s’ Cs; if s is of type u, so is s, so a set of type n never lies in one of type u. We take € and
t so small that Lemmas 8.21 and 8.22 hold for these finitely many sets, with W the images of
the simplices. This uses only that j is continuous and |T| compact, not that ¥ triangulates
an embedded surface.

The domain over the regular part. For a simplex s of T let Ag be the lattice of flat sections
of AM over Vi, which is m1(Wy,) (Lemma 8.21); for s C s the inclusion Wy, C Wy, induces

the transport Ay = As. We orient A @ R by the orientation of By, and put TS := As ® R/Z,
a K(As,1). For a primitive covector v on Ag the canonical torus is T(v°) := (kerv® ®
R)/ker v C T2, with the tautological identification 7 (T(v°)) = ker v® C As, oriented so that
or(kerv’) An = or(As ® R) for v°(n) > 0. Then [T(v°)] + v° is the restriction of the linear
isomorphism Ha(T3) = A2Ag — AY, a A b+~ det(a,b,-): for an oriented basis (a,b) of ker v°,
det(a, b, -) vanishes on ker v°, is positive where v° is, and is primitive.

Three kinds of edges. An edge e of T is a sheet edge if the coefficients of all its adjacent
2-simplices are, after transport to A., integer multiples usv? of one primitive covector v?;
by Lemma 8.23, > [s : e]us = 0 unless e lies on an inner boundary curve. Edges inside a
summand and on junction segments are sheet edges. An edge is a tripod edge if it lies on the
half-edge CM (u/,w) of a tripod summand. All other edges, the branching edges of y? and the
edges on identified curves of type (ii) where several summands meet, are general edges. We
take T so fine that every edge meeting an inner boundary curve is a sheet edge or a tripod
edge; the identified curves of type (ii) lie at distance at least 7, from I'M hence at depth at
least ry/Cr > 4<.

Fibre complexes. For a 2-simplex s with vs # 0 write vs = ms vg with ms > 1 and vg
primitive, and put Fy := Ts := T(v)); if vs = 0, Fy is a point. For s’ C s the transport
maps kernels to kernels and induces an isomorphism of canonical tori; these transports are
induced by inclusions of regions, so they compose consistently around every vertex of ¥, and
no composite of identifications below is a nontrivial automorphism of a torus. For an edge e:

e at a sheet edge, all adjacent Ty are identified with F, := T(vg) by the canonical maps,
with the orientation sign of us, so that ms[Ts| = us[Fe|; and 2, := 0;

e at a tripod edge, of a tripod summand of multiplicity m., the three adjacent sectors
carry the covectors me( -, ex), whose kernels meet in a rank-one sublattice ¢ (the three
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er span a plane). Let F, := T3, with a cell structure in which the three subtori T

are subcomplexes, and 2, := m, 2, 20 := ({ @ U(1)) x Q., where Q/, is a 2-chain

in T2/(¢®@U(1)) with 09, = ", skGy, the images of the three tori with the signs of

the boundary orientations [CBM14, §7.7, Step 2]. On the edge e of the half-edge at

the inner boundary, Q’eO is the filling fixed in the next paragraph; on the other edges
of the half-edge it is any such filling, with the incidence orientation on each edge;

e at a general edge, let Y :=\/ - F§, realise the labels by a cellular map v.: Y, — T3,
and let F, be its mapping cylinder, a cell complex containing Y, and retracting onto
T3, labelled by labe: 71 (F.) & A..

For a vertex p of ¥, F}, is the union of the F,, e > p, glued along the common Fj; the labels
agree on the Fy and define laby,: m1(F),) — A,, which kills the boundary of every 2-cell, since
each 2-cell lies in some F.

The tripod edge at the inner boundary. The branching half-edge of each tripod summand
meets its inner boundary once, at a vertex pg of T on an edge eq of the half-edge, and its other
end lies on OU beyond the collar region. We orient ey away from pg, so that [eg : pg] = —1
and the signs sj of Lemma 8.19(3) are the incidence numbers [sy : eg] = —1. At pg the choices
are made in the following order, so that the terminal chains agree.

(i) FY is fixed on py x T2 as a diffeomorphism onto the fibre T;, of Lemma 8.19(2),
b1 =7 h(po), which realises the labels, as Lemma 8.25 requires, sends the base point to
5V (by), carries each Ty onto the corresponding T(v)-orbit through sV (by), and carries
the £ ® U(1)-orbits onto the S}-orbits (here £ ® U(1) is S!, Lemma 8.14(2)). Such
a map, affine in the phase coordinates of ®,,, exists: T;,, projects diffeomorphically
onto the torus factor of the graph description of W"}p in Lemma 8.21, so its inclusion
into W{}po is a homotopy equivalence, and the labels identify A, with its fundamental
group.

(ii) The filling Q'(1) in {k1} x T? and the chain %, of Lemma 8.19(3) are chosen.

(iii) Q, is the pull-back of Q'(1) under the diffeomorphism of quotient tori induced by
FY. It is a 2-chain with boundary >°, s;Gj, and F)Y 20 = ®;1(Q'(1) x S') as chains.
Fillings over general edges. At a general edge, Y .- [s : e]vs = 0 in AY by Lemma 8.23.
Under the linear isomorphism Hy(F,) = Ha(T2) = AY above, the class of .- [s : €] ms[Ts]
is Yo [s: e]msv? = 3 [s : €] vs = 0, so there is a cellular 3-chain 2. in F, with

02, =Y [s: el ms[Ty].

sDe

No common rank-one sublattice of the kernels and no bound on the valency of e is needed.
The domain. Let D;/eg be the union of the |s| x Fg over the simplices s of T, glued along
Is'| x Fs C || x Fy for s’ C s, with the fundamental chain

(D] =Y mels x T + > e X 2],

s€Tq e€% 1 \inner boundary

each s x Ts oriented as the product. Over an inner boundary edge e the adjacent triangles lie
in one summand g, the other side of the inner boundary being the strip lifted by the collar
paths, and the cells e x Ty are glued to the ends of the collar paths over e, the union of the
Ts-orbits through sV (near a tripod, the orbits A" of Lemma 8.19); over the point where the
inner boundary meets a tripod edge, the filling m.2? is glued to m, times the filling term
®;1(Q'(1) x S') in the boundary of the chain €, of that lemma.
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Lemma 8.24 (boundary of the domain). Let Zjo. be the sum of the pieces of depth gy of
the summands, with their multiplicities, and of their collars: the collar paths, _and near the
half-edge of each tripod the chain m€, of Lemma 8.19 (Section 8.5). Then 9(Eioc + [Dreg));

with [Dyeg] glued as above, is

Z[e :p| Ze, p off the inner boundary,

qu Z—l—przp Zp 1= { edp

0, p on the inner boundary,

the second sum over the vertices p of T, where 2z, is a 3-cycle of F,.

Proof. The piece of a summand g is m [II°0(g)], a four-manifold with corners mapped properly
onto g<¢, by m,;. The orbits collapse to circles over the arcs, and to points over the turning
points, without creating boundary (Lemma 8.14(1),(3)), and the crossing pieces have no
boundary over r4 (Lemma 8.16). The seams inside g, where the description near a vertex
passes to the description along an exit strip or where a rotation starts, contribute nothing:
I1°°(g) is one set with one coefficient, the local descriptions being glued along their overlaps
and not added; in particular a vertex piece II, has, inside the piece of its summand, only its
outer part, and continues along its tentacles as the divisor pieces of the same summand. So
the boundary of the piece consists of three parts.

(a) Over the thimbles: for the two summands containing the node halves at mp, the
parts over the node cube are gl (gap) and cpellf (goc), and by Lemma 8.15 their
boundary over 7, is (cap — be)Xq = pg(bM)Sy = pe(2)Z,.

(b) Over the junction segments at depth at most gp, which lie inside the polygonal cylin-
ders at the far ends of the rotations: the adjacent summands have pieces over the
same subset of W* (divisor pieces or pieces Il , of one arc, which agree across the
junction), with coefficients multiples of d¥ summing to zero with the orientation signs;
these faces cancel.

(¢) The outer parts over C(g). They are matched by the collar cells over the strips
9<2¢ N >, which cancel along the junction segments (Lemma 8.18(3)) and end at

the unions of the torus orbits through sV over the curves C(gg these are the cells
e X Ts over the inner boundary edges. Near the half-edge of a tripod the first stage of
the collar paths ends on the part A of the outer part at depth 2¢y, and d(m €,) = mD
replaces A by the orbits A™ and the filling term, while the terms By, cancel against
the collars of the sectors beyond the points ¢j (Lemma 8.19(3)).

Pieces of different summands that intersect in W* (the two node halves, a transverse disc
and a sheet) are separate chains, and their intersection contributes no boundary.

Over the regular part, d(sxTs) = dsxTs, so the faces over an edge e are ex) - [s : eJmsTs.
At a sheet edge off the inner boundary this is e x (D .[s : e]us)Fe = 0. At a tripod edge and
at a general edge, d(e X 2,) = e X Z, — e x 02, and e x 02, cancels the faces over e by
the choice of 2, (for tripod edges this is [CBM14, §7.7, Step 2], multiplied by m.). What
remains of the edge terms at a vertex p off the inner boundary is p x z,, and

8zp:Z[e:p]Z[s el ms[T st Ze:p][s:e]zo,
esp sDe SOp
because every 2-simplex s 3 p contributes through its two edges at p with opposite signs. At
an inner boundary vertex the boundary of the collar must also be included. Along a sheet
it cancels the product faces exactly. Where a tripod half-edge meets the inner boundary,
its endpoint term [e : p|2. is cancelled by the oppositely oriented filling term of 9(m.%,),
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since F)Y 2. is m. times ®;1(Q/(1) x S1) by the choice of 20 at the tripod edge at the inner
boundary. There are no general edges at the inner boundary. Thus no residual chain remains
there, giving z, = 0 as stated. At the vertices of a tripod half-edge off the inner boundary,
zp is the difference of the fillings of the two adjacent edges; it need not vanish, and it is kept
in the sum over p. ([l

The extension.

Lemma 8.25 (extension). There is a continuous map FY: Drveg — W* which maps the cells
over each simplex s of T into Wy, , sends fibre loops to loops representing their labels, is 5V o 4f

on the base cells s x {x}, and on the inner boundary cells agrees with the collar ends.

Proof. We extend cell by cell in order of dimension. On O-cells use sV, which lies in Wy,
by Lemma 8.22. On 1-cells, base cells go along s and fibre 1-cells to loops of the labelled
classes. A 2-cell extends if its boundary loop is trivial in the abelian group As = 1 (Wy;):
for s x {}, s a 2-simplex, the boundary loop lies in s (%), which is contractible in Wi
for e x f1, the two fibre loops represent the same parallel class (Lemma 8.21(3)); for p x {2,
f2 a 2-cell of F}, lab,(df?) = 0. Cells of dimension three and four extend because W7,
is aspherical (Lemma 8.21). The inner boundary cells, including the cells py X ']I'Z’O fixed
in step (i) at the tripod edges, are prescribed by the collars, which satisfy the same loop
conditions (Lemma 8.18) and lie in the right regions (Lemma 8.22). O

8.7. The positive real locus and the fibre class. The extension leaves a sum of residual
three-cycles, each homologous to a multiple of a torus fibre. Intersection with the positive real
three-sphere shows that their total fibre coefficient is zero. This replaces the local argument
of [CBM14, §7.7, Step 5], which shows that the lift of a strict cycle is a manifold at its interior
vertices: with arbitrary multiplicities and branching the residual cycles at the vertices of T
need not vanish one by one, and only their total class is controlled.

Put Zg := Zjoc + FYY[D).,], an integral four-chain on W*. By Lemma 8.24,

reg
=0 = Z pq(2) Eq + Z F)2,.
q P
Each F)'z, lies in an aspherical region Wy, =~ T3, 50 [FY zp] = ny [T;’] in H3(Wy, ) = Z, where
Tg’ is a fibre torus over p oriented by the orientation of AM. The monodromy of AM lies in

SL(AM), since that of Ay does (Proposition 4.10(4)), and overlapping regions are homotopy
equivalent to each of their members; so all the [Tj3] agree in H3(W*). We call this class [T°].
It is represented by an orbit of the compact subtorus (n N M) ® U(1) through a positive
point of a region over a cell CM(7,n) at which only the monomials 0 and n have positive
weight.

Proposition 8.26 (no fibre-class boundary). Zp n, = 0. Consequently there is an integral
four-chain =W (2) on W* with 0= (z) = >_q Pa(2) Xg.

Proof. Replacing each F)z, by n,T 5’ changes Zy by chains inside the regions W{ﬁp. Then
> g PaZq ), npT3 is a boundary, so > pqlZq]+n[T3] = 0in H3(W*; Z) with i = >_pnp. We
pair with the class of the positive locus 37, a closed oriented three-manifold (Lemma 8.13).

e In the part of a region over a cell CM(7,n) where only 0 and n have positive weight,
W* = {402° + y,2" = 0} is a translate of the subtorus ker ", invariant under
T, := (n*NM)®U(1), and E;FV is its positive real part. At a positive point x; the
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orbit T,, - 2} has tangent space iR? and 2;}, has R3, complementary in T,,, W* =2 C3.
An element of T,, that maps x; to a positive point is the identity, so the intersection
is the single point x, and [T3] - [Z%] = +1.

X, N Z‘TV = (): X, lies in the Morse polydisc, where x; and x2 are within O(r) of
—,u}l < 0, while on Za/ they are positive.

Hence n = 0. For a point pg of the regular part and paths «, from py to p in the
connected set By \ '™, the union of the fibre tori over vp, built region by region, is a
four-chain with boundary T — T3 . The chain EW(2) = g — >_p(correction in Wy, ) —
>, np(union of the tori over v,) has boundary »_, pg¥, — nly = > g Pa>g- O

The positive real locus thus replaces a local analysis of the fibre chains at the vertices of ¥:
at the interior vertices of a strict tropical 2-cycle, at the branching vertices of the remainder,
and at the points where two summands that cross in By reach an identified curve.

8.8. Assembly of the local lifts. We now combine the local and regular chains and trans-
port the result to the holomorphic hypersurface. The preceding fibre-class argument removes
the residual boundary, leaving exactly the prescribed sum of vanishing spheres.

Remark 8.27 (where summands meet). At a junction where a rotated exit strip reaches a
reference side already carrying a strip, all adjacent coefficients are multiples of d% and sum
to zero. The pieces, collars and regular triangles therefore cancel (Lemmas 8.24, 8.18(3)
and 8.23). This includes the three-way junction at the end of a stretch. A germ and its own
exit strip, the start of a rotation, and the half-edge of a tripod are interior to one summand;
their common boundary is treated within that summand.

Both passages at a node may occur. They give separate node pieces with the same sphere
¥, and total boundary (¢ — cpe)Xq (Lemma 8.15). Their halves meet along the half-axis
CM(u', P) off T™  but remain separate in .#. The same convention applies when a crossing
disc meets a sheet: intersection of their images in W* does not identify their domains.

The remainder % meets the germs and discs along U, along replacement boundaries, and
along the seam {gp = go} of a smoothed rotation. These are the identified curves of type (ii)
in .7, at distance at least r; from I'M: the seam coefficients are multiples of d’. Lemma 8.23
gives the cycle condition at their edges. At vertices, the remaining boundaries are closed
three-cycles in the fibre complexes Fj,. Proposition 8.26 removes their total fibre class by
pairing with the positive real locus. On the resolution side the proof instead uses the local
fundamental groups (Section 10).

Order of choices. The constants and choices are made in the following order.

(1) The configuration: A, 7 and h, F¢ and hc, the vectors w,, and ko subject to (7.3);
hence 6, ...,03, the gaps, the constants £p, the interior polygons 2, and Cj; then
the model positions, the model arc systems, 84, Y™ the charts Ty, Te, the constants
TS, Smax and Cr.

(2) The model germs: the points yzvo,yOA,;A,y%,yzjl in AN, on every arc, then rg,
at most rg/4 and at most a quarter of the mutual distances of these points, of their
distances from A \ . and of their distances from the ends of A; the polygon P, the
unit germs with their orientations, the reference sides and the normal discs; the balls
Bg of radius rp < rg and the constants cp and 7, of Section 8.5; the radius r,, the
retraction at the model vertices and the partition of unity defining the base maps g;
the orientations of the edges used for the collar paths; the maps b, xy.
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(3) A compact set 6o C Z, r < r; (Lemma 7.14), o < r2/20, t < to(r,n0,%p) as in
Lemmas 7.11, 7.14 and 7.15, and ¢ as at the beginning of this section.

These do not depend on z. Then, for the given z € Z(RK):

(4) &1 and zM = b,2; R, R, &, and U; w, va and y by (8.1); the two local modifications
with €4, ¢/4 and go; 2% and ry (Lemma 8.11);
(5) o < min(Smax/2,75/4,74/(4CT), 78ar/ (4CT), cBTB/8, 7)), 50 that 2¢ is small against
the radius of the balls BS; the complex ., the constant [ and the triangulation ¥,
the regular sets Vs, the finitely many regular sets V' over the strips (Lemma 8.18(1)),
and € so small that Lemma 8.21 applies to all these sets;
(6) t' < min(t,t(z)), where t(z) is a threshold for which Lemmas 8.21 and 8.22 hold for
the sets V5 and for the finitely many regular sets over the strips used in Lemma 8.18(1)
(the errors O(1/L) of Lemma 8.22 must be small compared with the margins of these
sets and with €), and which lies below the thresholds of Lemmas 7.18, 8.13, 8.14, 8.16
and 8.19 (the second and third for the depths ¢ < 2¢y);
(7) at t': the pieces of depth ¢, the collar paths, the fibre complexes, FV on the cells
Py X ']I“zo, the fillings Q'(1) and the chains %, of Lemma 8.19, and then the fillings
2, (the tripod edge at the inner boundary), the rest of the map F, and the chain
=W (2) of Proposition 8.26.
In particular ¢ is chosen after U and ry, and t(z) after T; the threshold ¢ is that of Lem-
mas 7.11-7.15 and does not depend on z.

Proposition 8.28 (the lift, precise form). Let A be admissible with a profile o satisfy-
ing (Proj), and fiz the configuration as in Section 7.1. Let €y C Z be compact, r < rq,
no < 1r2/20, t < to(r,no,%0), and let ¢ be a real coefficient vector with the sign pattern, in
the window of Definition 7.3. Then Y; is smooth; each node parallelogram P has a unique
Morse point qp in Dp of the defining function f() = Fy/(y,2%), in the trivialisation of the
anticanonical bundle by v,x®, with vanishing sphere o, oriented by Definition 7.23; and for
every triangulation & of Bl in which T is full and every relative tropical 2-cycle z € Z(R)
there is an integral four-chain é(z) on Yy, constructed from z and the choices listed above,

with
0=(z) = Z pq(z) dq.-
q

Proof. Smoothness of Y; and the Morse points are Lemmas 7.11(1) and 7.14. Let ¢’ <
min(t, t(z)). The transfer, the normal form and the choices of steps 4 and 5 do not de-
pend on t. At t', the pieces, the collars, the domain and the extension give the chain =g,
and Proposition 8.26 gives 2V (2) on W* with boundary >_qPq(2)Xg. Transport it by the
diffeomorphism ¥y : W* — Y}y of Proposition 7.12. By Lemmas 7.22(4) and 7.17, Uy (X%,) is
isotopic to d4(t') in Yy, with the orientations of Definition 7.23; adding the traces of these iso-
topies gives a chain on Y} with boundary >, pg(2)d¢(t'). Finally the members Y;», t € [t', ],
with the same ¢ form a smooth family of smooth hypersurfaces (Lemma 7.11(1) at s = 1 for
each t""), and the Morse points ¢p(t”) vary smoothly with critical values bounded away from
0 (Lemma 7.14(3)); so the isotopy of the family carries d4(t") to d4(¢) up to isotopy, with
orientation. The image of the chain is Z(z). O

Proof of Theorem D. The members Y; of Theorem A are those of Proposition 8.28: with the
constants 71 = r7/20 and C = C, of Section 7.1, take 7 = ry, so that ny < m = r?/20;
every real ¢ with ¢g > 0 > ¢, is ¢(Q¢f for a unique ¢(®) € Z and a unique € € spang{rp}
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(Section 2.4), with np = log up(c), so the conditions of Theorem A on ¢ say that ¢ is in the
window. So Proposition 8.28 gives Z(z) with 0=(z) = >_, pg(2)[d¢] for every z € Z(R). For
a strict tropical 2-cycle (S, j,v) (Definition 2.5), triangulated so that it is a relative tropical

2-cycle (Section 5.2), the chain Z(S) realises S as stated in Remark 8.29. O

8.9. What the construction uses, and the strict case. The proof uses from a relative
tropical 2-cycle only three pieces of data: its boundary network, which fixes the multiplic-
ities of the model germs; the coefficients v4 of the transverse discs, which are arbitrary
monodromy-invariant covectors; and the remainder off a neighbourhood of the discriminant,
which is an arbitrary chain with coefficients in the local system. The strict tropical 2-cycles
of [CBM14, Def. 7.2] impose conditions that the construction does not use, as follows. The
embeddedness of S (the embedding clause) and the condition that S meets the discriminant
only in 95 and in finitely many crossings (the discriminant-intersection clause) are replaced
by the normal form: the germs are embedded surfaces by construction, and summands that
cross in By are lifted separately over .. Primitivity of the field (the primitive-field clause)
is replaced by pieces and tori with integer multiplicities. The boundary vertices at the
negative vertices of B! (the boundary-vertex clause) become tripods with any multiplicity
(Lemma 8.9), and the node passages (the node-passage clause) become superpositions of
the two unit halves, with both passages allowed (Lemma 8.15). The trivalent interior edges
with a common rank-one sublattice (the interior-edge balancing clause) are replaced by fill-
ings 2, that exist for any valency. The condition |k1| = 1 at the crossings (the crossing
clause) is replaced by monodromy invariance of the disc coefficient (Lemma 8.16), and the
interior vertices (the interior-vertex clause) are not used, on either route: Proposition 8.26
disposes of the fibre cycles there. The one condition that is used is the boundary condition
(the boundary-monodromy clause): along the discriminant the coefficient is a multiple of the
vanishing covector d%, so that the torus of a sheet along an arc is the exact torus Ty, which
collapses to a circle over the arc and gives a piece without boundary there (Lemma 8.14(1)).
This is the relative condition D = Zd of Definition 2.4, and the monodromy invariance of the
coefficients along the discriminant, which is part of the definition of ¢, A, is what the crossing
pieces use (Lemma 8.16). Relative tropical 2-cycles are therefore the natural class for the
lift: they are the chains whose local lifts exist, they form a group on which the boundary
>4 Pa(2)[04] of the lift is additive, and their node coefficients already exhaust K (Theorem C).

Remark 8.29 (the strict case). Let (.5, j,v) be a strict tropical 2-cycle (Definition 2.5) and
z = [S] its triangulation.

Away from the discriminant. Outside U the normal form is the transfer of S itself: y
agrees there with sd 2. Over that part the domain is the bundle of the cells s x Ts with
ms = 1 and Ts = kerky(v) ® U(1), the fibre of the object S that Castafio-Bernard and
Matessi attach to S [CBM14, §7, (46)], written in the affine structure of By through the flat
pairing of Proposition 4.11 (Remark 6.11). The map F is built cell by cell in the regions
Wy, (Lemma 8.25), so over this part the chain is the bundle of the two-tori ker xy(v) @ U(1)
up to homotopy in each region.

Near the discriminant. Since 05 is an embedded curve passing each vertex of the discrim-
inant at most once, the multiplicities of the model germs are 0 or +1. The chain agrees with
the local models of [CBM14] under the following two conditions:

(C1) every arc of T'M carries at most one crossing of the transfer of S;
(C2) within U the transfer of S is the sum of the model germs (M1)—-(M4) with these
multiplicities and of normal discs at its crossings: at a model node it is the standard
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half on the side ay > 0, at a model vertex the tripod on the side of «/, and along each
arc of 05 it lies on the model sides with the windings of the model germs.

Under (C1) and (C2), the part of sd 2™ on U minus Std™ (b™) N U is a sum of normal discs
at the crossings, homologous relative to OU, by moving discs along the arcs, to > 4 v AD(E4)
with v4 the crossing coefficient of S on A (and v4 = 0 on arcs without crossing); so the normal
form may be taken with these v4, which are primitive with |k;| = 1 (the primitive-field and
crossing clauses of [CBM14, Def. 7.2]), and all pieces are the local models of [CBM14] listed
below. Without (C1) or (C2) the transverse disc on an arc collects the crossings on that arc
and the differences of sides and windings, and its piece is that of Lemma 8.16 for the collected
coefficient, which need not be a local model of [CBM14]: two crossings with k; = 1 on one
arc give, when the sum of their covectors is primitive, k;, = 2, a two-sheeted cover with a
fibre of type Io; a sheet of S on the side oy < 0 at a node gives a coefficient in Zd’ and the
piece Ty -6V (Dg,)-

Condition (C2) refers to conventions fixed with the model germs, before z (Section 8.8):
the basis (Turn(u;), Turn(usz)) at each turning point, the side a; > 0 at the model nodes
and the side of v/ at the model vertices, and the reference side o, > 0 of each arc. With
these fixed conventions (C2) fails for many strict cycles: for instance when 05 turns through
the sector C'(u3), which has multiplicities (—1,1) in the basis (Turn(u;), Turn(uz)), or when
a sheet of S lies on the side ay < 0 or on the non-reference side of an arc. Any two of
Turn(u; ), Turn(ug), Turn(us) form a basis, and the other choices of side and of reference side
change the normal form only by transverse discs, so the construction and Theorem D hold for
every choice of these conventions, and they may be chosen depending on S. If the conventions
are chosen as those used by S (at each turning point a basis containing the turning germ of
08, at each model node and model vertex the side of S, on each arc the side of S as reference
side), and if (C1) holds and within U the transfer of S is the sum of the germs so chosen
and of normal discs at its crossings, then all pieces are the local models of [CBM14], in the
correspondence of the table at the beginning of this section. This comparison assumes the
stated position of S. We do not use that S is a manifold at the interior vertices of S [CBM14,
§7.7, Step 5.

9. PERIODS AND THE RELATION LATTICE

This section proves Theorem A and Corollary B. Theorems C and D give the inclusion
K C Rel(d) and item (2) directly (Section 9.2). The reverse inclusion is a period computa-
tion, which follows the mechanism of Greene, Morrison and Strominger [GMS95, §2] inside
the polynomial family. Near the degenerate locus the period g, of a holomorphic volume form
over ¢, is the critical value ep at gp times a holomorphic function B, that has no zero near
the locus {ep = 0} (Lemma 9.3). A relation among the classes [d,], even a relation modulo
torsion, therefore gives the same relation among the functions o, on a whole neighbourhood
U of the member, and among their differentials at the point ¢(®) of Z below it. There the
matrix of differentials is diag(B,) R up to an error O(t%/2), where R is the integer matrix
with rows rp, whose left kernel is K ® Q. So the relations have rank at most rank K, and
saturation of K gives equality over Z and excludes torsion. The same matrix, with a con-
traction argument and the holomorphic implicit function theorem, describes the nodal locus
(Section 9.3). Section 9.4 replaces the spheres J§, by pairwise disjoint Lagrangian spheres,
and Section 9.5 proves Corollary B. Section 9.7 proves smoothness of the locus with exactly
|@Q| nodes and extends the integral comparison along every connected component meeting the
near-limit construction. Section 9.8 exhibits a component outside this comparison in the Xg
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family. Section 9.9 classifies its entire codimension-three four-node locus, and Section 9.10
identifies the reverse transition for general members of that component.

Throughout, the configuration of Section 7.1 is fixed: 7 and h, the pulling refinement F¢
and the height h¢o, the vectors w,, the integer kg and H = kgp + hco. We use the notation
of Section 7: the compact set 6y C Z, the radius » < 71 and the bound 79 < 72/20 of
Definition 7.3, the constant Cj, of Lemma 7.2, the sets Uc C U(ér of Definition 7.3, the max-
norm ||£]| = max, |&,] on CA with ||rp|« = 4, and np(§) = rp - £, extended complex-linearly.
A coefficient vector near ¢(© is written ¢(©ef with ¢ € CA. Constants called C' depend only
on the configuration and on %y; C(n9) depends in addition on 7. All thresholds on t below
depend only on these data.

9.1. The neighbourhood U and the periods. Fix ¢ below the threshold of Lemmas 7.11,
7.14 and 7.15, and a member ¢ = ¢(©¢ée as in Theorem A: ¢(9 € %, and &, real and in the
window. For a node ¢, with parallelogram P, and a coefficient vector ¢ at which Lemma 7.14
applies, ¢p(c¢’) and ep(¢’) denote the Morse point of f(1) in Dp and its critical value. Below,
sets of nodes are indexed by the nodes g or by their parallelograms P interchangeably.

Lemma 9.1 (the neighbourhood U). Put n(, := 3no/2. The open set
U .= {C(O)eg €€ cA, €1l < 3/2, |np(&)] < ng for every P}
of complex coefficient vectors has the following properties.
(1) Uc CU C UE; in particular U contains ¢ and ¢9). The set U is simply connected.

2) The conclusions of Lemmas 7.11(2), 7.14 and 7.15(2) hold for every ¢ € U.
3) Each ep is holomorphic on U, and on all of U

dep = e " rp - dé + O(C (o) t%/?).

4) For ¢ € U the singular points of Vi » are the points qp(c’) with ep(c’) =0, and each
of them is an ordinary double point.

Proof. The defining bounds of U, U and U are (1,10), (3/2,3n0/2) and (2,2n0), so Uc C
U C UL The map & — c(©¢f is injective on {|| Im&|| < 7}, and 3/2 < 7; so U is the image
of a convex set under a homeomorphism onto its image, hence contractible. This proves (1).
Lemmas 7.11(2), 7.14 and 7.15(2) are stated for every coefficient vector in U, for ¢ below
the threshold fixed above, hence they hold on U. This proves (2).

The critical point gp(c’) is nondegenerate, so by the holomorphic implicit function theorem
it depends holomorphically on ¢, and so does ep(¢’) = fM(gp(¢)). By Lemma 7.14(2) on
UE, ep+ Kkp = O(t90/2) on Ug, where kp = e7? — 1. Every point of U is the centre of a
polydisc in ¢ of polyradius . := min(1/2,70/8) = min(1/2,10/(2||rp|+)) contained in U :
on it ||£]| < 3/2+1/2 and |np| < 310/2 + ||rp|l+0x« < 2mp. The Cauchy estimates on these
polydiscs bound d(ep 4 kp) by C(10)t%/? on U, and dkp = —e™ "7 rp - d€. This is (3). By
Lemma 7.11(2) on U the singular points of Y; » are the ¢p(¢/) with ep(¢/) = 0. At such a

(
(
(9.1)
(

point the local defining function f(!) in the ambient chart has a nondegenerate critical point
with critical value 0, so the point is an ordinary double point of Y; .. This is (4). O

For a node g with parallelogram P put D, := {¢’ € U : ep(c’) = 0}, and for Q' C @ put
D¢ = (N4eqr Dg- By Lemma 9.1(4), D¢y is the locus of members of U with a node at gp
for every g € Q'. By (9.1), and since |e 7| > e~ > e~! on U while the linear form rp - d¢
has norm ||rp||« = 4, the differential dep does not vanish on U for ¢ small; so D, is a smooth
complex hypersurface of U, possibly empty. The set U° := U\ Uq D, is connected, as the
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complement of a proper analytic subset of a connected complex manifold, and it contains ¢,
because ep(c) # 0 in the window (Lemma 7.14(3)). The members of U° are smooth.

Vanishing spheres over U. For ¢ € U\ Dy let 64(c') C Y}~ be the vanishing sphere of the
Morse point gp(c’) for the straight path of values from ep(¢’) to 0, as in Definition 7.16: in
holomorphic coordinates ¢ centred at gp(c') with f1) =ep + 3. (2, it is {¢ € (—ep)/?R? :
Zi CZQ = —EP}. On U,

(9.2) lep| < |kp| 4 Ct%/2 < Moyl + Ct%/2 < r2 /6,

since nfy = 310/2 < 3r%/40; so the sphere lies in Dp. We orient §,(c’) by continuous transport
from the member ¢, at which it carries the orientation of Definition 7.23. This is well defined
on all of U \ Dy: since U is simply connected and D, is a smooth hypersurface, 71 (U \ Dy)
is generated by conjugates of meridians of Dy, and along a meridian €p turns once around
0, which carries ¢, to itself with its orientation (Remark 7.25). The arguments below use
Definition 7.23 only at c.

Lemma 9.2 (flatness). The members Y, ¢ € U°, form a locally trivial fibre bundle over
U°, and the classes [04(c')] € H3(Y; 3 7Z), q € Q, are flat sections of the local system of the
groups H3(Y; 5 Z) over U°.

Proof. The set Y° := {(c,y) : ¢ € U°, y € Y~} is a closed submanifold of U° x X7, and
the projection to U° is a proper submersion, since every fibre is a smooth hypersurface of the
compact manifold X7. By Ehresmann’s theorem it is locally trivial, and parallel transport
along a path in U° is induced by a diffeomorphism of fibres, well defined up to isotopy. Over
a small ball in U° the Morse points, the Morse coordinates of the holomorphic Morse lemma
with parameters [AGZV85, §§6.2, 9.6] and the spheres d,4(¢’) vary continuously, with the
continuous orientation above; in a trivialisation over the ball the spheres form an isotopy, so
their classes correspond under parallel transport. [l

Periods. Let Op := x " dx" A---Ax~™dx™ be the invariant four-form of the dense torus for
abasisny, . ..,n4 of N, and write Fy /20 = > YnX". In the chart of a maximal cone, with Cox
coordinates Z1, . .., Zy, we have O = +dZ1A---NdZy/(Zy - Zy4) and F /20 = F, /(21 - - - Zy),
where F, is the defining polynomial of Y; ./ in the chart. So Or/(F;/2°) = +dZyA---NdZ4 ) F,
has a simple pole along Y; » and no other pole. For ¢ € U its residue €~ is a nowhere
vanishing holomorphic three-form on the smooth locus of Y; », depending holomorphically
on ¢. Put

oq(c) == / Qe d eU\ D,.
bq(c’)

Lemma 9.3 (periods). Let q be a node, with parallelogram P. There are a holomorphic
function By on U, a sign sq and a constant C independent of t such that p, = Byep on
U\ Dy and

|Bq—47r28q,up/60‘ §C’(|5p|+t90/2) on U.
In particular o, extends holomorphically to U, By is bounded on U uniformly in t, and there
is €« > 0 independent of t such that, for t small, By has no zero at the points of U with
lep| < ex, which include D,.

Proof. Coordinates. Fix ¢, € U and freeze the positive scale v, := vz(c,). On a neighbour-

hood V. C U of ¢, use ,u};m = exp(np/2) and put 21 := Z/v, and 25 := b(¢')vZ’. These

coordinates depend holomorphically on the point and on ¢/, and z129 = bZZ’. At ¢, they
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agree with Z and 9pZ2’, since vzvy = 1 /|b]. The scales defining Dp are continuous in ¢, so,
after shrinking V', these charts have a common domain inside 2Dp. By Lemma 7.14(1), at c.
the function f() differs by O(t%/2) from fiy, := xy+2122—kp, since aZ and a/ Z' are O()\I_Dl/g)
there. Fibre-variable Cauchy estimates give the same bound in C® on Dp; on a slightly smaller
common domain it holds throughout V. Uniform bounds below are taken at the arbitrary cen-
tre ¢, where the original normalisation applies, so their constants are independent of ¢, and
t. Let ¢V be the linear coordinates with x = (Y +i¢9, y = (Y —i¢9, 21 = (§ +iCY, 20 = ¢§ —i(?,
so that fi, = ZZ(CZO)2 —kp and dz A dy Adz A dzog = —4d*¢0, where d*¢ :=d( A -+~ AN dCy
for any coordinates ¢. Put ¢! := (% — ¢%(gp) and H(¢Y) = fol(l — s)Hess f(M)(s¢1) ds, the
Hessian taken in the coordinates ¢!. Since gp is a critical point of f(V) with value e p, Taylor’s
formula with integral remainder gives f(V) = ep 4 (¢H)TH(¢!) ¢'. The Hessian of fi, is 21,
and f1) — fiy, is O(t%/2) in C? on the ball {|¢!| < r/2}, which lies in Dp because r < 1/2;
so H= T+ 0(t%/?) in C" there. Put ¢ := H(¢!)'/2¢!, with the principal square root of the
symmetric matrix H. The critical point is holomorphic in ¢’ in the original toric coordinates,
by the implicit function theorem. Thus ( are jointly holomorphic coordinates on the local
parameter chart, centred at qp, with f1) = ep +q, q := 3, ¢?, and ¢ — ¢* = O(t%/2) in
C' on the ball, with uniform constants at c,. After shrinking V' and decreasing ¢, the image
contains |¢| < r/v/5.

The form. On the chart U,, of Section 7.3 we take ny,...,ng = b —a, d — a, wy, w,.
Since 2%/20 = x* = (ZZ')~ by (7.2), O1/(F;/2°) = ©/f1) with © := £+, ' (x1x2) 'dx1 A

dy2 NdZ NdZ'. From x1 = (ya/w)ep " (x— 1p"?), x2 = (a/ra)np 2 (y—up"?), Z = vz,

Z" = z3/(bvy) and b = yy/7,, with 9 = ¢y because H(0) = 0,
_ :I:'M—P dx Ndy ANdzy A dzo dup d*¢

S)

@ Q- mloi-ply) | @ (- ula0 -y
Write © = gd*¢. Then g is holomorphic in ¢ and ¢, bounded on the ball uniformly in ¢, and
9(0) = F4(up/co) (1 + O(t%/?)), because gp lies within O(¢%/2) of the node point z =y = 0
(Lemma 7.14(2)).

The period. For |\| < r2/5 let By := A/?B, where B is the closed unit ball of R* ¢ C*
in the coordinates ¢, oriented by R*; this does not depend on the choice of the square root,

since —1 preserves the orientation of R*. Its boundary lies in {q = A}, and for A = —¢p it is
the sphere d,(c’); by (9.2) this applies throughout V. Let s; = £1 compare the orientation
of 0, with the boundary orientation of B_.; it is locally constant in ¢. Put

Z(d,\) = / gdi¢ =\ / g(\?u) dtu.
B, B

In the Taylor expansion of g at ( = 0 the terms of odd degree integrate to zero over B, so Z
is holomorphic in (¢/, \), and Z = /\2(§g(0) + AZ;), since B has volume 72/2; by the Cauchy
estimates Z; is bounded on |A| < 72/6 uniformly in ¢. On Y; .~ near gp the residue of ©/f1)
is g times the Gelfand-Leray form d*¢/dq, and the Gelfand-Leray formula [AGZVS8S, §§7.1,
10.2] gives HI(c,\) = [yp, gd*¢/dq. Hence

©g = sfl ONL(c,—ep) = —s; 5p(7r29(0) —epIo(d, —gp)), To := 311 + AOL\TI.

The function B, := —sj, (7r2 9(0)—epIy(d, —¢ p)) is holomorphic near every point of U, also on
D, and it equals g,/ p on the dense set U\ Dy; so these local functions define a holomorphic
function on U. The estimate follows from the formula for ¢(0), with s, = :i:s;. The sign
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agrees at each centre with the one in the continuously varying original normalisation, so it is
locally constant on the connected set U \ D, and hence constant. Since |up/co| is bounded
below on U by a constant depending only on %; and 7, the last statement follows. ([l

9.2. Relations: proof of Theorem A(1) and (2).

The threshold. We use the choices of Section 7.1: r = ri, g1 = r%/20 and C = C, in the
statement of Theorem A, so that for 7y € (0,71] the members of Theorem A are exactly the
members ¢ = ¢Oeée with ¢(9 € %, and . real and in the window; here log jup(c) = np(&.).
Let ty be the threshold of Theorem D (Proposition 8.28) for r, 1y and %, which lies below
those of Lemmas 7.11, 7.14 and 7.15. In the proofs of items (1) and (3) we decrease tg finitely
many times, each time by a condition that involves only the configuration, 6y and 7g; the
result is the ¢ty of Theorem A. Fix t < tp, a member ¢ and the neighbourhood U of Lemma 9.1.

Proof of item (2), and K C Rel(§). Let Ko be the barycentric subdivision of &, in which I
is a full subcomplex (Lemma 3.13), and let £ € K. By Theorem C there is z € Z(Ry) with
p(z) = k. By Theorem D, applied to £ and z, there is an integral four-chain Z(z) on Y; with
02(2) = Y, pg(2)[0g) = D2, kql0g]- This is item (2), and it gives Y- ky[0] = 0 in Hz(Ys; 2),
so K C Rel(9).

Both theorems are stated with the same objects: the group Z(8) of Definition 2.4, with
coefficients in the sheaf (.A and boundary in C;(I'; D), and the node coefficients of Defini-
tion 2.6. Theorem D reads p, through the passage formula p; = cu — ¢y, Which agrees with
Definition 2.6 (Section 5.3), and it orients J, by Definition 7.23, as Theorem A does, for the
same labelling of each parallelogram. So no further compatibility is needed; by Lemma 7.26
the conclusion does not depend on the labelling.

Proof of item (1). Let Kior := {k € Z9 : 3 ky[b,] € Tors H3(Y;;Z)}. Then K C Rel() C
Kior, and item (1) is the statement Kio, = K. Let R be the |Q] x |.A| integer matrix with
TOWS Tp = €4+ €. — e, — €g; its entries lie in {0, £1}. The points of the set R of Section 2.2 are
lattice points of A, so Z% C ZA, and under this inclusion rp = —circg, both for the labelling
that orients ¢, (a change of diagonal reverses rp, circy and J, together, Lemma 7.26). Hence
the left kernel of R over Q is {k € Q9 : Zq kqcircg =0} = K ® Q, and

rr = rank R = |Q| — rank K.

Step 1: relations propagate over U. Let k € Kio,. By Lemma 9.2, parallel transport along
a path in the connected set U° from ¢ to ¢’ is a group isomorphism Hg(Y; ¢;Z) — H3(Y: 03 Z)
carrying [34(c)] to [d4(c)]; s0 >_, kg[dq(c)] is a torsion class for every ¢’ € U°. Integration of
the closed form €2 » is a homomorphism H3(Y; ~;Z) — C, which vanishes on torsion classes;
hence Zq kq9oq = 0 on U°. By Lemma 9.3 each p, = Bsep extends holomorphically to U,
and U° is dense in U; so

(9.3) Z kypqs=0 onU, for every k € Kior, in particular for every k € K.
q

Step 2: the differentials at ¢(0. At the point ¢(0) € U, where ¢ = 0, every np vanishes,
so kp = 0 and [ep(c?)| < Ct%/2 (Lemma 7.14(2)). Since % is compact and ¢y > 0 on Z,
there are 0 < ¢_ < ¢y with c(()o) € [c_,cy] for all ¢ € €. By Lemma 9.3, with pup(c(?) =1,
HBq(C(O))| - 4772/0(()0)‘ < Ct%/2 and |B,| < by on U with b, independent of ¢. So for ¢ small

b = 2772/C+ < |Bq(c(0))| < by for every gq.
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The polydisc in £ about 0 of polyradius g, = min(1/2,1y/8) lies in Uc C U: on it ||€|| < 1/2
and |[np| < ||rpll«||€]] < no/2. Since By is holomorphic and bounded by b4 on U, the Cauchy
estimates on this polydisc give |0B,/9&,(c(?)| < by /o.. Hence, at (0,

dpg = By (D) dep 4+ ep (D) dB, = By (<) rp - dé + O(C (o) t%7?),

by (9.1) with np = 0. Let D(¢) be the |Q| x |.A| matrix whose rows are the differentials
dgpg(c)), as linear forms in d¢. Then

(9.4) D(t) = diag(B,(c”)) R+ E(1), max [E(t)gn| < C(1p) t%/2.

Step 3: the rank. Choose rg rows I and rg columns J of R with det Ry; # 0; as an
integer, |det Ryy| > 1. Then |det(diag(B)R)U| = [lser 1B,(c)|| det Rry| > b™®, and every
entry of diag(B)R has modulus at most by. The determinant is a polynomial of degree rg
in the entries, so, once C(no)t90/2 <1,

|det D(t);y — det(diag(B)R) | < rr - rr! (b4 + 1) C(1o) t%/2.

We decrease to so that the right-hand side is less than "®/2. Then detD(t);; # 0, so
rank D(t) > 7R, and the left kernel of D(t) in C? has dimension at most |Q| — rr = rank K.

Step 4: conclusion. Let k € Kiop. Differentiating (9.3) at ¢(?) gives >qkq dpg(c?) =0, so
k lies in the left kernel of D(¢). The complex span of Ki,, therefore has dimension at most
rank K, and it contains the complex span of K C Ky, which has dimension rank K. The
two spans agree, and since both Ko, and K consist of integral vectors, Kio; ® Q = K ® Q.
As K is saturated in Z9, Ko, C (K ® Q) NZ? = K. Hence Kio; = Rel(6) = K.

The homomorphism Z% — H3(Yy; Z), k — >4 kqldq], therefore has kernel K, and its image
meets the torsion subgroup only in 0. The image is isomorphic to Z?/K, which is finitely
generated and torsion-free because K is saturated, hence free of rank |@| — rank K. This
proves item (1). O

Remark 9.4. Step 1 uses only that > kg[dy] is torsion at one member, and the inclusion
K C Rel(9) is the integral statement of item (2), not a statement modulo torsion. The rank
bound of Step 3 is where the relation lattice of the circuits enters: the left kernel of R over
Q is the space of relations among the classes [Cy] in Hy(X;Q) (Proposition 3.4).

The conclusion extends from the given member to all smooth members of U that have
Morse points at every node, as Section 2.6 states.

Proposition 9.5. For every ¢ e U° =U\ Uq Dy, including complex coefficient vectors, the

member Yy o+ is smooth, and, with §4(c') oriented by transport from ¢, for k € Z° the class
g Kkqlog(c)] is a torsion element of H3(Y; 3 Z) if and only if k € K, and it is then zero.

Proof. Smoothness is Lemma 9.1(4). Parallel transport along a path in the connected set U°
from ¢ to ¢ is a group isomorphism carrying [d4(c)] to [04(c')] for every ¢ (Lemma 9.2). It
carries the homomorphism k + 37 k¢[04(c)] to k = 3= kq[04(c')] and the torsion subgroup
onto the torsion subgroup; so the kernels, and the preimages of the torsion subgroups, agree.
Item (1) at ¢ gives the claim. O

9.3. The nodal locus: proof of Theorem A(3). By Lemma 9.1(4) the members of U
with a node at every point gp, P € @, are the points of Dg; each of them has exactly |Q
singular points, all ordinary double points. Let I C @ index rows rp, P € I, that form a
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basis of the row space of R, so |I| = rr = |Q| — rank K, and put D; :=(\pc; Dp. We show
that Dy is a nonempty complex submanifold of U of codimension |I|, and that Dg = Dy.

In the chart ¢ write ep(cVef) = —kp(€) + Ep(€) with kp = e "P€ —1. By Lemma 7.14(2),
|Ep| < Ct%/2 on UE . The space C4, its subspaces and C! carry the max-norm, and operator
norms are taken between these.

(a) D # 0. Let V :=spanc{rp: P€ I} CCAand A: V — C!, A¢ := (rp - £) pes. In the
basis (rp)per of V' the matrix of A is the Gram matrix of linearly independent real vectors,
which is invertible; so A is an isomorphism, and |[A7!|| < Ca for a constant Ca depending
only on R and I. Put gy := min(1/2,70/8) and By :={{ € V : ||¢|| < ov}. Every point
of By lies in Uz C U, and so does the polydisc of polyradius g, = min(1/2,1y/8) about
it: on that polydisc ||| < 1 and |np| < ny. The Cauchy estimates on these polydiscs give
supp,, ||| < Ct%/2 and supp,, [[dE|| < C(no)t%/? for E := (Ep)per, with C < C(no). Let t
be so small that C(19)t?/? < 1/2. On By the equations ep =0, P € I, say e """ = 1+ Ep.
Here |np| < nmo/2 < 1 and |log(1 + Ep)| < 2|Ep| < 1 for the principal logarithm, so np =
—log(1 + Ep), no other branch being possible, and the equations are equivalent to the fixed
point equation

E=T() :=A(~log(1 + E(€)), &€ By.
For |w| < 1/2 one has |log(1l + w)| < 2|w| and |dlog(1l + w)/dw| < 2, and By is convex.
Hence || T(¢)|] < o¢ := 2Ca C(no)t%/?, and T is Lipschitz on By with constant at most
20pasupp,, [|[dE| < 0. We decrease tg so that oy < gy and ¢; < 1. Then T maps the closed
ball of radius ¢; in V', which lies in By, into itself and is a contraction there. Its fixed point
¢* satisfies ep(c@ef”) = 0 for P € I, with ||€*]| < g1, and ¢Def” € U. So D; # 0.

(b) Dy is a complex submanifold of codimension |I|. On U, |e™""| € [e7',e], and the
differentials (9.1), P € I, are the rows of the matrix diag(e™"") pcyRy up to an error bounded
entrywise by C(10)t%/2. The minor argument of Step 3 of Section 9.2, with e~77 in place of
B, and the bounds e, e in place of by, shows that these |I| forms are linearly independent
at every point of U once t is small. By the holomorphic implicit function theorem Dy is a
complex submanifold of U of codimension |I]|.

For use in (c¢) we bound np on D;. For P € I, ep = 0 gives |[e7"" — 1| = |kp| = |Ep| <
Ct%/2. On U, |np| < n = 3n0/2 < 1, since g < r2/20 < 1/80; and for |w| < 1 one
has |e™% — 1| > |w| — (e — 2)|w|> > |w|/4. Hence |np| < 4Ct%/%2 on D;. For P ¢ I,
rp = EP,GI apprp with rational coefficients app: depending only on R and I, so np =
S prappmp and |np| < Ct%/2 on Dy as well. Consequently

(9.5) lep| < |kp| + Ct%/% < C1P0/? on Dy, for every P € Q.

(¢c) Dg = Dy. Let g ¢ I, with parallelogram P. The rows rpr, P’ € I U{P}, are linearly
dependent, and since the rows indexed by I are independent they satisfy a rational relation
k with kq # 0 and support in I U {q}. As rpr = —circy, k € K ® Q, and a nonzero integer
multiple mk lies in K. By item (2) and (9.3), >_, mkppp =0 on U. On Dy, @, = Byep, =0
for p € I, where P, is the parallelogram of p, so kyBgep = 0 there. By (9.5), |ep| < &, on Dy
once t is small, so B, has no zero on Dy (Lemma 9.3). Hence ep = 0 on Dy, that is Dy C Dj,.
So Dy € Dg € Dy, and Dg = Dy is a nonempty complex submanifold of U of codimension
|Q| — rank K.

Finally, by Proposition 3.4(3) the diagonals can be chosen so that the small resolution
XX ! is projective, and for every projective small resolution |Q| — rank K is the relative
Picard number of X — X ! (Proposition 3.4(2); changing the diagonal at ¢ changes only the
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sign of the image of [C,] in QF, and by Lemma 7.26 it leaves items (1) and (2) unchanged).
This proves item (3), and with it Theorem A. O

9.4. Lagrangian representatives. Castano-Bernard and Matessi construct Lagrangian
torus fibrations over integral affine three-manifolds with singularities [CBMO09], and La-
grangian submanifolds associated with tropical varieties are constructed in [Mik19, Mat21a,
Mat21b]; here the Lagrangian spheres are built directly in the Kéhler manifolds Y;. Fix
a toric Kéahler form wy on the smooth projective toric variety X7, and write wy for its
restriction to a smooth member Y; », a Kéhler form.

Lemma 9.6. Let ¢ be a member as in Theorem A, with neighbourhood U, and let Q' C Q
be a set of nodes with D¢y # 0. Then there are pairwise disjoint embedded Lagrangian three-
spheres Lp C (Yi,we), P € Q', each smoothly isotopic in Y; to dp.

The lemma controls the isotopy class of Lp, without a bound on its position in the Morse
polydisc: for a fixed Kéhler form the equivalence constant between w7 and the flat metric
of the rescaled Morse chart grows like a negative power of ¢, and at the member c itself the
thimbles need not stay in the polydiscs.

Proof. Step 1: a thimble bound near Dg. Fix by € Dg and a compact neighbourhood
V C U of by. By Lemma 7.14, which holds on V including where ep = 0, each fp := f()
has on Dp a single critical point gp, and it is nondegenerate. By the holomorphic Morse
lemma with parameters [AGZV85, §86.2, 9.6] there are holomorphic coordinates ¢ centred
at ¢p, depending continuously on the member, with fp =ep + )", Cl? exactly. Put &p :=
Re(e~t318¢P fp); then |d®plg = 2|¢|, where | - | is the flat norm of the coordinates (. By
compactness there are gy > 0 and C' > 1, uniform on V, such that the ball Bp := {|(| < wq}
lies in the chart and in Dp, and C~ |- |op < |- |w < C|-|o on Bp, where | - |, is the norm of wr-.
Along a flow line of —V,®p, ®p decreases at rate |d®p|, > C~1|dPp|o per unit w-length,
and the w-length needed to cross the shell w/2 < || < w is at least w/(2C); so crossing it
costs a drop of ®p of at least cyw?/(4C?) with cy = 2, while the drop from gp to the level
fp =0is |ep|. Hence, if [ep| < ®¢ := cywi/(4C?), the descending manifold of gp between
the levels ep and 0 lies in the ball of radius 2C(|ep|/cx)'/?, and every flow line from gp
reaches the level 0 there, gp being the only critical point.

Step 2: Lagrangian spheres near Dg. Choose by € VN U® with 0 < |ep(b1)| < ®¢ for
P € @’; this is possible because the ep are continuous, vanish at by, and Uq D, is nowhere
dense. By the Cauchy-Riemann equations the gradient flow of ®p for the Kahler metric
preserves Im (e ~?38¢P fp) so by Step 1 the descending manifold is the Lefschetz thimble of gp
for the straight path from ep to 0, contained in Bp. By [Sei03, §1.3, Lemmas 1.13-1.14], whose
argument is local along the thimble, it is an embedded Lagrangian ball, and its boundary
Lp(b1) is an embedded Lagrangian sphere in Y; 3, . In our setting the Lagrangian property is
seen directly: by the Cauchy—Riemann equations the gradient of ®p is a Hamiltonian vector
field of Im(e~*88¢P fp), so its flow preserves wr; it carries the points of the thimble to gp as
time tends to infinity and contracts the tangent spaces of the thimble; hence these tangent
spaces are isotropic, and the thimble is Lagrangian. On the thimble Im (e *®8¢F fp) = 0, so
its boundary is the regular level {®p = 0} of ®p on it, an isotropic three-sphere in Yy, ,
hence Lagrangian; the flow lines reach this level by Step 1. Seidel credits the definition of the
thimble to a suggestion of Donaldson; compare [Don00]. The polydiscs are disjoint, so the
Lp(by) are. Replacing wy on Bp by (1—7)wr+7 (*wstq, 7 € [0, 1], where ( is the holomorphic
Morse chart of Step 1 and wgtq the standard Kéahler form of C*, keeps the estimates of Step 1
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with the same constant C', since C' > 1, and gives a smooth isotopy in Dp NY;p, from Lp(b)
to the Morse-chart sphere dp(by).

Step 3: symplectic parallel transport. Choose a smooth path « in the connected set U°
from by to c. Every Y} ,(s) is smooth, so V = {(s,y) : y € ¥; ;(s)} is a manifold submersing
onto [0, 1] with compact fibres. Let wy be the pullback of wy. Since the fibres are symplectic,
their wy-orthogonal complement is a line field transverse to them; let d, be the lift of 9, in it,
whose flow ¢; is defined on [0,1]. Then L5 wy = d(v5 wy), and ¢4 wy vanishes on the fibres,
so each ¢ restricts to a symplectomorphism between the fibres. Put Lp := ¢1(Lp(b1)): these
are pairwise disjoint embedded Lagrangian spheres in (Y, w,).

Step 4: the isotopy to dp. Along 7, ep # 0 and Lemma 7.14 holds, so by the holomorphic
Morse lemma with parameters the Morse-chart spheres dp(v(s)) form a smooth family. Two
holomorphic Morse charts at gp differ by a biholomorphism g preserving ) . CZ-Q; the maps
¢ = g(A)/A, A € (0,1], preserve it as well and tend to dg(0) € O(4,C), and SO(4,C) is
connected while O(4,R) preserves the real sphere, so the sphere is well defined up to isotopy.
Pulling the spheres p(7(s)) back by ¢ gives an isotopy in Yy, from 6p(b1) to ¢ (5p(c)).
Composing with the isotopy of Step 2 and applying ¢; gives a smooth isotopy in Y; from
Lp to dp. We orient Lp by transport along this isotopy from dp = dp(c), which carries the
orientation of Definition 7.23; along v the spheres dp(y(s)) carry the orientation by transport
from ¢ of Section 9.1. 0

By Theorem A(3), Dg # 0, so D¢ 2 Dg is nonempty for every @' C @, and Lemma 9.6
applies with @’ = @Q: the spheres ¢4, ¢ € Q, are simultaneously isotopic to pairwise disjoint
Lagrangian spheres L, with [L,] = [0,] in H3(Yy; Z).

9.5. Smoothings: proof of Corollary B. The equivalence of (a) and (b) is Namikawa’s
theorem [Nam02, Thm. 2.5], which we apply after verifying its hypotheses. Namikawa calls
a projective threefold with only terminal singularities, trivial canonical class and H'(Q) = 0
a Calabi-Yau threefold [Nam02, §0.2].

Lemma 9.7. X! is a Calabi—Yau threefold in the sense of [Nam02]: it is a normal projec-
tive threefold whose singular points are the |Q| nodes, with wx: = Ox; and H'(X],0) =

H?(X!,0) =0. The small resolution X - X! is an isomorphism off the curves Cy = PL.

Proof. The toric variety P, of (Proj) is projective, and it is Gorenstein: its rays are generated
by lattice points of A, so the support function ¢ of —K is linear on each of its cones. The
morphism P, — P is crepant for the same reason. So the total transform of the anticanonical
hypersurface X is an anticanonical divisor of P.. It has no exceptional component: such a
component would map onto the closure of a torus orbit of PA contained in X, while the
AC-regular hypersurface X meets every orbit transversally and contains none [Bat94, §3].
Hence X! € | - K p.| is a Cartier divisor, and it is projective. By adjunction wx; = Ox:.
The singular points of X! are the nodes, one for each ¢ € @ (Section 3.2); ordinary double
points are terminal. As a Cartier divisor in the Cohen-Macaulay variety P., X/ is Cohen—
Macaulay, and with finitely many singular points it is normal. From 0 — wp: — Opr —
Ox: — 0, Serre duality on the four-dimensional Cohen-Macaulay projective variety P, and
HI(P,,0) =0 for j > 0 [CLS11, §9.2], we get H'(P},wp;) = H**(P,,0)" =0 for i < 3,
hence HY(X!,0) = C and HY(X/.,0) = 0 for i = 1,2; in particular X/ is connected, hence
irreducible. The last sentence is the description of X in Section 3.2. (]
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Lemma 9.8. Let L C Z% be a subgroup. The following are equivalent: (i) some A € L has
Ag # 0 for every q; (ii) some A € L ® Q does; (iii) some A € L ® C does; (iv) for no q is L
contained in the coordinate hyperplane {\; = 0}.

Proof. (i)=(ii)=-(iii) holds because L C L&®Q C L®C, and (iii)=(iv) because L C {\; = 0}
implies L ® C C {\, = 0}. For (iv)=(i) choose /) € L with Ez(gp) # 0 for each p € Q. For
m € Z9, the g-th coordinate of Zp mpﬁ(p) is a linear form in m whose coefficient of m, is

qu) # 0. The union of the |Q| kernels of these nonzero forms does not contain Z%, so some
A= Zp mpé(p) has every coordinate nonzero. O

Proof of Corollary B. (a)<(b). By Lemma 9.7, X! is a Calabi-Yau threefold in Namikawa’s
sense whose singular points are the nodes ¢ € @, and X = X! is a small resolution, not
necessarily projective, that is an isomorphism off the curves C, = P!, For these data [Nam02,
Thm. 2.5] states that X/ is smoothable by a flat deformation if and only if some relation
> g Aq[Cgl =0in Hy(X;C) has every Ag # 0. (The theorem adds a third equivalent condition,
maximality of X/, which we do not use. Friedman’s criterion [Fri86, Rem. (4.5), Cor. (4.7)]
gives the sufficiency of such a relation under the hypotheses of [Fri86, Thm. (4.4)], which
include that the exceptional curve classes span H 2()? , Q?{), Namikawa’s theorem does not
require that hypothesis, and gives both directions for flat smoothings.) The classes [C,] are
rational, and by Proposition 3.4 the relations among them in Hg()A( ;Q) form K ® Q; the
relations in HQ(X;(C) = Hy(X;Q) ® C therefore form K ® C. By Lemma 9.8 applied to
L = K, a relation with every coeflicient nonzero exists over C if and only if one exists over
Q. This is (b).

(b)<(c). By Proposition 3.4 and Lemma 9.8, (b) holds if and only if some A € K has
every Ay # 0. By Theorem A(1), K = Rel(d), the lattice of relations among the classes [d4]
in Hs(Y;;Z); so this holds if and only if (c¢) holds. Conditions (b) and (c) do not depend on
the diagonals: a change of diagonal at ¢ changes the sign of [C}] (Proposition 3.4(2)) and of
dq (Lemma 7.26), which preserves the existence of a relation with every coefficient nonzero.
By Proposition 9.5 the same equivalence holds at every member of U°.

The symplectic statement. By Theorem A(3) and Lemma 9.6 with Q' = @Q (Section 9.4),
the spheres d, are smoothly isotopic to pairwise disjoint embedded Lagrangian spheres L, C
(Yi,we), q € Q, with [Lg] = [d,]; this part is unconditional and does not use (a)-(c). The mani-
fold Y} is a compact Kéhler, in particular symplectic, six-manifold. If (c) holds, > kq[Lg] = 0
in H3(Y:; Z) with every kq # 0, which is the hypothesis of [STY02, Thm. 2.9] for the n = |Q|
spheres Lg: a relation in H3(-;Z) among n disjoint embedded Lagrangian three-spheres in
a symplectic six-manifold, with every coefficient nonzero. That theorem gives a symplectic
structure on one of the 29l conifold transitions of ¥; in the spheres L, in which the excep-
tional curves are symplectic. In the proof of [STY02, Thm. 2.9] the choice at the sphere L,
an orientation of L, together with one of the two small resolutions, is determined by the sign
of k. O

Remark 9.9 (forced nodes). By Lemma 9.8, (a)—(c) fail exactly when some node ¢ is forced:
every A € K has \; = 0. By Theorem A(1) this is the case if and only if J, occurs with
nonzero coefficient in no relation among the classes [0y], that is, if and only if [d,] does not lie
in the span of the other classes in H3(Y;; Q). The proof of [Nam02, Thm. 2.5] shows that a
forced node of X/ survives every flat deformation. Whether (b) holds is a finite linear-algebra
test on the circuits circy; Section 11.4 records its outcome on the list.



MIRROR SYMMETRY FOR CONIFOLD RELATIONS 131

The next corollary uses the smoothing criterion of [Wue26b] in the following special case,
which we restate in the present notation.

Theorem 9.10 ([Wue26b, Thm. 4.7], for nodes and degree-seven points). Let Z be a con-
nected normal projective threefold with wy = Oz and H'(Z,0z) = 0, whose singular points
are ordinary double points and points analytically isomorphic to the anticanonical cone over
the del Pezzo surface of degree seven. Let Z — Z be the crepant resolution given by a
small resolution at each node q, with exceptional curve Cy, and by the exceptional surface
E, = BLP? over each cone point p. Put R, := Q for a node, mapped to Hg(f; Q) by
1 — [Cy], and R, := Q(e1 — e2) C Ha(Ep; Q) for a cone point, the line spanned by the (—2)-
classes of E, orthogonal to Kg,, mapped by the inclusion of E,. Then Z has a convergent
one-parameter smoothing if and only if the kernel of @q R,® @p R, — HQ(Z; Q) contains a
vector with every component nonzero.

In [Wue26b] the statement is made for a choice of a reduced local deformation component
at each singular point; at a node and at a degree-seven point there is only one, a line, so
the choice is unique, and the subspace selected at a cone point is the line R, ([Wue26b, §1,
§2.1]). Every summand is then of rank one, and the condition of [Wue26b, Thm. 4.7] is that
every component is nonzero.

Corollary 9.11 (smoothings of X with dP; points). Let A be admissible with no hexagonal
two-face, so that the profile o is unique, and assume (U) and (Proj). Let Y; be a member as
in Theorem A. Then the following are equivalent:

(a) X admits a smoothing;
(b) X! admits a smoothing;
(c) the vanishing spheres satisfy a relation 3 g kql0q) = 0 in H3(Yy; Z) with kg # 0 for
every q € Q, including both nodes of every pentagon.
In (c), with the diagonals through the centres chosen after Definition 2.3, kq, + kg, = 0 at
the two nodes q1,q2 of each pentagon.

Proof. X satisfies the hypotheses of Theorem 9.10. The argument of Lemma 9.7, with Pa
in place of P., shows that X is a connected normal projective threefold with wy = Ox and
H'(X,0x) = 0. By Section 3.2 its singular points are the nodes xg of the squares and, at
each pentagon G, a point analytically isomorphic to the vertex of Ug, the anticanonical cone
over the toric surface of GG, which is dP;.

Smoothings over a germ. A smoothing in our sense, a flat deformation over a germ of
complex space whose general fibre is smooth, gives a convergent one-parameter smoothing,
that is, a flat proper family over a disc with smooth fibres off the centre, by [Wue26¢, Cor. 6.7]:
a compact threefold with trivial canonical sheaf, H'(O) = 0, only nodes and anticanonical
cones over dPg or dP; as singularities, and a crepant resolution small over the nodes with
an exceptional del Pezzo surface over each cone point, has a smoothing over some base germ
only if it has a convergent one-parameter smoothing. Its proof applies the curve selection
lemma to the complement of the discriminant in the base oan miniversal deformation. X
satisfies these hypotheses by the above and by the resolution X — X below. The converse is
trivial. So (a) holds if and only if the criterion of Theorem 9.10 holds for Z = X.

The resolution. Let X be the small resolution of X! with the chosen diagonals, which
pass through the centres at the pentagons. Near the fibre over a pentagon point it is the
toric variety of the star subdivision of the cone over GG, that is, a neighbourhood of the zero
section of Tot(Kg) with £ = D, = BlyP?; at the squares it is a small resolution of the node.
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So X — X is the resolution of Theorem 9.10. By Proposition 3.9(1), Cy, = €1 and Cy, = e
are two disjoint (—1)-curves of E. The (—2)-classes of F orthogonal to K are +(e; — e2) in
every marking, so the line R, does not depend on the marking, and its image in HQ()A( Q) is
spanned by [Cy,] — [Cy,].

The dictionary. Let Vx be the kernel of Theorem 9.10 for Z = X, and define ®: Vx — Q%
by ®(k), = k4 at a square and ®(k),, =k, ®(k),, = —k, at a pentagon p, where k,(e; —e2)
is the component of k at p. Then 3 ®(k)q[Cy] is the image of k in Hy(X; Q), which vanishes.
By Proposition 3.4(2), ®(Vx) C K ® Q. Conversely, every A € K ® Q satisfies Ay; +Ag, =0
at each pentagon (Remark 3.10), so it equals ®(k) for the k with k, = A, at the squares and
k, = )4, at the pentagons. So ® is an isomorphism onto K ® Q. The components of k are
all nonzero if and only if every coordinate of ®(k) is nonzero, both nodes of each pentagon
included. By Lemma 9.8, (a) is therefore equivalent to the existence of A € K with every

Ag # 0.
Conclusion. By Corollary B and Lemma 9.8, the same condition is equivalent to (b). By
Theorem A(1), K = Rel(d), so it is equivalent to (c). The tie holds on Rel(d) = K. O

9.6. The factoring locus and the nodal locus. Batyrev and Kreuzer specialised the
mirror family, for polytopes whose singular two-faces are squares, to the locus where the face
polynomial of each square is a product of two binomials [BK10, §3]; we call its analogue for all
node parallelograms, up = 1 for every P, the factoring locus. They expected the specialised
members to have one conifold singularity at the point g; of each of their local affine toric
charts Uy, and derived it from a local equation in which every monomial other than those
of the square is divisible by the product of the two normal coordinates; they remark that
this argument does not show that these are all the singular points [BK10, §3]. In the node
chart of Section 7.3, where the normal coordinates are Z and Z’, that local equation omits
the terms AZ + A'Z’ of the apexes, which are linear in one normal coordinate (for dual edges
of lattice length one, the case considered here). These terms are present: the three-cells
w1, wy containing P have apexes, and by Proposition 3.26(4) every apex has exponent one
in exactly one of Z, Z' and exponent zero in the other. Within U the factoring locus is
{¢ € U:np(d) =0 for every P}, because up = e’ and |np| < 1 on U; its points with real
coefficients of our sign pattern form ZNU. The nodal locus Dg lies close to it: by the bound
on the np in the proof of item (3)(b), |np| < Ct%/2 on Dy for every P.

On the factoring locus kp = 0, so ep = Ep in the notation of Section 9.3. Lemma 7.14(2)
bounds Ep by Ct%/? without forcing it to vanish, whereas Lemma 9.1(4) requires ep = 0 for
the member to be singular near gp. Among the terms that move the critical value are those of
the apexes of the cells next to P; at a pentagon or hexagon node the monomials of the other
lattice points of the two-face, which are constant in Z and Z’, move it as well. At a square
node, in the node chart at kp = 0, the monomials of Ap give xy+b ZZ'+ AZ+ A’'Z', with the
apex sums A and A’. In the local model where these are replaced by Ayg+ Ajz and A+ A}y,
with constants Ao, A, Aj, A] and A1 A} # b, the critical point is Z = —Aj/(b — A1 A}),
Z'=—-Ap/(b— A1 A), z = -A\Z', y = —A1Z, and the critical value is

B ApAj
b— A A}
which is nonzero whenever the apex sums do not vanish at the node point. Thus, in this local
model at a square node, the factoring condition gives a node only if an apex sum vanishes at

the node point. In the algebraic family, the members of U with a node at every gp are those
of Dg. For these, Corollary B settles the analogue of the question left open in [BK10, §3]: the
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spheres 0, satisfy a relation with every coefficient nonzero exactly when X/ is smoothable.
The corollary produces a symplectic conifold transition, by [STY02, Thm. 2.9], and not a
projective small resolution.

Theorem A(3) is the mirror half of Morrison’s count (Section 2) at the members of U.
Proposition 9.13 extends this count along every connected nodal component meeting the
construction. The further assertion in [Mor99, §3.1], that the nodal mirror members have a
small resolution mirror to a smoothing of X!, is proved for X9 in Theorem 9.25, in the sense
of Batyrev families up to birational equivalence. The assertion for the whole admissible class
remains open.

Remark 9.12 (polytopes without nodes). If @ = (), then K = 0 and the window of Defini-
tion 7.3 imposes no condition on binomial ratios. The constructions of Sections 7-9 then need
no node-indexed constants: one puts C;) = Cr = 1, Emax = 0 and & = 0, so that ¢ = ¢ and
keeps the conditions on the triangle gaps, the heights, the edges and the three-valent vertices.
Only cases (A) and (B) of the proof of Lemma 7.11 occur, and they use only bounds on the
moduli of the coefficients, so compactness of 6j gives one threshold on t for the smoothness of
every member of U7, and U° = Dy = U. Theorem A then holds with no vanishing spheres,
item (3) with codimension and relative Picard number zero, and Corollary B with the trivial
smoothing of the smooth threefold X/ . The constructions that do not involve nodes apply
as stated.

9.7. Continuation along the nodal locus. Retain the hypotheses of Theorem A, and
write

P=Xy, L=-Kp, V=HP,L)\{0}, Y;={f=0}cCP.

Thus P is a smooth projective toric fourfold and L is nef, big and basepoint-free. Its sections
are indexed by A N N. For any fixed t > 0, the change of coefficients a,, = ¢,t(") identifies
this family with the coefficient family in Section 2.4. We use all of V', including sections with
some zero coefficients. We do not take a quotient by automorphisms of P.

Put v = |Q| and r = v —rank K. Let S, C V consist of reduced hypersurfaces with exactly
v distinct ordinary double points and no other singularities. We give this locally closed locus
its reduced analytic structure; below we also identify its local defining ideal.

A marking labels the nodes by Q). An orientation marking chooses a generator of Hs(Ly; Z)
for each link L, of a node. These choices form a finite covering of .S, once its local manifold
structure is established. The chosen generator induces an orientation of the vanishing sphere
in any sufficiently small smooth deformation. A relation has full support if every coefficient
is nonzero.

Proposition 9.13 (componentwise continuation). Let S be a connected component of S,
containing a nodal member constructed in Theorem A(3). Choose at that member the mark-

ing and orientations obtained from the near-limit construction, and let S be the connected
component of the marking and orientation cover containing that choice. Then:
(1) S is smooth of codimension r in V.

(2) Fors e S and any sufficiently nearby smooth member Yy, let 6,4(b) be its local vanishing
spheres. The integral map

dy 29 — H3(YisZ),  eq— [04(D)]

satisfies
kerdy = d; ' (Tors H3(Y3; Z)) = K.
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In particular, its image is free of rank r and meets the ambient torsion subgroup only
mn zero.

(3) Bvery k € K bounds an integral singular 4-chain in Yy. Such a chain can be obtained
by transport of a bounding chain supplied by the near-limit tropical construction, with
the usual prism corrections for choices of fundamental cycles.

(4) The spheres have pairwise disjoint Lagrangian representatives for the restriction of a
fized toric Kdahler form. The equivalence of smoothability of X! with a full-support
relation among these spheres, and the symplectic-transition conclusion of Corollary B,
hold at every such Y.

On S itself, the relation assertion is an equality of sub-local systems of the signed permu-
tation local system generated by the nodes. It does not give a path-independent marking
of individual nodes. Monodromy on the whole of H3(Y}) need not be a signed permutation.
The signed permutation assertion concerns the local generators only.

The proof uses the existing near-limit comparison as an input. Lemma 9.17 proves that S,
is smooth at every point, including components not meeting the construction, and identifies
its local defining ideal through independent vanishing-cycle periods. The comparison with
K then continues along each reached component. Proposition 9.19 shows that there can be
components which do not meet the construction. The argument does not construct a projec-
tive small resolution of the mirror. Transported chains need not admit tropical descriptions
at their endpoints.

More precisely, the imported near-limit results provide a member fy € S, a coefficient
neighbourhood Uy in which the only possible singularities are the marked Morse points, and
a connected smooth complement Uj. At a known smooth member of this complement, the
relation lattice and the preimage of ambient torsion are both K, and every element of K has
a tropical bounding chain. The original resolution-side criterion identifies smoothability of
X! with the existence of a full-support vector in K. These are the inputs from Theorem A,
Lemma 9.1, Proposition 9.5 and Corollary B.

Completeness of polynomial deformations. For a face F' let £*(F') denote its number of relative
interior lattice points. The correction term for the Newton polytope A is

(9.6) c(A)= D (GG =0.
dim G=2
Indeed, the triangles and squares have no interior lattice points, while the dual edges of the

pentagons and hexagons have lattice length one. The dual edge length of a triangular face is
immaterial here.

Lemma 9.14. For every reduced anticanonical hypersurface Y C P, H (Y, Tply) = 0. If Y
has only nodes, the Kodaira—Spencer map

HY(P,L) — Exti-(Qy, Oy)
of the coefficient family is surjective.

Proof. The cohomology of a smooth projective toric variety is generated by algebraic cycle
classes, so HY(P,Q%) = 0 for i # j. Also H/(P,Op) = 0 for j > 0, and nef line bundles
have no higher cohomology. These are the standard toric cohomology results; see [CLS11,
Thms. 9.2.3, 9.4.11]. Since Tp ® Kp ~ Q?jg, the restriction sequence gives

(9.7) HYP,Tp) ~ H\(Y,Tply), i=0,1.

This holds for every anticanonical Cartier divisor, independently of its defining coefficients.
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We compute h!(P, Tp) using a smooth A-regular member Z. For any anticanonical member
Y, adjunction gives wy =~ Oy. The sequence 0 - Kp — Op — Oy — 0, Serre duality on
the fourfold P, and the preceding toric vanishing give

H(Y,0y)=C,  H'(Y,0y)=H(Y,0y)=0.

In particular, Y is connected. If Y has only nodes, it is normal and hence irreducible; thus
the nodal members are projective Calabi—Yau threefolds in the usual sense. For the smooth
member Z we obtain Kz ~ Oz and H?(Oz) = 0. Hence H'(Tz) = H°(Q%) = 0 and
h'(Tz) = h*'(Z). The restriction sequence of L gives

W(Z,L|z) =4(A) -1,  HYZ L|z)=0.
Taking cohomology in the normal sequence of Z C P and using (9.7) yields
(9.8) WY P, Tp) = h*Y(Z) — L(A) + 1 + hO(P, Tp).

The toric Euler sequence [CLS11, Thm. 8.1.6], or equivalently the root description of toric
vector fields, gives

(9.9) W(P,Tp) =4+ Y  (F).
dim F'=3
For completeness, a nonconstant monomial section of a ray divisor D, is indexed by a lattice
point m with (m,v,) = —1 and (m,v,) > 0 for every other ray. Such a v, must be a
vertex of A°, and m is an interior lattice point of its dual facet in A. Conversely every
such point satisfies these inequalities for all the boundary rays: its pairing can equal —1 only
at that vertex, and the other integral pairings are nonnegative. Summing h°(Op(D,)) and
subtracting the rank of Pic(P) in the Euler sequence proves (9.9).
Batyrev’s formula [Bat94, Thm. 4.3.7] is

W Z)=0A)=5— ) L(F)+c(A).
dim F'=3

Equations (9.6)—(9.9) therefore give H'(P,Tp) = 0, proving the first assertion.
For a reduced nodal hypersurface the conormal sequence

00— L_1|y Ef—) Qp‘y — Qy — 0
is exact on the left as well: df is nonzero at the generic smooth point of every component,
and Oy is reduced. Its global Ext sequence contains
H°(Y,Lly) — Exti-(Qy,Oy) — HY(Y,Tply) = 0.

Finally HY(P,L) — H°(Y, L|y) is surjective because H*(P,Op) = 0. The composite is the
claimed Kodaira—Spencer map. O

The rank of the node-smoothing map. Fix f € S, and write Y = Y;. Choose mutually
disjoint small conical neighbourhoods of its nodes, and let W be their compact exterior. Its
oriented boundary is a disjoint union Ly = [] qcq Laq with Ly ~ S? x S3. Write the integral
inclusion maps as

(9.10) a: Hs(Ly;Z) — H3(W;Z), b: Hy(Ly;Z) — Ho(W;Z).

The orientation marking identifies the source of a with Z?. Use the boundary intersection
pairing to choose the dual basis in the source of b. In this section ranks are computed over

Q.
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Lemma 9.15. One has ranka+rankb =v. IfY, is a sufficiently small smooth deformation
of Y, then

(9.11) 0 — Hy(W;Z) L Hy(Yy; Z) — kerb — 0.
Under suitable compatible signs, its vanishing-cycle map s d,, = ja. In particular,
(9.12) kerd, = kera, d, Y (Tors H3(Yy; Z)) = a~*(Tors H3(W; Z)).

Proof. The boundary map Hs(W, Ly; Q) — Ha(Ly; Q) is adjoint to a by Poincaré—Lefschetz
duality and the intersection pairing on Lg. Its image is kerb by the exact sequence of the
pair. Thus dim ker b = rank a, giving the rank identity.

Replace each conical neighbourhood by its Milnor fibre Fj,. The fibre is a disc cotangent
bundle of S3, and Hs(L,;Z) — Hs3(F,;7Z) is an isomorphism. One way to see the integral
assertion is to trivialise 7%5%: the map is the projection S% x S? — S3. Also Ho(F,;Z) = 0.
Mayer-Vietoris for Y, = W U], Fy therefore has the segment

2@ 7Y (W 2) 9 29 — Hy (Y, Z) — 29 % Hy(W Z).
The cokernel of (a,—1) identifies with Hs(W;Z) by (w,v) — w + a(v). This proves (9.11)
and d,, = ja after orienting the local core spheres compatibly. The group ker b is free, being
a subgroup of Z%. Consequently j identifies the torsion subgroup of its source with that of
its target, giving (9.12). O

Let
A : Exti (Qy, Oy) — @qu ~C¥
qe@
be the global-to-local node-smoothing map. The choice of coordinates on the one-dimensional
qu affects it by nonzero diagonal factors only.

Lemma 9.16. The rank of A equals the rank of the span of the vanishing cycles in a nearby
smoothing. Both equal rank a.

Proof. Let m : Y — Y be the blow-up of all nodes. This is a smooth projective threefold,
with exceptional quadrics E; ~ P! x P! of normal bundle Og,(—1,~1). Denote their ruling
classes in Hy(Y;Q) by A, By, and put D, = A, — B,. The node-smoothing sequence of
Rollenske-Thomas [RT09, §2 and (3.2)] identifies the image of A with the kernel of the map
sending the gth generator to D, in

H**(Y)/{Ag+ By : q € Q).

Here curve classes are identified with degree-four cohomology classes. All hypotheses hold:
Y has trivial dualizing sheaf by adjunction, has only ordinary double points, and its blow-up
is Kéhler because it is projective. No small resolution is used. The span of the D, has zero
intersection with the span of the A, + B,: pairing with each exceptional divisor gives zero
on every D, and —2 on its own sum, with zero on the other sums. Hodge decomposition on
Y therefore shows

(9.13) rank A = v — dimg(Dy : ¢ € Q).

We identify the last dimension without assuming that a small resolution is Kéhler. Topo-
logically Y is obtained from W by attaching the disc bundles of Og,(—1, —1). The map from
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Hy(Lg; Q) to Ha(E,; Q) is injective with image Q(A, — By), by the circle-bundle sequence.
After compatible choices of sign, Mayer—Vietoris gives

Hy(W;Q) & @, Ha(Ey; Q)

{(b(v), =D(v)) : v € Q@}

The map D : Q% — D, H2(Ey; Q) is injective. It follows that ) vy Dy vanishes in Hy(Y;Q)

exactly when b(v) = 0. Thus the dimension in (9.13) is rankb. Lemma 9.15 now gives
rank A = v — rank b = rank a = rank d,,. ]

Hy(Y;Q) =

Local equations of the nodal locus. Choose a sufficiently small coefficient neighbourhood U C
V of f € S§,. The holomorphic Morse lemma with parameters gives one holomorphic critical
point near each node and a critical-value function ¢, : U — C. In suitable local coordinates
the hypersurface equation is

(9.14) 224 23+ 22+ 22 = gy(u).

Multiplying the original local equation by a unit changes the coordinates and the critical
value, but not its vanishing locus or the rank of their differentials at f. Compactness of
the complement of the node neighbourhoods ensures, after shrinking U, that these are all
possible singular points. Each is a node whenever its critical value vanishes.

The derivative dey(f) is, up to a nonzero factor, evaluation of a section at the node.
Basepoint-freeness of L makes each such derivative nonzero. A tangent direction outside
their finitely many kernels gives a simultaneous smoothing. The set

U°=U\ |J{gg =0}

q€Q

is nonempty and connected after choosing a small ball for U. Over it, the oriented local
vanishing cycles are single-valued as homology classes. A loop of the local parameter in
(9.14) acts by the antipodal map on S3, of degree +1; the disjoint local charts give the same
conclusion for arbitrary loops in U°.

Choose the relative holomorphic volume form €2, by adjunction from the defining section
and a fixed trivialization of Kp ® L. The periods

palu) = / Q,
0g(u)

q

extend holomorphically over U, and

(9.15) Dq = h¢cqs hqe(f) # 0.

Indeed, in the Morse chart the residue is the residue of g(z,u) dzy - - - dz4/(3 22 — 4(u)) with
9(0, f) # 0. Scaling z = \/Eq T contributes a factor ;. The integrals of the odd-degree Taylor
terms of g vanish under the antipodal map, and the even-degree terms give a convergent
power series in ¢,. The leading integral is a nonzero constant times g(0, f). Shrink U so that
every hg is a unit.

Lemma 9.17. The locus S, is smooth near f, with codimension equal to ¢ = ranka. Its
local ideal is (g4 : ¢ € Q) and is generated by ¢ independent periods.

Proof. Lemma 9.14 and Lemma 9.16 imply rankde(f) = ¢: the differential of the critical-
value map is the composite of the Kodaira—Spencer map with A, followed by nonzero diagonal
factors. Equation (9.15) gives rank dp(f) = ¢ as well.
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Fix u € U° and put Rg = ker(d, ® Q) C Q@. This space has dimension v — ¢ and is
independent of u by parallel transport of the local cycles. For £ € Rg one has

(9.16) > kgpg =0
q

on U°, hence on U by holomorphic extension. Its complexification is therefore contained in
the space of row relations of dp(f). Both spaces have dimension v — ¢, so they are equal.
Choose an index set I C @ of size ¢ whose rows in dp(f) are independent. For each g ¢ I,
the corresponding row dependence belongs to Rg ® C; equation (9.16) therefore expresses pg
as a constant linear combination of the p;, ¢ € I, throughout U. Thus

(eq:q€Q)=(pg:q€Q)=(p;i:i€l).
The last generators have independent differentials at f. The implicit function theorem proves

the assertion, including reducedness of this local zero scheme. By the choice of U, its points
are exactly those with all v nodes present and no other singularities, so it is S, N U. U

The smoothness statement follows from completeness of polynomial deformations, the rank
calculation, and the period identities. It applies at every point of S, including components
for which no comparison with K has yet been obtained.

Integral continuation and the symplectic consequence.

Proof of Proposition 9.13. Lemma 9.17 gives .S, its local manifold structure. The univer-
sal set of nodes is a finite unramified covering of degree v. Locally along this locus, the
parametrized Morse coordinates trivialize the singularities and their links. The exterior of
small node neighbourhoods is a proper smooth family of compact manifolds with bound-
ary. Ehresmann’s theorem, also for the boundary, supplies local differentiable trivializations.
Choices of sufficiently small neighbourhoods agree up to isotopy and collar identifications.
Equivalently, the conical collars identify Hz(W';Z) with H3(Y;eg; Z), where Yieg is the smooth
locus of the nodal hypersurface. Consequently Hs(Lg;Z) and H3(W;Z) are local systems,
with the inclusion-induced morphism a in (9.10).

Ordering the nodes and orienting their rank-one link groups kills the finite signed permuta-
tion monodromy of the source. Its connected covering S through the initial marking surjects
onto S. On this cover the source is the constant group Z?. Both ker a and a~! (Tors H3(W; Z))
are constant subgroups of that source: transport in the target preserves the inclusion map
and its torsion subgroup. At the near-limit starting point, Proposition 9.5 and Theorem A,
together with (9.12), identify both subgroups with K. They therefore equal K throughout
S. Equation (9.12) proves part (2) for every sufficiently nearby smooth deformation of each
member. The rank ¢ in Lemma 9.17 is now r throughout S, proving part (1).

Here is also an integral chain description. Represent the marked link generators by cycles
Bg- Since a(k) = 0 for k € K, there is an integral 4-chain Cy in W with 0Cw = 3_ k. In
the local Milnor fibre, 8, and the vanishing sphere represent the same generator of Hz(Fy; Z),
so an integral 4-chain C; has boundary [04] — 5,. Then

d (CW +)° chq> = kqldg].

To retain a specific chain from the tropical construction, take a path in S from the initial
member to the desired one. First transport that chain inside U from its constructed smooth
member to a sufficiently small smoothing of fp; connectedness of Uj and the flatness of the
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marked spheres allow this. This initial step uses the original neighbourhood Uy, which need
not equal the smaller neighbourhood of fy used below. Cover this compact path by finitely
many coefficient neighbourhoods as above and subdivide it accordingly. At consecutive over-
laps choose smooth members arbitrarily near the intervening nodal member. Within each
neighbourhood the complement of the discriminant is path connected, so these choices can
be joined to give a path of smooth hypersurfaces from the initial smoothing to the target one.
Along each piece the local cycles identify with the marked link generators. Differentiable par-
allel transport carries the initial integral chain to the final fibre. Local sphere isotopies and
prism chains adjust its boundary to the specified fundamental cycles. This proves part (3);
no uniqueness of the resulting chain is asserted.

Fix a toric Kahler form on P. At a nodal member and a sufficiently small simultaneous
smoothing, the local holomorphic Morse functions have Lefschetz thimbles contained in mu-
tually disjoint node neighbourhoods. Their intersections with the smooth fibre are embedded
Lagrangian 3-spheres, smoothly isotopic to the local Milnor spheres. The containment follows
by taking the critical values small compared with a fixed ball in each Morse chart; on that
ball the Kéhler metric is uniformly comparable with the Euclidean metric. This is precisely
the local argument of Lemma 9.6 and does not use its near-limit estimates. A path in U°
transports the spheres to any other smooth member of the chosen neighbourhood. The re-
striction of the fixed ambient Kéahler form gives symplectic parallel transport on this proper
smooth family, preserving disjointness and the vanishing homology classes.

The original resolution-side criterion in Corollary B says that X/ is smoothable exactly
when K contains an integral vector with every coordinate nonzero. Part (2) transfers this
criterion to the mirror spheres. Smith-Thomas-Yau [STY02, Thm. 2.9] then provides a
symplectic conifold surgery in one of the choices of local small resolutions, with symplectic
exceptional curves. This proves part (4). O

Remark 9.18 (Scope and boundary cases). The statement concerns sufficiently small smooth-
ings of members of a reached nodal component. It does not assert a canonical collection of
spheres on every smooth member of the whole coefficient space. One may transport a configu-
ration farther along a chosen path of smooth members, but that is additional path-dependent
data. Scalar multiplication acts freely on V' and preserves S, ; the same smoothness and codi-
mension statement holds in PH?(P,L). A coarse quotient by ambient automorphisms is a
different question. If v = 0, the locus is open and the relation assertions are empty. Colliding
nodes, additional singularities and nonreduced hypersurfaces lie outside the stated locus.

9.8. Two components of the four-node locus for Xy. The reached-component restric-
tion in Proposition 9.13 is necessary.

Use the smooth projective toric fourfold P = X7 specified by the Xg triangulation of
Section 11.1 and Appendix G.1. Its fan has 161 rays and 813 maximal cones; this is the
smooth triangulation used for the example in the current manuscript. Put

V =H"(P,~Kp)\ {0}.

Let Sy C V be the locus where Yy has exactly four nodes and no other singularities. The
hypersurfaces in this locus are required to be reduced. By Lemmas 9.16 and 9.17 and the
local-system argument of Proposition 9.13, S4 is smooth, its local codimension is the rank
of the vanishing-cycle map, and that rank is locally constant along S4. The near-limit con-
struction gives a member for which the rank is three and the marked integral relation lattice
is Z(1,-1,-1,1).
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Proposition 9.19. The locus Sy has at least two connected components. One has codimen-
sion three and meets the near-limit construction. Another has codimension four and does
not meet that construction. For a sufficiently small smoothing of any member of the latter
component, the four vanishing spheres are linearly independent over Q. Consequently their
integral relation lattice and the preimage of ambient torsion are both zero.

We prove the assertion by an explicit member. The Newton polytope Ag has precisely

the following twelve lattice points. The first nine are its vertices. In the standard character

lattice, write f, = Zilio cix™, with

1 n; C;
0 (1,0,0,0) 1
1 (0,1,0,0) 1
2 | (~1,-1,0,0) | 668
3 (0,0,1,0) | 324
4 (0,0,0,1) | 324
(9.17) 5 | (—4,-2,-1,0) | 1944
6 | (—4,-2,0,—1) | 1944
7 (3,1,1,1) | 108
8 (2,1,1,1) | 432
9 (=1,0,0,0) | —21
10| (—2,—1,0,0) | 2496
11 (0,0,0,0) 0

The support assertion can be checked by testing the integer points of [—4, 3] x [~2, 1] x [~1,1]?
against the polar inequalities. All boundary coeflicients are nonzero.
For torus coordinates t1, t9, t3, t4, make the unimodular monomial change
(9.18) =1, y=tity, z=1tlats, w=t>taly.
Multiplying f. by the torus unit zy = t3t5 gives
F =9+ (22 — 21)y + 668z + 2496

(9.19) ) .
+324(z +w) +1944(27 " +w™ ") + 108(x + 4)zw.

The four torus singularities. The singular points of (9.19) in the torus are the following two
pairs:

r=95, y=-2, z+w=18, zw = —6;

z=w=E¢ €2=-3, x=-4+3¢ y=16+12¢.

Here the first pair has z = 9 + /87 and w = 9 F v/87. All four points are distinct and all
coordinates are nonzero.
To prove completeness, subtract two logarithmic derivatives:
6
2F, —wF,, = 324(z — w) <1 + > .

zZW

(9.20)

On the branch zw = —6, the equation reduces to
h(z,y) = y* + (2° — 21)y + 20z — 96 = 0.
The equations h = h; = h, = 0 require a multiple root of the y-discriminant

(z® — 21)% — 4(20z — 96) = (z — 5)2(2® + 10z + 33).
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The only multiple root is z = 5, giving y = —2. An individual logarithmic derivative then
gives z +w = 18.
On the branch z = w, the equations F, = F, = 0 give
2
x4 —21

r=182"3—3z71 —4, y=——5—
After substitution, the numerators of F, and F', up to nonzero rational constants, are respec-
tively

Pryo= 421 42429 £ 328 4427 — 1725 — 482° — 1821 4 14423 4 10822 — 216,
Q13 = 482" — 27212 + 57621 — 18210 + 171229 + 21328
+ 28827 — 57625 — 172825 — 64821 4 345623 + 259222 — 3888.
Their monic greatest common divisor is z? + 3. An exact certificate is
Py=(43)Py,  Qiz=(2*+3)’Qu,

where

Py = 42° 41227 4 325 — 322° — 262* + 4823 + 6022 — 72,

Qo = 482" — 2728 + 28827 4 14425 — 4482° — 4082* + 38423 + 57622 — 432,
and the nonzero resultant values are

Res(Py, Qg) = 2°931313229231 - 9311, Res(Py, 2% +3) =37 13- 31.

This gives exactly the second pair in (9.20).
The Hessian determinants of F' in the coordinates (z,y, z, w) are

2039 .87, at either point of the first pair,

9.21 det Hess F' =
(9:21) CLHess {—2639(21 +16¢), at the second pair, ¢2 = —3.

They are nonzero, so each singularity is an ordinary double point.

Compactification and the boundary. It remains to exclude singular points on the toric bound-
ary of P. For a cone 7 with ray generators r;, let

Eo(1) = {i: (n;,r;) = —1 for every r; € T}.

These are the exponents surviving on the orbit of 7. If they are affinely independent, the
equation and its logarithmic tangent derivatives cannot vanish simultaneously, since all their
coefficients are nonzero. The complete cone calculation for the fixed triangulation is

dim 7 ‘ cones ‘ independent FEj ‘ remaining

1 161 157 4
2 974 971 3
3 1626 1626 0
4 813 813 0

The four relevant rays, in the accompanying data’s ordering, are

s = (_1727 _17 1)7 Te = (_1>27 17 _1)7 rs = (17 _17 _1a _1)a i = (07 1, _1> _1)
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All seven remaining cases are listed below. A normal derivative is computed in a smooth
toric chart, then restricted to the orbit; a singleton support gives a nonzero monomial and
hence a unit there.

T Ey(T) exclusion or additional calculation
(5) 10,2,3,6,7 ng outside the affine span of the others
(6) 10,2,4,5,7 ng outside the affine span of the others
(9.22) (8) |1,3,4,5,6,8,9,10 | = = 0 in (9.19)
‘ (11) |2,3,4,5,6,7,8,10 | y = 0 in (9.19)
(5,11) | 2,3,6,7 normal derivative supported on ng
(6,11) | 2,4,5,7 normal derivative supported on ng
(8,11) | 3,4,5,6,8,10 normal derivative supported on ng

The first two cases are excluded by taking an affine-linear combination of the equation and
tangent derivatives which retains only the nonzero ng-term. The last three normal derivatives
have respective coeflicients 1,1, —21.

For the remaining two divisor orbits, (9.18) identifies the chart of (rg,r11) with C, x C, X
(C*)2,, and its anticanonical equation is precisely (9.19). On either divisor orbit a singular

ERTE
point would satisfy
167 1944
= - - 324 = 0.
zZw 57 (z —w) ( +— >

The second factor in parentheses is 1620/167 # 0; hence z = w and 22 = —167/27. On y = 0,
the other normal equation and either logarithmic derivative give

987
167"

The number z is real and z is nonzero and purely imaginary, whereas the last right-hand side
is nonzero real, a contradiction. On x = 0, an individual logarithmic derivative instead gives
z = —987/668, contradicting 22 = —167/27. At z = y = 0, the derivative F, = —21 already
excludes a singularity. Thus there are no boundary singularities.

The finite checks in this section consist only of the lattice-point list, the unimodular cone
determinants, the orbit supports and their affine ranks, and the indicated normal derivative
supports. They are reproduced from the fixed example’s fan in the accompanying exact cal-
culation (https://github.com/bwuebben/calabi-yau-smoothability, directory paper6;
examples/verify x9 components.py). The two remaining exclusions above are over C. In
particular, Y}, has exactly the four nodes displayed earlier. It is reduced: a nonreduced
divisor would be singular along a positive-dimensional subset of its support.

2 =21, (z+4)z=

Smoothing rank and distinct components. The coefficient directions indexed by nig, no, n3, n4
are the functions 1,z, z,w after the trivialization used in (9.19). Their evaluations at the
four nodes are linearly independent. Indeed, suppose

a+pr+yz+0w=0

at all four points. Subtracting the values at the first pair gives v = d. The second pair then
gives = 48 and v = —3[/2. Substitution into either point of the first pair gives —185 = 0.
All four coefficients therefore vanish.

Proof of Proposition 9.19. At an ordinary double point, the differential of its local smoothing
parameter is, up to a nonzero factor, evaluation of the coefficient variation at that point. The
preceding calculation gives rank four. Lemmas 9.16 and 9.17 imply that the four vanishing
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classes are independent over QQ, and that Sy has codimension four near f,. A nonzero integral
combination cannot be zero or torsion, since either would vanish after tensoring with Q.
The rank of the vanishing-cycle map is locally constant along Sy, as follows from the
exterior-of-the-nodes local system used in the componentwise continuation proof. It is there-
fore four on the connected component containing f,. On every component meeting the
near-limit construction it is three. These components are distinct, proving all assertions. [

Remark 9.20. This proves failure of coverage for the full four-node locus in this fixed toric
ambient. It does not classify all its components, nor determine whether every component
having the rank-one full-support relation lattice meets the near-limit construction. The
original X{ remains smoothable; the counterexample shows why its mirror relation criterion
must retain the reached-component hypothesis.

9.9. The codimension-three component for Xg. We retain the toric fourfold P, the full
coefficient space V and the exact four-node locus Sy of Section 9.8. Thus zero coefficients
are allowed, but additional singularities are excluded. Number the lattice points as in (9.17),
and put

(9.23) D= {c € C'2: rank <§2 €10 CG> < 1}.

7 €8 C4 C3

This irreducible determinantal variety has dimension nine. The special form of Ag permits a
classification of the part of Sy carrying a relation, as well as a projective small resolution on
that entire part.

Theorem 9.21. The locus Sy has exactly one connected component of codimension three,
namely DN Sy. It meets the near-limit nodal construction of Theorem A. After marking and
orienting the nodes by transport from that construction, the integral relation lattice and the
preimage of ambient torsion are both Z(1,—1,—1,1). Ewvery other connected component of
Sy has codimension four and has zero relation lattice and zero preimage of torsion. FEvery
member of D NSy admits a projective small resolution.

The theorem does not count the codimension-four components; Proposition 9.19 shows that
at least one exists. Its proof uses the compact toric boundary, an evaluation-rank argument,
and a surface through the four nodes. The finite fan comparisons below use the triangulation
in Appendix G.1 and its accompanying data.

The compact boundary and a common affine chart. Write r; for the primitive ray generators
of the fan of P, in the order of the accompanying triangulation. For a cone 7, in addition to
Ey(7) from Section 9.8, define

Eij(r)={i: (ns,rj)+1=1, (ns,ry)+1=0for ke, k+#j}.

These are the supports of the first normal derivatives along the orbit of 7. Smoothness of
the maximal cones makes this an ordinary coordinate-derivative calculation.

Lemma 9.22. For every ¢ € Sy4, the coefficients cg, c1,cs,cq, 5, Cg, C7 are nonzero. Every
singular point lies in

U<7"877“11> = (Cx X Cy X ((C*)Z rs = (17 _17 _17 _1)7 1 = (0717 _17 _1)7

Z,W?

1The program examples/verify x9_global.py reproduces the boundary supports, singular ideals, surface
fan and polytope comparisons used in Sections 9.9-9.10.
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where the local equation is

(0.24) F = c19? 4 q(2)y + cox + 32 + cyw + ¢5/2 + cg/w + crrzw + cgzw + c1p,
' q(z) = cox® + 117 + co.

Proof. The character change (9.18) is unimodular, and its pairings with rg,r;; are the x,y
coordinate valuations. Multiplying the Laurent equation by xy gives (9.24) on this chart.
The following cones have Fy(7) = {i} and every Ej ;(7) empty:

i T dim O(7)
0| (19,120) 2
1| (136,141) 2
3| (112,134,155) 1
4| (121,144, 149) 1
5| (127,149, 150) 1
6| (8,132,157) 1

If the indicated coefficient vanishes, the whole positive-dimensional orbit is singular. This
proves the first six nonvanishing assertions.

Suppose ¢7 = 0. If ¢g = 0 also, the cone (136, 154, 156) has Ey = {7, 8} and all first-normal
supports empty, again giving a singular curve. If ¢g # 0, the four maximal cones

(9,80,114,136), (10,85,117,136), (114,131,136,154), (117,131,136, 156)

give singular fixed points: each has Ey = {7} and all £} ; empty. There is a further singular
point on each of the following one-dimensional orbits:

T ‘ only nonempty first-normal support
(9,114,154) {3,8}
(10,117,156) {4,8}
(9,80, 136) {1,8}
(10, 85,136) {1,8}

Their orbit equations vanish identically, since Ey = {7}. The remaining normal derivative is
a binomial with nonzero coefficients and distinct characters of C*, so has a zero on the orbit.
At such a zero every first derivative vanishes. These four orbits and the four fixed points are
disjoint, giving at least eight singular points. Therefore ¢7 # 0 on Sy.

Put I ={0,1,3,4,5,6,7}. For all 3,571 nonzero cones outside (rg,r11), the finite support
calculation gives

an i € I outside the affine span of Eo(7) \ {i} | 3,555
otherwise, an Fy (1) = {i}, i€l 16.

In the first row an affine-linear functional on the supported exponents isolates the ith mono-
mial. On the orbit it is a linear combination of the equation and its logarithmic tangent
derivatives, and cannot vanish because ¢; # 0. In the second row a normal derivative is
already a nonzero monomial. Both arguments remain valid when any of the other coefficients
vanish. Together with the three nonzero cones (8), (11) and (8,11) in the stated chart, these
exhaust the 3,574 boundary orbits. The dense torus is in the same chart. O

The coefficient-smoothing rank. At a node in this chart the coefficient directions are evalua-
tions of

(9.25) 22y, y2, x, 2, w, 2L wl zzw, 2w, y, 1, 2.
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These are directions in the full coeflicient space even when a coefficient of the defining equation
is zero. Multiplying a local equation by a unit only rescales the corresponding evaluation row.

Lemma 9.23. For c € Sy, the coefficient-smoothing map has rank three if and only if ¢ € D.
It never has rank at most two.

Proof. First, every three distinct singular points have independent evaluation rows. If not,
choose a minimally supported relation among at most three rows. Two rows cannot be
proportional, since 1,z,y, z,w distinguish points, so all three weights are nonzero. The
functions 1,7, > force all three y-values to agree: three distinct values give a Vandermonde
matrix, and two values leave a singleton with zero weight. If their common value is nonzero,
1,7, 2%y force common z by the same argument. If it is zero, F, = q(z) = 0 gives at most
two z-values, and 1,z again force common x. Now

(9.26) F, = (2cox + c11)y + ¢2 + crzw = 0, 322 + (crx + cg)(zw)z —c5 =0

fix p = zw and allow at most two z-values. Since w = p/z, three distinct points are impossible.
Lemma 9.22 supplies all nonzero coefficients used here.

Suppose now that the four rows have rank three, and let A be their relation. It has full
support by the preceding paragraph. Let W C C* be the space of evaluation vectors of the
functions in (9.25). It has dimension three.

If the four y-values are distinct, W = (1,4, y?). The inclusions x, zy € W, by interpolation
at these four values, give z = o + By. Then z?y € W forces > = 0. Thus z is constant,
whereas Fy, = 2c1y + ¢q(x) = 0 forces y constant as well, a contradiction. Three distinct
y-values are also impossible: the equations for 1,y,y? make the sum of weights in each
equal-value group zero, and at least one group is a singleton.

If there are two y-values, the points form two pairs with opposite weights within each
pair. The equations for x,zy force common x within each pair. The two z-values differ,
because Fy, = 0 determines y from z. Equation (9.26) fixes p = zw within each pair; its two
z-values differ. Write Az,, Az, for their differences, S, .S, for their products, and A4, Ay for
the opposite weights. The functions z, z~! give

MlDzg  MA
z + b Zb:

AaDzg + MpAzy =0, S, S, 0.
Both summands are nonzero, so S, = Sp. Since Aw = —pAz/S, the equation for w implies
a common product p for both pairs. At each point, zF, — wkF,, = 0 says
(9.27) (c3 4 c6/p)2% = 5 + cap.

If the left coefficient is nonzero, the two z-values in either pair are opposite. The quadratic
in (9.26) then forces cyx 4+ cg = 0 for both pairs, contradicting their distinct z-values. Con-
sequently both sides’ coefficients in (9.27) vanish. On zw = p, the remaining equation is

h(z,y) = c1y” + q(x)y + Lx + M =0, L =cy+crp, M =cio+ csp.
We have h = h, = h, = 0 at two distinct 2-values. Therefore g(x)? — 4c¢1(Lz + M) has two
distinct double roots and is the square of a quadratic s(x) with leading coefficient ¢y. But
(¢ —s)(g+s) = 4er(Lx + M)

has right side of degree at most one and deg(q+ s) = 2. Hence ¢ = s and L = M = 0. Using
both h = 0 and hy = 0 now gives y = 0, a contradiction to two y-values.

There remains a common value yo. If yo # 0, F, = 0 and the quadratic in (9.26) put the
points in two pairs with distinct xz-values. The equations for 1, x give opposite weights in each
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pair. The same calculation with z, 27!, w gives common p. Subtracting the two equations

F, = 0 yields 2¢coyo(xq — zp) = 0, again impossible. Thus all four points have y = 0.

Now ¢(z) = 0 and p = —cg/cy is fixed and nonzero. There must be two distinct z-values,
each with two distinct z-values. Equation (9.27) and the quadratic in (9.26) again force
c3 + cg/p = ¢5 + cap = 0; the equation F' = 0 gives ci9 + cgp = 0. With r = —1/p this is
precisely

¢y =rcy, €8 =TClp, C4=TC5, C3=TCs,

” éfnzfje.rsely, at ¢ € DN Sy, the nonvanishing of ¢z, ¢4, c5 forces co # 0. Put

(9.28) A=cy, B=cyp, C=c5, Dy=cs, 71 =cq/cs.

Then

(9.29) F = c1y? 4 q(z)y + GH, G=14rzw, H=Ax+ B+ C/z+ Dy/w.

The points y = ¢ = G = H = 0 are singular. Above each root of ¢, they are given by
(9.30) —rDoz* + (Az + B)z + C =0, w=-1/(rz).

The leading and constant coefficients are nonzero. A repeated root of ¢, or of (9.30) above
it, gives an actual singular point with degenerate Hessian: at that point the differentials of
y,q,G, H are dependent. Such a point is excluded by S4. Thus there are four distinct points,
and

9(¢, G, H)
d(x, z,w)

They are nodes by (9.29), and exhaust the singularities. This includes a simple root z = 0
when ¢g = 0. At the nodes the evaluation functions span (1, z, z, w), with relation rDyz +
rCw = Ax+ B. The functions 1, x, z are independent because = takes two values and z takes
two values above each. Their rank is exactly three. O

(9.31) det = ¢ (z)r(C/z — Do/w) # 0.

A compact surface and its small resolution.

Lemma 9.24. For every ¢ € DN Sy, the closure S, of {y =0, 1+ rzw = 0} is a smooth
compact toric surface in Yy. Blowing up its ideal gives a projective small resolution of Yy.
The surface has five toric boundary curves and K?% =T.

Proof. Set R = ry; and m = (4,2,1,1). The character x™ = zw on the toric divisor Er
extends to a morphism Er — P!. Indeed its pairings with the rays of each of the 18 maximal
cones of the star of R have one weak sign. The quotient lattice has coordinates

M/ZR—>Z:3, Ur—>(110,1)1+1)2,1)1+1)3).

The induced character is (4, 1,1), so its saturated kernel has coordinates (a, b) — (a,b, —4a —
b). In this basis the fibre fan, in positive cyclic order, is

ray index | 5 8 158 6 131
fibre ray | (-1,1) (1,-2) (0,1) (-1,3) (-1,2).

Its maximal cones are consecutive pairs, each of determinant one. The self-intersections
are (0,1, —1,—1,—2), giving K? = 12 -5 = 7. The fibre over —1/r € C* is this smooth
projective toric surface; primitivity of the character makes its kernel torus connected. Fibres
over nonzero finite values are its torus translates.
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The factorization (9.29) shows that this fibre lies in Y}. It is S,, and contains all four
nodes. At a node, use (9.31) and put U =y, V = —(q + c1y). The local equation and centre
become

UV =GH, S, ={U =G = 0}.
The blowup is the incidence variety
UB = Ga, HB =Va, [ : B] € PL.

On g = 1 its free coordinates are (G, V, «), and on a = 1 they are (U, H, ). Thus it is smooth
and replaces the node by a P! with normal bundle O(—1)® O(—1). Away from the nodes, S,
is a Weil divisor in a smooth threefold and hence Cartier, so the blowup is an isomorphism.
The ideal blowup is projective over projective Yy; therefore the small resolution is projective.

Smallness and adjunction give trivial canonical bundle. The anticanonical restriction se-
quence and toric vanishing give H'(Yy, O) = H?(Yy,O) = 0. The local small resolution has
vanishing higher direct images of O: the symmetric powers of the dual of its exceptional
normal bundle are sums of O(k), k > 0, whose H' vanishes, and formal functions applies.
Leray gives the same cohomology vanishings on the resolution. It is consequently a smooth
projective Calabi—Yau threefold. O

Proof of Theorem 9.21. We first exhibit a nonempty algebraic open subset of D contained in
S4. In (9.28) take all boundary coefficients equal to one and ¢1; = 0. Its equation is

F=y+ @ +y+(1+zw)(z+1+z1+wh).
In Q[z,y, z,w,u], put P, = zwF. The saturated singularity calculation is
(9.32) (Ps, (Po)ay (Pe)y, (Py) 2, (Po)w,uzw — 1) = (y, 22 + 1,z +w — x — 1, 2w + 1, uzw — 1).

The ideal is radical of degree four, and adjoining det Hess P, gives the unit ideal. These facts
also follow by substituting w = —1/z, solving 22 +1 = 0 and 2z?> — (x4 1)z — 1 = 0, and using
(9.31). The boundary calculation in Lemma 9.22 excludes all other compact singularities for
these nonzero essential coefficients. Hence this member belongs to Sy.

On the parameter open where r, A, C, Dy, cg, ¢1, cg are nonzero, g has simple roots, and

Res, (q(z), (Az + B)? + 4rCDy) # 0,

the four expected nodes form a finite étale degree-four scheme. The nondegenerate Hessian
makes it an open part of the relative singular scheme; its finiteness makes it closed. The
complementary singular scheme is proper over the parameter space, as a closed subset of
the proper universal compact hypersurface. Removing its closed image gives a Zariski-open
subset D&°°d © D whose members have precisely these four nodes. A finite singular locus
also implies reducedness. Equation (9.32) proves that this open subset is nonempty. It is
connected and Euclidean dense in the irreducible variety D.

By Lemmas 9.16, 9.17 and 9.23, D&°°? lies in a connected component C' of Sy of dimension
nine, and is open in that component. Every minor defining D vanishes on this open subset,
hence on C by the identity theorem. Conversely, every point of D N Sy is a limit of points
of D&°°d inside Sy; connected components are closed in S;. Thus C = DN S4. Lemma 9.23
proves that all other components have codimension four.

To meet the actual near-limit construction, choose % to contain the normalized coefficient
vector ¢(® with origin coefficient 4+1 and all boundary coefficients —1. This vector lies in Z,
since every parallelogram relation has two terms of each sign. Use the height H = ko + ho
and coefficients

yi=—rHM) (0<i<10), =1 0<7r<1l
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These correspond to ¢(9). Linearity of H on the four node parallelograms gives
H(n7) — H(ng) = H(ng) — H(nip) = H(ng) — H(ns) = H(ng) — H(ng).

Thus v € D, with » > 0 and A, B,C, Dy < 0. The quadratic q(z) = y02? + = + Y9 has
two distinct positive roots for small 7, since all boundary heights are at least one. Above
each, the discriminant (Ax + B)? + 4rC Dy is positive and (9.30) has two distinct nonzero
roots. These give four nodes. Lemma 9.1(1) puts ¢(© in the actual neighbourhood U C Ug.
Lemma 7.11(2) says all compact singularities are among the four unique critical points gp.
The four exhibited nodes therefore exhaust them, so all critical values vanish and the member
lies in the actual Dq of Section 9.3. This proves that C is reached.

Lemma 9.24 gives the projective resolutions. It also provides the integral relation directly.
Remove small node balls from the compact oriented surface S,. Each boundary sphere is a
primitive generator of the third homology of the node link: it is the circle bundle O(—1, —1)
restricted to a ruling of the exceptional quadric. The punctured surface and Lemma 9.15
therefore give the relation v = (1, 1, 1, 1) after choosing these sphere orientations. The rational
kernel has rank one, so for the sphere map d,

Zv C kerd C d*(Tors H3) € QuNZ* = Zw.

All groups in this chain are equal. Proposition 9.13 identifies the signs with (1,—-1,—1,1)
using the marking transported from the near-limit construction. On every other component
the rational sphere map has rank four, so both its integral kernel and its preimage of torsion
are zero. g

9.10. A reverse mirror transition for Xg. For Xg the projective resolutions of Theo-
rem 9.21 admit an explicit comparison with the Batyrev mirror family of a smoothing. We
first identify the smoothing of the particular nodal partial resolution X{ used in this paper.

Theorem 9.25. The threefold X{ of Section 11.1 has a proper flat analytic smoothing whose
noncentral fibres are smooth projective anticanonical hypersurfaces from the toric smoothing
family of [Wue26b]. For general ¢ € D N Sy, the projective small resolution of Yy in Theo-
rem 9.21 s birational to a smooth projective member of the Batyrev mirror family of these
smoothing fibres.

Thus the reverse transition is established here in the sense of Batyrev families, allowing
birational Calabi—Yau models for the resolved mirror. The theorem concerns a proper analytic
smoothing with projective fibres; it does not require a relatively projective total space.

Proof of Theorem 9.25. A simultaneous modification of the degree-seven smoothing.
The degree-seven cone has the height-one polygon

IT = conv{(0,0), (1,0),(2,1),(1,2),(0,1)} = [0,(1,1)] 4+ conv{O0, (1,0), (0,1)}.
In coordinates (p, ¢, a,b) on Z*, its Cayley cone has rays
AO = (0’07170)3 Al = (171a1a0)a
By =(0,0,0,1), B;=(1,0,0,1), By=(0,1,0,1),
with relation —Ag + A1 + 2By — B; — By = 0. Let C be the affine toric fourfold of this
cone. Altmann’s component construction [Alt97, §8.1] gives the reduced smoothing family
as the map C — C; defined by the difference of its two height characters. The full local

base is C{s, w}/(w?, sw) [Alt97, §9.1(v)]; in particular every map from a reduced disc factors
through this reduced line.

(9.33)
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Subdivide the cone into
(934) <A17B07B1732>7 <A07A17B07B2>7 <A07A17307B1>-

The determinants are 1, —1,1. Heights (1,0,0,1,1) on the five rays give this regular subdi-
vision: on each cone the omitted ray lies three units above its linear height. The resulting
toric morphism is

p:V = Totp (O(—1) ® O(-2)) — C.
Indeed the relation in (9.33) gives quotient weights (—1,1,2,—1,—1) on (ug, u1,vg, v1,v2),
with stable set (ug,vi,v2) # 0. Write [Xo : X7 : Xo] = [ug : v1 : vg] and fibre coordinates
U = u1, V = vg. The equivalence is

(X,U, V)~ (AX, 271U, A 72V).

The invariant functions are generated by X;U and X; X;V. The tautological bundle inclusions
give a closed immersion V < P? x C?, so the map to its affine invariant image is projective.
Its fibre over the vertex is exactly the zero section. Off that vertex it is an isomorphism: if
X,;U # 0, the ratios (X;U)/(X;U) recover the base; if all these vanish, some X2V is nonzero
and the ratios (X;X;V)/(X2V) recover it. The invariant relations ensure that these opens
cover the complement of the vertex, and the same formulas recover the fibre coordinates

regularly.
The height characters are ugu; and vgvive. Hence the parameter on V is
(9.35) s = XoU — X7 X V.

It is flat over C4: on affine charts, the nonconstant function s makes the coordinate ring
torsion-free over the principal ideal domain C[s]. On X; # 0, with a = Xo/X3, b = X5/ X},
u= X U, v = X2V, the equation is s = au — bv. Its unique critical point is the chart origin.
The X5 # 0 chart gives the other critical point, and on Xy # 0 the equation is s = u — pqu,
with no critical point. Thus the central fibre has exactly two nodes, at [0:1:0] and [0: 0 : 1]
on the zero section, and all noncentral fibres are smooth. The contraction is an isomorphism
on every noncentral fibre.

The central fibre is the precise partial resolution used in X§. To see this, intersect the
cones in (9.34) with a = b = 1. The three cells are

{(1,1),(2,1),(1,2)},
{(0,0),(1,1),(1,2),(0,1)},  {(0,0),(1,0),(2,1), (1,1)}.

The affine lattice map (p, q) — (1—p,1—q) takes them to T3, Py, P; of Lemma 3.1, and takes
the new central ray to the pentagon centre. The central charts are one affine three-space and
two normal node charts. Thus the binomial central fibre is already normal and is the toric
variety with this intersection fan. Its exceptional divisor is P?, with precisely the two nodes
prescribed by our pentagon subdivision. The total space has trivial canonical bundle, since
det(O(—1) ® O(—-2)) = Kpe, and the central map is crepant.

The original-side smoothing fibres.

The ambient family in [Wue26b, Theorem 11.8] gives a smoothing of the chosen mixed
threefold Xg, which has two nodes and one degree-seven cone point. To keep this precise
central hypersurface, let g be its anticanonical section. By [Wue26b, Proposition 11.7], the
relative section bundle is locally free of rank 162 and commutes with base change. Trivialize
it on a disc with coordinate ¢, and extend go by g(t) = go + th. For a fixed t; # 0, varying h
gives every section on the fibre at ;. Smooth sections form a dense open subset, so choose
h giving a smooth hypersurface there and not proportional to gg. Then g¢(¢) is nonzero
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throughout the original disc. The fibres of the ambient family are integral, so the fibrewise
regular-section criterion makes {g(t) = 0} flat over the disc. It is proper. The image of its
nonsmooth locus is a proper analytic subset of the disc, since the fibre at ¢; is smooth. After
a further shrinking, all noncentral fibres are therefore smooth, while the central fibre remains
the chosen Xjy.

Choose the central analytic identification of the cone point compatibly with the partial
resolution X{§ — Xy. In the toric hypersurface charts, this is the identification obtained by
eliminating the transverse torus coordinate. Analytic semiuniversality identifies the actual
local family with the pullback of the degree-seven versal family along a classifying arc. The
disc is reduced, so its w-coordinate vanishes; the arc therefore factors through the reduced
family just described. Its parameter s(t) is nonzero for ¢ # 0 after shrinking, because the arc
is a smoothing. No assumption on s’(0) is needed.

Pull back p along this arc and restrict it over a representative of the identified neighbour-
hood in the total family. Flatness survives base change. Its only exceptional locus maps
to the central cone point, so it glues to the identity on the complement of that point. The
glued space is Hausdorff: points with distinct target images are separated downstairs, while
points with the same target image are separated in one inverse image of the target open
cover. Properness is local on the target, and flatness is local on the source. We obtain a
proper flat analytic family with central fibre X§ and noncentral fibres isomorphic to those of
the chosen anticanonical family. The two original nodes are unchanged in the central fibre
and are smoothed by the same family.

We recall the toric ambient of those smooth fibres, to fix the mirror comparison. Its fan
polytope V has vertices

vo=(—1,-3,-1,0), vy =(-1,-3,0,—1),
(9.36) va = (=1,-1,0,0), w3 =(—1,0,0,0),
Vg4 = (07 1>O>O)a Vs = (1a _17070)7 Ve = (1>37 17 1)

The maximal cones, as sets of indices, are
(9.37) 1456, 1346, 0456, 0346, 0145, 0134, 01256, 1236, 0236, 0123.

This is the Gorenstein Fano fourfold computed in [Wue26b]. Its only singular point is the
fixed point of 01256, which a general anticanonical member avoids. The relative anticanonical
sections form a rank-162 vector bundle, commute with base change and generate the relative
line bundle. Consequently the noncentral hypersurfaces occur in the complete anticanonical
family, whose Newton polytope is V°. Their Batyrev partner has Newton polytope V.

The birational mirror family.

On the dense torus, use the parameters of (9.28) and the unimodular coordinates

a=zx, b=z/x% c=w/z?, t=y/x.
Put
g =1+ra'be,
(9.38) h = Aja+ B/a*>+ C/(a"b) + Dy/(a'c),

k = coa + c11 + 9/ a.
Equation (9.29), divided by 2%t is c1t + k + gh/t = 0. The rational substitution ¢ = g¢ gives
(9.39) c19¢+k+h/C=0.
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It has inverse ¢ = t/g on g # 0, and hence identifies dense opens of the two hypersurfaces.
The nine possible exponents of (9.39), in (a,b, ¢, (), are

940 (070707 1)7 (4717171)’ (1707070)7 (_1?07070)7 (0707070)’
(9.40) (-1,0,0,-1), (-2,0,0,-1), (—4,-1,0,—1), (—4,0,—1,-1).

Their convex hull has seven vertices and exactly these nine lattice points. The lattice iso-
morphism

(’U,l,U,Q,Ug,U4) — (U4,U1 - U4,UQ,U3)

has determinant —1 and sends its vertices to (9.36). The ten facets have exactly the index
sets in (9.37). This identifies its Newton polytope with V, including the lattice, not only the
face combinatorics.

The coefficient map is equally explicit. The nine parameters on the open part of D map
to the nine coefficients of (9.39) as

(9.41) (01, r, co, C11, C9, A, B, C, Do) — (Cl, cir, co, C11, Co, A, B, C, DQ),

up to the displayed ordering of monomials. This is an isomorphism of coefficient opens,
with inverse r = second/first. In particular the constant coefficient c1; is unrestricted. The
compact four-node good locus and the inverse image of the Newton-nondegenerate locus are
nonempty Zariski-open subsets of the irreducible D, so intersect. For a general member
of the latter, Batyrev’s maximal projective crepant partial desingularization is a smooth
projective threefold by [Bat94, Thm. 4.2.2, Cor. 4.2.3]. Its function field agrees with that of
the projective small resolution of Y} from Lemma 9.24. This proves Theorem 9.25. (|

The torus substitution also preserves the logarithmic volume form, since dlogt = dlog ( +
dlog g and the latter summand involves only a,b,c. This identity on the common open
does not assert a comparison of compact quantum invariants. At special points of D N Sy,
the Laurent polynomial (9.39) may fail to be Newton nondegenerate; the theorem’s mirror
identification is stated for general members.

Part III. The resolution side
10. GEOMETRIC REALISATION ON THE SMALL RESOLUTION

Theorem E supplements the comparison of relation lattices with a geometric construction
on X. Proposition 3.5 already determines the integral relations among the exceptional curves.
Here a strict tropical 2-cycle specifies a three-dimensional domain and a continuous map into
X; the degrees of its boundary spheres give the relation. Its complete proof is in Appendix F.

We retain the hypotheses of Theorem E: A is admissible and satisfies (U), the profile
satisfies (Proj), and X=X ! is a projective small resolution induced by a regular refinement
of ¥'. The diagonals of this resolution determine the signs of the node coefficients p,(S). The
exceptional curves C; have their complex orientations. The following notation describes the
construction.



152 BERND JOHANNES WUEBBEN

object meaning

B, S the resolved affine base and the cycle moved to it; a node becomes
an edge e, between two negative vertices

1/ a smooth localized hypersurface, isotopic to the algebraic small res-
olution

Wy a region of # associated to a small adapted open set U of the base

D(S) the circle bundle over the smooth sheets, completed at the edges,
vertices and discriminant

F, fs the maps of this domain to # and, after transport, to X

0,9 the boundary sphere over e,, mapped to Cy with degree —p,(5)

10.1. The geometric statement. The domain in Theorem E is a three-dimensional CW
complex, with an integral fundamental chain [©] given by its oriented top cells. Over the
smooth sheets away from a neighbourhood of the discriminant, its fibre is the circle Rv/Zwv,
oriented by the primitive field v. At an interior edge the three circle fibres are joined by the
triangle prescribed by balancing; at an interior vertex the four triangles are filled by a tetra-
hedron. The remaining local domains complete it near the discriminant (Definition F.13).
For each node met by j(05), its distinguished boundary sphere is

9,0 = (eg x SN/~ = 52,

where the circle is collapsed at both endpoints of e;. The continuous map fg: D(S) — X
satisfies
o0 => 0,9,  [fs(9,9)CCy  deg(fslog) = —py(S).
q
These properties are the geometric content of Theorem E. For chosen fundamental singular
cycles [Cy], the degree identity gives integral singular 3-chains A, supported in C, with

0Aq = (f5)«[0,D] + pq(5)[Cyl-
Consequently

E(S) = —(fs)«[D] + ZAqa 9E(5) = qu(S)[Cq].

The corrections turn equality of homology classes on the boundary curves into equality of
singular chains. The map and the chain depend on the auxiliary choices; independence of
the resulting relative class is not asserted (Remark F.25). For another small resolution,
Lemma F.24 gives a bounding chain with the coefficient negated at each flopped curve, and
the same relative class on the common exterior of the node neighbourhoods. This comparison
concerns chains and their relative classes.

10.2. Mechanisms of the construction. Castano-Bernard and Matessi construct a com-
pleted circle bundle in their topological resolution models [CBM14, §7.5, §7.7]. We construct
a map of this domain into a localized hypersurface # and then into X. The localized equation
is obtained by cutting off monomials far from the maximum, following [Mik04, Yam16]. It
has exact local equations near the relevant toric strata, a positive real section, and aspherical
regions #; away frc/)\m the discriminant. Their fundamental groups identify with the integral
tangent lattices of B, compatibly with parallel transport (Lemma F.12).
Four local arguments are needed to realize the circle domain in this model.
(1) Collar paths through real chambers. The positive real section avoids every toric stra-

tum, whereas the circle of v collapses only on a stratum. A collar path joins the
section to the critical locus of the local model, turning the phase of one character by
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7 (Definition F.16). Sweeping it by the circle of v gives the lift near a boundary leg.
Lemma F.15 identifies the real chambers through which these paths run.

(2) Phase corrections at positive vertices. To join neighbouring collar paths by a disc,
their boundary loop must have zero total winding in certain characters (Lemma F.18).
This holds directly at nodes and negative vertices. At a positive vertex it is achieved
by rotating the paths along the incident legs by an integral multiple of 7 in a circle
action that preserves # (Lemma F.19(3)).

(3) Discs at changes of side. When a sheet changes side of a two-face, an explicit switching
disc joins the two families of collar paths (Lemma F.19(4)). It supplies the compati-
bility needed to glue the local maps.

(4) Signed node degrees. The node map sweeps an arc between the two poles of the
exceptional curve by the circle of the boundary field. The circle action and the
orientation of the arc give degree —p,(S) (Lemma F.17). Both the global minus sign
in Z(5) and the change of coefficient under a flop follow from this calculation and the
comparison of the two resolutions of the node.

The local maps extend over the regular part cell by cell. A circle fibre represents v in
m1(#1); balancing makes the boundaries of the triangle pieces null-homotopic, and asphericity
permits the higher extensions (Lemma F.21). This is a local homotopy description of the
map, without requiring a global torus fibration of X. Finally an orbit-preserving ambient
isotopy carries # to X and its exceptional curves to the C; with degree one (Lemmas F.22
and F.23). Its composition with F'is fs.

The construction uses the whole strict cycle and its balancing data. It does not use
a previously known relation among the [Cy] to choose a bounding chain. On the mirror,
Theorem D instead realizes the same coefficients by a 4-chain whose regular part is, locally
up to homotopy, the bundle of two-tori annihilated by v. The two constructions therefore
give geometric representatives of the corresponding relations in different dimensions.

10.3. The example Xg. The example of Section 11.1 has four nodes and
K =17(1,-1,-1,1).

For the triangulation and base in the accompanying data, Lemma 11.2 proves that the belt
disc S of Figure 4, with constant primitive field v = —djy, is a strict tropical 2-cycle. Its
boundary runs along 18 legs through the four nodes and five positive vertices; its interior
misses the discriminant. The node coefficients are (1,—1,—1,1).

Here the regular part of ©(S) is a circle bundle over the disc. The local construction
collapses the circle along the boundary legs, makes the phase corrections at the positive
vertices, and leaves four boundary spheres, of degrees (—1,1,1,—1) on (Cy,,Cyy, Cys, Cyy)-
Thus

9=(5) = [Cou] = [Cgo] = [Co] + [Cal-

The mirror lift of the same disc has
aé(s) = [5Q1] - [6Q2] - [6%] + [(5114]'

The first identity is realized on the original small resolution )?9, and the second on the mirror
hypersurface Y;. The polytope, belt, and verification of strictness are given in Section 11.1;
the full resolution construction applies to this disc without additional hypotheses.
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Part IV. Examples
11. EXAMPLES AND FINITE COMPUTATIONS

This section makes the objects of the paper explicit on five hypersurfaces and reports
what the computations on the list of admissible polytopes show. Section 11.1 treats Xg by
hand: it has four nodes and rank K = 1, and a single disc through the four nodes realises
the generator of K as a tropical 2-cycle, so that Theorems A-FE and Corollary B can be
followed through one picture. Section 11.2 lists explicit generators of K on X19 and Xog; on
Xop two of the coordinate functionals A — ), vanish identically on K, that is, two nodes
are forced in the sense of Remark 9.9, and Corollary B then says that no relation among
the vanishing spheres has all coefficients nonzero. Section 11.3 gives one example on each
branch of the dPg hexagon. Section 11.4 describes the list, counts the polytopes to which the
theorems apply and those on which the equivalent conditions of Corollary B hold, and reports
a computational check of Theorem C, not used in its proof, on the bases of 435 polytopes of
the list, 364 without and 71 with hexagonal two-faces. Section 11.5 collects the evidence for
Conjecture G.

Throughout, the lattice points of A that are rays of ¥/ are numbered ng,ni,... as in
Appendix G, a node parallelogram is written ¢ = (a, b, ¢,d) with n, + n. = ny + ng and
chosen diagonal {a,c} (through the centre at a pentagon or hexagon), and e; stands for
the basis vector e, of Z%, so that circ, = ey + eq — eq — €.. Vectors of Z® are written as
combinations of the nodes: ¢; — g9 is the vector with coordinate 1 at ¢, —1 at g2 and 0
elsewhere.

11.1. The example Xy. The polytope Ag of [Wue26b] has nine vertices, listed in Appen-
dix G.1, one dP; pentagon with vertices ns, n4, ns, ng, ng and centre njg = (—2,—1,0,0), and
two unit squares {ns, ng, n3, n7} and {ng, ns,ng,n7}; its other two-faces are unimodular tri-
angles. It is admissible, it satisfies (Proj) with the fan >’ of Appendix G.1, and by Theorem F
it satisfies (U), so it has a base B = B.. So Theorems A-E apply to it.

The nodes and K. The pentagon contributes two node parallelograms and each square
one:

q1 = (n3,n6,n10,18), q2 = (n2,n6,13,17), q3 = (n4,n5,n10,M8), qu4 = (n2,n5,N4,N07),
with ¢1, ¢3 in the pentagon. Their circuits are
circg, = eg + eg — e3 — eqo, circg, = eg + e — ez — €3,
circg; = e5 + eg — e4 — eqp, circg, = e5 + ey — ez — e4.

If Y, Akcireg, = 0, the coefficients of ejg, e and e give A3 = —A1, Ao = —A; and Ay = —Ag;
conversely circg, — circy, — circg, + circg, = 0. Hence

K=7Z(q —q —q+aq)

Let )?9 be the small resolution of X§ with the chosen diagonals {a,c} of the parallelograms
q = (a,b,c,d) above. No nonzero multiple of ¢g; — g2 — g3 + g4 has all coefficients nonnegative,
so by Proposition 3.4(3) )/(\'9 is projective and induced by a regular refinement of ', and by
Proposition 3.4(2) the relative Picard number of Xo — X{ is |@Q| — rank K = 3. The relation
Agi + Ags = 0 holds because the centre nig occurs only in the circuits of the two pentagon
nodes; this is the tie of Remark 3.10.
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A cycle of node parallelograms. Put dy = (4,2,1,1). Every node parallelogram has a pair
of opposite sides parallel to dy:

ng —ng = ng — Nig = N4 — N5 = Ny — N = dy.

Write €1 = [ng,ns|, e2 = [nio,ng|, €3 = [ns,n4] and €4 = [n2,n7]. Then ¢; has the sides
€1, €2, g3 the sides 9, €3, q4 the sides €3, 4 and g9 the sides €4, 1. So the four segments close
up into a cycle €1,¢9,€3,4 in which consecutive segments are opposite sides of one node
parallelogram. The boundary of the disc constructed below runs through the four nodes in
this order.

Belt cycles. The disc belongs to the simplest class of tropical 2-cycles.

Definition 11.1 (belt cycles). A belt cycle on B is a strict tropical 2-cycle (.5, j,v) (Defini-
tion 2.5) such that S is a disc with one sheet and no interior edges or vertices, S does not
cross I', and 9§ is a closed path in I' along legs with vanishing vector v which passes every
node it meets along two opposite legs and meets no negative vertex.

The field of a belt cycle is constant, since S is a disc on which it is parallel; as a relative
tropical 2-cycle (Section 5.2) a belt cycle is the chain v[S], with boundary network v[05],
and its node coefficients are supported on the nodes of 0S.

The facet. Let T be the unimodular triangulation of OAg of the data accompanying the
paper (https://github.com/bwuebben/calabi-yau-smoothability, directory paper6; see
Appendix G), and let ug = (0,1, —1,—1) and

uyp = (1’ _]" _1’_1)’ Uz = (0707 17 _1)7 Uz = (_1,27 17_1)7
ug = (=1,2,0,0), us=(-1,2,-1,1).

In 7 the vertex ug is joined by edges to wy,...,us, and [ug, u;, u;+1] is a triangle of T for
i=1,...,5 (indices modulo 5). Recall from Section 3.3 that the facets F, of V" correspond
to the lattice points u of A° and its two-faces F,,, = F, N F,s to the edges of T, and that
T" lies in the union of the two-faces and meets no facet interior. All six vectors u; annihilate
do. So the five two-faces F,, of the facet I, and the five edges F,, N F,, N Fy,,,, contain
the direction dp. For an edge [u,u’] of T and an edge [n,n’] of ¥’ we erte ([u u'], [n,n']) for
the arc of I' in F,,» whose legs have lower support {n,n’} (Proposition 4.10(2)); its legs have
vanishing vector +(n’ — n) and covector £(u’ — u) (Lemma 3.12).
The closed path. Let 0S C T be the following union of arcs:

e from p,, along ([ug,u1],e1) and ([uog, usl,€1) t0 Pgy;

e from Pqo along ([UOa U5} )7 ([Uo,U4],E4) and ([Uo,U3],E4) to pgy;

e from Pyy along ([UOa U3} )7 ([Uo,UQ],Eg) and ([u0>u1]753) to Pgs;

e from p,, along ([ug,u1],€2) back to py,.
Consecutive arcs with the same lower support meet at the positive vertices ([ug, u;, uit1],€5),
where € is their common lower support, one on each of the five edges F,,NFy,NF,, ,, and the
nodes are pg, = ([uo, u1],q1), pgs = ([uo, 1], 43), Pgs = ([uo, us], qa) and P, = ([uo, us], g2).
In all, 0S consists of 18 legs; it passes through the four nodes and five positive vertices and
meets no negative vertex. At each node it follows two opposite legs, those over 1,9 at ¢1,
over €9,€3 at g3, over 3,64 at qq and over 4,1 at ¢go. Figure 4 shows the configuration.

The disc. Let S be the disc bounded by 9S formed by the 26 triangles (be,bys,bc) of

the barycentric subdivision K of & listed in the accompanying data (https://github.
com/bwuebben/calabi-yau-smoothability, directory paper6). Its triangles lie in three

maximal cells of &2, all with facet index ug, and S meets the two-faces of V/ only along
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FIGURE 4. The belt cycle of Xg, schematically: the boundary of the facet F,
seen along dy. The five two-faces F,,, met by 0S5 appear as sides and the
five positive vertices of 05 as corners (e); the four nodes are the circles. Thick
lines are the 18 legs of 95, labelled by their lower supports €1, ..., &4; the two
other legs at each node and the third leg at each positive vertex (dashed) leave
F,, and are drawn as stubs. The disc S (shaded) spans 05 inside F,,, with
the constant field —d.

0S. Orient S so that 95 passes through the nodes in the order g1, q2, g4, g3, and give it the
constant field v = —dj.

Lemma 11.2. (S,j,v) is a belt cycle, and p(S) = ¢1 — @2 — q3 + qa. In particular p(S)
generates K.

Proof. We check the clauses of [CBM14, Def. 7.2] (Section 5.2). The embedding, discriminant-
intersection and primitive-field clauses hold: S is an embedded disc, a tropical domain with
one sheet and no interior edges or vertices. Its interior lies in the interior of F},,, which does
not meet I, so j71(I') = 85 and S does not cross I'. On the interior of F,, the chart is
the inclusion into aff(F,,) with tangent lattice ug N N, which contains the primitive vector
do; so v is a primitive integral parallel field. The boundary-vertex and node-passage clauses
hold: 95 has no vertices, meets no negative vertex, and follows two opposite legs at each
node. The boundary-monodromy clause: every leg of 05 lies in a two-face F),,,, and has
vanishing vector +dy and covector +(ug — u;). Its monodromy = — x £ (ug — u;, x)dp fixes
v. At the positive vertices all three legs have the vanishing vector +dy, and at the nodes
the monodromies of all four legs fix dy, the common direction of the two sides used; so v is
invariant under every monodromy that 0.5 meets. The positive-node, interior-edge balancing,
crossing and interior-vertex clauses are void.

For the node coefficients, the boundary network of v[S] is —dp[0S]. Along the arcs over
€1,£4,€3,€2, oriented by 0S5, its canonical lifts (Section 2.3) are eg — e3, ea — e7, e5 — e4 and
e10 —eg. By Definition 2.6, p, is the coefficient of circ, in the lift after p, minus the lift before
it:

@ : (e2—e7) —(e6 —e3) = —circg,, qu: (es—eq) — (e2 —e7) = circgy,,

q3: (el —eg) — (es —eq) = —circy,, q1: (es —e3) — (e10 — eg) = circy, .
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So p(S) = q1 — ¢2 — g3 + q4. Reversing the orientation of S, or the sign of v, replaces p(S) by
—p(S). O

Everything used here depends on 7 and ¥’ and not on the height h: by Lemma 4.9, for two
heights on 7T satisfying the conditions of Hypothesis (U) the decompositions & correspond
cell by cell, preserving lower supports and face labels, and the induced homeomorphism of
the bases preserves the facets, I and its legs with their lower supports. So S is a belt cycle on
the base of every such height, the normalised height of Section 3.3 included, with the same
node coefficients.

The theorems on Xg9. Lemma 11.2 proves the node-coefficient statements of Theorem C,
p(Bal(T")) = p(Z(Ry)) = K, for X9 without the argument of Section 5: the chain v[S] lies in
Z(Ro), so K =Zp(S) C p(Z(Ro)), and the reverse inclusion is p(Bal(I')) C K, the easy half
of the boundary level (Section 5.3). The remaining statements take the following form.

e The mirror lift (Theorem D). The disc S lifts to an integral 4-chain Z(S) on Y; with
8§(S) = [6q:] = [0g2] = [0g5] + [0qu]-

Over the interior of S the lift is, locally up to homotopy in each region, the bundle of
two-tori kerv ® U(1) annihilated by dy (Remark 2.7). Near 0S it is assembled from
pieces cut out by toric divisors of X7, which add no boundary along the 18 legs, and
at each of the four nodes it ends on a three-sphere isotopic to +6, (Section 8).

e The relations (Theorem A(1)). The relation lattice of the four vanishing spheres is
exactly Z(1,—1,—1,1), and }  kg[dg] is torsion only if k is a multiple of (1, -1, —1,1).
The classes [dq,], .- ., [04,] span a free subgroup of rank three of H3(Y};Z).

o The nodal locus (Theorem A(3)). Near the given member, the members with a node
at each of the four points gp form a complex submanifold of codimension 3: the four
nodes impose three conditions, as Morrison’s count predicts for a small resolution of
relative Picard number 3.

e Smoothings (Corollary B). The generator of K has every coeflicient nonzero. So Xg
has a smoothing, the vanishing spheres satisfy the relation [dq, ] —[0g,] — [0gs] +[0g,] = 0
with all coefficients nonzero, and one of the 16 conifold transitions of Y; in Lagrangian
spheres isotopic to the §, carries a symplectic structure with symplectic exceptional
curves.

o The resolution side (Theorem E). Section 10.3 describes the circle domain for this

same belt disc, its four signed boundary degrees and the resulting 3-chain on X’g.

11.2. The examples X9 and Xy. The polytopes A9 and Agy of [Wue26¢] have 19 and
20 vertices, one dP; pentagon each, and 14 and 17 unit squares; so |Q| = 16 and |Q| = 19.
Both satisfy (Proj). Their data are in Appendices G.2 and G.3. On each, computations
find strict tropical 2-cycles (Definition 2.5) whose node coefficients generate K over Z; they
illustrate Theorem C and are evidence for Conjecture G on these two polytopes. Table 2 lists
them. Their boundary networks and node coefficients are verified from the accompanying
data (Appendix G), and so is the shape of the belt cycles (a disc with one field that meets
I' only along its boundary); for the other cycles the interior conditions of [CBM14, Def. 7.2]
rest on the computations described in Section 11.5. Besides belt cycles there are cycles
whose boundary graph has trivalent vertices; these vertices are negative vertices of I'; and
the boundary graphs are a complete graph on four vertices (Xj9) and two vertices joined by
three paths (Xa0).
The two examples differ in the conclusion of Corollary B.
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cycle boundary graph node coefficients p(S;)

X9 51 closed path, 4 nodes Q2 — Q3+ Q4 — q7
Sa complete graph on 4 vertices q1+¢3 —q4—¢5 — g3 — qo +q11 + Q12 + q1a — @15
S3 complete graph on 4 vertices g2 —q3 —q6 +4s —qo +q10 + q11 — Q12 — @13 + q16

Xo0 51 closed path, 3 nodes —q14 + Q16 — Q17
So closed path, 3 nodes q3 — q4 + q1a
S3 closed path, 4 nodes —q4+ 95 — q9 + Qo
Sy closed path, 3 nodes 92 — q5 + q13
Sx closed path, 3 nodes —q13 + q16 — Q19
S6 two vertices, three paths G4 —q5 +q7 — g8 + q11 — q12 + Q15 — Q18

TABLE 2. Tropical 2-cycles found by computation on X9 (|Q| = 16, rank K =
3) and Xgo (|Q| = 19, rank K = 6) whose node coefficients generate K; the
cycles with a closed path as boundary are belt cycles. For the cycles with
trivalent vertices the conditions of [CBM14, Def. 7.2] in the interior rest on
the computations of Section 11.5. In the Z-bases of K of Appendix G the
matrices of the p(S;) have all elementary divisors equal to 1.

e On Xj9 no node is forced on K. For instance A = 3p(S1) + 2p(S2) + p(S3), that is
A=2q +4q92 —2q3 + q4 — 2¢5 — g6 — 397 — ¢8
—3q9 + q10 + 3q11 + 12 — q13 + 2q14 — 2q15 + qu6,

lies in K" and has all 16 coefficients nonzero. So X{q has a smoothing, and >, A¢[dy] =
0 is a relation among the vanishing spheres of the mirror with every coefficient nonzero.

e On Xsy the two pentagon nodes ¢; and gg occur in no relation: the basis of K in
Appendix G.3 has coordinate 0 at both. By Corollary B, X/, has no smoothing, and
although rank K = 6, no relation among the 19 vanishing spheres of the mirror has
all coefficients nonzero.

In both cases |Q| — rank K = 13, the codimension of the nodal locus in Theorem A(3).

11.3. Hexagon examples. We give one example on each branch of the dPs hexagon. On
both, the centre o of the hexagon occurs only in the circuits of the nodes of the hexagon,
each time with coefficient —1 in the labelling with the diagonal through the centre, so every
A € K satisfies the tie Zq at ¢ ¢ = 0 at the hexagon G. The data are in Appendix G.4.
The subscripts 88 and 154 are the labels of the two polytopes in the accompanying data; the
vertex lists in that appendix specify the two polytopes.

Xgs, the A1 branch. The polytope Agg has 21 vertices, 22 unit squares, one hexagon
and no pentagon. All three A; subdivisions of the hexagon satisfy (Proj), and neither As
subdivision does. On the A; profile of Appendix G.4, X/ has |Q| = 24 nodes, two of them at
the hexagon, and rank K = 10. The two hexagon nodes share only the centre, their carrying
cells lie in one two-face of V", and the tie reads Ay, + Mgy, = 0. On the resolution side the
exceptional surface over the centre is a dFs surface, the curves Cy,, and Cy,, are two opposite
(—1)-curves in its hexagon of lines, and its image in X/ is P! x P!, with the two nodes at
opposite torus-fixed points (Proposition 3.9). No node is forced on K: the vector

—q1+q2— 293 — q4 + q5 + g6 — q7 + g8 — 2q9 + q10 — q11 + 2q12 — 2q13
—q14 — q15 — Q16 T q17 — 918 — q19 + G20 + q21 — @22 + G23 — Q24

lies in K. So X{g has a smoothing, and the nodal locus of the mirror has codimension 14.
Computations find ten strict tropical 2-cycles whose node coefficients generate K with index
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one: six belt cycles, two cycles whose boundary graph has two trivalent vertices joined by
three paths, one whose boundary graph is a complete graph on four vertices, and one whose
boundary network was found by integer programming and which crosses I' transversally at
18 points. The six belt cycles satisfy Definition 11.1: they are discs with one field that meet
I" only along their boundary, as is verified from the accompanying data; for the other four
the interior conditions of [CBM14, Def. 7.2] rest on the computations of Section 11.5. Two
of the ten pass through the hexagon nodes, with node coefficients £(1,—1) there, as the tie
requires.

X154, the Ao branch. The polytope A1s4 has 22 vertices, 20 unit squares, one hexagon and
no pentagon. No A; subdivision of the hexagon satisfies (Proj), and both A, subdivisions
do; on the A; branch two nodes would moreover be forced on K. On the As profile of
Appendix G.4, |Q| = 23, three nodes lie at the hexagon, and rank K = 9. Among the
polytopes of the list that satisfy (Proj) with every hexagon on the As branch and have
no forced node, it has the smallest |@| and the smallest rank of K. The tie reads Ay, +
Agos + Aoz = 0, and the projection of K to these three coordinates is the whole lattice
{\€7Z%: A\ + X+ A3 = 0}. Here the three exceptional curves at the hexagon are three
pairwise disjoint (—1)-curves of the dPs surface over the centre, whose image in X/ is P? with
the three nodes at its torus-fixed points (Proposition 3.9). No node is forced; the vector

—q1+q2+2q3+qs —2q5 + 296 — g7+ g8 — q9 — q10 + 11 + q12
+2q13 + q1a — q15 — q16 + Q17 + @18 — Q19 + 220 + g21 + G22 — 2q23

lies in K, so X{5, has a smoothing, which the A; branch does not see, and the nodal locus
of the mirror has codimension 14.

The discriminant at the Ay hexagon has a feature that the other examples do not have.
The three node parallelograms share pairwise an edge [0, w]| through the centre, and their
carrying cells lie in one two-face of V. At each node two of the four legs have lower support
{0, w} for such an edge, and these two legs are adjacent. The legs with lower support {o, w}
join the two nodes that share [o,w] by a path of T' through two-valent points only, with
constant vanishing vector +(w — 0); on B these paths have 2, 4 and 4 legs. The three paths
form a cycle of I' that contains no trivalent vertex. Nine belt cycles, each a disc with one
field meeting I' only along its boundary, have node coeflicients generating K with index one.
Four of them pass through two of the three hexagon nodes each: the boundary enters along
a leg outside the two-face, passes g;, runs along the path of I' from ¢; to ¢;, and leaves along
a leg outside the two-face. Their node coeflicients at the three hexagon nodes are roots of
the tie plane, £(1,0,—1) and £(0,1, —1) up to the order of the nodes, and they span it.

11.4. The 612-polytope collection. The list is the following set of 668 vertex sets of
reflexive four-polytopes:

e the 77 admissible reflexive four-polytopes with at most nine vertices that have a
pentagonal two-face [Wue26¢], together with Ajg9 and Agg, and the 26-vertex polytope
A, whose face fan defines the ambient variety of the hypersurface X° in [Wue26¢];

e the reflexive four-polytopes A for which every edge of A and of A° is primitive, deter-
mined in [Wue26a] from the 473,800,776 reflexive four-polytopes of the classification
of Kreuzer and Skarke [KS00];

e the product of two reflexive hexagons, with 36 vertices [Wue26a].

Of these, 613 are admissible (Definition 2.1), and they form 612 polytopes up to GL4(Z):
the only coincidence is that A, is equivalent to a polytope of the second item. All 612 occur
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among the admissible polytopes of the Kreuzer—Skarke list found in Appendix A. Table 3
gives the counts.

polytopes (Proj) for some profile

admissible, no hexagonal two-face 470
no singular two-face 8
some singular two-face, K =0 87
K#0 375 364
admissible, some hexagonal two-face 142 83
every hexagon on the A; branch 20
every hexagon on the A, branch 55
mixed profiles 18

TABLE 3. The 612-polytope collection of admissible polytopes, up to GL4(Z).
For hexagon-free polytopes the profile is unique. In each of the last three rows
a polytope is counted if (Proj) holds for some profile of that kind, so a polytope
may be counted in several of them.

Hypothesis (Proj). 1t is a linear feasibility problem over Q in the heights of the lattice points
of OA (Section 3.6), which we decide exactly: a feasible profile is exhibited by an integral
solution, and an infeasible one is excluded by a Farkas certificate (Proposition 3.29(3)) verified
in exact rational arithmetic. For a polytope with h hexagons, whether (Proj) holds for some
profile with every hexagon on the A; branch, for some with every hexagon on the A5 branch,
and for some mixed profile, is decided by a depth-first search over the 5" profiles in which
a Farkas certificate for a partial choice of subdivisions excludes all its completions. On the
hexagon-free polytopes with K # 0, (Proj) fails on 11 of 375, all with a pentagonal two-face.
On the 142 polytopes with a hexagon it holds for some profile on 83 and for none on 59; the
branch patterns are counted in Table 3. Where (Proj) fails there is an explicit obstruction:
a nonzero effective combination of the proper transforms fe C X of curves in the fibres of
X! — X over the del Pezzo points that is homologous in Hy(X;Q) to a combination of the
exceptional curves Cj (Proposition 3.29(3)). The polytopes of the list with K # 0 to which
Theorems A—FE apply are therefore the 364 + 83 = 447 polytopes of the last column; on every
profile of a hexagonal polytope examined, K # 0. (Of the 143 admissible vertex sets with a
hexagon, A, and its equivalent both fail (Proj) on every profile.)

Theorem C on the list. Theorem C is proved in Section 5; the following computation
corroborates it and is not used in the proof. On the bases of the 364 hexagon-free polytopes
satisfying (Proj) and, in addition, on the bases of Xy, X9, X9o built from the heights
in the accompanying data (https://github.com/bwuebben/calabi-yau-smoothability,
directory paper6; 367 bases, with rank K between 1 and 36 and up to 60 nodes) we computed
a basis of the group Bal(I") of balanced networks, checked p(Bal(I')) = K by a Smith normal
form, and showed, by solving the integral linear systems exactly, that every balanced network
is the boundary network of an integral relative tropical 2-cycle on &. On every base 0Z(R) =
Bal(T') and p(Z(Ry)) = K with index one. On 191 of the bases the balanced networks
contained in the boundary of a single facet F,, which bound inside F,, have node coefficients
spanning a proper sublattice of K, so that the global argument of Section 5 is needed there.
The same computation succeeds on 72 bases of 71 polytopes with hexagonal two-faces (for
one of these bases only the outcome is reported; see Appendix G): the 71 polytopes with a
profile satisfying (Proj) on the As branch or a mixed one, each on one such profile, and in
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addition the product of two hexagons on an A; profile. It was not run on the 12 polytopes
whose profiles satisfying (Proj) are all on the A; branch; Xgg is one of them.

Forced nodes and Corollary B. As in Remark 9.9, a node ¢ is forced on K if A\, = 0 for
every A € K, that is, if the ¢-th coordinate vanishes on a Z-basis of K. Since a lattice is not
a finite union of sublattices of smaller rank, some A € K has every A\, # 0 if and only if no
node is forced; this is condition (b) of Corollary B. At a hexagon the forced nodes depend
on the profile only through its branch: the three A; subdivisions give the same centre-free
combination (e, — €w, + €w, — €ws + €w, — €ws) of their two circuits, and the two Ay
subdivisions give the same plane of centre-free combinations of their three circuits, with the
same three lines on which one node coefficient vanishes (Remark 3.10). We computed a Z-
basis of K and the forced nodes in exact integer arithmetic for every polytope satisfying (Proj)
and every branch pattern on which (Proj) holds. For a polytope with several hexagons we
first test the profiles found by the search for (Proj); where each of them has a forced node,
an exact search of the same kind over all profiles whose branch pattern has no forced node
decides whether one of them satisfies (Proj); for the count by mixed profiles the same search
is run over the mixed patterns without forced node whenever the mixed profile found first
has a forced node. The result:

e among the 364 hexagon-free polytopes satisfying (Proj), condition (b) holds on 118;

e among the 83 hexagonal polytopes satisfying (Proj), it holds for some profile sat-
isfying (Proj) on 43: on 10 of the 29 with one hexagon and on 33 of the 54 with
several. By branch pattern, it holds on 18 of the 20 polytopes with an A; profile
satisfying (Proj), on 22 of the 55 with an As profile, and on 10 of the 18 with a mixed
profile.

So on 161 of the 447 polytopes satisfying (Proj), X/ has a smoothing for some profile, and
for that profile the vanishing spheres of the mirror satisfy a relation with every coefficient
nonzero. On the other 286 every profile satisfying (Proj) has a forced node; by Corollary B,
X/ then has no smoothing and every relation among the J, has a zero coefficient. The data
from which these assertions are verified in exact arithmetic are described in Appendix G.

11.5. Evidence for Conjecture G. The computations of this subsection are evidence for
Conjecture G and are used in no proof. What can be re-verified from the accompanying data
is stated in Appendix G.

Conjecture G asks for more than Theorem C: that strict tropical 2-cycles (Definition 2.5),
whose fields are primitive, whose interior edges and crossings with I' are of the restricted
kinds that definition allows, and whose boundaries pass each node at most once along two
opposite legs, already have node coefficients generating K. It is the lattice form, for the
bases B!, of the conjecture of Castafio-Bernard and Matessi that every good relation among
the vanishing cycles is a combination of relations coming from tropical 2-cycles [CBM14, §1,
Conj. 8.3]. We tested it on the 364 hexagon-free polytopes of the list satisfying (Proj), each
on the base built from a height as in Hypothesis (U).

The evidence separates the boundary of a tropical 2-cycle from its interior. By the
boundary-vertex, node-passage and boundary-monodromy clauses of [CBM14, Def. 7.2], the
boundary network of a strict tropical 2-cycle has the following form.

Definition 11.3 (networks of CBM type). A balanced network h =, cg dg[E] is of CBM
type if every cp € {0,+1}, the legs with cp # 0 meet every node in none or in two opposite
legs, meet every negative vertex in none or all three legs, and meet every other point of I' in
at most two legs. Its negative vertices with three legs are its trivalent vertices.
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A network of CBM type is a balanced network in the sense of Section 2.3 whose support
is a graph of the kind that the boundary of a tropical 2-cycle of [CBM14] can have; its node
coefficients lie in K by Theorem C. Conjecture G asserts in particular that networks of CBM
type generate K, and in addition that enough of them bound strict tropical 2-cycles. The
strict cycles were constructed from a boundary network h in three steps: the germ of the
cycle along h is found by an integer program in the coefficients of the triangles of Ky that
meet the support of h, subject to the clauses of [CBM14, Def. 7.2] along the boundary and
with coefficients 0,+1; the germ is filled by an integral relative tropical 2-cycle, found by
an integer program and checked in exact arithmetic; and near each point of I' where the
filling violates a clause of [CBM14, Def. 7.2], the filling is replaced, on the second barycentric
subdivision, by a chain with constant coefficient in the lattice of vectors invariant under the
local monodromy. Every cycle obtained was checked against every clause of [CBM14, Def. 7.2]
by two independent implementations. On the 364 polytopes we find the following.

(a) Boundaries. On all 364 polytopes, the node coefficients of networks of CBM type
generate K, as the Smith normal form of their matrix in a basis of K shows. Networks
without trivalent vertices, networks with two trivalent vertices joined by three paths
and networks whose trivalent vertices form a complete graph on four vertices suffice
on 327 polytopes; on the other 37 further networks of CBM type found by integer
programming are needed.

(b) Belt cycles. Networks without trivalent vertices generate K on 195 polytopes. On
179 of these, strict tropical 2-cycles whose domain is a disc with one constant field
and whose boundary network is a single closed path generate K; on 171 they can all
be taken to be belt cycles (Definition 11.1), while on the other 8 some of the discs
used cross I' transversally at interior points of legs, as [CBM14, Def. 7.2] allows. We
checked each of the 3,389 discs of this kind that were constructed: all are discs with
one field up to sign, and 28 of them meet I' off their boundary.

(c) Strict cycles. On 340 polytopes, Xg, X19 and X9p among them, the computations find
strict tropical 2-cycles whose node coefficients generate K; the index of the lattice
they span in K was computed exactly and is one. For Xy this is also proved in the
text (Lemma 11.2), given the triangulation 7 and the triangles of the cycle given in
the accompanying data.

(d) The remaining polytopes. On the other 24 polytopes the strict cycles constructed
generate a sublattice of K of corank between 1 and 4, and of corank one on 16.
For each network of CBM type of a generating set that is not the boundary of a
constructed cycle, the construction meets an obstruction of one of three kinds:

(1) a single sheet: a network without trivalent vertices, with vanishing vector +d,
is not known to bound a disc with field +d formed by triangles of Ky that lie in
facets F, with (u,d) = 0 and meet I" only along the network and at edge points;
it may still bound a cycle with several sheets;

(2) the filling: the germ has an integral filling, but none is known that satisfies, near
the points of I" off the network, the conditions under which the local replacement
applies;

(3) the local replacement: near some point of I' off the network, or at an interior
vertex of the cycle, no constant coefficient of small norm in the invariant lattice
removes the violation of the clauses of [CBM14, Def. 7.2].

Each kind occurs, for some network, on 10, 24 and 18 of the 24 polytopes respectively.
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(e) Trivalent vertices appear to be needed. Let k(X) be the least k such that the networks
of CBM type with at most k trivalent vertices generate K. Then k(X) = 0 exactly
on the 195 polytopes of (b), and on the other 169 the computations suggest k(X) =
2,4,6,8 on 57, 89, 21 and 2 polytopes respectively. The upper bounds are explicit
networks; each lower bound k(X) > k with k£ > 2 rests on the infeasibility, computed
in floating-point arithmetic, of an integer program asking for a network of CBM type
with at most k trivalent vertices whose node coefficients lie outside a hyperplane of
K ® Q containing those of all networks without trivalent vertices. For Xg, X19 and
Xo0 the values so obtained are k(X) = 0,4, 2, in accordance with Table 2.

On the hexagonal polytopes satisfying (Proj), strict cycles constructed in the same way
generate K with index one on 19 of the 20 polytopes with an A; profile satisfying (Proj)
and on 66 of the 71 with an Ay or mixed profile, each on one profile; on the other six the
construction stopped with a sublattice of smaller rank, or did not produce generators of K.

The obstructions of (d) sit in extending a network of CBM type to a strict cycle, not at the
boundary level, where (a) holds everywhere; and (e) suggests that a proof of Conjecture G
cannot restrict itself to networks with few trivalent vertices. The relative tropical 2-cycles of
Theorem C avoid all three obstructions: they allow several sheets, arbitrary branching along
edges and crossings of I' with any invariant coefficient, which is what the filling of Section 5
uses.

APPENDIX A. UNIMODULAR HEIGHTS: PROOF OF THEOREM F

Hypothesis (U) asks for a unimodular triangulation 7 of OA° refining its faces and an
integral height /& on the fan over 7 such that h and h — @ are strictly convex; Theorem F
establishes it for every member of the fixed finite set L,qm defined below. Proposition 2.8
asserts separately that this set contains every admissible class. Appendix A.1 shows that
Hypothesis (U) is equivalent to the existence of a fine, regular, unimodular triangulation of
A° that is star-shaped from the origin, and that strict convexity of A — ¢ implies that of A.
Section A.2 explains why admissibility does not yield such a triangulation by a general argu-
ment: it constrains the facets of A° only along their edges, and lattice polytopes of dimension
three need not have unimodular triangulations at all. Section A.3 proves the finite-list the-
orem using explicit heights verified in exact integer arithmetic and proves the completeness
proposition using the classification and admissibility filter. Appendix A.4 distinguishes the
evidence for these two claims.

Definition A.1 (the finite list of admissible polytopes). Let I = {5,6,...,33,36}. Forv € I,
let Z,, be the records in heights_vNN. jsonl.gz, with NN the two-digit value of v, in the fixed
version of the accompanying data identified in Appendix G. If V,. C Z* is the vertex array in
the field V of record r, put

Lodm = {[conv(V:)]gr,z) : 7 € U 8

vel

The vertex arrays determine this set independently of the programs used to find or check
it. Admissibility and pairwise inequivalence of its 51,827 records are verified in Step 2 below;
completeness is the separate assertion of Proposition 2.8.

Throughout, a piecewise linear function g on a complete simplicial fan is strictly conver if
it is convex and its maximal domains of linearity are the maximal cones. A wall is a common
facet of two maximal cones k, ', and the bend of g across it is g(m') — £,(m’), where £,
is the linear function equal to g on x and m' is the generator of s’ not in x. Bends are
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additive in g, and g is strictly convex if and only if every bend is positive; this is the wall
criterion of [CLS11, §6.1], where support functions carry the opposite sign, so that convexity
here is concavity there. Recall that ¢ equals 1 on OA° and is linear on the cones over the
faces of A°; it is convex, its maximal domains of linearity are the cones over the facets, and
@(m) = max,(m, —v) over the vertices v of A.

A.1. Reformulation.

Lemma A.2. Let T be a unimodular triangulation of OA° refining its faces. The following
are equivalent.

(a) There is a piecewise linear function h on the fan over T, integral on M, such that h
and h — ¢ are strictly convez.

(b) There is a real piecewise linear function on the fan over T that is strictly convez.

(¢) There are real heights w on the vertices of T such that for every facet F of A° the
restriction T |p is the reqular subdivision of vert(T) N F induced by w|p.

Moreover, for any piecewise linear h on the fan over T, strict convexity ofiz—gb implies strict
convezxity of h.

Proof. (a)=(b): take h — .

(b)=-(a): strict convexity is an open condition on the values at the rays, so we may take
the strictly convex function g rational, and after scaling integral at the primitive generators
of the rays. Put h = g+ @. Then h — ¢ = g is strictly convex. Every simplex of 7 lies in
a facet, so ¢ is linear on every cone of the fan and bends by > 0 across every wall; hence
every bend of & is at least the corresponding bend of ¢, and h is strictly convex. The same
computation proves the last assertion, for any triangulation. The function g is integral on M,
because a linear function on a unimodular cone that is integral at the generators is integral
on the lattice points of the cone, and ¢ is integral on M because the vertices of A are lattice
points.

(b)=(c): put w = g|vert 7- On the cone over a facet F', g is convex with the cones over the
simplices of 7T | as its maximal domains of linearity. Its restriction to the affine hyperplane of
F is therefore a convex piecewise linear function on F' whose domains of linearity are exactly
the simplices of T'|r and whose values at their vertices are w; this says that 7| is the regular
subdivision induced by w|f.

(c)=(b): let go be linear on each cone of the fan over 7 with gy = w on the vertices.
Across a wall inside the cone over a facet F', the bend of gy is positive by the regularity of
T |, since a bend is a local condition, homogeneous of degree one. Across the finitely many
walls between the cones over two different facets, ¢ bends positively, while it does not bend
across walls inside a facet cone. So gg + A is strictly convex for A > 0. O

Adding a constant to the heights w on JA° adds a multiple of ¢ to the corresponding
piecewise linear function; this is the conversion used below. A triangulation of A° is star-
shaped from the origin if the origin is a vertex of each of its maximal simplices.

Corollary A.3. Hypothesis (U) holds for A if and only if A° has a fine, reqular, unimodular
triangulation that is star-shaped from the origin.

Proof. A star-shaped triangulation of A° consists of the simplices conv(0,7), 7 in a triangula-
tion 7 of 0A°; each 7 lies in a facet, since a convex subset of the boundary of a polytope lies
in a facet, so T refines the faces of A°. Since A° is reflexive, every facet lies at lattice distance
one from the origin, so conv(0,7) is unimodular if and only if 7 is unimodular in its facet,
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and a unimodular simplex contains no lattice points other than its vertices, so unimodular
triangulations are fine. The star-shaped triangulation is regular if and only if it is induced
by heights 0 at the origin and w on 0A° (subtract an affine function), and the lower envelope
of the lifted points is then linear on each conv(0,7) and 0 at the origin; so regularity holds if
and only if the piecewise linear function with values w on the fan over 7 is strictly convex.
This is (b) of Lemma A.2, which is equivalent to (a). O

A.2. The facets of A°. Let v be a vertex of A with neighbours wy, ..., w; along edges, and
d; = w; — v, primitive by admissibility. The facet of A° dual to v is the lattice three-polytope

Fy={meMr: (muv)=-1, (md;) >0(i=1,...,k)},

the polytope of the anticanonical bundle of Pa restricted to the toric divisor D,,. Its vertices,
edges and two-faces correspond to the facets, two-faces and edges of A that contain v.

Proposition A.4. Let A be admissible and let E be an edge of Fy, dual to a two-face 8 > v
of A.

(1) The normal cone of F,, along E is lattice equivalent to the tangent cone of 6 at v, in
the lattice of the plane of 0. It is unimodular if 0 is a triangle, a square or a hexagon,
and if 0 is a pentagon and v is one of its three corners of index one; at the other two
corners of a pentagon it has index 2.

(2) If 0 is not a triangle, E has lattice length one.

Proof. (1) The two-dimensional cone of the fan Star(v)/v given by 6 is cone(f — v) modulo
Ruv. Since 6 lies in a facet of A at lattice height one, the saturated lattice of Rf is Zv & Ly,
with Ly the direction lattice of the plane of 8, so Ly maps isomorphically onto a saturated
sublattice of N/Zv, carrying the tangent cone of 6 at v to that two-dimensional cone. The
index at a corner is the determinant of the two primitive edge vectors there; for the pentagon
conv{(1,0),(1,1),(0,1),(—1,0),(0,—1)} these are 1,1,1,2,2, for the hexagon all are 1. (2)
is the condition £(0°) = 1 of Definition 2.1. O

Admissibility is a condition on the two-faces of A and on their dual edges, that is, on the
edges of the facets F, and on the normal cones along them; Proposition A.4 records what
it says there. It imposes no direct condition on the cones of F), at its vertices beyond their
two-dimensional faces, nor on the two-faces of Fj,.

The known sufficient conditions for unimodular triangulations do not apply to these facets.
If every facet F), has lattice width one with respect to each of its facet normals (is compressed),
then every pulling triangulation of each facet is unimodular [HPPS21, Thm. 2.3], and pulling
the boundary lattice points of A° in one global order gives heights as in Lemma A.2(c). If
the facet normals of a facet form a unimodular matrix, that facet has a regular unimodular
triangulation [HPPS21, Thm. 2.4], but the triangulations of two adjacent facets obtained
in this way need not agree on the common face. Compressed facets are rare: of the 3,175
facets of the 418 admissible polytopes with at most eight vertices, 46 are compressed. Facets
with unimodular normals are common (12,328 of the 13,443 facets of the 612 admissible
polytopes of the list of Section 11.4), but their triangulations need not be compatible. The
facets are also far from small: among the 3,175 there are facets with 242 lattice points and
normalised volume 756, and 2,171 of the 2,444 facets with at most 40 lattice points contain
empty lattice tetrahedra of volume greater than one among their lattice points, so that a
fine triangulation of such a facet need not be unimodular. For lattice three-polytopes in
general, unimodular triangulations need not exist [HPPS21, Ex. 1.2], and their existence is
open even for smooth lattice three-polytopes [HPPS21, §1.5.1]; the facets F, need not be
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smooth, since by Proposition A.4 their vertex cones are constrained only through their two-
dimensional faces. A general proof of Hypothesis (U) for all admissible A would therefore
produce compatible regular unimodular triangulations for a class of lattice three-polytopes,
the polytopes of —Kp, |p,, for which no such result is known. We know no conceptual proof,
and we prove the theorem by exhaustion.

A.3. Certificates and classification completeness. Steps 1-2 prove Proposition 2.8, us-
ing the classification and the original exhaustive filter. Step 3 proves Theorem F by verifying
the heights of each member of L4, in exact arithmetic; it does not use exclusions made by
the filter.

Step 1: the classification. Kreuzer and Skarke classified the reflexive four-polytopes up
to GL4(Z): there are 473,800,776 of them [KS00]. We use a public electronic copy of their
list at a fixed revision, identified in the accompanying data together with the digests of its
files; its number of rows is the published count. A separate computation, not part of the
accompanying data, checked every polytope of the copy reflexive and no two equivalent (by
normal forms). Every polytope of the list is treated as A; since the list contains the polar of
each of its members, this covers every polar pair in both orders.

Step 2: the admissible polytopes. Admissibility is decided from the vertices and the facet
inequalities of A, computed with PALP [KS04]. The two-faces of A are the maximal vertex
sets shared by two facets; each is classified in the lattice of its plane. By Pick’s theorem, a
lattice polygon with primitive edges is a unimodular triangle, a unit square, a dP; pentagon
or a dPs hexagon exactly when its number of vertices and twice its area are (3, 1), (4,2), (5,5)
or (6,6). For every non-triangular two-face the lattice length of the dual edge is computed
from the two facet normals. The result is Table 4: up to GL4(Z) there are 51,827 admissible
polytopes, 40,403 without and 11,424 with a hexagonal two-face, and 741 of them have no
singular two-face. Every one of them was checked admissible a second time by an independent
program, the 51,827 have pairwise different normal forms, and the 612 admissible polytopes
of the list of Section 11.4 all occur among them.

vertices polytopes admissible with hexagon vertices  polytopes admissible with hexagon
5 1,561 5 0 20 21,913,680 3,407 1,557
6 24,189 26 0 21 12,070,919 2,404 1,268
7 177,446 102 0 22 5,826,221 1,567 906
8 834,638 285 1 23 2,450,720 999 623
9 2,867,955 629 7 24 898,929 583 386
10 7,725,801 1,156 25 25 284,696 315 221
11 16,608,387 1,931 57 26 78,468 173 131
12 29,270,253 2,857 123 27 18,417 81 65
13 43,458,000 3,888 225 28 3,781 38 31
14 56,060,584 4,846 345 29 647 14 12
15 64,085,869 5,499 527 30 114 9 7
16 65,615,931 5,824 782 31 23 4 4
17 59,972,682 5,697 1,088 32 8 0 0
18 48,703,033 5,134 1,419 33 2 1 1
19 34,847,821 4,352 1,612 36 1 1 1
total 473,800,776 51,827 11,424

TABLE 4. Reflexive four-polytopes by number of vertices, the admissible ones,
and those among them with a hexagonal two-face.
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Step 3: heights. For each admissible A we give an integer height h(m) at every nonzero
lattice point m of A°. It determines a candidate triangulation: in each facet F' of A°, the
lower faces of the convex hull of the lifted points (m,h(m)), m € F N M. For an integer
A, computed in the check, put g = h + X on JA° N M, extended linearly on the cones over
the candidate tetrahedra, and & = g + ¢. The following are then checked in exact integer
arithmetic:

(i) every point with a given height is a lattice point of 9A°, and every height is an integer;

(ii) every candidate tetrahedron lies in a facet hyperplane of A° and has determinant +1;

(iii) every triangle of a candidate tetrahedron lies in exactly two candidate tetrahedra, and
their fourth vertices lie on opposite sides of the hyperplane spanned by the triangle
and the origin;

(iv) of five fixed rays, at least three lie on no wall, that is, in the cone over no triangle of a
candidate tetrahedron, and each such ray lies in the cone over exactly one candidate
tetrahedron;

(v) across every wall, the bends of g and of h are positive integers.

Lemma A.5. If (i)-(v) hold, the candidate tetrahedra form a unimodular triangulation T of
A° refining its faces, and h is an integral height on the fan over T with h and h — ¢ strictly
convez.

Proof. Write o = cone(T') for a candidate tetrahedron 7T; by (ii) it is a four-dimensional
simplicial cone, and its facets are the cones over the triangles of T', the walls. Let Z be the
union of the cones over the edges of the candidate tetrahedra and of the intersections of pairs
of walls that span different hyperplanes; it is a finite union of cones of dimension at most
two, so Mg \ Z is connected, and any two points off Z and off the walls are joined by a path
that avoids Z and crosses the walls transversally at finitely many points.

The interiors are disjoint. For z off the walls let N (z) be the number of cones o7 containing
x. Let x lie on a wall but not in Z. The walls through x contain x in their relative interiors
(the relative boundary of a wall lies in cones over edges) and span a common hyperplane H.
A cone containing z on its boundary contains it in exactly one facet (two facets meet in the
cone over an edge), which is one of these walls; by (iii) each of these walls is a facet of exactly
two cones, lying on opposite sides of H. So near x the same number of cones is gained on
each side of H, and NN takes the same value on both sides. Hence IV is constant off the walls,
and by (iv) it equals 1: the interiors of the cones are pairwise disjoint.

Local structure at the faces. We show, for a face ¢ # 0 of some or and a point x in its
relative interior, that the cones having ¢ as a face cover a neighbourhood of z, and that
no other cone contains x. The second assertion follows from the first: a cone containing x
has interior points arbitrarily close to x, which would lie in the interior of a cone having ¢
as a face, so by disjointness it is that cone. If ¢ = op there is nothing to show. If ¢ is a
wall, by (iii) it is a facet of a second cone on the other side of its hyperplane, and the two
cones cover a neighbourhood of z; in particular a wall is never subdivided by the facets of
several cones on one side, since (iii) requires the whole wall to be a facet of a cone on each
side. If ¢ is the cone over an edge e, project to the plane Mg/ span ¢: the cones containing
¢ become sectors of angle less than m, and the walls containing ¢ their boundary rays. By
(iii) each such ray bounds exactly two of the sectors, on opposite sides, so the sectors form
cycles that turn monotonically around the origin, each covering every direction at least once;
their interiors are disjoint, so there is exactly one cycle and it covers every direction once.
So the cones containing ¢ cover a neighbourhood of z. If ¢ is a ray R>qv, project to Mg /Rv
and intersect with a small sphere: the cones containing ¢ become spherical triangles forming
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a closed two-dimensional pseudomanifold L by (iii). By the case of walls and edges already
treated, the map from L to the sphere is a local homeomorphism near every point of L,
including its vertices, whose links are single circles. So L is a closed surface and the map is a
covering of the two-sphere; each component of L maps homeomorphically, and by disjointness
of the interiors there is exactly one. So the cones containing ¢ cover a neighbourhood of z.

The fan. The union of the cones is closed, and by the local structure it is open, so it is
Mg. Let x € op Nopr, x # 0, and let ¢ be the face of op containing z in its relative interior;
by the local structure ¢ is a face of ops. Applying this to a point = in the relative interior of
the convex cone o N o7/, whose carrier face ¢ in o contains o N oy, gives o N o = @,
a common face. So the cones form a complete simplicial fan.

Conclusion. By (i) and (ii) each tetrahedron lies in a facet of A° and is unimodular, so
the tetrahedra triangulate every facet, hence every face, of 0A°; a unimodular tetrahedron
contains no lattice points besides its vertices, and the tetrahedra cover 0A°, so every lattice
point of A° is a vertex. By (v) and the wall criterion, ¢ = h — @ and h are strictly
convex. The values of ¢ at the vertices are integers, so h is integral on M as in the proof of
Lemma A.2. O

Conditions (i)—(v) hold for the heights of all 51,827 records defining L,4y,, with 12,001,172
tetrahedra in all. By Lemma A.5, Hypothesis (U) therefore holds for each of them. This
proves Theorem F. O

Step 2 examined every polytope of the classification and its accepted records are exactly
those defining L,qm,. Together with Step 1 and the positive admissibility checks, this proves
Proposition 2.8. The exclusions are an input to this proposition, rather than to the height
certificates; Appendix A.4 specifies their verification coverage.

A second program proves Theorem F from the same heights by a different set of sufficient
checks, in exact rational arithmetic: (i’) the points with given heights are exactly the nonzero
lattice points of A°, enumerated independently, and lie on its boundary; (ii’) in each facet
F, every cell of the lower convex hull of the points (m, h(m)), m € F N M, is a tetrahedron
of determinant +1; (v') for each tetrahedron and each such point m outside its cone, g(m)
and ﬁ(m) exceed the values at m of the linear functions that agree with g, respectively h,
on the cone. By (ii’) each facet is triangulated by the regular subdivision induced by h,
and since the heights are global, the triangulations of two facets restrict to the same regular
subdivision of their common face; so the tetrahedra form a unimodular triangulation of OA°
refining its faces, and (v') is strict convexity of g and h on its fan. This program does not
need (iii) and (iv). As a further consistency check it compares the number of tetrahedra with
the normalised volume of A°.

The heights were found by choosing h(m) close to a large multiple of a positive definite
quadratic form in m, first |m|? and then random forms: the first choice succeeds on 7,231
polytopes, and no polytope needed more than 30 forms. A quadratic height induces a regular
triangulation of every facet at once, which is why one height serves all facets; the constant A
makes the bends across walls between different facets positive, as in the proof of Lemma A.2.
How the heights were found plays no role in the proof.

A.4. What the proof rests on. The completeness proposition uses the first two inputs
below; the finite-list height theorem uses the third. The first is the classification of Kreuzer
and Skarke [KSO00], itself computer-assisted, which was not recomputed: we use a public
copy at a fixed revision whose files agree with digests of that copy (not digests published
by Kreuzer and Skarke) and whose number of rows is the published count, and a separate
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computation, not part of the accompanying data, checked its members reflexive and pairwise
inequivalent.

The second is the identification of the admissible polytopes in Step 2. Let d be the number
of nonzero lattice points of A that are not vertices; all admissible polytopes found have
d < 7 except two, with d = 12 and d = 20. Every polytope that the first implementation
accepts was checked admissible again by an independent program. A second implementation
of the whole test, sharing no code with the first, takes the face lattice of A from a different
polyhedral library instead of from the vertex-facet incidences computed by PALP, tests the
edges of A directly, and computes twice the area of a two-face, in the lattice of its plane,
as a sum over the triangles of a fan triangulation from one vertex of the greatest common
divisors of the 2 x 2 minors of their edge vectors. It agrees with the first implementation
on every polytope on which both were run: all polytopes with 5-9, 24-33 or 36 vertices,
all polytopes with 10-23 vertices and d < 7, and, for each number of vertices, a uniform
sample of 2,000 polytopes with d > 5. The remaining 431,934,093 polytopes, about 91% of
the classification, all with 10-23 vertices and d > 7, are excluded by the first implementation
alone, so the completeness of the list of 51,827 admissible polytopes rests on these exclusions.
The programs and the runs are described in Appendix G.

The third is the verification of (i)—(v), which by Lemma A.5 proves Hypothesis (U) for
each polytope found. One program checks (i)—(v) in integer arithmetic, with determinants by
fraction-free elimination, and a second checks (i), (ii’) and (v') in exact rational arithmetic;
both accept the heights of all 51,827 polytopes.

APPENDIX B. PROOFS FOR SECTION 3

This appendix contains the proofs of the toric and topological facts of Section 3 that
are standard in substance: the second homology of the small resolution, the integrality of
the relations among the exceptional curves, and the classical description of the exceptional
surfaces.

Proof of Lemma 3.3. Let Sy be a regular fine triangulation of 0A, that is, one whose vertices
are all the lattice points of 0A, let Py be the projective toric variety of the fan over it, and let
)/fo be the proper transform of X in Fy. It is a maximal projective crepant partial resolution
in the sense of Batyrev, and a smooth threefold. By [Wue26¢, Prop. 8.3] the restrictions of
the toric divisors of Py span H? ()20; Q). That proposition applies because every two-face of
A is a unimodular triangle or has a dual edge of lattice length one, so that the correction
term in Batyrev’s formula for h%! vanishes. The toric divisors of rays outside R restrict to
zero, so the D,., r € R, span HQ()?O;@).

Near the preimage of each singular point x¢g, both X and )A(O are toric resolutions of Ug
given by triangulations of G with the same vertex set, the lattice points of G. Both fans
contain the subfan consisting of the rays and of the cones over the edges of G, so both toric
varieties contain its toric variety as an open subset. The complements are the orbits of the
cones that meet the interior of 7o in dimension two or three; these lie over the vertex of Ua
and are compact curves and points. Hence there are compact unions of curves Z C X and
Zy C Xo, lying over the points xg, and an isomorphism X \ Z = XO \ Zp =: U, compatible
with the maps to X, that carries D, N (X \ Z) to D, NU for every r € R. The set Z is
a compact analytic subset of the compact complex manifold )A( hence a subcomplex of a
triangulation of X [Loj64, Thm. 2] and locally contractible. The duality H;(M, M \ K;Z) =
H"%(K;7Z) for a compact, locally contractible subset K of a closed oriented n-manifold M
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[Hat02, Thm. 3.44] gives Hk()?,)? \ Z;7Z) = H5*(Z;7Z), which vanishes for k < 3 because
Z is a polyhedron of dimension at most two. By universal coefficients over the field Q,
HM(X, X\ Z;Q) = Hom(Hy(X,X \ Z;Z),Q) = 0 for k < 3. The exact sequence of the pair
gives

(B.1) H2(X;Q) — HX(U;Q),

and likewise H 2()?0; Q) = H?(U;Q). The two isomorphisms carry D, to the class of D, NU.
So the D,, » € R, span H?(X;Q), and (3.2) is injective because the evaluation pairing
Hy(X;Q) x H*(X;Q) — Q is perfect. O

Proof of Lemma 3.6. If G is a triangle, it is unimodular and its vertices form a unimodular
triple; if G is a unit square, any three of its vertices do. If G is a pentagon or a hexagon,
choose j such that P; is a unit parallelogram (Lemma 3.1(1)). The diagonal [wj, w;;2] cuts
P; into the triangles conv{w;, w;i1,w;2} and conv{o,w;, wji2}, which are exchanged by
the point reflection of P; in its centre and therefore have equal area. As P; has normalised
area two, wj,w;jy1,w;42 is a unimodular triple.

Let u be a vertex of A° with G C vV, so that (u,-) = —1 on aff(G). For x € Lg we have
z+ (u,x)y; € Lg Nut, so Lg = Zy1 ® (Lg Nut). The lattice Lg Nut is the lattice of
translations of aff(G) N NV, and unimodularity of the triangle means that y, — y; and y3 — y;
form a basis of it. Hence y1, 42, y3 is a basis of Lg. A basis of a saturated sublattice extends
to a basis y1,...,ys of N, and every basis vector y; Ay (i < k) of A2N has i < 3. O

Proof of Lemma 3.7. Put Y/ = T\ W/ and ® = (incl,g): Y’ — T’ x C*. By [Oka80,
Thm. (5.3)(ii)], m1(Y”’) is free abelian of rank n + 1 and m;(Y’) = 0 for 1 < i < n. The
map H,(Y') — Hy(T") is onto, since W’ has real codimension two, and a small meridian
loop of W' is null-homotopic in 7" and is mapped by g with degree one, since dg # 0 along
W’. So ®, maps Hy(Y’) = Z"*! onto Hy(T' x C*) = Z"*! hence isomorphically, and ® is
an isomorphism on . As T” x C* is aspherical, ® is an n-equivalence, so ®,: H;(Y') —
H;(T" x C*) is an isomorphism for ¢ < n and onto for ¢ = n [Hat02, proof of Prop. 4.21].

By the Thom isomorphism of the normal bundle of W’ and excision, H;(T",Y’) =
H;—o(W"), and the connecting map H;(T",Y’) — H,;_1(Y") sends the class of a cycle ¢ to the
class of the circle bundle S(c) of the normal bundle over ¢. In the Kiinneth decomposition
H, 1(T' x C*) = H;—1(T") ® H;—o(T") ® H1(C*), the first component of ®,[S(c)] is zero,
because S(c) bounds the disc bundle in 7", and the second is +j[c]: for w € H72(T") and
the generator 0 of H'(C*), integration over the fibre circles, on which g has degree one, gives
(wUg*h,S(c)) = £(j*w, ), and H*(T") is free. In the exact sequence

H1<Y,) — Hz(T/) — I{Z'(T/7 Y/) — Hi_l(Y/) — Hi_l(T/)
the first map is the composite of ®, with the projection, which is onto for ¢ < n. So for i <n
the connecting map is injective, with image the kernel of H;_1(Y') — H;,_1(T"); fori—1 <n
this kernel is the preimage under the isomorphism &, of the second Kiinneth summand. The
composite H;_o(W') — H;_o(T") ® H1(C*) = H;_o(T") is therefore an isomorphism, and it
is +j,. Put k =1¢— 2. g

Proof of Proposition 3.5(1). The manifold X is compact, complex and of dimension three,

hence a closed oriented 6-manifold. Let D = X \ W. The toric boundary of P is the union
of the divisors DyA of the vertices y of A, so D is the union of the surfaces D, and of the

exceptional set of X = X. Over a square the exceptional set is Cy; over a pentagon or a
hexagon G it is the fibre over x¢ in the local toric model, the union of D, and of the curves
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of the diagonals not through o. In the local model each such curve lies in the toric divisor of
an endpoint of its diagonal, and Cyq C D, at a square. Hence D = J,cp D

Step A: the map j.: Ho(W;Z) — HQ()?;Z) is zero. The Laurent polynomial of X is
nondegenerate with Newton polytope A° of dimension four, so the inclusion induces an
isomorphism i.: Ho(W;Z) — H2(T;Z) = AN (Lemma 3.7). Let y be a vertex of A, a
primitive vector, and choose a splitting N = Zy & Ny. The affine toric variety of the ray
through y is Uy, = T U O(y) = C; x (Ny ® C*), with O(y) = {t = 0}, and the factor C;}
of T is the one-parameter subgroup of y. The surface X N O(y) is the zero set of the face
polynomial of the facet {y}° of A° a nondegenerate Laurent polynomial on O(y) = Ny ® C*
whose Newton polytope, a translate of that facet, has dimension three. By Lemma 3.7 with
n = 3, for every ng € Ny there is a loop v C X NO(y) with class ng in H1(O(y)) = Np. Since
X is transverse to O(y) and U, is smooth, t|x is a submersion along X N O(y), so there are
e > 0 and an embedding ®: v x D = X N U, with ®(p,s) = (s, Po(p, s)) and Py(p,0) = p.
The 3-chain ®(y x D,) lies in X, and its boundary 7 = ®(y x dD,) lies in W. The maps
hy(p,¥) = (66“9, Dy (p, ueem)), u € [0, 1], take values in T" and join 7 to the product of the
circle {|t| = €} with ; s0 i.[7] = yAng in Ho(T) = AN, and yAm = yAng for m = ay+ny.
Hence the class of Hy(W) corresponding to £y A ng is a boundary in X. Take a unimodular
triple y1, y2, y3 of some two-face (Lemma 3.6); the y; are vertices of A, and the classes y; An
span A2N. So Hyo(W;Z) is spanned by classes that vanish in HQ(X'; 7).

Step B. By Step A and the exact sequence of the pair ()?,W), the map HQ(X;Z) —
Hy(X,W;Z) is injective.

Step C: Hg()?, W;Z) = ZR, and the composite with Step B is evp. Triangulate X so that
every D, is a subcomplex [Loj64, Thm. 2]; that theorem applies because X , & compact com-
plex manifold, is a real-analytic manifold with countable basis and the D, are analytic, hence
semi-analytic, subsets. Then D is a compact subcomplex, hence locally contractible, and
W=X \ D. The duality H;(M, M \ K;Z) = H" *(K;Z) for a compact, locally contractible
subset K of a closed oriented n-manifold M [Hat02, Thm. 3.44] gives

Hy(X, X\ D;Z) =~ H(D; 7).

The isomorphism is the direct limit over open neighbourhoods U D D of cap products with
the image of the fundamental class of X (loc. cit., proof of Thm. 3.44); by naturality of the
cap product it commutes, for a compact subset D’ C D, with the maps Hg()A( ,)A( \ D) —
Hy(X,X \ D) and HY(D) — H*(D').

Each D, is a compact, smooth and connected complex surface. For a centre o, D, is
the orbit closure of the ray through o in the smooth local toric model over zg, a smooth
complete toric surface. For a vertex y, D, is smooth near the fibres over the points zq,
where it is a toric divisor of the local model, and elsewhere because X is transverse to the
orbits of the cones over vertices, edges and unimodular triangles, which are smooth. Its open
subset X N O(y) is connected by Lemma 3.7, and it is dense: X N DyA has pure dimension
two and meets every smaller orbit in dimension at most one. So D, is connected. Hence
HY(D,;Z) = Z for every r € R.

Two distinct surfaces D, meet in a union of compact curves and points, so every inter-
section (US <r DS) N D,, for any ordering of R, has vanishing H® and H*. The Mayer—
Vietoris sequence, applied |R| — 1 times, gives H4(D;Z) = @, . HY(D,;Z) = Z%, the
r-th component being restriction to D,. By the naturality above, the r-th component of
Hy(X;Z) — Hy(X,X \ D;Z) = ZR is the map Ha(X) — Hy(X,X \ D,) = H*(D,) = Z.
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Through the Thom isomorphism of the normal bundle of the smooth surface D,., this map
is the intersection number with D, up to sign, C — £D, - C, where the sign is fixed by the
orientation conventions for the cap product and the Thom isomorphism and is the same for
every r. So the composite of Step B with this isomorphism is +evp, and evp is injective. [

Proof of Proposition 3.9. The fibre over z¢ in the local model is the orbit closure of the
ray through o, the toric surface of the star of o, whose fan in spang(G)/Ro = Ng ® R

has the rays w; — o (the isomorphism holds because (u,0) = —1 and Ng C u', so that
N Nspang(G) = Ng @ Zo) and the two-dimensional cones over the T;. By Lemma 3.1(1)
consecutive rays form lattice bases, so F is smooth, and sz = —a; where (wj—1 —0)+ (wjy1—

0) = aj(w; — o). For the hexagon a; = 1 for every j; contracting the disjoint (—1)-curves
fo, f2, f1 leaves the fan with rays wy,ws,ws, which is that of P2, and gives (3.4). For the
pentagon (ao,...,as) = (1,1,1,0,0); contracting fo and fo leaves the rays wi,ws, wy of P2
and gives (3.5). The exceptional curve of P; is the curve of the wall cone(o, w;j;1) (proof
of Proposition 3.4(2)), which is Dy N Dy,,, = fj+1. In the three cases this gives the curves
listed; in (2), exactly one of j+1, j+4 is even, and fo,, = €41, while fo,, 41 is a line through
two of the blown-up points.

The fibre E’ is the orbit closure of the ray through o in Ug, ,: the toric surface whose fan
in N¢ has the rays w; — o for the interior edges [0, w;| of o|¢ and the two-dimensional cones
over the cells of o|g. The edge vectors of a unit parallelogram form a lattice basis, so the fan
is smooth. For the pentagon and for A, it has three rays and E’ =2 P2. For A; the rays are

wj — 0, Wj42 — 0, Wjyg — 0 = —(w;j — o) and wj45 — 0 = —(wjy2 — 0), as w; + w43 = 20 in
the hexagon; so B/ = P! x P!. The node of a parallelogram is the torus-fixed point of E’ of
the cone over it. O

APPENDIX C. THE COMPLEX OF DUAL CELL PAIRS

This appendix proves Lemmas 4.2, 4.3 and 4.4 and parts (2) and (3) of Proposition 4.7, and
the piecewise linear details of Proposition 4.7(4) and Lemmas 6.6(2) and 6.7(2). Notation is
that of Section 4; F is a fan-side subdivision with function i (Definition 4.1). That pulling
a point preserves the regularity of a subdivision, which the construction of F¢ uses, is part
of Proposition 3.26.

C.1. Faces, cells and charts.

Proof of Lemma 4.2. (1) A function that is piecewise linear and strictly convex on a complete
fan is the negative of the support function of a polytope whose normal fan is that fan [CLS11,
§6.1]; since A’ is strictly convex on the fan over 7, the polytope is V. (2) For a convex
piecewise linear g the support function m — minye(m,-) equals —g. The function ¢ is
convex, with V¥ = (A°)° = A. Support functions add under Minkowski sums and determine
a polytope, so VPt = A + V". The normal fan of a Minkowski sum is the common
refinement of the normal fans, and the fan over 7 refines the normal fan of A, the fan over
the faces of A°; the face of a sum selected by a functional y is the sum of the faces selected
by p [Zie95, Lecture 7]. For p = >, Ayu in the relative interior of cone(r) and n € A,
(u,m) > —>,, Ay with equality if and only if (u,n) = —1 for every vertex u of 7; so the face
of A selected by pu is 7V. O

Proof of Lemma 4.3. (1) A vector (y,s) lies in %, if and only if s > 0 and w minimises
f(m) = (m,y)+ sh/(m) on A°. For s = 0 this says that y lies in the inner normal cone of A°
at u, which is cone(u"). For s = 1, by the optimality condition for the convex function f on
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the convex set A°, u is a minimiser if and only if y € —9h/(u) 4 cone(u"); since &’ is convex
and positively homogeneous, —Oh’( ) = {w: (m,w) > =k (m) Vm, (u,w) = —k'(u)} = V.
So the slice of 3, at s = 1 is Vh + cone(u"), which is also the slice of the cone over Cay,,.
(2) Since Cay,, lies in an affine hyperplane not through 0, the fan > on &, is the cone over
the regular subdivision of Cay, with the heights above, and its mixed cones are the cones
over the cells with vertices at both levels. By the Cayley trick [HRS00], [DLRSlO, §9.2], a cell
C of that subdivision with C' N (Ng x {0}) = Cp x {0} and C'N (Ng x {1}) = C; x {1}, both
nonempty, corresponds to the cell Cy+ C; of the regular mixed subdivision of u" + VZ/ =F,
with the same heights, and this is a bijection. So the cells of &x in F,, are the cells of that
mixed subdivision. For u € 7, F; is the face of F), selected by any p in the relative interior
of cone(r), and p selects 7V in u" and V” in V' (Lemma 4.2); the lower faces of the lift of
F, lying over F are the lower faces of the lift of F;. This gives the description on Fr. A cell
c is the prOJectlon of a unlque bounded face ¢ of A + VT, and if (¢, 1) selects exactly ¢, then
¢ = face(¢ 1) A+ face(c 1) V.. The first summand is the lift & of a cell w € F, because h is

piecewise linear and strictly convex on the fan over F, so that the bounded faces of A, are
the lifts of the cells of F in 7V; the second is facec VP x {0}, a face V x {0} with 7/ D .
The decomposition of a face of a Minkowski sum into faces of the summands is unique. [

Proof of Lemma 4.4. (1) A simplex containing a given one has a smaller bottom cell, whose
lower support is contained in {n}; so the set of simplices defining ﬁn is closed under passing
to larger simplices, and ﬁn is open. Let b lie in the open simplex of ¢cg € --- C ¢ with
w(co) = {n}. Then b € ricy, C 1i Fr((,), 50 the facets through b are the F,, with u a vertex
of 7(ck), and n € 7(cp)¥ C 7(ck)¥ by Lemma 4.3(2); that is, (u,n) = —1 for these u. Near
b, V" coincides with b + T, where Ty, = {x : (u,x) > 0 Yu € 7(cx)} is its tangent cone,
and —n lies in the interior of Tp. Since (u,n) = —1, the point x + tn lies in b + T}, if and
only if ¢ < min,(u,z — b); so every line x + Rn meets d(b + Tp) in exactly one point, at a
parameter that depends continuously and piecewise linearly on the class of z, and m, is a
homeomorphism from 9(b + Tp) onto Ng/Rn. On aff F, the projection is affine with linear
part ut — Ng/Rn, and ut N N — N/Zn is an isomorphism, with inverse = — x + (u, x)n,
as (u,n) = —1.

(2) Let b lie in the open simplex of ¢g C -+ € c¢g. If 7(ck) is a vertex u, then b €
ricgy C int Fy; if w(cg) is a vertex n, then b € Rn; otherwise the closed simplex lies in I'x.
Conversely, the faces of a simplex of Iy correspond to subchains, which have a larger bottom
and a smaller top, so their chains again have dimw > 1 at the bottom and dim7 > 1 at the
top; such an open simplex lies in no int £, and in no R,.

(3) On int F,, N R,, the two charts differ by the integral affine isomorphism of (1). Gross’s
chart on the interior of a maximal cell is the facet chart of its facet, and his chart at a vertex
n+w of Yx is m, on the open star of the vertex in Bar #x, which lies in R,, because every
chain through the vertex starts with it. O

C.2. The cells of the complex of dual cell pairs are balls. Fix 7 € T and put d, =
3—dim7, A=7Yand V, = V?/. Let V; = {x € Ng : (u,x) = 0 Yu € 7}, of dimension d-,
with dual V* = Mgr/L;. Both A and V; lie in affine spaces with direction V;, and V, has
dimension d,. An element ¢ € V¥ is a linear function on V;, hence an affine function on each
of these affine spaces up to an additive constant, so face; Z, the set of minimisers of ( on Z, is
well defined for Z C A, Z C V; or Z C Fy; likewise face(c ;) on subsets of (affine space) x R.
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Write A = XT, V= @T, and for w € F, w C A, let © be its lift, a bounded face of A. Define
D(w) = {¢ € V' : face(¢ 1) A DY, cone,(7') = the image of cone(7’) in V* (7' 2 7),

and for a cell ¢ of Zx in F; with lifted face ¢ (Lemma 4.3), ¢* = {( € V. : face((:’l)(ﬁﬁL V)2

Lemma C.1 (one face). (1) The D(w), for w € F with w C A, form a polyhedral com-
plex Dr with support VY ; dim D(w) = d- —dimw; D(W') is a face of D(w) if and only
if W' D w; and ri D(w) = {¢ : face(c 1) A A= o).

(2) The cone(7'), 7/ 2 7, are pointed and form the normal fan of V; and of Fy in V*;
cone,(7') is the normal cone of F; at its face Fr.

(3) ¢ — ¢* is an inclusion-reversing bijection from the cells of Px in Fr onto the cells
of a polyhedral complex R, with support V¥, with dimc + dimc* = d, and c¢* =
D(w(e)) Ncone, (') for ¢ = w(c) + V.

(4) ric* CriD(w(c)). Hence ¢* C D(w) if and only if w(c) 2 w, and every D(w) is the
union of the cells of R, it contains.

(5) The recession cone of ¢* is cone,(7(c)). In particular ¢* is unbounded if and only if
c lies in the relative boundary of F.

Proof. We use the standard properties of the normal cones N (®) = {£ : face, IT D @} of the
faces @ of a polyhedron II in a real affine space W [Zie95, Lecture 7]: they form a fan whose
support is the set of linear functions bounded below on II; dim Ny (®) = dim W — dim @,
also when II is not full-dimensional; N (®’) is a face of Nyj(®) if and only if ® O ®; and
ri V(@) consists of the functions selecting exactly ®.

(1) The recession cone of Alis R>0(0,1), so every ((, 1) is bounded below on it and selects
a bounded face, the lift of a cell of F|4 (Lemma 4.3). A normal cone of a bounded face
contains a vector with positive last coordinate and lies in {s > 0}, so its relative interior lies
in {s > 0} and its slice at s = 1 has one dimension less. The statements follow from those
for normal cones, with W the product of R and the affine space with direction V, containing
A, of dimension d, + 1. ) )

(2) By Lemma 4.2 the normal fans of V/ and of V* are the fan over T, and F, and V.,
are their faces with normal cone cone(7). The normal fan of a face ® of a polytope II, in
the quotient of the dual space by the span of Np(®), consists of the images of the Ni(P')
for the faces ®' C ®; here the span of cone(r) is L. Since 7 is a face of the simplex 7/,
cone(7') N L; = cone(7), so the image of cone(7’) is pointed.

(3) Apply the properties of normal cones to IT = A+ @, which has dimension d;+1 because
V; has dimension d,: the slices at s = 1 of the normal cones of its bounded faces form a
polyhedral complex with support V¥, inclusion-reversing in the faces, with dim ¢* = d,—dimc.
The minimum of (¢, 1) on IT is the sum of its minima on A and on V, and a point x + y with
T € A Yy € V attains it if and only if x and y attain theirs. So face 1)1 2 w + V x {0} if
and only if face 1) AD&and face, V; 2 VT,, that is, ¢ € D(w) N cone,(7').

(4) If ¢ € ric*, then (¢, 1) selects exactly é = &(c) + V% x {0}, hence selects exactly &(c)
in A, so ¢ €riD(w(c)) by (1). Since the relative interiors of the cells of R, and of D, both
partition V*, every D(w) is the union of the ¢* with ric¢* C D(w), and ric* C D(w) holds if
and only if D(w(c)) C D(w), that is, w(c) 2 w.

(5) The recession cone of the slice at s = 1 of the closed cone Np(¢) is its slice at s = 0,
{¢ : ¢ C face(c ) I1}. As II projects onto F; and (¢, 0) does not see the last coordinate, this
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is {¢ : ¢ C face¢ I+ }, the normal cone of F; at the smallest face containing ¢, which is Fy();
by (2) it is cone,(7(c)). It is zero if and only if 7(c) = 7, that is, ¢ € OF. O

For p = (1,w) € DP let C, be the set of cells of R, contained in D(w), a polyhedral
complex with support D(w) by Lemma C.1(4); let C’p8 be its subcomplex of cells contained in
the relative boundary dD(w), and Cy' the set of its unbounded cells. For a poset C, Ord(C)
is its order complex, whose simplices are the chains; the order complex of a subposet is a
subcomplex. Let Bar=F and Bar=" be the sets of simplices of Bar #x whose label is < p,
respectively < p.

Lemma C.2 (order complexes). The label of a simplex is < the label of every simplex con-
taining it, so Bar=F and Bar=* are subcomplezes and Cx (p) = | Bar=F |\ |Bar="|. The map
c — ¢ induces isomorphisms of simplicial complexes

Bar™ = Ord(Cy),  Bar™ = Ord(C?) U Ord(C}).

Proof. A face of a simplex corresponds to a subchain, which has a smaller top and a larger
bottom, so its face label and its lower support are larger: its label is <. A chain has
label < p if and only if ¢ C F; and w(cy) 2 w, that is, if and only if all its cells lie in
Up = {c C Fr : w(c) D w}, since face labels decrease and lower supports increase along
a chain. By Lemma C.1(3),(4), ¢ — ¢* is an order-reversing bijection from U, onto C,,
and a poset and its opposite have the same order complex. The label of a chain in U, is
< p if and only if 7(cx) 2 7 or w(cg) 2 w. The first condition says that cj is unbounded
(Lemma C.1(5)); since ¢}, is contained in every ¢, all cells of the image chain are then
unbounded, and conversely. The second says that D(w(cg)) is a proper face of D(w), that is,
¢ C OD(w) (Lemma C.1(1),(4)); since ¢} contains every c, the image chain then lies in C?,
and conversely. O

Lemma C.3 (truncation). Let W be a finite-dimensional real vector space, g: W — Rxq
convex and positively homogeneous with g(x) > 0 for x # 0, and C a finite polyhedral complex
in W whose support is a convex polyhedron D of dimension k and such that g is linear on
every cell. Choose R larger than the value of g at every vertex of every cell. Then Ord(C) is
isomorphic to a linear triangulation of the convez polytope D = D N{g < R}, of dimension
k, and the isomorphism carries Ord(C?)UOrd(C*) onto a triangulation of its boundary, where
C? is the subcomplex of cells in OD and C* the set of unbounded cells. In particular | Ord(C)|
is a piecewise linear k-ball with boundary | Ord(C?) U Ord(C%)).

Proof. Let e be a cell and £, the linear function equal to g on e. For v in the recession cone
of e and z € e, le(v) = limy_yo0 g(x + tv)/t = g(v), which is positive for v # 0; so e contains
no line, has a vertex, and e = e N {f. < R} is a polytope. If e is bounded it is the convex
hull of its vertices, g < R on e, and egr = e. If e is unbounded, the hyperplane {¢{. = R}
separates the vertices of e from points far out along a recession direction and meets rie; so
¢ =en{l. = R} is a facet of eg with rie/ C rie. Since the hyperplane contains no vertex,
the faces of er are the fg for the faces f of e and the f’ for the unbounded faces f of e.
Realise Ord(C) by sending e to its barycentre b(e) if e is bounded and to a point b(e) € rie’
if e is unbounded, and a chain eg < --- < e; to conv{b(eg), ..., b(e;)}. We show by induction
on dime that the chains with top < e give a triangulation of er in which the chains of
unbounded cells triangulate ¢/. For bounded e this is the derived subdivision: e is the cone
from its barycentre over de = |J;_, f. For unbounded e, b(e) lies in the relative interior
of the facet ¢’ of e, and ¢’ is the only facet of er containing it. A polytope is the union
of the cones from a point in the relative interior of one facet over the other facets, and
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these cones meet along the cones over common faces: a ray from b(e) inside €’ leaves er
through d¢’, which is covered by other facets, and any other ray leaves aff ¢’ at once and exits
through a facet different from e’. The facets of er other than e’ are the fgr for the facets
fofe, soer=be)*U;, fr and likewise ¢’ = b(e) * U, unboundea > and the induction
hypothesis applies to the f. The triangulations of the er agree on common faces, so they
form a triangulation of | J, er = Dgr. The chains in C? triangulate 9D N {g < R}, because a
cell whose relative interior meets a proper face of D lies in it; and the chains in C* triangulate
U.€¢ =DnN{g =R} as g < R on a bounded cell.

Dp is convex and compact, as g is bounded below by a positive multiple of a norm. It
meets {g < R} NriD, near a vertex of a cell, so it has dimension k, and its relative boundary
is (ODN{g < R})U(DN{g= R}). A linearly triangulated convex k-polytope is a piecewise
linear k-ball with boundary the triangulated relative boundary [RS72, Ch. 1-2]. O

Proof of Proposition 4.7(2),(3). (2) Let p = (7,w). Apply Lemma C.3 to C =C, in W =V,
with g(¢) = (¢, z0) — minygev, (¢,y) for a point x in the relative interior of V.. This g is
convex and positively homogeneous, positive off 0 because a nonzero ¢ € V* is not constant on
the d,-dimensional affine space of V., and linear on every cone cone,(7’), on which miny_ ¢ is
attained at a fixed point of V%. Every cell of R, lies in some cone,(7) (Lemma C.1(3)), so g is
linear on the cells of C,, whose support D(w) is a convex polyhedron of dimension d, —dimw =
dim p. The polyhedron D(w) contains lines when 7" has dimension less than d.; this is why
the truncation uses g rather than a linear function. By Lemmas C.2 and C.3, |Bar="|
is a piecewise linear ball of dimension dimp with boundary |Bar=F|. Every open simplex
of Bar Zx has exactly one label, so |Bar=F| = Ug=p Cx(a) and |Bar™| = J -, Cx(q),
and Cx(p) is the interior of the ball. As dimq < dimp for q < p, this is a regular CW
decomposition with face poset (DP, <).

(3) The arguments of this appendix use only the conclusions of Lemmas 4.2-4.4, which
hold for By with face label and lower support exchanged: on a face F} one uses the complex
dual to (w", T|wv, h) in Mpg/L,, and the normal fan of Vf/. The labels laby take values in
the same set DP with the same order, since both the definition of a dual cell pair and the
order are symmetric in the two factors. (I

C.3. Piecewise linear details. Uniqueness in Proposition 4.7(4). If L1, Lo both map every
Cx(p) onto Cy (p), ¢ = L5 £, is a homeomorphism of By preserving every cell C'x (p), hence

every closed cell. Write Bg?) for the union of the closed cells of dimension at most k, and

identify each closed cell Cx(p) = ¥x (] Ord=F |), through ¥y, with the cone from the vertex
p over its boundary sphere. We show by induction on k that ¢ is isotopic, through cell-
preserving homeomorphisms, to a homeomorphism ¢; that is the identity on Bg?); for k=0
take ¢g = ¢, which fixes the zero-cells. Suppose ¢;_1 has been found. On each closed k-cell
€, ¢r—1 fixes the boundary sphere, and the Alexander trick [Ale23] in the cone coordinates
of € gives an isotopy I of € relative to de with I§ = ¢p_1|e and I{ = id. These agree on

the overlaps, which lie in Bgéf_l), and define an isotopy [ of BE?) preserving every cell. Put

0, = I, 0 (¢k—1‘3§§“>)_1’ an isotopy of Bg?) through cell-preserving homeomorphisms with

0o = id, and extend it cellwise in increasing dimension to an isotopy ©; of Bx: on a closed
cell of dimension m > k on whose boundary sphere ©; is defined, let O5(Ap + (1 — \)z) =
Ap + (1 — X\)O4(x) in the cone coordinates. Each ©; is a cell-preserving homeomorphism,

B = id, and O 0 ¢g_1 runs from ¢;_1 to ¢ = O o Ppr_1, which is the identity on Bgf). For
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k = 3 this gives an isotopy €2, from ¢ to the identity through cell-preserving homeomorphisms,
and L9 o0 Qs is an isotopy from £; to Lo through homeomorphisms with the property of (4).

Proof of Lemma 6.7(2). A chain lies in st p, exactly when its union with {p.} is a chain, that
is, when it is contained in {z_, z4,p.} UDP,,, and contains at most one of the incomparable
Z4+. So stpe is the simplicial join {z_, z4} * {pc} * Ord(DPyy,). By (1), € identifies DPy,
with the nonzero sign vectors, which form the face poset of 90; so Ord(DPy,, ) is isomorphic
to the barycentric subdivision of 9¢. The join of this triangulation with the vertex 0 and
with the two vertices te3 is a triangulation of V: every point of V° with £x3 > 0 is uniquely
(1 —s)(xe3) + sw with s € (0,1] and w € ¢, and every w # 0 is uniquely ¢ty with ¢ € (0, 1]
and y € 00. Let E: |stpe|] — V be the resulting simplicial isomorphism, which sends z1 to
+e3 and p, to 0, and put X = E, o U, @Y = E. 0 U,'; then Y o £L = ®X. As in the
proof of Lemma 6.6, ¥y maps the union of the open simplices of the chains with top p onto
Cy(p). In stp. a chain with top p > pe is c— U cy with c— C {z4,p.} and § # ¢4 C DPyy,
with top p, and the points of its open simplex are the points (1 — s)(+es) + sty with s,¢ >0
and y in the open simplex of c;, which lies in the relative interior of the face of e(p); so
(x1,22) = sty € Oéig), E?g
chains with top p. in st p. are {p.} and {z+,p.}, whose open simplices form the open segment
between —e3 and es3. The open star of p. is open in | Ord(DP)|, contains the open arc and
lies in st pe. 4

and every point of V° with (x1,z2) € O ) arises in this way. The

Uniqueness in Lemma 6.6(2). Two homeomorphisms with the property differ by a home-
omorphism y of O preserving every O, N O. These sets are not the cells of a cell de-
composition of O, since for € # 0 the set O, N O contains O, N O = riface(e), where
face(€) = conv{e;e; : ¢; # 0}. We use instead the regular cell decomposition of O with open
cells {0}, the sets O. Nint O for € # 0, and the sets riface(e) C JO; its closed cells are the
simplices conv({0} U face(€)) and face(e). By invariance of domain x maps int O onto itself,
hence 0O onto itself, so it preserves every cell of this decomposition. The argument given
above for Proposition 4.7(4), with the closed cells, which are simplices, as cones from their
barycentres, shows that y is isotopic to the identity through homeomorphisms preserving
every cell, and hence every O, N O.

APPENDIX D. ESTIMATES FOR THE LOCALIZED MIRROR

This appendix proves Lemmas 7.5, 7.11, 7.14, 7.15, 7.18 and 7.26 of Section 7, together
with the auxiliary Lemmas D.1, D.2, D.3, D.4, D.5 and D.6, under the standing assumptions
of Section 7 and in its notation. At a point x of a chart U, the Cox monomials are evaluated
in the chart, and we put

m(z) = max yna™ (@), 6(2) = lyma™ (@)%

so that m < &Y/2 < |A|Y2m. The transition set Trans(z) is the set of n # 0 with 6;/4 <
czn(x) < 61/2; outside it each v, is locally constant, equal to 1 or 0. We use epax, Ep
(Definition 7.6), D and 6y (Section 7.2), and write ], = max |3’|. Constants C, ¢ depend
only on the configuration and on %, unless a dependence on r or 7 is indicated.

D.1. Deficits, cut-offs and a regularity criterion.

Proof of Lemma 7.5. A lower face of conv{(n,H(n))} is the set of lifted points on which
n+— (p,n) — H(n) is maximal, for some p € Mg. So I is cellular if and only if d¥ (p) = 0 for
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all n € I and some p, that is, v*(I) = 0. The function p — max,c; d¥ (p) is convex, piecewise
linear and nonnegative, so its infimum is attained (it is the value of the linear program:
minimise « subject to (p,m —n) — H(m) + H(n) <~ for n € I, m € A). Hence v*(I) > 0
for non-cellular I, and 6y > 0 as a minimum over finitely many sets.

Let ¢, bound |log |ey,/cp|| over the union of the sets Ut (c(?)), ¢ € %, which is compact.
At a torus point, |d,(z) — d¥(p)| < 2¢«/L. If L > 8c. /b, the set I = {n : d,(x) < 30p/4}
has max; d¥ (p) < 6p, so it is cellular. At a point x of the toric boundary, d,(z') — d,(z) for
torus points ' — x (with limit oo where 2"(x) = 0), because the maximum is attained by a
monomial not vanishing at x; so {n : d,(x) < 30p/4} C {n : d,(z’) < 36y/4} for 2’ close to
x, and subsets of cellular sets are cellular. ]

Lemma D.1 (derivatives of the cut-offs). Let = lie in a chart U..

(1) dn < dp < dy, +1log|A|/(2L), and |yz"(x)| < t9/4&(x)Y/? for n € Trans(z).

(2) For ¢ € Mg let Oy be the holomorphic vector field of the torus action with Oyx™ =
(£,m)x™, and vy := 2Redy the corresponding real field. Then dip,(Jvy) = 0 and
’d¢n(0€)| < ﬂIlnaxM‘D/L

(3) Let Z be a holomorphic coordinate near x such that, after division of all monomials
by one nowhere vanishing function, each monomial m is Z¢™ times a function in-
dependent of Z, with integers 0 < e(m) < emax: a Cox coordinate of the chart, with
e(m) the Z-exponent of m, or one of the coordinates Z, Z' of Section 7.3 on Uy,
after division by vy,x%, with e = ey or e = ey. Moduli of monomials below are taken
after this division, and v = 8/0Re Z. Then, where Z # 0, dzd, = (€ — e(n))/(2LZ)
with € =Y, pme(m), pm = |Yma™|?/S, and

S | (1 (0) (o)) < 225~ Doy S ) ) |22
n n n = I 61/2 Z max )
n neTrans neTrans
e(n)=0 e(n)>1
where Dy =) e(m)|yma™/Z|. Both sides of the inequality are continuous, since
every term with e(m) > 1 is divisible by Z, so it holds also where Z = 0.
Proof. (1) max,, [ymz™|? < & < |A|max,, [Ymaz™|?. If d, > 01 /4 then |y,2"|? < t91/26. (2)
The weights depend only on the moduli, which the compact torus preserves, so di,(Jvg) = 0.
Since vy log |X™|? = 2(¢,m), ved,, = (32, pm (€, m)—(€,n)), of modulus at most [¢|D/L. (3)
The common factor cancels in a?n, and it multiplies both sides of the inequality by its modulus.
After the division, |y,z™|?> depends on Z through |Z|?¢(™), so 0z log |ymz™> = e(m)/Z
where Z # 0, which gives the formula. For a real function ¢, |dg(v)| + [dé(Jv)| < 4|0z,

and di, = (1 — s)8'(d,) dd,, vanishes unless n € Trans (the origin has constant weight). For
e(n) = 0, le] yna"l/|1Z] < (Iynz"|/6"?) 32, e(m)|yma™|/|Z] because pm < |yma™|/&"/;

Tnx"

Z

for e(n) > 1, |e —e(n)| < e(n) + emax- O

Lemma D.2 (regularity criterion). Let g1,...,gr be holomorphic and ¢1, ..., ¢ smooth real

functions near a point x of C*, and F = > igi- Let v be a real tangent vector at x, and put
h—Z@ ) dgi(v J = Zm |(Idgi(v)] + g (Jv)]).

If |h| > J, then dF, maps spang (v, Jv) onto (C; in particular dF, has real rank two.

Proof. For w = Av+pJv, dgi(w) = (A+ip)dg;(v), so dF (w) = (A+ip)h+>",; gi(x) (A des(v)+
pdgi(Jv)). The second term has modulus at most J|A + ipl. So dF(w) # 0 for w # 0, and
the R-linear map R? — C is injective, hence onto. O
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On X7 we apply Lemma D.2 in a chart, to F®) divided by a Cox monomial that does not
vanish at z, with g, = 2" divided by the same monomial and ¢, = ¥,; at a zero of F(¥)
this division does not affect the rank.

D.2. Smoothness of the interpolating family: proof of Lemma 7.11. Let z € W,
and put C°(x) :=C(x) \ {0} and #H(x) the smallest face of A containing C°(z).

Lemma D.3 (the cases). At least one of the following holds: (A) C(z) is affinely independent;
(B) H(z) is a facet u"; (C) C°(x) is a node parallelogram P, and then x € Up.

Proof. By Lemmas 7.5 and 7.1, C(z) C {0} Uw for a cell w of F¢, so C°(z) C w C A and
H(z) is a proper face. If it is not a facet, it has dimension at most two, and C°(z) lies in
the cell wNH(x) of the subdivision of H(z) induced by F¢. Since F¢o agrees with ¥/ on the
two-skeleton (Proposition 3.26), this cell is a cell of o (Definition 2.3): a point, a primitive
segment, a unimodular triangle, a unit square, or one of the parallelograms and triangles of
the subdivision of a pentagon or of a hexagon, on either branch. Each of these has no lattice
points other than its vertices, and a set of vertices of such a cell is affinely independent unless
it is all four vertices of a node parallelogram. Since 0 ¢ aff H(z), C(x) is affinely independent
if and only if C°(z) is. If C°(z) = P, the monomials of P do not vanish at z, so the Cox
coordinates vanishing at z are among those of the vertices @ of 7 with P C @V, that is
€ G° = {u,u'}; hence x € U, . g

Case (A). Let ng be a maximal monomial at z; it lies in C(x) and has t,, = 1. Put

= FO/(y02™) = 3 (/Yo )X "0, regular near z. Since |f| = 0 at 2 and the
monomials outside the core contribute at most | A[t%/2,

3 1;”\%56”! > 1Al
nec(onin}
so some ny € C(z) \ {no} has ¥, |yn, 2" | > m/(2|A]). Since C(x) is affinely independent,
there is £ € My with (¢,n —ng) = 0 for n € C(x) \ {no,n1} and (¢, n; — ng) = 1; among the
finitely many affinely independent subsets of A we may take [¢| < lpax. With v = vy and
gn = (Yn/ Yo )X,

B> o D A2, g < P gz
- Q‘A‘ max I — L
by Lemma D.1(1),(2). For ¢ small, |h| > J, and Lemma D.2 applies. (In particular vy(z) # 0.)
Case (B). We use the following domination.

Lemma D.4 (domination on a facet). Let H(z) = u" be a facet. Then x lies in the chart
Uc of every maximal cone c 5 u, the Cox coordinates of c other than Z, do not vanish at x,
and every n ¢ u¥ U{0} satisfies

b/nxn/Zu’ < t390/4}70$0/2u‘ at x,
both sides being polynomials in the chart coordinates.

Proof. If Zz(x) = 0, every monomial not vanishing at « lies in 4", so @ 2 C°(z) and " 2 u";
as u” is a facet, ¥ = u” and % = u. This gives the first two assertions. Every cell of F¢
containing C°(z) lies in a proper face containing v, hence in u"; so for n ¢ u¥ U {0} no set
C°(x)U{n} or C°(x) U{0,n} is cellular.

Assume first Z,(x) # 0, and let x, be the point with Z, multiplied by ™% and the other
chart coordinates fixed; a monomial is multiplied by e™2¢=(") and those of u" are unchanged.
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If the maximum at = is attained by a monomial with e, > 1, that monomial lies in C(z)
but not in C°(z) C uY, so it is the origin; then for n ¢ u" U {0} the set C(z) U {n} is not
cellular, Lemma 7.5 gives d,(z) > 36p/4, and |y,2"| < t3%/*m = 390/4|~29|. Otherwise the
maximum m,, is attained only in uY. Let 7, > 0 be the least 7 at which a monomial with
ey, > 1 reaches m,. For 7 < 7, the maximum is m, and C°(z) C C(z,); at 7 the monomial
reaching m,, has deficit 0, so it forms a cellular set with C°(x) and is the origin. By the first
case at xr,, [ynx"| < t3%/44920| there, and going back from z,, to z multiplies the ratio
nz"|/|70x°| by e~ Lex(m=1) < 1 when e,(n) > 1; when e,(n) =0, n € u¥. If Z,(z) =0,
points 2’ near x with Z,(z') # 0 and the same other coordinates have C°(z) C C(x’) and
H(z") = uV, so the inequality holds at 2/, and by continuity at . O

In case (B) apply Lemma D.2 with v = d/0Re Z,,. The derivative h of that lemma, in
which the cut-offs are held constant, is

h = 3Zul‘0 + Z J}n eu(n) ')’nxn7
n¢uVU{0} Zu

and 00z,7° = 7o [Tace\fuy Za # 0 by Lemma D.4. In Lemma D.1(3), Dy, is at most (1 +

|A|emaxt390/4)]'yoﬁzu:v0|; the transition monomials with e,, = 0 have ]'ynx”|/61/2 < t91/4; and

those with e, > 1 are not the origin, so their contribution is at most 2emayx|A|t3%0/4|y00z, 20|

Hence J < (C/L)(t%/* + t3%/4)|h| < |h| for ¢ small. No condition on 5 or on the binomial

ratios of the cells is used.
Case (C) is Lemma 7.15(1), proved in Appendix D.3.

Proof of Lemma 7.11. (1) By Lemma D.3 every point of W; falls under (A), (B) or (C), and
in each case dF(®) has real rank two. The thresholds on ¢ are finitely many and depend on
the configuration, on %( and, in case (C), on r and 7. At s = 1 the section is holomorphic,
so Wi =Y; is a complex hypersurface, smooth by the above.

(2) At s = 1 all weights equal 1 and J = 0. The arguments of cases (A) and (B) use
only the two-sided bounds on |¢,|, so they apply to every ¢ € Ug and show that Y;. is
smooth outside the sets Up. In Up, Lemma 7.15(2) places the singular points in Dp, where
by Lemma 7.14(2) the only critical point of f(!) is gp; it lies on Y, . exactly when ep = 0,
and is then a singular point. O

|h — ’YOaZux0| < |A|€maxt360/4|708Zu550|»

D.3. Near a node. Fix a node P and use the chart (Z, 7', x1, x2) and the notation of
Section 7.3; moduli of monomials are taken relative to |y,2%|. Being within e of the node
point is defined in Section 7.3: |s1],|s2| < €L, with s; = log |upX1| and s2 = log|upXal-

Lemma D.5 (weighted parallelograms). Let mg =1, m; = X1, ma = X2, M3 = upx1x2 at
a point, and let po, ...,ps € [0,1] with p; > p; whenever |m;| > |m;|. Put E = max; p;|m;|,
G =>;pimi, D1g = pimi + psmg and D2g = pams + p3ms. If max; [m;| > e min; |m;| with
€>0, and |g| < cE with ¢ = (1 —e™)/8, then max(|D1g|,|D2g|) > cE.

Proof. Suppose |D14|,|D2g| < cE. Since pgmg — psms = g — D1g — D2g, we get |pomo —
psms| < 3cE, and together with |pymi + psms|, [pame + psms| < cE all four p;|m;| lie within
4cE of each other; as their maximum is F, each is at least (1 — 4c)E. Take i with |m;]
maximal and j with |m;| minimal. Then p; > p; and E > p;|m;| > e‘pjlm;| > e (1 —4c)E =
3(e€+1)E > E, a contradiction. O

_ The weights @Zn of the four monomials of P satisfy the monotonicity of Lemma D.5, because
d,, is a decreasing function of |y,z"| at fixed x and [ is nonincreasing.
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Proof of Lemma 7.14. (1) On UZ we have |np| < 2n9 < r?/10 < 1/160, so |,u§1/2| < el/320 <
1.01. On 2Dp, |z|,|y| < 2r < 1/2, hence ]u}!le,]u}my\ < 0.51, and ppyx1 = ,u,}D/Qx -1,
upXa2 = ,ugzy — 1 have moduli in [0.49,1.51]. So x1,x2 # 0: the polydisc 2Dp lies in the
chart U, (this is where » < r; < 1/4 is used), and the four monomials of P, which relative
to vez® are 1, X1, X2, uPX1X2, have moduli within a factor 16 of each other. The origin has

modulus |ZZ'| < 4. Moving from z = y = 0 to 2Dp changes the modulus of X‘f‘"xg” by a

factor at most 3P, Thus each apex has modulus at most 2 - 3AP)\;1/2 < Ctor/2,

To bound the other monomials, let z, have z =y =0, Z = vz and Z’ = vy. Its tropical
position is within C'/L of the midpoint of Jp: the four monomials of P have bounded nonzero
moduli, the origin has modulus one, and the largest apex modulus on each side is )\]_31/ 2,
Lemma 7.7(1),(2) therefore places it at the midpoint up to C'/L. For n ¢ Ap the set PU{n}
is not cellular: a cell of F¢ containing P lies in G, u" or 'V, so it is P, w1 or wq, and n lies
in none of them. This includes the lattice points of G'\ P, the other vertices of a pentagon or
hexagon, because wi NG = wo NG = P. At the midpoint the tropical deficits of P vanish, so
the deficit of n is at least v*(PU{n}) > 6. Its relative modulus at z, is consequently at most
Ct%. Since the Z, Z' exponents are nonnegative, throughout 2Dp its relative modulus is at
most C 3/7P2eu(n)tew ()0 The finite configuration now gives m < C' without an assumption
on the remaining monomials. Hence the deficits of P are at most C'/L, those of the apexes are
at least gp/2—C/L > (0p+1)/2—C/L, and those of n ¢ Ap are at least 8y —C/L > 36y /4 for
L large. Since 01 < 6y, the weights are as stated for ¢t small, the apexes are outside the core,
and Dp C Up. The origin term is bryvy ZZ' = (b/|6)) 22" = 9pZZ', since b is a constant,
and the monomials of P give zy—kp. The apex terms are aZ and o’ Z’ with |al, |a/| < C’)\;l/Q,
and R, the sum of the monomials outside Ap, has |R| < |A[t3%/*m < C't%/2,

(2) Put Zo=J+ sa' [9p, Zé =7+ sa/9p and Gs = xy — kp — s?aa’ /9 p. Then
f) = Gyla,y) +0p 2.2, + s R,

and ¢ = (z, vy, Zs, Z;) are holomorphic coordinates on 2Dp, a shift of (z,y, Z, Z’) by at most
C’)\;/Q, since a,a’ are holomorphic functions of (z,y). So f(*) = P(¢) — kp + E4(¢) with
P(C) := ay+9pZsZ. and E, := sR—s2aa’ /9p. By the Cauchy estimates, || Es|c2 < C(r)t%/2
on a convex neighbourhood Vp, in the coordinates (, of the image of Dp, contained in the
image of 3Dp. The quadratic form P has gradient (y,z,0pZ,0pZy), so |[VP(¢)| = |¢|, and
its Hessian is a constant invertible matrix Hy. Hence V f(s) = Ho( + VE; on Vp: a zero
has |¢| < C(r)t?/2; two zeros (1, (o satisfy |¢ — G| = |Ho(C1 — &) < C(r)t%/2|¢ — &, s0
there is at most one; and the map ¢ — —H(;lVES(C) is a contraction of the ball of radius
C (r)teo/ 2 about 0, whose fixed point is a zero. The zero is nondegenerate, since Hess f (s) =
Hy + O(C(r)t?%/2), and the value there is —rp + O(|¢]?) + O(t%/?) = —kp + O(t%/?).

(3) For |np| <no <1, |kp| = |e7" — 1| > |np|/2 > no/(2Cy) in the window. O

Lemma D.6 (node comparison). Let @ € U, with (x1,x2) within 02 of the node point,
and assume that the mazimum m(x) is attained by a monomial of P. For a lattice point n
let My, == 2"/ (az®) be its term in fO). Then every n ¢ Ap with ey (n) > 1 satisfies

‘8Z’mn’ < Cemax tGO_SPGQ(’bZ| + ‘A/’mon) < Cemax t1500/16(’bZ‘ + ‘A/’mon)a

where |A’|mon s the largest modulus of a single term of A’ at (x1,x2); symmetrically for Oz,
with [6Z'| + | Almon-
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Proof. Both sides are continuous, and if x satisfies the hypotheses and ZZ’ = 0, so do the
nearby points with the same (x1, x2) and ZZ’' # 0, because the monomials that vanish at z
are small near z. So we may assume ZZ' # 0. Put (z :=log|Z|/L, s = log|Z'|/L, w :=
(log |x1l,1og |x2|)/L, and val,, :=log |m,,|/L. By (7.2) and the bounds on the coefficients,

val,, = apwi + Bpwa + eu(m> Cz +ew (m) Czr — H(m) + H(a) + O(I/L)7

the tropical value of m, relative to a, at the tropical point with coordinates (w,(z,(z/) in
the basis dual to (b — a,d — a,w,,w, ). Let @ be the tropical position of the node point
and 0y := 0y + C/L, so that |& — @°|s < . Replacing @ by @ at fixed (Cz,(z/) changes
val,, — val,y by at most (|ay, — | 4 | B — Bmr|)02. Since val, = 0, the values of a, b, c, d at
x are at most 202, and the maximum is one of them; so val,,(z) < 205 for all m. The origin
has valy = (z + (z + H(a) + O(1/L), independent of w because oy = 5y = 0.

Fix apexes v1 € wy and vg € wy and put A\g := 2+|vk|p, s02 < Ay < 2+Ap. Inthe ((z,(z)-
plane at w® the edge Jp of Lemma 7.7 is the segment {(z+(z = —H(a), {z < (o Czr <}
moving along u’ — u changes (¢z,(z/) by (—1,1) and fixes @, and by Lemma 7.7(1), (2), on
Jp the deficits of vy and vy are (; — (z and (3, — (z. Its end pz = ({5, —H(a) — (%)
is dual to conv(0,ws) and pz to conv(0,wi). At the point 2° := (@ (z,{z) the bounds
valy, (), valy, (x), valg(z) < 20, give

Cz < (5 + Aabo, Czr <+ Mo, Cz+ ¢z < —H(a) + 20,

up to O(1/L), which we absorb in f3. This region is nonempty and bounded above in both
coordinates, and a function on it that is linear and nondecreasing in (7 and in (s attains its
maximum at one of the two points p, := pz+(A2f2, (2—X2)62), Py = pzr+((2—A1)02, \165).

Let i := ey(n) and j := e, (n) > 1. By Lemma 7.1 the set {0} U P U {va,n} is not cellular,
as vo & wy and n ¢ Ap; at pz its members other than n are maximal, so df (py) is the largest
deficit on this set at pz, and d¥(pz) > v* > 6y by Lemma 7.5. Since the origin is maximal
at pz, val,(pz) — valo(pz) = —d¥ (pz) up to O(1/L). Likewise df (pz/) > 6y, using v;.

If i > 1, the function ¢ := val, — valy = (i — 1){z + (j — 1)(z’ + const is nondecreasing,
9(pz),9(pz) < —bo, and since A\, > 2, g(py) < —bp + (¢ — 1)A262 and g(p7,) < —6o + (j —
1)A10. Returning from z2° to = adds at most |n|pfz. So

val, (z) — valp(z) < —6y + ((max(i,j) - 1)(2+4+ Ap) + ]n\p)ég < —0y + Epbs,
by the definition of £p. Hence |m,,| < Ct%~¢r%|bZ 7’| and

07mn| = j|lmn|/|Z'| < Cemaxt® 7% |0Z|.

If i = 0, compare with vy: ¢’ := val, — val,, = (j — 1){z + const at @, and at pz the

monomials 0, P, v; are maximal, so ¢'(pz/) < —60p; hence ¢'(z%) < —0y + (j — 1)A\162, and
returning to x adds at most (|n|p +|vi|p)fa. So val,(x) —val,, (v) < —0g+((j—1)(2+Ap)+
|n|P + AP)§2 < —by + 5P§27 and |8Z’mn| < 6max|'rnn|/|Z/| < Cemaxteo_gpe2|A,’mon-

Finally Epfa < 01/16 < 6p/16. The case of J; is the same with the roles of (u,w;,v;) and
(u',we, vy) exchanged. O

Proof of Lemma 7.15. Let x € Up, so that C(x) \ {0} = P: the apexes and the monomials
outside Ap are not in the core. Put O := [bZZ’| (the origin, of weight one), let ||AZ||; and
|A’Z"||1 be the sums of the moduli of the apex monomials of we and of wy, and v := 6,/8.
Then ||AZ||1,|A'Z'||; < |A|t?/?m, and every monomial outside Ap has modulus at most
t30/4m (Lemma 7.5).

(1) Let = € W.
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Case O > t"m. Apply Lemma D.2 with v = 9/0Re Z’. The derivative h of Lemma D.2,
in which the cut-offs are held constant, is h = bZ + (weighted A") + > 1,0z (yox™) over the
monomials outside Ap with e,y > 1, so

(B 2 (0 = [ A'Z' ||y = emax| Al *m) /| Z'] = O/ (212')),

since v < 0p/2. In Lemma D.1(3), Dy < (O + |A'Z'||1 + emax| At3%/*m) /| Z'| < 20/|7'|,
and the transition monomials with e,, > 1 are apexes or lie outside Ap, of total modulus at
most O/2. So J < (CB.x/L)O/|Z'| < |h| for L large.

Case O < t"m. Then every monomial other than those of P has modulus at most 2|A[t"m,
and the maximum m is attained by a monomial of P, which has weight one. Write f(8) = §+G
with § the weighted sum over P; then |G| < 2|A[*"m, and |x10, G/, |x20y,G| < Ct'm for
the logarithmic torus derivatives x19y,, x20y,. By Lemma D.1(2), J < CBht"/*m/L for
these directions.

e If (x1,x2) is not within #y of the node point, the moduli of the four monomials
of P differ by a factor at least e?2%/2, and Lemma D.5, applied with its maximum
E = m (the maximum is a monomial of P of weight one) and |§| = |G| < cm,
gives max(|x10y, g/, |[x20x.9|) > m/16. So one of the two torus directions has |h| >
m/16 — Ct"m > J.

e If (x1, x2) is within 05 of the node point, the deficits of P are at most 202+C'/L < 6, /4,

so its weights are one and g = xy — kp. We have x10y,§ = u}ﬁ)}l y and x20y,g =

M}D/Q)N(Q z, and |2y — kp| < Ct'm on Wj. If |y| > 7, then, since |kp| < 4ng < r2/5 even
on Ug and m < C(1 + |z[)(1 + |y|), the inequality |zy — kp| < Ct'm gives |z| < r/3
for ¢ small; so |u}3/2)~(1| > 1/2 and m < C(1+y|), hence |x10y,g| > |y|/2 > crm. The
case |z| > ris symmetric. If [z, |y| < r, thenm < C and |zy| > |kp|—Ct" > no/(4Cy)
in the window, so max(|x19y, dl, [x20x,3]) > (n0/(4Cy))*/2. In each case |h| > J for
t < to(r, No, %0)

(2) Let s=1,ce Ug, and let x € Up be a singular point of Y; .. All weights are one and
J = 0. The first case above and the first item of the second case apply verbatim and show
that O < t"m and that (1, x2) is within 5 of the node point; the part of the second item with
|x| > 7 or |y| > r uses only |kp| < 419 and shows |z|, |y| < r. Since O < t"m, the maximum
is attained by a monomial of P, so Lemma D.6 applies. At z, 5 f =bZ + A + Gz =0,
where Gz is the sum of the terms dzm,, n ¢ Ap, and |G| < CtY2%/16(|6Z| + | A’ |mon)
by Lemma D.6. Hence [b6Z] < |A||A|mon + CtP%/16(16Z] + | A'|mon), s0 |6Z] < 2| A||A|mon-
Each apex term of A’ is a monomial X%Xg times a constant with |a| + [5| < Ap < Ep, so
moving (x1,X2) to the node point changes |A’|mon by a factor at most t~€P%2C < t=1/16C,
Since b is constant, |blvz = )\}3/2|A’]mon(q) exactly, where |A’|;mon(q) is the value at the node
point, and therefore

1Z] _ 2|Al|A"[mon

2] == < oy < ONp 21701116 < Oyar/2=01/16 < 1
Vz vz

because gp/2 > 6y > 01 by Lemma 7.7(3). Symmetrically ]Z'\ < 1. Soz € Dp. O
D.4. Where the localized mirror is given by exact models.

Proof of Lemma 7.18. Throughout, val,, denotes %log|’ymxm| at the point considered, so
that the deficit of m is maxy valy — val,,; by (7.1) and the bounds on the coefficients, val,, is
the tropical value (p,m) — H(m) at the tropical position p, up to O(1/L) after subtracting
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the value of a fixed monomial. Two facts are used repeatedly: lowering |Z| or |Z'| at fixed
torus coordinates does not increase val,, — val,, when n has e, (n) = e,s(n) = 0, since all Cox
exponents are nonnegative; and a monomial whose deficit is below 6,/4 — C/L (resp. above
61/2 + C/L) has weight one (resp. zero), by Lemma D.1(1).

(1) Let pg € Qe with |p—pg| < 6, p the tropical position of z. At py the monomials 0, n, n/
are maximal and every other monomial has deficit at least f.(pg) > 361 /4. Passing from py to
p changes each val,, — val,, by at most Dy < 61/16. Since u,u’ € €", e,(n) = e (n) =0, so
passing from x to 2’ does not increase any val,, — val,, and leaves val,,, — val,, unchanged. So
at o’ we have val,, — val,, < 601/16+ C/L for all m, and val,,, — val,, < —36,/4+46,/16+C/L
for m ¢ {0,n,n'}. Hence the deficits of n,n’ at 2’ are at most 6;/8 + C'/L and those of the
other m # 0 at least 61/2 + 01/8: the weights are as stated, and ¢ = 1. At a turning point
the same argument applies with the three Cox coordinates of the triangle 7 C eV.

(1) The path I lies in E., because E. = {p : df (p) = diy (p) = d%(p) = 0} is convex and
contains m, m’ and p.. On E, the maximal value is valy, which is linear in p, so every deficit
d% is affine on E,. Let m; be a lattice point outside {0} Uw. If w = P is a node parallelogram,
then d, (m) > 6y if m; ¢ Ap, because {0} U P U {m1} is not cellular and 0, P are maximal
at the midpoint m of Jp, and d}, (m) = gp/2 > 6 if m; is an apex, by Lemma 7.7(2),
(3). If wis a triangle and m € J2, then d% (m) > 361/4 if m; € (w1 Uws) \ w, by the
definition of .J, and dir (m) > 6y otherwise, because {0} Uw U {m1} is not cellular (proof of
(3)). In both cases djy, (m) > 361/4, hence diy, (m') > 301/4 — D /4 > 301 /4 — 61 /64, and
diY (pe) > fe(pe) > 361/4. By affinity dfy, > 36,/4 —6,/64 on I, as 6y > 6;. Now let n be
a vertex of e, so e,(n) = ey (n) =0, and pass from a point y of I to x. Moving the tropical
position by at most 65 changes val,,, —val,, by at most D6y < 6;/16; lowering log|Z|,log|Z’|
does not increase it. At y both vertices of e are maximal. So at x, val,,, —val,, < 0;/16+C/L
for every mq, and val,,, — val,, < —(3/4 —1/64 —1/16)0; + C/L = —4360,/64 + C/L for m,
outside {0} Uw. The deficits of the vertices of e are therefore at most 6,/16 + C/L < 6, /4,
and those of the monomials outside {0} Uw at least 430,/64 — C/L > 6;/2; the origin has
weight one by definition.

(2) First, Dp € Np: on Dp, ||, [y < r gives 51,52 = O(r), and \Z\ |Z'| < 1. Let # € Np,
write val,, relative to val, = 0, and put {z := log|Z|/L, (z = log ]Z’|/L and 02 =0,+C/L.
The monomials of P have val < 265, and the origin, whose term in f(©) is ¢ pZZ', has valy =
CAZ + CAZ/ < 6. Since éz,&zl < 0p and CAZ + CAZ/ < 05, there is s € [—Hp,ep] with CAZ < s+ 0,
and Q:Z/ < —s+ 0y (take s = ch if fz > —0p, and s = —0p otherwise). Let y be the point
of Jp displaced from its midpoint by (s, —s) in the two Cox directions. The normalisation
of Definition 7.13 puts the midpoint at (0,0) up to O(1/L), as in the proof of Lemma 7.14;
these errors are included in f2. At y the monomial a is maximal; by Lemma 7.7(2) the apexes
have deficit gp/2 F s > gp/2 — 0p = 0;; and the monomials outside Ap have deficit at least
0o > 01, since {0} U P U {m} is not cellular and 0, P are maximal on Jp. Passing from y to
 raises Cz,Cz by at most 0y + O(1/L) and moves the torus coordinates by at most s, so it
increases val,, by at most (e,(m) + ey (m) + |m|p)fs < 2Ephy < 61/8 + C/L: for m ¢ Ap,
eu(m) + ey (m) < 24 2(max(ey(m), ep(m)) —1)T, s0 ey(m) +ew(m)+|mlp < Ep+2 < 28p
by the definition of £p, and for an apex e, +e,+|m|p < 1+ Ap < Ep. So at x every apex and
every monomial outside Ap has val,, < —76,/8 + C'/L, while val, = 0. Hence the maximum
at = is at most 20,, the deficits of the monomials of P are at most 46, < 6; /4 —C/L, as
02 < 01/32, and those of the apexes and of the monomials outside Ap are at least 76, /8—C/L.

(3) By Lemma 7.7(1), on J,, the deficit of a lattice point n of (w1 Uws) \ w is affine in the
parameter s, with slope de(n), e(n) < emax; 50 J°, is a segment. At the midpoint s = Spiq
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these deficits are at least g,/2 > (6p + 1)/2, by the definition of g, and (7.3). So at the
points with |s — spid| < 1/(4€max), which lie in J, because sy — s— = |J,| > gw/€max >
1/emax by Lemma 7.7(2) and (7.3), they are at least g,,/2 —1/4 > 0y/2 + 1/4 > 301 /4, as
61 < min(fp,1). The cells of F¢ containing w are w,wy,ws (proof of Lemma 7.7(1)), so a
lattice point m ¢ {0} Uw; Uws forms with {0} Uw a set that is not cellular, and has deficit at
least 6y > 01 on J,, where 0 and w are maximal. Moving the tropical position by at most 65
changes the deficits by at most 2Dfs < 01/8, and lowering log | Z|,log |Z’| does not increase
valy, — val,,, since e,(ng) = ey (ng) = 0 for the edge [u,u'] of T in G°. So at the points of
(3) the deficits of ng, ny, ne are at most 6,/8 + C/L < 61/4 and all others except the origin
are at least 30,/4 —0,/8 — C/L > 0,/2.

(4) Let x € W* N D,. The monomials vanishing on D,/, and those of weight zero near
z, do not contribute to F©) or to its derivative along D, at x: the weights are smooth and
vanish to infinite order where d,, = 0;/2. So along D, near z, FO = Znel(x) Y Ynx™ up

to terms vanishing to first order at x, and F©)(z) = 0. The maximal monomial at z among
those not vanishing on D, has weight one, so it lies in I(x). We show that the derivative of
F(0)| p,, at x along the torus action has real rank two; the torus vector fields are tangent to
D, so this gives the transversality.

If I(z) is affinely independent, let ng € I(x) be maximal. From F©)(z) = 0, some n; €
I(z) \ {no} has ¢, |yn, 2™ > m/|A|, where m = |y,,2™|. Choose ¢ with (£,n —ng) = 0 for
n € I(x)\ {no,n1} and (¢,n1 —ng) = 1, with [¢| < lpax as in case (A). In Lemma D.2 with
v = vy and the functions divided by 4,2, |h| > 1/|A] and J < B, lmax D|A[*/2t9/* /L by
Lemma D.1(1), (2), which extend by continuity to the points of D,,.

Let ¢ be in the window and I(x) C P. If I(x) # P, then I(z) is affinely independent,
and the previous case applies. So let I(z) = P. Then z € U,,,, since the monomials of
P do not vanish at x, and F (0)\ D, = Yaz®g near x, with g the weighted sum of the four
monomials of P. If (x1,x2) is within #y of the node point, the four monomials are within
a factor Ct=2%2 of the maximum, so they have weight one and § = gp = xy — kp; its
differential y dx + = dy vanishes only at x = y = 0, where gp = —kp # 0. Otherwise their
moduli differ by a factor at least ¢’22/2, and Lemma D.5, with g(x) =0 and E = m, gives
max(|x10y, 9], [Xx20x.4]) > m/16, against J < CBl.t%/*m/L as in the proof of Lemma 7.15.

On the sets of (1)—(3), I(z) is contained in {n,n’}, in P, or in w, by the weights computed
there and because the origin vanishes on D,s; {n,n’} and w are affinely independent. The
same arguments apply to D,, and, at turning points, to D, . ([l

D.5. Change of diagonal: proof of Lemma 7.26.

Proof of Lemma 7.26. Primes denote the objects of the labelling a't/c’d’ = beda. Then iy =
pps Kp =€ — 1= —upkp, X} = 1pXa, Xo = X+ and w!, = —b — wy, so Z is unchanged
and Z' becomes Z'x1'; the reference monomial is b, so f/5) = f(5) /.

The chart sign. Since val. = val, +y1 + y2, we get y; = y2 and y5 = —y1, and oy =
ag+(-,b—a), which is ag+y1 up to a constant. The linear map (y1, y2, o) — (Y2, —y1, g +y1)

has determinant 1, so ogh is unchanged.

The coordinates. From Definition 7.13 and 2y’ + 212, — kl» = 'O = f0 /%1 on Dp,
/2 —1/2 pT 29

55/:y+,up/ —,up/, 2/,:1/!;7» 2 = cz21, 29 = ——,

pp x—1 CzZX1

N~

with a constant ¢z > 0, the ratio of the two normalisations of Z.
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The convention on the thimble. For f = xy+ 2120 — k the sphere X! bounds the real four-
disc {y = €%, 20 = €z, |22 + |21|> < |k|}, the thimble, which the projection to (z,21)
maps onto the ball. So Definition 7.23 orients d, as the boundary of the thimble, oriented
by ogh times the pull-back of the complex orientation of (C%mm); for a family of Morse points
this orientation is determined by the tangent space of the thimble at the critical point.

A deformation. On W* N Dp we have f©O = xy + 21290 — kp. Put v := (1-— u}g/zx)_l, SO
that f/© = —ppof©; on Dp, ‘M}:,/Qx‘ < 1/2, so v takes values in the disc of radius 1 about
1 without 0 and has a principal power v®. For s € [0, 1] the function hs := v* f () has zero set
W* N Dp. Its critical points satisfy = 23 = 29 = 0 (from the derivatives in y, 22, 21, since

v # 0) and then y = SM};./QRPZ there is exactly one, ¢, with value —xp. Its Hessian is that
of fO) plus ¢, dz?, ¢ = s(s — 1)upkp; since the matrix (f(l)) is invertible for every c¢, gs is

nondegenerate. The tangent space of its thimble for the straight path from —xp to 0 is

on which the Hessian form is 2¢(|v,|? + |v.,|?); it is a graph over the (x, z1)-plane for every
s. So the vanishing spheres of ¢s form a continuous family in W* N Dp, and orienting each
as the boundary of its thimble with the orientation pulled back from (C%x’Zl) is continuous
in s. At s = 0 this is the orientation of Definition 7.23 for abcd (up to the common factor
ogh). Ats=1,h = —,u;lf’(o) has the same level sets as f/(%) along the straight paths, so its
vanishing sphere is, up to isotopy, the one of the labelling beda, whose convention pulls back

the orientation of C%w, e The sphere of that convention is linear in the primed coordinates,
121

and the tangent plane 7" of its thimble at ¢; need not be T1. At ¢, where ¢; = 0, Hess f/(0) =
—ppHesshy = —pup Hess £(O) and the path of /() runs from its critical value —K'p towards
0, in the direction of k', = —puprp; so & Hess f'©) = |up|? &p Hess f(©). Hence Ty and T" are
both real four-planes on which e~*® Hess f (0) is real and positive definite; in particular both are
maximal positive planes of the real quadratic form Re(e™" Hess f (0)) at q;. After a complex-
linear change of coordinates in which e~ Hess f(©) becomes > Ciz, the planes of this kind are
the images of R* under O(4, C), so they form a family O(4,C)/O(4), which is connected since
O(4) meets both components of O(4, C); the linear thimbles they contain have their boundary
spheres in one level set of the quadratic part, and these spheres move by isotopy along the
family. Both thimbles at ¢; are such linear thimbles in one chart. Let w' := (2/,v/, 2], 2}),
A:=dw'(q1) and w := A~'w’. Since w'(q1) = 0 and Q" 0 A = —upQ for the quadratic parts
Q, Q of hy and f'O at ¢, we have hy = —,u;lf’(o) = —MI_JI(Q/(AW) —Kp) = Q(W) — kp
on Dp, so w are holomorphic Morse coordinates of hy at ¢; tangent to the identity. In them
the thimble of ¢ is the linear thimble with tangent plane 77, and the thimble of the primed
convention is the linear thimble with tangent plane 7" = A~'T}, | where T is its tangent
plane in the coordinates w’. So the orientations of ¢, induced from oriented thimbles are
carried along this family of planes by continuity. On each of them the projections to (v, v, )
and to (v, Uy ), that is to (vy, vz, ) up to a complex-linear change, are isomorphisms, because
a vector with v, = v, = 0, or with v, = v, = 0, is isotropic. So the sign relating the two
pulled-back orientations is constant on the family, and it suffices to compute it on 77. On T3
(where ¢; = 0) the differential of (x, z1) > (27, 2]) is (vs, Vs, ) = (€/%0y, €2, ), which reverses
orientation. So the two conventions orient J, oppositely. O
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APPENDIX E. DEFERRED PROOFS FOR SECTION 8

This appendix contains the proofs of eleven lemmas of Section 8. They use only the
statements that precede the lemma in question in Section 8 and the results of Sections 4-7.

Proof of Lemma 8.2. We work in eV + Vf/; negation does not affect the assertions. Write
y(x) == (x,y) and yr = y(u;) = y(u;). The ¢ with Fi(¢) = 7 satisfy (u; — u;,() =
h(u;) — h(u;); modulo Rn + R’ they form the relatively open cell dual to 7 of the tropical
curve of (¢¥ N M, h), contained in a line. The linear functions on the direction space of
eV + Vfl that vanish on u; — u; are the multiples of y, so this cell is {(o + sy : s € I} for an
open interval I. Put F(s) := F2((o + sy); the cells with lower support 7 are the 7 + F(s),
sel.

(a) Let s < ¢ in I, z € F(s), 2/ € F(s'). Adding (x, () + sy(x) < (', (o) + sy(2’) and
(@, Co) + 'y(@!) < (2, o) + 'y () gives (5' — s)(y(a’) — y(x)) < 0, 50 MAX )y < Min(e) .
If F(s) # F(s'), then y(bs) < y(be) for ¢ = 7+ F(s), ¢ = 7+ F(s'): otherwise y would be
constant, with one value, on ¢ and ¢/, and the two inequalities would give (z, (o) = (2’, (o)
for all z € F(s), 2/ € F(s'), that is F(s) = F(s').

(b) Along a chain of cells the lower supports increase, so a cell containing 7 + F'(s) has
lower support 7 or a triangle so D 7 of 7 in the second case it is the cell ¢5, := sa +F2((s4)
at the end (s, = (o + s«y of the cell dual to 7 that is dual to sa, and b, is the vertex
Cy (sa,e€). By Definition 4.6 the closure of Cy (7, €) is the polygonal path through the points
be, ¢ = T+ F(s), in the order of s, extended at each finite end s, of I by the segment to be, . ;
at an infinite end the last cell lies in an edge of the polygon and its point b, is a leaf.

(c) By (a), y decreases strictly along the points b, as s increases. Let s, = inf I be finite,
with triangle sa, and w the vertex of s opposite 7. The value of a — (a, (o + sy) + ;L(a)
at w minus its value at w; is affine in s with slope y(w) — y,, vanishes at s, and is positive
for s > s, near s,; so y(w) > y, and y is minimal on sa exactly along 7. For such s, F(s)
is the face of F»((s,) on which y is minimal, ¢ = 7 + F\(s) is the face of ¢;, on which y is
minimal, and y(bc,, ) > y(bc). The end sup [ is treated with —y. So y decreases strictly along
the whole path; the lines parallel to u; — u; in the plane of E, are the level sets of y. U

Proof of Lemma 8.3. A leaf path of a model point on J lies in the convex set S;, which
contains m, m’ and €.(m); so leaf paths from different edges are disjoint. The points o, +
t(b—o.) of Sy with 0 < ¢t < 1liein FEe, in OE, only for t = 1, and have y; = 1—t. The leaf path
consists of such points with 0 < y; < 1—t,, and y; = 0 only at m; and ¢.(E.) C {y; > 1—t.},
while y; < 1 —t. on the path except at its end, because n; < 1/4 <1 —t..

Let my,...,m; be the model points on J in their order along J, with leaves my,...,mg
in the same order, and let s be a linear function of norm one increasing from m; to my
along J. Then s(miy1) — s(m;) > 403 and |s(m]) — s(m;)| < 03, so s(mj ;) > s(m;); and
s(te(mir1)) — s(te(my)) = te(s(Mit1) —s(m;)) > 0. In the affine coordinates (s,y,) the points
mj, m; and €.(m;) lie on the lines y; = 0, 1y, 1 —t., in increasing order of s; two segments
of the same kind are two sides of a convex quadrilateral with strictly ordered ends and are
disjoint, and a first and a second segment meet at most on y; = 77, that is, only if they share
mk. O

(]

Proof of Lemma 8.4. The interior vertices. The three points b, lie in the relative interiors of
three distinct edges of the convex polygon ¢, , so they are not collinear, vs, € ric,,, the
segments [vg,, bc] lie in ¢s, and meet only at v, , and the three angles at v,, are less than
m; their cyclic order is the order of the edges ¢ along Jc, , which is also their order at chA.
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A point of ¢, lies on I'y exactly when the bottom of its chain has lower support of positive
dimension (Definition 4.6), so I'y N ¢, is the union of the three replaced segments, and I',
is a plane graph isomorphic to I'y N E. with the same rotations and leaves. By the proof of
Lemma 8.2(c), the function y for the edge 7 with ¢ = 7 + F'(s) is minimal on ¢,, exactly on
¢; 80 Y(vs, ) > y(be), and y is strictly monotone along each closed arc of T'.

The graph. The closed arcs of I', meet only at common vertices (Proposition 4.7(3)), and
t. is injective with €. (F.) C Q.; with Lemma 8.3, ¢, is a plane graph properly embedded
in F,, with leaves at the model points and all interior vertices and all edges except the leaf
paths in Q.. Monotonicity. Let the arc of 7 = [u,u/] end at an original leaf m on J = J,.
Since J is parallel to u’ — u, it suffices to show that y; increases strictly from m along the
arc. It does so along the leaf path, from 0 through 7; to 1 — t.; along the closed arc of I,
it increases strictly from y;(m) = 0 = ming, y; by Lemma 8.2 and the previous paragraph,
and yyot. = 1 —t. + teys. If e lies in the interior of a two-face, the other end lies on
the edge J' parallel to J, where y; is a decreasing affine function of y;. Edges between
interior vertices are images of closed arcs of I',. For e in the interior of a two-face, I'y N E.
consists of the k disjoint arcs Cy ([u;j—1,u;], €), the i-th joining the i-th original leaves on J,,
(Proposition 4.7(3)). The homothety has positive ratio, so it preserves rotations; the model
points lie on the same edges J,, as the original leaves, in the same order. O

Proof of Lemma 8.5. We define Y™ on the faces F of By by induction on dim F, together
with the cells CM(p) in 1i F'; by Proposition 4.7(5), ri F is the union of the cells Cy (7,w),
7 C wY. On the vertices of By, T™ is the identity. Let I = F* dimF > 1, and
suppose TM defined on OF, mapping Cy(p) N OF onto CM(p) N OF. If w" is a vertex
u, then riF = Cy(u,w); extend by coning from an interior point. If dimF = 1 and
dimw"Y > 1, then w is a two-cell of a two-face G, F = J,, and its cells of &y form
the mixed subdivision of G°, subdivided by 7 with the heights h, and Vg/; so riF' is
the union of the open segments Cy (u;,w) and the points Cy ([ui—1,u;],w), in the order
Cy (ug,w), Oy ([uo, u1],w), . . ., Cy (ug,w). Let YTM|p fix the ends, map Cy ([ui—1,u;],w) to
the i-th model point, and be linear in between. If dim F = 2 and dimw" > 1, then w = e
and F' = E.; by Propositions 4.7(5) and 4.10(2), I'y N F' is of the same kind as the model arc
system of e, with leaves the zero-cells on the edges .J,,, which Y™ |5z maps to the leaves of the
model arc system in their cyclic order. Its complementary regions are the cells Cy (u, e), open
discs. Extend YM|5p over I'y N F by a piecewise linear homeomorphism onto the model arc
system (Lemma 8.4), and then over each complementary disc: its boundary circle is mapped
piecewise linearly and homeomorphically onto the boundary circle of the corresponding com-
plementary disc of the model arc system, and a piecewise linear homeomorphism between
the boundaries of two piecewise linear discs extends to a piecewise linear homeomorphism
of the discs (identify both with a simplex and cone). If dim F' = 3, extend by coning. The
isotopy to the identity is obtained face by face, in increasing dimension, by the Alexander
trick [Ale23], extended by coning as in the proof of Proposition 6.3(3). For (3): Y™ maps
int F}; onto itself and ﬁ; = U, Cy (u,w) onto RM and Ay is constant on these open sets,

u

with the stated lattices and gluing (Proposition 4.11). O

Proof of Lemma 8.7. (1) By Lemma 8.5(2) the cells of .J, next to m are CM(u,w) and
CM(u',w). Parametrise J,, = {p,, +s(up —up)} as in Lemma 7.7(1); since (u/ —u, w, —w,) =
—2 and ug — ug is a positive multiple of v’ — u, au, decreases as s increases. The end s = s,
is the vertex F of By, wi C ug, which is the zero-cell CM (ug,w;) and lies in the closure

of CM (up,w), since (ug,w1) =< (ug,w), and in no other closure CM (u;,w); so along J,, the
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cells occur in the order CM (ug,w), OM ([ug, u1],w), ..., CM(uy,w) from that end (proof of
Lemma 8.5). So at the model point of [u,u'] = [u;—1,u;] the cell of u lies on the side of
larger s, where o, is smaller. (2) (wy,wy,n’ —n,ny) is a basis because (u,-), (v/,-) take
the values (1,0) and (0,1) on wy, wy, and (v’ — u,n,) = 0 gives the level lines. Near the
interior of E. only 0,n,n' are maximal, and By = {val, = —max(0,y.)} is the graph of a
function of (ye, e, y), since ' — n, w, — wy, ny and n are linearly independent. The arc
is {ye = e = 0}, and near A it separates E, into CM (u,e) and CM (v, e) (Lemma 8.5(2)),
which near the ends of A are adjacent to the cells of u and u' on the edges J,; by (1) and
the monotonicity of Lemma 8.4, c, is negative on the first and positive on the second. O

Proof of Lemma 8.8. (1) By Definition 8.1(2) the model arcs at mp begin with segments of
the level line of ay,,s through mp, which is {ag = 0}, in F}; and F;,. By Lemma 7.20(4) and
Lemma 8.7(1), near mp these arcs separate F, and F}; into their parts with ay, < 0 and
g > 0, which are the cells of u and of «/, and Jp \ {mp} into CM(u, P) = {a, < 0} and
CM (', P) = {a, > 0}. The other cases are the same. This is the description of the standard
halves by closed cells of Lemma 6.6, in the chart 7j. (2) The three two-faces of By containing
J,, are the F,; in each the model arc system has a leaf at m, and near m it separates E,,
into C™ (u, e;) and CM™ (v, e,), whose closures contain CM (u,w) and CM (u/, w) respectively,
since (v/,w) < (v, ex). (3) The closure of C (u;, e) contains the vertex, since (7,€) =< (uj, e),
and near it is bounded by the two model arcs whose edges of 7 contain u;; the angle is less
than 7 by Lemma 8.4. (4) is Lemma 8.7(2). Finally rg is the smallest of the sizes of the
neighbourhoods so obtained, and at most 64/4. O

Proof of Lemma 8.14. (1) Step 1: the piece lies where W* is the leg model. In the leg model
the point X(thQ?y) with (x17w2) = Et(y€7 ae) has log "ieX1| - Lye7 ’ZZ/‘ = ’821 _1| < SG =
1+e™ and |Z2—|Z'|2 = x9, so 2log|Z| and 2log |Z’| are at most log S¢ + L|oe| + C. Hence
its tropical position is obtained, by lowering |Z| and |Z’|, from the point with the same torus
coordinates and |Z|2 = | Z'|? = Sgekloel which lies within C7(|ye| + |ve|) + C/L of a, where
Cr bounds the Lipschitz constants of the inverse charts 7. . We take Guax < 02/(4Cr), and
smaller than a quarter of the distance between any two model arcs away from their common
ends and of the distance from a model arc to the edges of . other than those containing its
ends; then for ¢ small the points of Il ¢ lie in the exact region of Lemma 7.18(1), where W*
is the leg model, and the same estimate places the divisor pieces in the exact regions listed
in the statement.

Step 2: smoothness and fibres. The curves o — E;(0cos©, psin©) are smooth and em-
bedded, with velocity L(cos©,2sin®) # 0 at ¢ = 0. For (z1,x2) # 0 the point of the section
is determined, up to S} where Z=0, by: x1 negative real, Z > 0, brgvy 27 = e —1 and
7% —|Z'|> = x9; it depends smoothly on (21, ). Near o = 0 both |ZZ/| and 1Z)2 — |2/
are of order g, and the S!-orbits of the section form the graph {Z’ = k(|Z|?)Z} of a smooth
function, a disc through the critical locus; for © = £m/2 it is {Z’ = 0} or {Z = 0}. Sweeping
with the rotation of yo and moving y gives a four-manifold fibred over the sheet, whose fibre
T4 collapses to the circle of yo exactly at ¢ = 0; no boundary arises there, because the disc
is smooth through its centre.

Step 3: the phase and the divisor part. On Il ¢, x1 is negative real, so X”/_” has phase .
Where © = 7/2, #1 =0, 80 x1 = —1/ke, Z' =0 and |Z|? = x5 < 2sinh(L¢) = Sg sinh(Lg).

Step 4: divisor pieces. Consider a divisor piece on D,/ along a stretch from a model node
P to Q., say e = [a,b] in the b — a passage. On D, the origin and the apexes of w; vanish,
since their Z’-exponent is one. By Lemma 7.18(1") and (2) every other monomial outside
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P has weight zero there, so F(O)|Du, = Va2 ge With ge = 1+ X1 + YaX2 + YepipX1X2, and
I(z) C P. By Lemma 7.18(4), W* is transverse to D, along the piece. On the branch, off
the node neighbourhood, |¥a| < t%2/2, and 9ge/0X1 = 1 + theppXa + O(t"/* /L) # 0; so the
branch is a graph X1 = x1(Z, x2) with x1 = —1 + O(t%2/2). The bound |Z|? < S¢ sinh(Lg) is
a smooth condition with positive ]2 |-derivative on the branch. Hence the divisor piece is a
disc bundle over an annulus in xo, fibred as stated, with phase of x1 equal to 7 up to O(t‘92/ ),
Over €, the weights of ¢, d vanish and the piece is {Z' = 0, x1 = —1/ke, |Z|? < 2sinh(Lg)}.
Over the node neighbourhood the branch is €p, on which # = kp/y with |z| < |kp|'/?, so
1= —ppt(l— M}D/Qx) has phase 7w up to O(né/2); there the divisor piece is II over €p
by Lemma 7.22(1). The stretches from a model vertex to €2, those in . and those at the
turning points are treated in the same way, with Lemma 7.18(1’), (1) and (3), where g, is
a binomial or the trinomial of w. The defining inequality does not depend on the reference
monomial, and vz /vy is one function along each arc, which gives the agreement on overlaps.

(2) By Lemma 7.18(3) the model is exact, and f is a trinomial of full rank, so {f = 0} is
smooth; by Lemma 7.18(4) the intersection with D, is transverse near the vertex and along
the tentacles, since there the monomials of positive weight that do not vanish on D, lie in
w and are affinely independent. On a tentacle the cut-offs reduce f to a binomial and II, to
the divisor piece of the arc.

(3) The model is exact by Lemma 7.18(1) for the three-cone. On D,,, the equation reduces
to 1 + kex:1 = 0. Away from the vertex, where z3 # 0, the model is the leg model with
(Z,7") = (21, 22), and II; is the divisor piece of that arc. The two inequalities are conditions
on (|z2],|23]), so the union is invariant under the rotations of z3, z3; it is a four-manifold with
corners. 0

Proof of Lemma 8.16. (1) Since (u,n) = (v/,n) = —1 and {u,u'}* N N is spanned by n’ —n
and n,, we can write n = —w, —w, +a1(n’ —n)+asn,. Then v’ —u = ez —ez, since it pairs
to —1,1,0,0 with the basis, and AM = nt N M on int F} is {zez + 2'ez + kiey, + koey, :
z+ 2 = a1k + agks}, with basis v/ — u, é1, é. On it d* and g} are the coordinates of é;
and és; they vanish on u' —u and form a basis of Inv*(A) = (u/ —u)*. For vy = kyg% + kad’,
primitive, vo(z(u’ — u) + p1é1 + p262) = kap1 + kgpa, so kervg NAM = (0 — u, kyé1 — kqéa),
with (¢g,n" —n) = kg and (lp,ny) = —kg. The monodromy A — X+ (A\,n’ — n)(v' — u)
(Proposition 4.10(4), transported by YM) fixes u/ — u and sends £y to fo + kg(u' — ).

(2) The character ng led = ko tka(n'=n) is fixed by «' — u, which does not move y1, x2,
and by £y, which multiplies it by ei(“kskatkikg)? — 1. g0 the condition is invariant under
T(vp). The leg model with x2 fixed is exact over D¢ by Lemma 7.18(1) and Step 1 of the
proof of Lemma 8.14(1); it is a torus fibration over D, with one singular fibre, a pinched
torus, over ra, and m(Up,) = Z, generated by the rotation of x1, because the a-circle dies
at the pinch. The rotation és lies in Ty: it pairs to zero with n’ — n and with n, so it fixes
the phases of 0,n,n’ relative to each other and preserves W* on the exact region; it fixes x1
and multiplies x2 by ¢’ and Z by 2. Rotating by — arg y2 maps a point of II(vg) to a
point of Up_, and the condition becomes ky arg x2 + kq arg x1 € 2n7Z, which has |k4| solutions
arg x2 modulo 27 over each point. So the condition cuts out an |kg4|-sheeted cover, connected
because ged(kg, kq) = 1; it is smooth, since d(kq arg x2 + kqarg x1)(é2) = kg # 0. The fibre
over a point of D is S} times the circle {kgarg x2 + kgargx1 = 0}, which is T(vp). Over
ra the a-circle collapses at the |ky| points of the fy-circle where arg x1 = , so the fibre is of
type Ij,|- The phase of xFomutha(n'=n) "3 1ift of vg, is 0 on II(vy) and on sV.
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(3) With k; = 0 and kg = £1, ly = Fég, so Ty is generated by v — u and éz, both
fixing x1. Their weight matrix on (Z, Z’, x2) is (521 (1) (1)), whose 2 x 2 minors include —1, so
Ty acts freely wherever Z, Z’, xo # 0. It preserves the moduli of all monomials, hence the
weights, and multiplies each monomial by a character; on the exact region of Lemma 7.18(1),
where only 0,7,n/ have positive weight and Ty C ({n,n/}* N M) ® U(1) fixes their phases,
it maps W* to itself. The positive points over D, lie in that region (Step 1 of the proof
of Lemma 8.14(1), and Lemma 8.13(2)); there x1 > 0, so 1 + kex1 # 0 and ZZ' # 0, and
x2 # 0, so T4 acts freely. It preserves tropical positions, so orbits over distinct base points are

disjoint, and Ty -s" (D) = D, x T2. The phase of X"L" is 0 on it, matching the section. [

Proof of Lemma 8.19. (1) Given (¢, £, p,9,) € K x T? x St, put y; := /ij_leuj*i‘f’f, = el<

and f := 14 K1x1 + K2Xx2, and let = be the point with these torus coordinates and with
normalised Cox coordinates

(E.1) 2P =3+ (@ +4fPV?),  agZ=d., 2 =-f/0Z).

Then 9ZZ'+f =0 and |Z2—|Z')? = fi. On K, fi > el0/285 > S > | f], since Sg = eFr(®),
so i < |Z]* < i+ Sg and |Z'| < Sg/|Z|. Let z* have the same torus coordinates as ,
|Z(2*)| = |Z(2)| and |Z'(2*)| = S¢/|Z(x)|; then z is obtained from z* by lowering log |Z|.
At x* the origin monomial is S¢ times the reference monomial, at least the largest monomial
of [u,u/]Y and at most three times it, the torus coordinates satisfy |¢|o, < 2r,, with £ =0 on
Jus, and the offset + log(|12]/|2'|) = +log(|Z|?/Sc) lies between /2 and 4g9+2r,+O(1/L) <
67, + O(1/L). So, in the chart of By near m, whose inverse has Lipschitz constant at most
Cr, the tropical position of z* lies within Cr(4r, 4 6r,) + C/L = 10Crr, + C/L < 63 of
my € JZ, by the choice of r,, and by Lemma 7.18(3) the weights at z*, and hence at x, are
those of the vertex model. Therefore x € W*. Conversely, a point of W* in this region with
i > 0 is determined by (i, x1, X2, arg Z) the equation fixes ZZ', and j then fixes \Z\ and
|Z'|, as in Lemma 7.19. So the map ¥, defined by (E.1) is a smooth bijection of K x T2 x S*
onto its image Wy, with smooth inverse ®,. The circle S} acts by (Z,2') = (eVZ, e~ 2")
and fixes /i and the torus coordinates, so it rotates the last factor. As K is convex, Wi ~ T3.

(2) The piece of depth 2¢y is the vertex piece II,, on which Z' = 0 and f =0, so its
outer part is {f = 0, i = |Z|* = Sgsinh(2Lgy)}. Over S’ the base map is given by the
vertex description, and the retraction moves a point by at most a constant times its distance
from the tripod, which is O(1/L) on {f = 0}; so the points of A have |[¢|., < r, + C/L
and ¢ = Ar(¢) + 1 logsinh(2Lsy) = AL(€) + 259 — + log2 + o(1/L), which lies in K because
AL(6) < 2r, 4+ $1log3. For b € S, |Logs’(b)/L —b| < C/L (Lemma 8.13(2)); at this
positive point f = Sg, so |ZZ'| = Sg, and |Z/Z'| = €2E0tO0M) gince b lies at offset 2¢p; hence
¢=Ar(f)+ 25+ O(1/L) and |[{|o < 7,4+ C/L. The T({-,ey))-orbits through these points
and Ty, have the same ((, ) and so lie in Wi. At the points ¢, where [¢|o = 7,, the third
monomial of f is at most C't°"» times the other two on the slice of 11, so the slice is a graph
over a T((-,ex))-orbit with phase of x° equal to m 4+ O(t°"*), and By, is defined. Its second
stage has the ((,¢) of points of A. In its third stage fi lies between its values at the two end
points and /£ lies on the segment between theirs; since these end points have [y —{1|o < C/L
and (; > Ap(4;) + 259 — C/L, and Ay is convex and 1-Lipschitz for | - |, the point satisfies
¢ >min; §; > Ap(0) 42— C’/L and ¢ < max; (;, so it lies in K. The vertex piece, the orbits,
the fibre Tj, and the collar paths are invariant under S}, the collar paths because they keep
the position on the S}-orbit fixed.
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(3) The boundary of A consists of its fibres over ¢y, ca, 3. The second stage of By begins
on the fibre of A over ¢;, and its third stage ends on the fibre of AT over ¢, so these terms
cancel in dD. The orbits of AT over the three arms of S), oriented as part of dg<a,, run
towards by, so OAT contains + Y, Py (G x S1) = =3, sk ®,H(GE x S1) over by; and
9(Q'(1) x S1) =37, sk Gk x S* cancels it. So D is a cycle. By (2), D = &, (D' x S!) for a
2-cycle D' in K x T?, the product being taken with the fundamental cycle of the S!-orbits.
The Gy are the circles through the phases of Y (by) in the directions of ker(-, e;) modulo ¢,
and >, sk[Gx] = 0 in Hy(T?) [CBM14, §7.7, Step 2J; so there is a 2-chain Q) in {k1} x T2
with 09 = Y, skG. With Q) in place of Q'(1) the cycle D’ has a class n[{k1} x T?] in
Hy(K x T?) 2 Z; put Q'(1) := Q) — n[{k1} x T?], so that [D'] = 0. This fixes Q'(1) modulo
boundaries.

Let h: [0,1] x K x T? — K x T?, h(s,k,¢) = ((1 — s)k + ski, ), which takes values

in K x T? as K is convex, and let Pj(c) := h.([0,1] x ¢) be its prism operator, so that
OPy(c) + Pn(0c¢) = hi(c) — ¢. Then 0P,(D’) = hi(D’") — D'. The cycle hi(D’) lies in the
surface {k1} x T? and is homologous there to 0, since [h1(D’)] = [D’] = 0 and the inclusion

of the fibre is a homotopy equivalence; let Ef be a 3-chain in {k1} x T? with OE} = hy(D’).
Put

(E.2) %y =, (B — Pu(D)) x S1).
Then 0%, = @, ((h1(D') — hi(D') + D') x S') = D, and ¢, C W{. O

Proof of Lemma 8.21. (1) The open star of O™ (u,w) consists of cells CM (u,w’), W' C w,
in the relative interiors of the faces F¥, on which exactly the monomials of {0} U w’ are
maximal. By compactness of V there is 6y > 0 such that at every point of V every lattice
point outside {0} Uu" has tropical deficit at least 0y. Let x € W* N'T with b = sh,(z) €
V and A = A\, (x) < € so that the tropical position is p = b+ Au. For m ¢ u" U {0},
valy, (p) — valp(p) = valy, (b) — valg(b) + A(ey(m) — 1) < —0y + €emax, since e, (m) > 1; with
€ < 0y /(2emax) these monomials are at most tv/2 times the origin, up to a bounded factor.
The monomials of " are free of Z,, and the origin is linear in it, so by Lemmas D.2 and D.1,
OF(©) /97, is the derivative of the origin monomial up to a relative error O(t%v/2 + 1/L), at
every such point and at the points of D, in their closure. Fix the other Cox coordinates z
of the chart, with Logz/L € m,(V), and let Z, run over the disc {\ < €}. On it F(O(., 2)
is a C'-small perturbation of an affine map with invertible linear part, hence injective; on
the boundary circle the origin monomial exceeds the sum of the others, since at A = 0 the
position lies on By, where the origin is maximal, and raising |Z,| by ¢~¢ multiplies the origin
by t~¢ and the monomials of uV by one. So F (0)(-, z) has exactly one zero in the disc, in its
interior, and W7; is the graph of ¢, smooth by the implicit function theorem. In the chart,
U, = Cz, x (C*)3, and the cocharacter u acts only on Z,, so Hy(U,) = M/Zu.

(2) The open star of CM(7,n) consists of cells CM(7/,n), 7/ C 7, in int F*, where exactly
0 and n are maximal; let 8y > 0 bound from below the deficits of the other lattice points
on V. At p = b+ Am, with b € V and |\| < € they are at least 6y — De|m,,|, and
val,(p) — valg(p) = A\. Write the torus as Hom(m;- N N,C*) x C*, with coordinates z and
w = x". For € < Oy/(2D|m,|) and t small, F©O = ~z9%1 + (y./7)x" + E) with E
small in C! relative to the two tied terms (Lemma D.1); so Wy is the graph w = ¢(z),
with |log |(7n/70)¢|| bounded uniformly in ¢ (equivalently log|p| = H(n)L + O(1), since
Y = et and H(0) = 0), and for each t the function (y,/70)¢ stays close to —1; so its
loops do not wind in w.
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(3) For regions of the same type the inclusion is immediate. Let V/ be of type u and V of
type n. Then V/ C RM Nint F; = CM(u,n) (Lemma 8.5(3)). Let € W7, in the torus, with
b = shy(z) and A = A\,(z) < e. By compactness of V/ C int F} there is #{, > 0 bounding
from below, on V7, the deficits of the points of " \ {n}. The monomials of u" all change by
the same amount along u, so at p = b + Au the monomial n exceeds the origin by —A and
every other monomial of " by at least 6{,,, while the monomials outside u" lie below the
origin; since at a point of W* the largest monomial, of weight one, cannot exceed the sum of
the others by a factor larger than |A|, A > —C'/L. The same comparison excludes the points
of Wy, N Dy: there the origin and the monomials outside u¥ U {0} vanish, since they contain

Z., while n exceeds the other monomials of u" by the factor =0 up to a bounded factor. So
Wy, lies in the torus, A, (x) = —A with |\, (z)| < € once C'/L < €, and shy(x) lies within Ce
of b, hence in V. In the identifications of (1) and (2) the inclusion induces the inverse of the
isomorphism n N M — M/Zu induced by T C U, which is the gluing of AM on CM (u,n)
(Lemma 8.5(3)). O

Proof of Lemma 8.22. Except for the points sV (b), which are treated by Lemma 8.13(2) be-
low, the points in question lie in the exact models of Lemmas 8.14 and 8.16 and of the collar
paths, where W* is given by g. + 977 = 0 in normalised coordinates, ge the weighted
sum of the monomials of [u,/]" divided by y,z" and [9| = 1; so |ZZ'| = |ge| < Sa. At
a point of the torus, T,(Logz/L) = (x1,log|Z/Z'|,1og|x2|)/L + O(1/L) near an arc, and
T,(Logx/L) = (s1,s2,10g|Z/Z'|)/L + O(1/L) near a node (Lemma 7.20(4)). Near a model
vertex, at a point of W*N D, the three monomials of f sum to zero, so the torus coordinates
of the point, divided by L, lie within C'/L of the tropical line of f , which near the model ver-
tex is the tripod of the three arcs; the retraction onto the tripod moves a point p by at most
C dist(p, tripod). Near a turning point the offsets from its two arcs are affine coordinates,
and each is computed from the modulus of one Cox coordinate. Finally %log Sq is, up to
O(1/L), the value max(0, y.) of valy — val,, on By.

The side of D,s. Suppose that x € U, has i(z) > Sg(x)sinh(La.) with ae > ¢/2. Then
Z #0,s0 x € Uy. Its u/-shadow is determined by log |Z|, log |x1], log |xa|, since (v, w,) = 0.
At the shadow the origin equals the largest monomial of vV, and these monomials are free
of Z', so they have the same values at z and at the shadow; the largest of them is, up
to a bounded factor, Sg|ymz"|. Hence at the shadow log|ZZ'| = logSa + O(1), and its
offset from the arc is %(2log|2(:x)| —1ogSg) + O(1/L). Since i < |Z)? < ji + Sg, this
offset is +log(fi/S¢) + O(1/L), which is o + O(1/L) when ji = Sgsinh(Lae). Moreover
A () = %log(|22’|/Sg) + O(1/L) < C/L. The side of D, is symmetric.

Points on By . Suppose that |ge(z)| > vSg(x) with v > 0 and ji(z) = Sg sinh(La,) with
lae| < 2. Then log|ZZ'| = logSg + O,(1) and log|Z/Z'| = Lae + O,(1), so x lies in the
torus and its tropical position is, up to O(1/L), the point of By with coordinates (ye, cte, y);
all its shadows are within O (1/L) of that point, with |A\| < O,(1/L). For the u-shadow this

uses a Lipschitz inverse of m, on Vis(u) near RM: the compact set RM lies in the union of
the relative interiors of the faces F*, with w’ C u", each point of which has a neighbourhood
in By covered by the facets F¥, m € ', and u is transverse to each facet F*, m € u", since
(u,m) = —1. The same holds for the u-shadows of the points 5 (b) below.

The pieces. For a point of Ilgoc over (0,y), (Ye, ) = 0(cos©,sin®), 0 > ¢, we have
z1 = Lye, S¢ = 1+ €™, i = Sgsinh(Lae) and |ge|/Sq = tanh(L|ye|/2), and my(z) =
T Y (ye, e, y). If Llye] > 1 the previous paragraph applies with v = 1/3; this covers the
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case |ye| > <1 of (1), and gives (2) with Lg, := Cr/s2. If |ye| < <1, then |ae| > ¢/2,
and the first paragraph applies on the side of the sign of a.; moreover m,(z), which lies
within Cr¢; of E. at offset at least ¢/2 from the arc, lies in Ru]\/,[ for e > 0 and in Rfy
for a. < 0, and in no other vertex region, if ¢; is small: a compact part of C* (v, e) has
a neighbourhood in By contained in Ry , whose size depends on the slopes of the walls
CM([u,u'],n), CM([u,u'],n") created by the coning in the proof of Lemma 8.5. For a divisor
piece the first paragraph applies with /i = |Z|? and y. = O(1/L); the node piece over p,
the vertex pieces and the turning pieces are divisor pieces. On the node piece over the
thimble |gp| < 2|kp|, the torus coordinates are within O(r) of the node point, and the
first paragraph gives shy/(z) = T,71(0,0,a4) + O(1/L) = my(x) + O(1/L) on the half-axis
CM(u/, P). The crossing pieces with k, # 0 are treated as Ilyo, the argument of y; being
arbitrary: |ge| = |1+ kexi| lies between |t —1| and Sg. On the crossing pieces with ky = 0,
X1 > 0, so |ge] = S and the paragraph on points on By applies with v = 1.

Collar paths and the section. The first stage of a collar path lies on the pieces of depths
between ¢ and 2. In the second stage fi and |x1|,|x2| are those of the piece at depth 2¢ and
only the phase of x? changes. Along an arc |g.| then stays between |e*! — 1| and Sg, and the
dichotomy used for the pieces applies; near a node or a model vertex the piece lies on the side
of Dy, with i = Sgsinh(2Lg), and the paragraph on the side of D, applies, since it uses
only /i and the moduli. The point sV (b) satisfies | Logs" (b)/L —b| < C/L by Lemma 8.13(2),
and the end point of the second stage has, by the preceding paragraphs, its shadows within
C'/L of b; so the logarithms of the moduli of the torus coordinates at the two points differ by
O(1), and their offsets + arsinh(f1/Sg) differ by O(1/L). In the third stage the phase of x? is
0, /i lies between its values at these two points and the logarithms of the moduli lie between
theirs. Along an arc xi is then positive real, so g. = S, and the paragraph on points on By
applies with v = 1 and |a.| < 2¢ + C/L, or the paragraph on the side of D, or D,s applies
where || > ¢/2; near a node or a model vertex, i > Sgsinh(Lg) along the stage, and the
paragraph on the side of D, applies. So the points of the collar paths have shadows within
C/L of b. For a tripod summand, the points of the orbits AT of Lemma 8.19 over b € S/
and of its fibre Tj, have the /i and the moduli of the torus coordinates of 5V (b), respectively
sV (by), and arbitrary phases; by Lemma 8.19(1), ji > Sge/2 there, and the paragraph on
the side of D, uses only these moduli, so these points too have shadows within C'/L of b.

Consequence. If V is of type u, then my(xz) € V. C RM and by (1) shy(z) € V and
Au(z) < € for t small, uniformly for m4(x) € W; if = is not in the torus, it lies on D,,. If V' is
of type n, then V C int F* lies at positive distance from the two-skeleton, and (2) applies. [J

APPENDIX F. CONSTRUCTION OF THE RESOLUTION-SIDE CHAINS

This appendix gives the complete construction and proof of Theorem E, whose statement
and geometric meaning are discussed in Section 10. We first resolve the affine base, put
the strict cycle in standard position and construct a localized smooth hypersurface 7. We
then define the three-dimensional domain ©(S), construct its map into #', compute the node
degrees, and transport the map to X. The assembly is in Appendix F.8; Appendix F.9 records
the limit of the comparison with relative tropical cycles. The proofs of the regularity, region,
positive-section, fundamental-group and cover lemmas follow in Appendices F.10-F.14.

The parameter of Gross’s degeneration is ¢ = —1/3, with » > 1 large. The localized
hypersurface # is generally nonholomorphic; an ambient isotopy carries it to the algebraic
small resolution. As usual in toric geometry, o and ¢’ also denote cones; the profile o occurs
only as a subscript of X/, B, and P..
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Of the hypotheses we use (Proj) and the pair (7, k) of Hypothesis (U), with » normalised
as in Section 3.3, so that ﬁ(m) is odd and positive for every m € JA° N M; the pulling
refinement and the mirror family play no role. Throughout, j is piecewise linear.

Inputs from the other parts. The toric resolution data: Proposition 3.4 on the small res-
olutions (and, through it, Lemma 3.3), Proposition 3.9 on the exceptional surfaces, used in
Remark F.26, and Remark 3.10 on the ties. The base and its discriminant: Lemmas 3.12,
3.14 and 3.17, the passages at a node, and Propositions 4.7 and 4.10 on the complex of dual
cell pairs, whose proofs do not use the present section. The tropical cycles: the conditions
of [CBM14, Def. 7.2] and Lemma 5.3 (Section 5.2), Lemma 5.4, the node coefficients (Sec-
tion 5.3) and, in a remark, Proposition 5.7. Ounly for the last assertion of Theorem E and for
Appendix F.9: Theorems C and D, Proposition 8.26, and Definition 7.23 of the orientations
of the vanishing spheres.

F.1. The resolved base. We compare the discriminants before and after splitting each node
parallelogram along a diagonal. The description by dual cell pairs controls both the topology
of this modification and the transport of the integral tangent lattices.

We use the complex of dual cell pairs of Section 4. For a fan-side subdivision F of 0A,
a pair (7,w) of a simplex 7 of 7 and a cell w of F is dual if (u,n) = —1 for all vertices
u of 7 and n of w. The base built from (7,A) and F is the disjoint union of open cells
Cp(1,w) of dimension 3 — dim7 — dimw, one for each dual pair, whose closures are balls
(Proposition 4.7); the discriminant is the union of the cells with dim7 > 1 and dimw > 1, a
graph whose edges, the arcs, are the one-cells Cp(7,w) with 7 and w edges, each a union of
legs (Proposition 4.10). We write F; for the face of V" with inner normal cone cone(r), and
F,, F,, for its facets and two-faces.

Labels. In this appendix the diagonal of a node parallelogram P = abcd is always the
diagonal {a,c} that the resolution X under consideration induces on it; by Section 2.2 this
fixes the circuit circ, and the node coefficients p,, and a change of diagonal reverses both
signs. Projective small resolutions exist, with the diagonal through the centre at every node
parallelogram of a pentagon or a hexagon (Proposition 3.4(3)). What this construction needs
beyond Proposition 3.4(3) is that the refinement can be taken not to subdivide anything else
in the faces of dimension at most two.

Lemma F.1. Let X be a projective small resolution of X! . There is a reqular refinement F'
of ¥/, with rays generated by lattice points of A, which induces the diagonal of)/(\' on every
node parallelogram and subdivides no other cell of ¥/ lying in a face of A of dimension at
most two; the proper transform of X in the toric variety of F' is X.

Proof. Apply Proposition 3.4(3) with the diagonals of X as the chosen diagonals. Since X is
projective, no nonzero A > 0 lies in K, and the proof of Proposition 3.4(3) produces a function
¢ with (circg, ) > 0 for every ¢ and the refinement induced by h + e, h strictly convex
inducing ¥ and € > 0 small. It subdivides each cell w of ¥’ by the regular subdivision of 9|,.
The cells of ' in faces of dimension at most two are unimodular triangles, primitive segments
and node parallelograms (Definition 2.3); the first two have no lattice points besides their
vertices and are not subdivided, and each node parallelogram receives the diagonal {a,c} of
X , since (circg, 1) > 0. The last assertion is part of Proposition 3.4(3). O

Throughout Appendices F.1-F.7, X is projective, and we fix F' as in Lemma F.1, with
toric variety X . For a small resolution that is not projective the chain is constructed on a
projective one and carried over by Lemma F.24. Let B be Gross’s base (Section 3.3) built
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from the same pair (7,h) and the fan side F’ in place of X', with the subdivision of the
upper and lower points given by heights A’ on the lower points and 0 on the upper points,
R’ a strictly convex function inducing F/ (Section 4). It is the same polyhedral sphere OV"
as B!, with the same facets and facet charts; only the fan side differs. We write I" for the
discriminant of B/, and T for that of B, and call B the resolved base. It is the base of Gross’s
toric degeneration of X, just as B!, is that of X/.

The node in B. Let q € Q, with parallelogram P = abcd in the two-face G of A, and let
G° = [u_,u4]; the vertex p, of the discriminant lies in the two-face Fy := F, ,_ of V". In
F' the parallelogram is replaced by the unimodular triangles {a, b, ¢} and {a, ¢, d}, which by
Lemmas 3.14 and 3.17 give negative vertices yo and yo, of T in F,. They are joined by the
arc e; = Cg([uy,u_],[a,c]) (Proposition 4.10), a union of legs with lower support {a,c} and
vanishing vector ¢ — a. The legs with lower supports {a,b} and {b,c} end at yg, those with
{¢,d} and {d,a} at yeo.

Lemma F.2 (two-faces). Let B be B, or B, with discriminant Ty and cells Cg(T,w). Let
Fuw be a two-face of V*, 7 = [u,/], and G = 7V the dual face of A; then dim G < 2, and
every lattice point of G is a vertex of the subdivision of G.
(1) ri Fy \ T is the disjoint union of the open discs Ry N1i Fpy = Cp(t,n), n € GNN.
(2) TwNriFyy is the union of the arcs Cp(T,[n,n']), [n,n'] an edge of the subdivision of
G, and of the vertices Cp(T,w), w a two-cell of the subdivision. The arc Cg(t,[n,n’])
lies in the closures of Cg(7,n) and Cp(r,n’) and in no other closure Cg(r,n").
(3) The closure of Cp(T,n) is a closed piecewise linear disc, the union of the cells
Cp(r',w) with 7/ O 7 and n € w.
Thus T« N Fyy with its regions is the dual-block decomposition of G with its subdivision,
together with the arcs running to OF . For an edge Fyr of V" the same holds with the open
intervals Cp(7',n) and the points Cp(7', [n,n']).

Here R, is the vertex region of n (Section 3.3), ri denotes the relative interior, and the
lattice points of G are its vertices and, for a pentagon or a hexagon, its centre.

Proof. Apply Propositions 4.7 and 4.10 with F = >/ and with F = F’. By Proposition 4.7(5),
ri Fyy is the union of the cells Cp(7,w), and R, NrtiF, = Cp(1,n), which is nonempty if
and only if (7,n) is a dual cell pair, that is, n € G N N. By Proposition 4.10(1), I, is the
union of the cells Cp(7/,w) with dim 7’ > 1 and dimw > 1; intersecting with ri Fy,, gives the
cells Cp(7,w) with dimw > 1, which are the arcs (w an edge) and the vertices (w a two-cell)
of (2), and their complement in ri F,, is the union of the Cp(7,n). By Proposition 4.7(2),
Cp(7,n) is an open cell of dimension 3 —dim7 — 0 = 2, and its closure is the piecewise linear
disc U,<(rn) C(p); since (7',w) = (7,n) means 7/ 2 7 and n € w, this gives (3) and the
incidence statement of (2). The case of an edge is the same with dim 7/ = 2. O

Since ¥’ and F’ induce the same subdivision on every face of A of dimension at most
two except at the node parallelograms, Lemma F.2 gives isomorphic cell structures, with the
same vertex regions, on every two-face of B/, and B away from the node points. Near a node,
let U, be the open star of p, in the barycentric subdivision of the polyhedral decomposition
& of B). It lies in ri F, Uint F,,, Uint F,,_, and it is the open cone from p, over its link
1k, 2 S2, linear on each simplex; for 0 < r < 1 let Ug be the part of cone parameter < r. The
set I' N U, consists of the four legs at p,, which are radial and end at points £ap, £pc, Ceds €aa Of
lky, in this cyclic order on the circle lk, NFy; here £, is the end of the leg with lower support



MIRROR SYMMETRY FOR CONIFOLD RELATIONS 197

{a,b}. The simplices of the barycentric subdivision correspond to chains of cells of &2, and
U, is the union of the open simplices whose chain contains the carrying cell of ¢; since no
chain contains two different two-cells, distinct U, are disjoint. For r < 1 the closures of the
U, are therefore pairwise disjoint as well. This holds even when two closed carrying cells
share an edge, as happens at a hexagon on the A, branch.

Lemma F.3 (moving to the resolved base). For every r, € (0,1) there is a piecewise linear
homeomorphism g of ONV" with the following properties.

(1) g preserves every closed face of V" and is the identity on each facet interior outside
a collar of its boundary.

(2) Uq := g(Ug*) is an open ball containing yo U g U Yoo, and g maps I' \ J, Ug* onto
r\ Uq Uy, the part of each leg at py outside Uy* onto the outer part of the leg of B
with the same lower support, and, on the two-skeleton |J Fy. outside Uq Ug*, each

vertex region ]A%n into the vertex region of the same n.
(3) Off Uq Uy, g carries the local system A of By, to that of B, by the identity on each

facet lattice u™ N N, and it preserves the types of the vertices of the discriminant.

Proof. We build g skeleton by skeleton.

Edges. On each edge of V" the two discriminants meet the edge in finite sets separating
intervals in the same vertex regions, in the same order (Lemma F.2 for the edge), and ¢ is
the piecewise linear map matching them.

Two-faces without node points. On a two-face that contains no node point, the two cell
structures, with their vertex regions, are isomorphic, compatibly with g on the boundary. We
first define g on each arc of the graph inside the two-face as a piecewise linear homeomorphism
onto the corresponding arc, matching the end points. Then g is defined on the boundary circle
of each closed region, a closed disc (Lemma F.2(3)), as a piecewise linear homeomorphism
onto the boundary circle of the corresponding region, and it extends over the region by
coning: a piecewise linear homeomorphism between the boundaries of two piecewise linear
discs extends to one of the discs (identify both with a simplex and cone).

Two-faces with node points. Let F be a two-face containing node points, and G the dual
face of A. It contains one node point if G is a square, two if GG is a pentagon or a hexagon
on the A; branch, and three if G' is a hexagon on the Ay branch. For each node point p, € F
let F(; = Uy N F, an open disc around p; whose boundary meets the four legs in the cyclic
order ab, be, cd, da, and let ﬁq be a closed regular neighbourhood in F' of the tree yoUe; Uy
that meets only in the tree and four initial leg segments. Its boundary meets these legs in
the same cyclic order; the region of b lies between ab and be, that of d between cd and da,
and the regions of a and ¢ each border e,.

The closures fé are pairwise disjoint, since r, < 1. The trees are pairwise disjoint as well:
the tree of ¢ is the union of the cells C5([u, '], w) with w one of the two triangles into which

the diagonal of X cuts the parallelogram of g, or that diagonal, and different parallelograms
give different cells, which are disjoint (Proposition 4.7). With the diagonals through the
centre o this says that the diagonals are pairwise non-adjacent edges of the star subdivision
of GG, so that no triangle of the star belongs to two trees; at a hexagon on the Ay branch
the three trees use all six triangles, and consecutive trees are joined by the arcs across the
edges [0,w;], j = jo (mod 2). We take the neighbourhoods ﬁq so small that they are pairwise
disjoint; each of them then meets such a joining arc only in an initial segment.
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Since I' N U, consists of the four radial legs, Fé is the open cone from p, over the circle
lk, NF', and it meets the closure of each region in the cone over an arc of that circle: a sector
bounded by two radial leg segments, those of ab and bc for the region of b, of bc and cd for
that of ¢, and so on. Likewise ﬁq, a regular neighbourhood of a tree lying on the boundaries
of the regions, meets the closure of each region in a disc attached along an arc of its boundary.

By Lemma F.2, I' N F' and ['N F are the dual-block graphs of the two subdivisions of G,
together with the arcs to OF: a two-cell w gives the vertex Cp([u, u'],w), and an edge of the
subdivision gives the arc Cp([u, ], [n,n']) joining the vertices of the two-cells that contain
it, or running to OF if only one does. The subdivision induced by F’ differs from that of ¥’
only by the diagonal {a,c} in each node parallelogram. So the graph of B is obtained from
that of Bl by replacing each four-valent vertex p, by the tree yo U ey U Yoo, where yo (the
triangle {a,b, c}) carries the arcs across [a,b] and [b, ¢], and y (the triangle {a,c,d}) those
across [c, d] and [d, a]; every other vertex, every other arc and every incidence with a region is
unchanged. After removing the discs F[; from F' and the interiors of the neighbourhoods ﬁq,
the two labelled graphs, with their regions, are therefore isomorphic, the four boundary points
of each removed disc being matched in the cyclic order ab, be, cd, da. We define g on the arcs
of the graph in F' outside the removed discs, and on each circle OF, (; onto 8ﬁq, as piecewise
linear homeomorphisms that match the end points of the arcs and the four leg points; then g
is defined on the whole boundary circle of each closed region that remains. Each closed region
Cp([u,u'],n) is a closed disc (Lemma F.2(3)), and by the previous paragraph the removed
discs meet it in pairwise disjoint discs attached along pairwise disjoint arcs of its boundary,
so what remains of it is again a closed disc, on both bases. Hence g extends over F'\ |, Fy
region by region, by coning, and over each Fq’ onto int ﬁq by coning.

The shape of the graph inside F' depends on G. For a square it has one four-valent vertex.
For a pentagon it has two four-valent vertices, joined by the arc across the edge that the two
parallelograms share, and one negative vertex, the triangle, joined to both. For a hexagon
on the A; branch it has two four-valent vertices and two negative vertices, forming a cycle of
four arcs around the region of the centre o. For a hexagon on the Ay branch the three node
points are joined pairwise by three arcs across the edges [0, w;], j = jo (mod 2), which bound
the region of o in F' and form a cycle without trivalent vertices; on B the six triangles of the
star subdivision of G give a cycle of six negative vertices, three of whose arcs are the e;. In
every case the argument above applies unchanged, since it only uses the local replacement at
each node point.

Facets. On the boundary of a facet F),, a piecewise linear two-sphere, g fixes every vertex of
V" and maps every edge and every two-face of F), onto itself; in particular it is an orientation-
preserving piecewise linear homeomorphism of 9F,. We extend it over a collar by a piecewise
linear homeomorphism G of OF,, x [0, 1] that equals g on F), x {1}, the identity on 0F, x {0},
and maps ¢ X [0, 1] onto itself for every face ¢ of OF; it is built on these prisms by increasing
dimension. On v x [0, 1], v a vertex, G is the identity. On e x [0,1], e = [0,1] an edge, it is
the Alexander trick: G(z,t) = (tg(z/t),t) for x < t and G(x,t) = (x,t) for z > t. The set
{z <t} is the cone from (0,0) over e x {1}, and on the cone over a segment of e x {1} on
which ¢g(z) = ax + [ the map is (x,t) — (ax + [(t,t), which is linear; so G is a piecewise
linear homeomorphism of the square, and it is the identity on the vertical sides. On D x [0, 1],
D a two-face, G is now defined on the boundary sphere (D x [0,1]) as a piecewise linear
homeomorphism onto itself, and we extend it by coning from an interior point cp: if the
boundary map is simplicial from a triangulation K of the sphere onto a triangulation L, the
cone map is the simplicial isomorphism from the cone cp * K onto cp * L, both of which
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triangulate the convex cell D x [0, 1]. Finally let ¢ be an interior point of F;, and 0 < A < 1.
Triangulate the two-faces of F;, without new vertices, fix a total order of the vertices of 0Fy,,
and triangulate each prism ¢ x [0, 1], ¢ a simplex of the resulting triangulation of dF,, by the
staircase triangulation for this order; these triangulations agree on common faces and have
no new vertices. Map each vertex (w,t) to ¢+ (A4 (1 —A)t)(w — ¢) and each simplex linearly.
As in the proof of Lemma F.4 this is a piecewise linear homeomorphism of dF, x [0, 1] onto
the collar between 0F, and c+ A(OF, —¢). Transport G to the collar by it, and put g equal to
the identity on ¢+ )\( — ¢); this gives (1). Since U, meets the two-skeleton only in ri Fy, U
is an open ball with U NF, =int Fq, and since I lies in the two skeleton, r'n Uq =T Nint F
Property (3). Both local systems are the facet lattices u~ N N on facet interiors, and
the transition across a two-face at a point of the vertex region of n is ut "N — N/Zn —
L' N N on both bases; g preserves the open facets, and on the two-skeleton outside the
node discs it preserves the vertex regions. Vertex types are determined by the lower supports
(Lemma 3.17), which g preserves. O

Del Pezzo faces. The construction is local at each node, and the global shape of a two-face
G of A enters only at two places: Lemma F.3, where a two-face of V? may carry two or three
node points, and Remark F.26, which describes the boundary at a del Pezzo point by means
of the ties of Remark 3.10. Everything else uses only that a node parallelogram is a unit
parallelogram in a two-face G with £(G°) = 1, that the other cells of ¥ in G are unimodular
triangles and primitive segments, and that distinct node points have disjoint stars.

F.2. Standard position near the nodes. Near a node the germ of S may wind around
the legs. In a spherical shell around p, this winding can be traded for finitely many ordinary
crossings of I') and inside the shell S then has a standard form.

Lemma F.4 (standard position near the nodes). Let (S,7,v) be a tropical 2-cycle on B,
with j piecewise linear. There are ry € (0,1) and a tropical 2-cycle (S, j',v) such that:
(0) j" =7 outside |, UQQT*, and j'(0S) = j(9S) with the same legs at every node and the
same boundary ﬁelds hence p(S,j") = p(S,7);
(1) for each node g, j'(S)NUF* =) prq ¢ j(0S); otherwise j'(S)NUy* is the cone from
Dq OVEr a piecewise lmear arc 7q C lkq which joins the ends of the two opposite legs
of the passage and lies, apart from z'ts ends, in one of the two open hemispheres of
lky \Fy, on a side sq € {£1};
(2) Ug* contains no crossing point rg, no interior edge or vertex of S, and no other sheet;
(3) the closures of the Uy* are pairwise disjoint.

Here the passages at a node are those of Sections 3.4 and 5.2: by the node-passage clause,
0S follows either the legs with lower supports {a,b} and {c,d} (the b — a passage) or those
with {b,c} and {d,a} (the ¢ — b passage). The side s, = +1 is that of the facet F, and
sq = —1 that of F,, for the ordering (u,u’) of Fj fixed in Appendix F.5.

Proof. Choose triangulations of S and of B., the latter subdividing the barycentric subdi-
vision near each p, and having p, as a vertex, for which j is simplicial. Since the star of
a vertex is the cone over its link, for small 7o the set j(S) N U,° is the union of the radial
segments through v = j(S) N OU°. If p, ¢ j(S) this set is empty for small rg. Otherwise
pq = j(p) with p € S a smooth boundary point, since a four-valent point of I' is neither
the image of a crossing point ry nor a negative vertex (the discriminant-intersection and
boundary-vertex clauses). The crossing points, the interior edges and vertices, and j(S \ V)
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for a neighbourhood V' of p are compact and miss p,, so for small rq the set j(S) N U is
the germ of j(5) at py, and by the node-passage clause v is an arc from £, to .4 (the b—a
passage) or from (. to {4, (the ¢ — b passage).

Put 7, = ro/2 and let ’yg be an arc on side s, with the same ends. Arcs in S? with fixed
ends are isotopic; choose a piecewise linear isotopy ~,, r € [r«,ro], from 'yg to v fixing the
ends and transverse to the other two leg ends, which it therefore crosses finitely often. Define
7’ on Ugo as the cone over ’yg for r < r, and as v, at level r for r € [r,,ro]. Different levels are
disjoint, so j' is an embedding, and it agrees with j near JU;°. The map (x,r) + rx from
lkq X [r«, ro] to the shell is not piecewise linear, so we realise the levels differently: triangulate
the prisms o x [ry,79], 0 a simplex of lk,, compatibly and without new vertices (by the
staircase triangulations for a fixed order of the vertices of lk,), send each vertex (w,r),
r € {r«, 70}, to rw, and extend linearly on each simplex. Since the cone parameter is the
linear function equal to 1 on ¢ on the cone over o, this map is a level-preserving piecewise
linear homeomorphism of each prism onto its frustum, and composing the piecewise linear
isotopy (x,r) — (v-(x),r) with it makes j' piecewise linear.

The new crossings satisfy the crossing clause. Take the b — a passage, so that v = +(b—a)
on the passing sheet (Lemma 5.3), and a crossing of the leg with lower support {b,c}. By
Lemma 3.12 the monodromy around this leg is T'(x) = x4 (o, ) (¢ — b) with @ = uy —u_, up
to inversion, which depends on the orientation of the loop. Since (o, b—a) = 0, v is invariant
and extends across the crossing. On covectors the monodromy is £ — £ £&(c—b)a, and ker v
has lattice F, = {{& € M/Zuy : £(b— a) = 0}. The map F, — Z, { — &(c —b), is onto,
because b — a and ¢ — b span a saturated sublattice of ui N N, and its kernel is spanned by
the class of a, which is primitive in M/Zuy because {0,uy,u_} is a unimodular triangle.
In a basis {&, o} with {(¢ — b) = 1 the monodromy is (111 (1)), which is conjugate to (% (1)) in
GL2(Z) for either sign. The same holds at the leg with lower support {d,a}, and for the ¢ —b
passage with the roles exchanged. All other clauses of [CBM14, Def. 7.2] are local and hold
where j' = j; in U;° the only points of j'(S) on I are those of 9S and the new crossings, and
the passing sheet has no interior edges or vertices there. Items (2) and (3) hold for 7y small,
since the closures of the Uy, r < 1, are pairwise disjoint (Appendix F.1), and p is read from
0§ and its boundary field, which are unchanged. O

The crossing clause is read, as in Section 5.2, as conjugacy in GLo(Z). With this reading
the orientation of the loop around a leg plays no role in this section, and we fix no convention
for it; in particular no statement here depends on the orientation convention for loops in
[Gro05, Prop. 3.15]. If the crossing clause were read with a fixed orientation convention, the
new crossings might violate it; the construction below never uses the crossing clause, only
the other clauses and the invariance of v under the monodromy at the crossings, which holds
at the new crossings because (a,b — a) = 0 (respectively («,c —b) = 0). The shell U, \ Ug*
may contain crossings, other sheets, interior edges and vertices of S, and the winding of the
passing sheet.

Definition F.5 (resolved cycle). Let j/, r, be as in Lemma F.4 and ¢ as in Lemma F.3

for this .. The resolved cycle S = j(S) on B is defined as follows. Off U, 3" U}*) put
j:=goj', and let v be transported by g. Inside ﬁq replace the cone over 78 by the standard

half-disc $4 C ﬁq: a piecewise linear disc on side s, of F, bounded by the arc g(r*wg) C 6[?,1,
where 7"*72 is the arc in which the cone over yg meets the level r,, and by the boundary path
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formed by the inner segments of the legs of B with lower supports {a,b} and {c,d} together
with yo U eq U yso (for the ¢ — b passage, the legs with lower supports {b,c} and {d, a}).

Such a disc exists. Let H, be the closed half-ball g(Uig* N ﬁsq), where uy; = w and
u_y = o for the ordering (u,u’) of F,. Its boundary sphere is the union of the image of
the closed hemisphere of side s, at level 7, and of g(Uj* N F,) = ﬁq. The arc g(r*'yg) lies
in the first part, the boundary path in the second, and they have the same end points, the
two leg points on 8ﬁq; so their union is a simple closed curve on this sphere. It bounds a
disc in the sphere, and pushing the interior of that disc into the interior of H, relative to its
boundary, gives a piecewise linear disc that meets f, which lies in the two-skeleton, only in
the boundary path.

Outside |, 17 the data (S, ,v) satisfy the clauses of [CBM14, Def. 7.2] relative to B, by

Lemma F.3; the image of the shell meets r only on the outer segments of the legs at the
nodes, which carry the same monodromy. Inside Uq, S is not a tropical 2-cycle of B: its
boundary turns at the negative vertices yo, Yo and runs along e;, whose vanishing vector
c—a is not +v. This is the configuration that produces the exceptional curve. Every crossing
point of S lies outside J, Uj.

Normal form near dS. The germ of S along 7(dS) outside U, ﬁq is normalised by a
piecewise linear isotopy of j that fixes 5(83 ) pointwise, is supported in a small neighbourhood
of 7(95) \ U, Uy containing no point j(zy), and keeps S off I' outside j(9S). Such an isotopy
preserves the clauses of [CBM14, Def. 7.2], which near 95 involve only j(0S) and the germ
of the parallel field v on the complement of I". After it:

(T1) near every edge of 9S lying on a leg in a two-face F,/, the sheet of S ending on the
edge meets Fy, only in 3(85’ ) and in finitely many arcs, along which the sheet crosses
F, transversally and which leave j(8S) at distinct interior points of the edge, the
switching points;

(T2) at every negative vertex y, in a two-face F,s, the link of S at y is a tripod lying,
apart from its three ends, in one of the two open hemispheres of the link sphere lk,
bounded by lk, NF,/;

(T3) at every positive vertex p on j(dS), the link of S at p is an arc lying, apart from its
ends, in the open facet that contains the two legs used by 05.

By (T1), near every point of such an edge other than a switching point the sheet lies on one
side of F,,/, in F,, or in F,/; in particular it does not run inside F, along a stretch of the
edge, and it changes side exactly at the switching points. By Lemma F.4, (T2) and (T3), the
switching points lie outside [ q (/jq and away from the negative and positive vertices.

For (T1): near an edge of 9S on a leg, away from its end points, both the sheet and F,,,/ are
piecewise linear surfaces containing the edge, and by general position relative to 3(65) [RS72,
Ch. 5] a small isotopy fixing j(8S) makes them meet outside the edge in finitely many arcs,
along which they cross transversally and which leave the edge at distinct points. For (T2):
the three leg ends lie on the circle 1k, NF,,, and the link of Sis a tripod with these ends,
meeting r only in them. Tripods in S? with three fixed ends form two isotopy classes relative
to the ends, distinguished by the cyclic order of the edges at the centre, and each class is
represented in exactly one of the two open hemispheres, since a tripod in a hemisphere has at
its centre the cyclic order of its ends seen from that hemisphere. The level-wise isotopy of the
proof of Lemma F.4, which here creates no crossings, moves the germ into that hemisphere.
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For (T3): the link sphere lk, meets the edge of V" through p in two points, and the three
two-faces through the edge in three arcs joining them, one through each leg end; these arcs
bound three lunes, one in each facet. The link of S joins the two leg ends used by 95 in
the complement of the third leg end, a disc, so it is isotopic relative to its ends, in that
complement, to an arc in the lune between them, and the level-wise isotopy moves the germ
accordingly without creating crossings. This is the normalisation that [CBM14, §7.4] makes
up to local isotopy. R

Finally, choose a closed neighbourhood Nt of j~1(T') = S U {x;} in S _carrying the local
pleces of Appendix F.5, and apply a generic piecewise linear isotopy of j relative to Np U
U,J (] q), supported off T, so that off N7 the surface S avoids the vertices of V7, meets its
edges transversally in finitely many points (the edge crossings) and its two-faces transversally
in curves. Such an isotopy preserves the clauses of [CBM14, Def. 7.2], which are local near
T.
F.3. The localized hypersurface. We choose a localization with exact equations near the
strata met by the cycle. Its orbit-preserving isotopy to a holomorphic hypersurface and the
topology of its regions over the regular part supply the targets for the chain construction.

Let A= A°N M and h,, = h( ), so that ho = 0 and h,, is odd and positive for m # 0.
For s > 1 put )

fla) =) (=) ma™,
meA

the member of Gross’s degeneration {3, t"(™a™ = 0} at t = —1/5¢, all of whose coefficients
are 1. On the positive real torus the constant term is 1 and all other terms are negative.
Write Log(z) = —log |z|/log >« € Ng for x in the torus N ® C*, and

Tm(l‘) = lOg%‘(_%)_hmxm’ = _hm - <maL0g$>'
In this section the tropical variable is y = Logz € Ng, and the tropical polynomial of the
heights Ay, is y — ming,, (hm + (m, y>) = —max,, 1p,; this is the convention of Section 2.1,

with the monomials in M and the variable in Ng. The constant term dominates exactly over
the interior of V", and B = V" is where it ties with other terms.

Definition F.6 (localized hypersurface). Let 5: R — [0,1] be smooth and non-increasing
with 8 = 1 exactly on (—oo, C1] and 8 = 0 exactly on [Cp, 00), where 0 < C; < Cp < %. Put

,Bm(l‘) = Hz‘eA B(Tz('r) - Tm($)>,
f(@) =" Bula) (=) ma™, W ={f =0} C Xp,

meA
and for s € [0,1] let Vi be the closure of the zero set of 3, ((1 —s) + sﬁm)(—%)_i‘mxm
The active set at x is A(x) = {m : B, # 0 on every neighbourhood of x}, for z € Xz, the

functions f3,, being defined on the dense torus; since A is finite,  has a neighbourhood on
which 3, = 0 for every m ¢ A(x).

So Vp = )?%, the proper transform of X, = {f,, = 0}, and V; = #'; a monomial is
active only where it is within Cy of the maximum of the T;. The hypersurface # is the
localization of X, in the sense of Mikhalkin [Mik04], in the form of [Yam16, Def. 3.1]: near
each point it is the zero set of the monomials that are close to maximal there, and it is
isotopic to X,, (Lemma F.22). In the notation of [Yam16, §3], with k,, = t"» € C{t}, so
that v, = val(k,,) = —hyy, for Yamamoto’s valuation, and with gy = —¢, the substitution
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t = 1/qy turns k,, into ¢y = (—%)*hm, and the function f,, is fg,, fis qu and # is
Wq, - The leading coefficients ¢, of loc. cit. are all 1, so the correction term in Yamamoto’s

interpolating family fqms vanishes, and Vs is the member V,, o of that family for every s’
with d(s") = s [Yam16, proof of Thm. 3.9].

Lemma F.7. (1) For Cy small, every Vs meets only torus orbits O(o) of Xz with o
contained in the cone over a face of A of dimension at most two.

(2) FEvery cone of F' contained in the cone over a face of A of dimension at most two is
unimodular; so Xz is smooth along the orbits met by the V.

(3) For Cy small and 3 large, for every s € [0,1] and every torus orbit O(c) met by Vs,
the restriction to O(co) of the defining function of Vi has 0 as a regular value, and its
derivatives along the radial and angular fundamental vector fields of N ® C* span C
at every point of Vo, N O(o). Hence every Vs is a smooth hypersurface transverse to
every torus orbit it meets. Near each orbit the active monomials at a point of W are
the vertices of one simplex of the triangulation of A° induced by the heights, and the
equation of W is the localized hyperplane [Yam16, Def. 3.2] in the ratios of the active
monomials, independent of the remaining coordinates [Yam16, Thm. 3.9(2),(3)].

Proof. (1) In Cox coordinates (Z,), indexed by the rays ¢ of 7' with primitive generators
n,, the defining function is ), /Bf,f)(—%)_hm I, Zém’nng with 8% = (1 —5s)+ sBm, and
on O(o) only the terms with m in the dual face 0* = {m € A° : (m,n,) = —1, o € o(1)}
survive. If o is not contained in the cone over a face of dimension at most two, o* is a vertex
u of A°. Approaching O(o), Log tends to infinity in a direction n of the relative interior
of o, and T,, — T, — —oo for m # wu because (m — u,n) > 0; so B, = 1 near O(c) and
the restriction is a nonvanishing monomial. (2) Such a cone is the cone over a primitive
segment or a unimodular triangle at lattice height one (Lemma F.1), hence unimodular. (3)
The last sentence is [Yam16, Thm. 3.9(2),(3)]. Yamamoto assumes that all coefficients are
nonzero, that the heights are integral, that the subdivision of A° induced by the heights is
unimodular, which holds because 7 is unimodular (Hypothesis (U)), and that the refinement
of the normal fan of A° is unimodular; statements (2) and (3) of his theorem are local near
each orbit met by %, and by (1) and (2) above the charts U, = C* x (C*)*=* of the relevant
cones are those of his setting. His proof of (3) takes a maximal cone 7 O ¢ of the refinement
and the basis of 7; here the maximal cones containing o need not be unimodular, and we
replace that basis by the basis of M dual to a basis of IV extending the primitive generators of
the unimodular cone o. His computation uses only the resulting coordinates on J,,~, O(c”).
The regularity statement is asserted in the proof of [Yam16, Thm. 3.9] as a consequence of
det J #£ 0 for a 2 x 2 matrix J, “by the concrete calculation”, which is not written there. We
do not rely on that assertion: the calculation is carried out in Appendix F.10, which proves
(3), and detJ > 0 there for s large, uniformly in s and in the point. O

Lemma F.8 (exact local symmetry). Let x be a point of #', in the dense torus or on a
toric stratum, and V' an open neighbourhood of x in Xz, invariant under the compact torus
N ®U(1), such that By, = 0 on the part of V in the dense torus for every m ¢ A(x). The
subgroup ((A(z) — A(z))* N N) @ U(1) of the compact torus preserves # N'V.

Proof. Each f3,,, depends only on the moduli |z¢|, so it is invariant under the compact torus.
Such V exist: by Definition F.6 some open neighbourhood Vj of x has 8, = 0 on its part in
the dense torus for every m ¢ A(z), and V = (N ® U(1)) - Vp has the same property. For A

in the compact torus and y in the dense torus, f(\y) = Yom B () (= 3¢) P Xy™ - TE A s
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constant on A(x), then f(\y) = )\mof(y)for y in the part of V in the dense torus, for any
mo € A(x); so A preserves the zero set {f = 0} NV. Since V is open, # NV is the closure
in V of this zero set, and A\, a homeomorphism of V', preserves it. ]

Lemma F.9 (no positive points on the strata). The closure of # N (Rxo)* in X7 meets no
toric stratum.

Proof. On O(o), o # 0, the constant term vanishes, since its Cox monomial is [] 0 Zo- At
a nonnegative real point of O(c) every surviving term, m € o* \ {0}, is a non-positive real
number, and the largest active one has £, = 1; so the restriction is strictly negative. O

A chain that ends on a toric stratum and starts on the positive real points must therefore
leave the positive reals. This is why the local pieces of Appendix F.5 contain collar paths,
paths in % from a point of the positive section of Lemma F.10 to the critical locus of a local
model.

Lemma F.10 (the positive section). For s large, #~o = # N(Rs0)* is a smooth hypersurface
of (R>0)4 along which W is smooth, and Log maps it homeomorphically onto a star-shaped

sphere ¥~ lying within radial distance 2Cotmax/(1—Cp) of E, where tmax = 1 +max, o lyl.

Radial projection identifies Y~ with B. The inverses: B — W of the composite is continu-
ous, and Logs(b) lies on the ray through b.

The proof is in Appendix F.12; it uses only h,, > 1 for m # 0, the parity of A,,, that all
coefficients of f,, have modulus one, and s large. We call s the positive section.

Charts of the faces. Let ® be a facet, a two-face or an edge of V", and Ag = {0} U {u :
o C F,} its set of mazimizing exponents, of type (a) {0,u}, (b) {0,u,u'} or (¢) {0, u1, ug, us}.
For types (b), (¢) a fan point of ® is a vertex n of F' whose vertex region R, meets ®; it
satisfies (a,n) = —1 for a € Ag \ 0. Since T is unimodular, Ag \ 0 extends to a basis of M,
so N = A$ ® Zn & C for a lattice complement C. A chart of (®,n) is a linear isomorphism
(’/T”,7TJ_)Z Nr — (A(J};)]R x RA\0 with

WL(y) = (<a7 y) + ha)aeAq>\0’ 7T||(n) =0,

and 7| a projection onto (A3)R; the condition m(n) = 0 is imposed in types (b) and (c), and
in type (a) m is the projection along a vector ng with (u,np) = —1. Near ® the polytope is
{7, >0}, so in the chart V" = (Aé)R x O and B = (A$)R><8(9L, with O, = Rég\o; 00 is
a point, two half-lines or three quadrants. The divisorial ray from y is y+R>on; in the chart it
is {m(y)} x (mL(y) +R>0(—1,...,—1)), and it runs into the toric divisor D,,. Put d = [A\0|
and, for p = (p1,...,Pd); Pmin = min(0, p1,...,pq). In the chart, near ®, the tropical hyper-
surface of the heights is (A3)r x {p : the minimum defining pp, is attained at least twice},
and the contraction of the chart,

w(ﬂ-va) = (7T||7 p _pmin(17 SRR 1))7

maps it, near ®, onto B , by the identity on B and along the divisorial rays. This is modelled
on Yamamoto’s tropical contraction [Yam21]; below we use only the chart formula.

Definition F.11 (product-shaped sets and their regions). An open set U C B is product-
shaped at ® if in a chart of (®,n) it is {m € Uy, 7. € UL} with U convex and U, =
00, N{|7L|eo <7}, if £y /Im| > £, on U for every m € A\ Ag, where £, = (m,-) + hy,, and
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if its distance to T' exceeds L. For such U put
QU:{WHGU|7|7, WLGQL}, QL:SZT, d:‘Aq>\0|,
where
Sar = {p : the minimum defining ppi, is attained at least twice, p;—pmin <7 (1 <7 < d)}.

Thus {7 € U, 7. € Sar} = wY(U) is the set of points of the tropical hypersurface of
the chart that the contraction maps into U, and Qp is its n-neighbourhood in the chart
norm. Also S, = {0}; S2, consists of two truncated positive rays and the negative diagonal
ray; and Ss, consists of the truncated boundary of the positive orthant together with the
divisorial rays issuing from its three coordinate rays and from its vertex. The region over
Uis #y = # NLog }(Qu) together with its limit points on the divisor D,, at the ends
of the divisorial rays. Distances, and the norms |y| on Ng and |m| on Mg, are Euclidean
for the standard inner product in lattice coordinates, so |m| > 1 for 0 # m € M; the
chart norm of y € Ng is |yle = max(|m(y) — m(0)], |7L(y) — 71(0)|s). Here n > Cp and
Uy = CaetCo + (Cep + 1), where Cy, > 1 bounds the distortion between the chart norms and
the Euclidean norm (|yle < Cenly| and |y| < Cen|y|e) over the finitely many charts in use,
and C, is such that active monomials lie within C,Cy of the maximum.

The regions play, for #, the role that the preimages U x T2 of small open sets U of the
smooth part of the base play for a torus fibration, as in the topological models of [CBM14];
Lemma F.12 makes this precise at the level of homotopy.

Lemma F.12 (regions). For s large and every product-shaped U of type (a), (b) or (c):

(1) #y = (AF @ U(1)) x U|’|7 x Ly, where Ly is a point in type (a), homotopy equivalent
to a circle in type (b), and homotopy equivalent to a two-torus in type (¢). Hence Wy
is aspherical, and 7 (#y) = Ay, the lattice ut N N in type (a) and N/Zn in types
(b) and (c).

(2) IfU' is product-shaped and #yr C #y, the inclusion induces on w1 the parallel trans-
port of A from U’ to U.

(3) The same holds for the sheared charts (m + Ao (7 — 7.(0)),71) with A linear and
A (n) —m1(0)) =0.

The proof is in Appendix F.11. In type (b), Ly is a truncated localized line capped at the
divisor D,; in type (c), it is a truncated localized plane, P? minus four lines, capped at D,,.
By Lemma F.10, s(U) C # once 1 exceeds C¢ times the radial width of Lemma F.10, and
loops s(y) with 7 in a contractible U are contractible in #4;.

F.4. The domain. We construct the three-dimensional domain by attaching circles, trian-
gles and tetrahedra over the cells of the tropical cycle. Balancing cancels the boundaries
along interior strata; the remaining boundary components lie over the nodes.

Let ¥ be the triangulation of S\ int Ny of Lemma F.20 below. The cell complex D(S5) is
glued from pieces over the cells of T and from local domains over Ar.

Definition F.13 (the domain). The domain ©® = D(S) is the CW complex obtained by
gluing the following pieces.

e Over each cell ¢ of T in a sheet, ¢ x S1, the circle being Rv/Zv, oriented by v.

e Over each cell ¢ of ¥ on an interior edge, with fields v1, vo, v3 on the adjacent sheets
and s1v1 + sov2 + s3vg = 0 (the interior-edge balancing clause): ¢ x Q, where Q
is a 2-simplex with its three vertices identified to one point, whose three edges are
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glued to the circles Gy, = Ruy/Zuvy, of the three sheets, and which is oriented so that
09 = 51G1+52Go+ s3G5 with Gy, oriented by vg. It is the domain of the flat triangle,
cf. [CBM14, Lemma 7.7]: the linear map sending the edges of a 2-simplex to sy,
followed by the quotient by the lattice.

e Over an interior vertex, where four interior edges and six sheets meet: a 3-simplex
whose four faces are glued to the triangles Q of the four edges. This is possible
because the six fields are the edge vectors, and the four balancing relations the face
relations, of the image of a 3-simplex under a linear map, which is nondegenerate by
the interior-vertex clause [CBM14, §7.7, Step 4].

e Over AT, the local domains of Appendix F.5: a disc times an arc along each leg of 9.5
(over the leg pieces and the switching discs), a cone over a triangle at each boundary
vertex, a copy of C x R at each positive vertex met by 05, a solid torus at each
crossing 1y, and, at each node, the node domain ($; x S1)/~, where 9y C Hy is the

part of j(Np) in the standard half-disc, a collar of its boundary path, and the circle
is collapsed over the two leg segments.

Each piece is oriented as (sheet)x(circle oriented by v), and [D] denotes the sum of the
oriented top cells. For a node ¢ on 95 let 9,9 = (e, x S*)/~, the circle collapsed at yo and
Yoo, @ 2-sphere. The frontier of NT in S is the inner boundary.

Over the smooth part of S away from N, D(S) is the circle bundle with fibre Rv/Zv of
[CBM14, §7], and over the interior edges and vertices it is their completion by flat triangles
and tetrahedra. Each local domain meets the cells over the regular part S\ int N1 over its
part of the inner boundary.

Lemma F.14 (the domain). 0[D] = }_ [0,D], the sum over the nodes q with p, € j(9S),
where e, carries the boundary orientation of §,.

Proof. Interior faces cancel in pairs if the local orientations agree across them. Over the sheets
this holds because the orientations are products. Along an interior edge, let ¢ be a one-cell of
T on the edge, oriented as the edge. Then d(cx Q) = 0cx Q—cx0Q = dcx Q= . 5, cX Gy
The term dc x Q cancels between adjacent cells of the edge, and s; ¢ X G}, is the contribution
of ¢ to the boundary of the cylinders over the k-th sheet, because si is by definition the sign
with which ¢ occurs in the boundary of the k-th sheet; so the three cylinders are cancelled.
At an interior vertex the boundary of the 3-simplex is the sum of the four triangles with
the signs of the balancing conditions. At the local domains the pieces are glued along the
inner boundaries of Appendix F.5, and over the legs, boundary vertices, positive vertices and
crossings the circle collapses or closes up without creating boundary. What remains is the
part of 9% X ST over eq, where the circle Rv/Zv does not collapse, because the vanishing
vector of e, is ¢ — a # £v. O

F.5. The local pieces. Each local domain is mapped into # by an explicit map, built in
the exact local models of Lemma F.7(3), whose restriction to the inner boundary with the
regular part consists of orbits of the circle S} = Rv/Zv C N ® U(1) through points of the
positive section, over base points in the sets V. of Lemma F.20. Since the positive points
miss the strata (Lemma F.9), each piece contains collar paths from a point of s to the critical
locus of the local model. For a path v in # and a character " that does not vanish on -,
a lifted phase of ™ along + is a continuous function 6 with z™(y(-)) € Rse®?0); its total
change along v does not depend on the choice. If ™ vanishes only at the end point of v and
its phase is constant near that point, we use the limit.
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Adapted coordinates. For each two-face F,,s of V" we fix an ordering (u, ) and a cochar-

acter v = v,» € N with
(u,v) =0, (W, v) =1;

it exists because {0, u,u’} is a unimodular triangle, so that u,u’ extend to a basis of M. Let
a leg in F,, have lower support {n,n’}, and o = cone(n,n’) € F'. Choose m; € M with
(m1,n) =1, (my,n’) = 0 and (mq,v) = 0 (adjust any solution of the first two conditions
by a multiple of ' — u € o), put ms = —u — mq, so that (ms,n) = 0, (mg,n’) = 1 and
(ma,v) = 0, and let x generate o~ N v+ N M, which has rank one. Then (my, ma,u' — u, x)
is a basis of M with dual basis (n,n’,v, ), and

/_ f—
z1 :xml, 22:$m2, t=2z" u’ w:CEK, 2129 = u’

are coordinates on U, = C2? x (C*)2. Near the leg only 0,u,u’ are active, and multiplying f
by ™" shows that # N U, is

(F-l) Bo 2122 = iy + Qyrt, Oy = Bu”ihuv Ay = ﬁu’%ih“lv

where B, ay, oy > 0 are functions of || (the signs because hy, b, are odd), and By vanishes
where the constant term is cut off, in particular near D,, U D,. The circle S}, v = n’ —n,
acts with weights (—1,1,0,0) on (z1, 22, t, w), exactly by Lemma F.8, and freely off Crit =
{z1=20=0, t =1}, to = —ay/ayw < 0. We call Crit the critical locus of the leg model:
it is the fixed locus of S} in # N U,, the curve over which the circle of the boundary field
collapses.

Sides and chambers. By (T1), near a point e of an edge of S on the leg that is not a
switching point, the sheet of S ending on the leg lies on the side of F, or of F,; its side at
eis s = +1 or —1 accordingly. At every point of # near the leg, o, — a/|t| has the sign of
Ty — Ty = hy — hy —log,, |t], because ay|t|/ay = 37w~ 148, /B, and By < B, if and only if
Ty <T,. The chamber of side s at the leg is

Chy =7 NU,N{z122 € sR>p, t€ Reg, w € R-o}
=% NU,N {l‘fu € sR>p, te Rog, we R>0};
it is Sl-invariant, contains Crit N {w > 0}, and on it sfp|2122| = o, — aw|t|.
Coefficients near a leg. Put v =Ty —T;, and ¥ = T, — Tiy. Near the leg these depend only
on |z12e| = ™ and on |t| = s MY 9 = 0 exactly where |t| = [ty], and the points of
B near the leg on side s have s9 > 0. Since only 0, u and v’ are active near the leg,

(F2) fo=B(—v) Bl—v—10),  #"ay=B)B(=0),  #awlt =" Blv+1) B(V).
Lemma F.15 (real points of a chamber). For ¢ > 0 put

For(0) = B(=n) B(=r = ') 5 = B(r) + 5 BI) B(r + ).
For 3¢ large, every fg has exactly one zero X(9'); X(¢¥') € (—Co, Co), X is continuous, and
X)) — —Cq as ¥ — 0. Near the leg, a point of Chg with 2129 # 0, 22 > 0 and given w and
|z1|/|22] is determined by (v,1), and those with s > 0 are:
(1) for sv¥ >0, the points with Ty — T,,, = X(sv), where uy1 = u and u_; = u’;
(2) for ¥ =0, that is t = ty, the points with |z122| < s~ Co=hu,

Proof. On Chy the equation is sfy|z122] = u — ay/|t]. For s = 1 and ¥ > 0 we have
B(—9) = 1, and by (F.2), after multiplication by /¢, the equation reads fy(v) = 0. For

s =—1and ¥ = = < 0 we have §(¥) = 1, and after multiplication by —» w9 it reads
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for(0) = 0with v =v—19" =Ty —Ty. At 9 = 0 it reads B(—v)?»" = 0, which holds exactly
when v < —Cp. So (1) and (2) follow from the statements on fy.

Let ¥ > 0. For r < —Cp, B(—r) = 0 and B(r) = 1, so fg(r) < » Y B() —1 < 0; for
r > Cop, f9r(r) = 3" > 0. For r > —Cjp we have 3(—r — ') > B(—r) > 0, and since ' <0,

For(r) > s log - B(=)* + 277 B(W) B'(r + ).

The last term vanishes unless C; < r+ ¢ < Cy and ¢ < Cy. Then r > Cy — Cp, so B(—r) >
B(Co— C1) > 0 and " > =7 and f(r) > > (5“1 log > - B(Co — C1)? — max|B]),
which is positive for s large. So fy has positive derivative on (—Cj, 00) and exactly one
zero X (¢') € (—Cy, Cp), which depends smoothly on ¥ by the implicit function theorem.
As ¥ — 0, fg converges uniformly on [—Cp, Co] to B(—r)?s", which is bounded below by a
positive constant on [—Cy + 1/, Co] for every ' > 0; so X (¢') — —Cy. O

Definition F.16 (leg collar paths). Let e be a point of an edge of 95 on the leg that is not
a switching point, and s its side. Over the transverse segment [0,¢o] of S at e, the leg collar
path () is the path in # that

(i) for < € [0/2, 0] follows s;

(ii) then moves along the positive real points of #, with |z1|/|z2| and w fixed, changing
|t| monotonically until s > Cj (it is constant if this holds at its start);

(iii) then turns argt from 0 to 7w with |t], |21], 22 and w fixed;

(iv) then moves inside Chy with zo > 0 and with w and |z1|/|22| fixed: first through the
points of Lemma F.15(1), s decreasing to 0, then through those of Lemma F.15(2),
| 2122| decreasing from »~C0~"u to 0. Tt ends at the point of Crit over e, the point of
Crit (where z = 0 and t = t9) with the value w = w(s(e,sp/2)) fixed along the collar
path.

Over a transverse segment, the collar paths play the role of the sections & with &(9.5)
in the critical locus that Castano-Bernard and Matessi use in their local models [CBM14,
§7.2, (47)-(48), §7.4, §7.5], and the leg piece below is the orbit of such a section under S;.
The end point depends continuously on e because s does. In (ii) the positive real point with
given [t|, w and |z1|/|22| is unique and depends continuously on |t|: by (F.2) its equation is
Box¥ = s (ay, + ault]), whose left side vanishes for v < v* := max(—Cy, —Cy — ¥9) (for
¥ < 0 the factor Sy also vanishes on (—Cp, —Cy — ¥]) and has positive derivative for v > v*,
while the right side is positive for v < v*, non-increasing in v, and zero for v large. At the
end of (ii), f(s¥) = 0, so by (F.2) ooy =01if s =1 and a,, = 0 if s = —1. The coefficients
of (F.1) depend only on |z122| and |t|, so they are constant along (iii), and (iii) is explicit:
for s = 1, 21 = aw/(Boz2) does not move, and for s = —1, z1 = aut/(Pfoz2) turns with t
from the positive to the negative real axis (8y > 0 at these points, since the right side of the
equation is positive at the end of (ii)). Since 5(s?¥) = 0 there, the equation of the positive
real points at the end of (ii) coincides with that of Chy, so the end point of (iii) is the point of
Lemma F.15(1) with this value of si, where (iv) starts. By Lemma F.15, (iv) is a continuous
path, and (i)—(iv) depend continuously on e along each open interval of the edge between
switching points. Along the whole collar path the lifted phase of t increases by 7, those of
z9 and w do not change, and that of z; increases by (1 — s)m/2 (in (iv), 21 and 2y keep their
phases until they vanish at the end point); hence the lifted phase of a character 2™ changes
by

(F.3) 7r<<m,1/> + %(m,n}),
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and x7% = 2129 ends in sR>g. The leg piece is S} - {7.(s)}, a disc times an arc: the circle

collapses at ¢ = 0, on Crit, so the piece has no boundary over the leg. Its outer part consists
of Sl-orbits through points of s.

Switching discs. At a switching point e* the side changes, and the leg collar paths of the
two sides end (iii) with z; of opposite signs, so they do not form a continuous family across
e*. For each switching point e* we choose points ¢’ and €” of the edge on either side of e*,
with no other switching point between them, and call switching disc the closed disc B.x C S
bounded by the segment [¢/,e”] of OS5, the transverse segments at ¢’ and e”, and an arc of
the inner boundary. The switching piece is S. - O¢+ over Be«, where O« : Bex — # is given
by Lemma F.19(4): it agrees with v and 7.~ on the transverse segments and with s on the
inner boundary arc, and maps each point e of [¢/,e”] to the point of Crit over e. Like a leg
piece it is a disc times an arc; the leg pieces are taken over the edge with the interiors of the
switching discs removed.

Boundary vertices of S (negative vertices). Let the lower support be the unimodular
triangle {ni,n9,ng} in Fy,,, and o = cone(ni,ng,n3). Let Z; = ™ with (mU), ng) = &1,
and (m(j),y> = 0; then Z12:73 = x7%, (21,22, Z3,t) are coordinates on U, = C3 x C*,
and W is pZ1Z273 = ay + at. On the leg with lower support {ng,n;} the adapted
coordinates may be taken to be z1 = Zy, 20 = ZZ;, w = Zj, {j, k,l} = {1,2,3}. The torus
T? = (u,u )t @ U(1) = {M\A2A3 = 1} acts exactly; the three legs are the coordinate axes L;,
whose stabilisers G are the circles of the three boundary fields. By (T2) the three sheets at
the vertex have one side s. The vertex path is a path in # over the segment of the interior
edge of S leaving the vertex, from a point of s to the point Z = 0, t = {5 of Crit over the
vertex, which turns argt from 0 to 7 as in (iii) and ends with |Z;| = |Z2| = |Z3] — 0 and
arg Z; = 0 (side +1) or 7/3 (side —1), so that Z1Z>Z3 = ™" ends in sR>p. Let B; be the
corner of the j-th sheet at the vertex: a closed disc in the sheet bounded by a segment of its
leg ending at the vertex, a segment of the interior edge, a transverse segment of the sheet at
the other end of the leg segment, and an arc of the inner boundary; the leg segment contains
no switching point. On this leg segment the boundary map of B; is a path in the closure of
the critical curve Crit of the leg, from the point of Crit over the far end of the segment to
the point Z = 0, t = to, which lies in that closure; along it t = tg, and it is fixed by G;. The
piece is the union of the leg pieces over the rest of the legs, the three sheet pieces G;-©; over
the B;, with ©; given by Lemma F.19(2), and the cone, over the vertex path, on the triangle
Q C T? with 0Q = 51G1 + 52Go + s3G5 as in Definition F.13 [CBM14, §7.5]. The two-cells
Q - 5(b) over the interior edge leaving the vertex lie in T2 - 5(b).

Positive vertices. Let S turn at the positive vertex p on the edge of V" dual to {1, uz, us},
with lower support {n,n’}, along the legs I'12 C Fl 4, and I'13 C F,,uy; by (T3) the corner
of S lies in F,,. Since {0,u1,u2,us} is a unimodular simplex, there are vo,v3 € N with
(ur,vg) = 0 and (uj,vg) = 0 for j,k € {2,3}. Choose z1, 22 as above with 212 = 27 and
(mi,va) = (my,v3) = 0, and put t; = =", In U,, # is foz1z2 = oy + Quyta + au,ts,
and Crit = {z = 0, ay, + au,ta + ay,ts = 0} is a localized line in the (2, t3)-torus, a pair of
pants whose three ends lie over the three legs of T at p. Along I'15 the leg collar paths of the
two-face Fy,u, arrive, by (F.3), with lifted phases

(argto, arg ts) = (e1om, (us — u1,vi2)m), €12 = (uz — uy,vi2) = %1,

where v12 is the cocharacter of Fy,.,, and 27“! ends in R>q, since the side is that of F},,;
symmetrically along I'13. In the part of a neighbourhood of I'yo2 where ug is inactive, the
circle v3 ® U(1) preserves # (Lemma F.8), commutes with S!, preserves Crit, and changes,
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among ta, t3, 2“1, only the phase of t3. Let B, be the corner of S at p, a closed disc bounded
by segments [p, ea] C I'12 and [p, e3] C I'13 of the two legs, the transverse segments at es and
e3, and an arc of the inner boundary; the segments are long compared with ¢y, so that the
collar paths over points of I'15 near es lie in the part where ug is inactive, and symmetrically
at e3. The slide along I'12 modifies the collar paths over a segment [e}, es] C I'12 in that part:
it replaces Y.(s) by €™ (X3~ (¢), where ¢ increases from 0 at e, to 1 at ey, x = 1 for
¢ <¢p/4 and x = 0 for ¢ > ¢9/2, and the integer k is chosen so that the lifted phase of t3 at
the end becomes €137, the value with which the collar paths along I'13 arrive. Symmetrically,
the slide along I'13 turns argts to e1om with 5. After the slides both families arrive at e
and ez with (argts,argts) = (e12m, e13m) and 7% € R>p, that is, in the corner chamber
W NU; N{x™" € R>, t2,t3 € Reg}, which contains the real arc of Crit joining I'12 to I'y3;
on it z™", for the first element u of the ordering of Fy,;, lies in sR>o, s being the side of the
corner sheet at I'1j. The piece is S} - O, over B,, with ©, given by Lemma F.19(3), together
with the slid leg pieces; near p, ©, may be taken with values in the corner chamber, as in
the model of [CBM14, §7.4], where the swept set is homeomorphic to C x R.

Crossings. At a crossing 1y of a leg with covector a = v’ — u, v is monodromy invariant,
that is v € (u,u’)*, so S} acts exactly on the local model (Lemma F.8). The piece is S!-s5(Dy)
for a small disc Dy, around 5(%) in S , a solid torus; s lies in the dense torus, where S& acts
freely.

Nodes. Let q be a node on 0S, with parallelogram P = abcd and F, = F, ,_. Near
C’qw := # N V(cone(a,c)) only the monomials 0,us can be active, because the dual edge
[u_, u4] has length one, and the constant term is cut off near the strata; hence near C’;”/ W

is {t =t} x 6&1(1, where t = 2%~ for the ordering (u,u’) of F, and 6(;1(1 is the resolved
conifold of the two cones cone(a, b, c), cone(a, ¢, d) in Ny = span(a,b,c,d) N N; N = N, & Zv
for the cocharacter v of Fy, and N, ® U(1) acts exactly. So C'qW = P! is the exceptional curve
of # at g. The lattice Ay = (uy,u_) NN =Z(b— a) ® Z(c — b) is the lattice of differences
in Ng. On C’Zy, with coordinate ¢ = Z,/Zy, the circle S}, A = k1(b — a) + ka(c — b), acts by
¢ eth=h2)0¢ we call wt(\) = ki — kg its weight. The curves Dy, = {Zy = Zp = 0} and Dy,
meet CqW at ¢ =0, and D.q, Dy, at ¢ = co. Let B, C Y)g be a closed disc bounded by the
part of the boundary path of $); between points ¢/, ¢” of the two leg segments near yo and
Yoo, the transverse segments of §; at ¢/ and €”, and an arc of the inner boundary. The node
chain is S} - O, over B, together with the leg pieces over the rest of the two leg segments,
where O,: B, — # is given by Lemma F.19(1): it agrees with the leg collar paths ., yer
on the transverse segments and with s on the inner boundary, maps e, to an arc vy, C C’gﬂ
from ¢ = 0 to { = oo, and maps the leg segment from €’ to yy to a path in the closure of the
critical curve Crit of that leg, from the point of Crit over €’ to the point ( = 0 of C’g/ , which
lies in that closure, and symmetrically the leg segment from y., to €’ to a path from ¢ = co
to the point of Crit over €. Along these paths t = to, and they are fixed by S..

Lemma F.17 (node degree). Let g be a node on 0S. The node chain restricts on 0,9
to a map onto CqW of degree —pq(S), for the complex orientation of C;//. Equivalently, let
cap(b — a) and cp.(c — b) be the coefficients of the legs with lower supports {a,b} and {b,c},
oriented away from the node as in Section 5.3, so that, 0S5 passing q once along one pair of
opposite legs, one of Cap, Coe 15 0 and the other is £1; then the degree is wt(vq) = Che — Cabs
where vy = —(cqp(b—a)+cp(c—b)) is the coefficient on ey (oriented from yo to Yoo ) determined
by balancing at yq.
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Proof. On 0;® the map is (z,0) — eifv -v4(2), T € e, collapsed at the poles, which S} fixes.
Take the b — a passage entering along the leg with lower support {a, b}, with v = €,(b — a).
The boundary path of §), runs from that leg through g, along e, and through ¥y, to the leg
with lower support {c,d}, and v, runs from ¢ = 0 (on Dgp) to ¢ = 0o (on D4). By Stokes, the
orientation of 9,D is (boundary orientation of e;)x (circle), and in polar coordinates ¢ = re®®
the map is (r,0) — re’? of degree €, = wt(v). Since cq, = —€, and ¢ = 0, this is wt(vg),
and it equals —p, by the formula p; = cqp — ¢ of Section 5.3. For the ¢ — b passage entering
along the leg with lower support {b, ¢}, with v = €,(¢ — b), the arc again runs from ¢ = 0 to
¢ = oo and the degree is wt(v) = —e¢,, = —p,. Reversing the orientation of S reverses both

7q and the sign of p,. The degree depends only on the homotopy class of v, relative to the
poles, and C’gﬂ is simply connected, so it does not depend on the choice of ;. ]

The existence of the maps © rests on a computation of local fundamental groups, proved
in Appendix F.13. Let (7,w) be a dual cell pair, uy a vertex of 7 and 7/ = 7\ {up}, and let
X C X7 be the open toric subvariety of the cones of 7’ contained in cone(w). The extended
tropicalisation of X, is Log on the dense torus and, on the orbit O(o) of a cone o C cone(w),
the logarithm of that orbit, with values in Nr/span(c); a subset 2 C Nr has a preimage
under it, consisting of the points whose logarithm lies in §2, respectively in the image of €
in Ng/span(o). The four cases used are: a node (7 = [u4,u_], w = P, subdivided by its
diagonal in F’), a negative vertex (7 an edge, w a triangle), a positive vertex (7 a triangle, w
an edge) and a switching point (7 and w edges).

Lemma F.18 (local fundamental groups). Let dim7 + dimw = 3, or dim7 = dimw = 1,
and let N, = span(w) N N. The characters u—ug, uw € 7', are part of a basis of the saturated
lattice N- € M; if dim 7 +dimw = 3 they are a basis, and if dim 7 = dimw = 1 we complete
them to a basis by a character k. Let v, € N, uw € 7/, and in the second case v, € N, satisfy
(ug,-) = 0 and pair with this basis of N to the dual basis; so (u',vy) = Sy for u,u’ € 7',
Then N = N, ® @,,c. Zvn, respectively N = N, ® Zvy ® Zv,. Let Q = Q' @ " . Iy,
respectively Q = Q' @ Ly, & Ly, with Q' C Nygr open and conver, ' + cone(w) =
and I, I, bounded open intervals. Assume that only the monomials 0 and uw € T are active
on Log= (), and that Q contains the ball of radius 4Cy about a point of ri Fy. Here, as
in Appendixz F.14, balls and distances in Nr are Fuclidean for the standard inner product
in lattice coordinates, so that |m| > 1 for 0 # m € M. Let #q be the preimage of 2 in
W N X, under the extended tropicalisation. Then #q is open in # and path connected,
and the characters t, = z%7“, u € 7/, induce an isomorphism 71 (#q) — ZT/, respectively,
together with w = x*, an isomorphism T (#q) — 77 x 7.

Lemma F.19 (consistency of the collar paths). (1) At a node q on OS, for every arc
vq C Cg’/ from ¢ = 0 to = oo, the map on OB, given by the leg collar paths e, e,
by s on the inner boundary arc, by the paths in the closures of the critical curves over
the leg segments and by v, over e, extends to a continuous map O4: By — #'.

(2) At a negative vertex, on each of the three sheet corners B;, the map on 0B; given by
the leg collar paths, s, the path in the closure of Crit over the leg segment and the
vertex path extends to a continuous map ©;: B; — #'.

(3) At a positive vertex, after the slides, the map on the boundary of the corner B,
given by the leg phase paths, s and the real arc of Crit extends to a continuous map
0, B, = 7.



212 BERND JOHANNES WUEBBEN

(4) At a switching point e*, the map on OB+ given by the leg collar paths ~er, Yer, by
s on the inner boundary arc and by Crit over [¢/,€"] extends to a continuous map
Opx: Bex — #.

Ezplicitly, in (1) the two families of collar paths end, in the conifold coordinates z1 = Zy 7,
2o = ZoZg, 23 = ZoZq, 24 = ZpZ. taken as characters vanishing on v, with (sign z1, sign z9) =
(sq,+) on the leg with lower support {a,b} and (+,s,) on the leg with lower support {c,d}
for the b — a passage, and with (sign z4,sign z3) = (sq,+) on {b,c} and (+, sq) on {d,a} for
the ¢ — b passage. At side sq = +1 the ends lie in one chamber, and near C’qW the map O
can be taken with values in the positive real part of the local model {t = ty} x 6(;1(1, the union
of whose S}-orbits is the set 7= 1(Fy) of [CBM14, Lemma 4.2], with boundary the exceptional
curve (compare [CBM14, Lemma 5.7], which writes the local collar Py as the circle orbit
St 5(S) of a section); vy, is then the positive real arc of C’;’ﬂ. At side sq = —1 the element
™ with A\ = c—b for the b—a passage and X\ = a —b for the ¢ — b passage, acts by (—1,—1)
on (21, z2), respectively (z4, z3), and exchanges the two chambers; ©, can be taken with -y, the

positive real arc followed by the half-turn e™®@)A

Yoo

None of these choices (the cocharacters v, the slides, the switching discs, v, and the ex-
tensions) affects the boundary computation: OF,[®] depends on them only through the maps
Flo,», whose degrees are given by Lemma F.17.

along eq, ¢ increasing from 0 at yo to 1 at

Proof. In each case the domain (By, Bj, By, Be+) is a disc, and the boundary data form a
loop in the set #4 of Lemma F.18 for a suitable . Let the dual cell pair (7,w) be

([u’ u/]v P)’ ([u7 UIL {nla n2, 77’3})7 ({u17 u2, U3}, [nv n/])’ ([uv u/]’ [n’ n/])

at a node, a negative vertex, a positive vertex and a switching point respectively, with ug = u,
respectively u1. Then the v, may be taken to be the cocharacters v, respectively 1o, v3, of
the adapted coordinates, and at a switching point « is the character of the coordinate w and
vy, the fourth element of the dual basis of (mq,me, v’ — u, k).

Sizes, step 1: the sets. Let Xy C ri Fr be the compact set yo U eq U Yoo, {y}, {p} or {e*},
and let X be the union of X, with the images under j of the arcs of &S and of the interior
edge in the boundary of the domain. Since conv Xy is a compact subset of ri F;, there is
dp > 0 such that on its dp-neighbourhood every monomial other than 0 and the vertices of 7
lies at least dy below the maximum of the 7;. The lengths of these arcs (the corner lengths
and the widths of the switching discs), at most ¢1, and the transverse length ¢y are chosen
with N, with ¢y small compared with ¢; and ¢; small compared with d.

Sizes, step 2: where the boundary data lie. The section s over the inner boundary arc and
the transverse segments, and the collar paths, lie over the d;(sp + Cotmax)-neighbourhood of
X plus cone(w), with d; depending only on the adapted coordinates: s lies in the band of
Lemma F.10, and steps (ii)—(iv) change only [t| and |z1 23|, which moves the logarithm by
O(so + Cotmax) in the direction of v and otherwise along cone(w).

Sizes, step 8: the set ). Let X be the open (d1 (0 + Cotmax) + 400)-neighb0urhood of
conv X, an open convex set within ¢ = ¢1 + d1(sp + Cotmax) + 4Co of conv Xy. Let ' be the
projection of X to N, r along the v, (and v), plus cone(w), and I, and I,; the projections

of X to the lines of v, and v,. The vy-component of a point y is (u — wug,y), which is
constant on aff F- D conv &), and at a switching point Xj is a point; so 2 lies within dsgy of
conv X)) + cone(w), with ds depending only on the splitting.
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Sizes, step 4: the active monomials. For ¢; small compared with dy and Cy small, only 0
and the vertices of 7 are active on the dsga-neighbourhood of conv Xy, and this persists on
its sum with cone(w), because for z € cone(w), u € 7 and m € A° the difference T,, — T},
changes by (m — u,z) > 0 from y to y + z.

Sizes, step 5: conclusion. So §2 satisfies the hypotheses of Lemma F.18, and the boundary
data lie in #q: s and the collar paths by the above, and Crit and CZ// because they lie on
the strata of X, over X. By Lemma F.18 the loop is null-homotopic in #q, and the map
extends over the disc, if and only if the total change of the lifted phases of the t,, and at a
switching point of w, around the loop is zero.

The switching points are finitely many and lie away from the vertices and the nodes
(Appendix F.2), so we choose the corner lengths, the slide segments and the switching discs
so that no corner arc, no slide segment and no arc of S in the boundaries of B,, B; and
B, contains a switching point, and so that the switching discs are disjoint from the slide
segments and from these discs. In particular the collar paths are unslid over every switching
disc, so they keep w fixed there, as (4) uses. Moreover the collar paths on the transverse
segments bounding these discs then have the side of the corresponding sheet at the vertex or
node; at a node this holds because B, C U,.

(1) Here 7/ = {«/} and t = z*~*. Around OB,: along s the phase of t is 0; each leg
collar path in F, uses the cocharacter v of F, and increases the lifted phase of t by m from
s to Crit, by (F.3); and on Crit and on C'g// we have t = {3 < 0, so the phase is constantly
m. Going around, the change is 0 + 7 + 0 — 7 = 0, whatever the sides and the arc ~,.
The chamber pattern follows from (F.3): on the leg with lower support {a,b} the adapted
coordinates are zieg = 23, z;eg = 24, W = 232, so the collar path ends with z,z4 > 0 and
23, 21 = 2324/ 72 € s4R; on the leg with lower support {c,d} the roles of z1, zp and of z3, 24
are exchanged; the ¢ — b passage is the same with w = 23 on {b, ¢} and w = z4 on {d, a}. The
element €7(¢=%) has weights ((1,1,0,0),c—b) = —1 and ((0,0,1,1),c¢—b) = 1 on 21, zp and 0
on z3, z4 (vectors of values on a, b, ¢, d), and similarly for ei™(@=b). hoth lie in A f®@U(1), which
acts exactly near C’;;/; both rotate C’Z/ with weight —1, since wt(c — b) = wt(a — b) = —1.

(2) Here too 7" = {u'}. Around 0B; the lifted phase of t changes by 0 along s, by + along
the leg collar path, by 0 on Crit, where it is constantly m, and by —= back along the vertex
path, which also turns argt by 7. On the interior edge ©; is the vertex path for each j, so
Gj - ©; and the cone on Q agree there, T? acting exactly and 0Q = 571G + $2Go + s3G'3.

(3) Here 7" = {ug,us}. Around 0B, the lifted phases of (t2,t3) change by (0,0) along s,
by (€12, €13)7 along the slid collar path at es from s to Crit, by (0,0) along the real arc of
Crit, on which t3,t3 < 0, and by —(€12, €13)7m back along the slid collar path at es. The total
is zero.

(4) Here 7 = {u'}, and 7 (#q) = Z? is detected by (t,w). Around OB~ the lifted phase
of t changes by 0 along s, by +7 along 7. from s to Crit, whatever the side at €/, by 0 along
Crit, where t = tg, and by —x back along ~.~; the total is 0. The lifted phase of w does not
change: w > 0 on s and on Crit over [¢/, "], and the collar paths keep w fixed.

For the last statement: by Lemma F.14 the boundary of [®] is supported on the spheres
9,0, on which F is (x, ) + €%,(x), whose degree does not depend on 7y, (Lemma F.17). O

Without the slides, the lifted phases around 0B, would change by (612 —(ug—u1,113), (us—
Ui, V12) —613)71’, which is in general nonzero; the slides are therefore needed, and their amounts
are fixed by the cocharacters. At nodes and negative vertices no correction of the phase of
t is needed, because all collar paths there lie in one two-face and use one cocharacter; the
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half-turn at a node on side —1 is part of an explicit choice of the arc 74, not a condition for
the existence of ©,, which holds for every arc. The normalisation (u,v) = 0 is what allows
adapted coordinates with z1zo = ™% and (my,v) = (mg,v) = 0; it is used for the explicit
chamber pattern in Lemma F.19, while the existence of the maps © uses only that all collar
paths in one two-face turn argt by the same +.

The pieces satisfy the following inner boundary condition:

(I) on the boundary of Nr in S, the local pieces are S}-orbits through points s(b), and
on the two-cells Q - s(b) at the interior edges leaving boundary vertices they lie in
T? - 5(b); in both cases the base points b lie in the set V. of the adjacent cell ¢ of T,
so the images lie in #3.

F.6. The regular part. Over S\ int AT the map is extended cell by cell, each cell being

mapped into the region over an open set of B that is product-shaped, contains the image of
the cell, and increases with the cell.

Lemma F.20 (compatible cover). For the choices }isted i Appendixz F.1/, there are a tri-
angulation T of S\ int N, adapted to the faces of V" (each closed cell meets each closed face
in one face of the cell), and for each cell ¢ an open set V. C B such that:

(1) j(¢) C Vi, and V, is product-shaped at the face ®.. of lowest dimension met by j(c): if
O, is a two-face or an edge, in a chart of (Pc,n.) for a vertex n. whose vertex region
contains j(c) N ®., and if D, is a facet, in a facet chart (Appendiz F.3);

(2) if ¢ Cc then Qv, C Qy,, hence Wy, C W, ;

(3) for every r > 0 the choices can be made so that V, lies in the r-neighbourhood of j(c).

The proof is in Appendix F.14. Its main point is that near an edge crossing xg the cells
must be graded (the transverse radius of V. depends on the lowest face of ¢) and the ring of
cells around xp must be a cone from xg; admissibility is reduced to a strict inequality on a
compact set, which holds by conicity of S and of B at Q.

Lemma F.21 (extension). Given local pieces satisfying (I), the map on 0D.cg extends to a
map F on Dreg = Dls\int Ay that sends the cells over each cell ¢ of T into #y,.

Proof. Build F' by increasing dimension of cells, mapping the cells over each cell ¢ of ¥ into
the region #4,. By Lemma F.20(2), the cells over the faces of ¢ are then already mapped into
#4y,. On O-cells use 5. On 1-cells in the base direction use s; on circle fibres use S}-orbit arcs
through s where S} acts exactly, and otherwise arcs whose loops represent v € Ay, = 1 (#4,)
(Lemma F.12). A map on the boundary of a 2-cell extends if and only if the boundary loop
is trivial in 71 (#4,), which is abelian, so base points do not matter. A sectionxsection cell
is filled by s(c), and its boundary is contractible by Lemma F.10. For a sectionxfibre cell
the two fibre loops represent the same element v of Ay, by Lemma F.12(2) and because v is
parallel. For the triangles Q over interior edges the boundary loop is sjv; + savg + sgvg = 0,
which is the interior-edge balancing clause. At an interior vertex the four triangles are flat,
so their union is the boundary of the image of the flat 3-simplex, and the classes agree across
the four edges. For cells of dimension at least three the extension exists because #y, is
aspherical. O

F.7. Transport. An orbit-preserving isotopy carries the constructed chain from the localized
model to a holomorphic member. Transport through the nondegenerate family then identifies
this member with the chosen small resolution, preserving the exceptional curves.
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0

Lemma F.22. For s large there is a homeomorphism Y. of Xxs, isotopic to the identity,

smooth on the smooth locus and preserving every torus orbit, with Yo (#) = X,, and, for

every q, TY (C,;///) = CF with degree one, where C := X, N V(cone(a, c)).

res

Proof. Let 01, ...,0s be the fundamental vector fields of the complex torus N ® C*, regarded
as a real Lie group: for a basis eq,...,eq4 of N, the radial fields generating r — €" - x along
ej ® Ry and the angular fields generating 6 e%¢ . . They are smooth on Xz, since
the action is algebraic, tangent to every orbit, and they span the tangent space of each
orbit, on which the torus acts transitively. Let G(z,s) be the defining function of V; in
local Cox coordinates. By Lemma F.7(3), at every point (z,s) of V = J, Vs x {s} the real
derivatives dG(0;) span C; by continuity two of them, dG(0;) and dG(Jy), are R-linearly
independent on a neighbourhood, and there X = 05 + a;0; + a0k, with (a;, ai) the smooth
solution of a; dG(0;) + a dG(0;) = —0,G, is tangent to V. A partition of unity glues these
local fields, since the condition is affine in the coefficients, and the coefficients are cut off
outside a compact neighbourhood of V in the smooth locus (Lemma F.7(2)). The field X
is tangent to O(o) x [0,1] for every o, so its flow preserves orbits; its ds-component is 1,
so the flow from s = 1 to s = 0 exists, and it carries V3 = # to Vy = )?%. (The radial
fields are needed: at a positive real point in a cut-off band, 095G is real and nonzero while
the derivatives along the angular fields are purely imaginary.) On V(cone(a,c)) only ut
survive, and the restricted defining function depends only on the character z = x%+~%~ the
cut-offs only on |z|; so Vs NV (cone(a, ¢)) is the closure of a level set {z = 25} of the orbit, z,
the unique regular zero of the radial equation, and these curves form an isotopy. The flow
preserves V' (cone(a, ¢)), hence maps C,;W onto C%; its degree is +1 because T is isotopic to

res

the identity and Dy, - Cy = 1. O

Lemma F.23. Let R be the set of coefficient vectors of A°-regular hypersurfaces, a connected
Zariski open set. For every X in R and every path in R from X,, to X there is a homeo-
morphism Yl of Xz, isotopic to the identity, smooth on the smooth locus and preserving

every torus orbit, which carries )?% to X and Cy to Cy with degree one.

Proof. First, X,, € R. Let T be a cone of the fan of P, the cone over a face of A or {0},
and o’ a cone of F' with relint o/ C relint 7. Then ¢”* = 7*, so the restriction of the defining
function of X,, = Vj to O(o’) is, up to a unit, the pullback of that of X,, to O(7) under
the surjective homomorphism of tori O(c’) — O(7). If 7 is {0} or the cone over a face of
dimension at most two, 0 is a regular value of the former by Lemma F.7(3) at s = 0, hence of
the latter; if 7 is the cone over a facet, Vj misses O(o’) by Lemma F.7(1), hence X,, misses
O(7). So X, is A°-regular. For f € R the proper transform X t is transverse to every orbit of
X 7, because each orbit maps to an orbit of Pa by a surjective homomorphism of tori, which
is a submersion. The construction of Lemma F.22 along the path gives Y. . It preserves

res’

V(cone(a, c)), hence carries C* to Cy. By Lemma F.7(1) and the choice of F', the proper
transform of X in Xz is the resolution X. (I

Put Yies = T o070

ves © Yios. The path is one of the choices; the relative class of Z(S) may

change with it by an element of Hj ()A( ).

F.8. Proof of Theorem E. We assemble the local maps and the extension over the regular
part, with the orientations fixed above. The degree computation at each node gives the
boundary coefficient, and transport yields the chain on the small resolution.
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!/

!, with j piecewise linear, and let X and F' be as

Let (S,7,v) be a tropical 2-cycle on B
in Appendix F.1, the node coefficients being computed with the diagonals of X. The choices

are made in the following order, each depending only on the previous ones:

(1) the orderings and cocharacters v of the two-faces, the characters x and the adapted
coordinates at the legs, and the cocharacters used for the slides (these are combina-
torial);

(2) the standard position j', the sides s, and 7, (Lemma F.4);

(3) the homeomorphism g and the half-discs $), (Lemma F.3, Definition F.5);

(4) the normalising isotopy (T1)—(T3), which determines the switching points; then the
neighbourhood A, with the switching discs, the corner lengths and the transverse
length ¢y as in the proof of Lemma F.19; and the generic isotopy (Appendix F.2);

(5) the charts, the triangulation ¥, the radii and n (Appendix F.14);

(6) Cp small, the cut-off profile 5 and the constant C1, and then s large, for Lemmas F.7,
F.10, F.12, F.15 and F.22;

(7) the leg collar paths and the slides, the arcs 7, and the extensions © of Lemma F.19
(Appendix F.5);

(8) the extension F' (Lemma F.21);

(9) the path in R (Lemma F.23).

The local pieces and Lemma F.21 define a continuous map F': © — #'. Within each local
domain the pieces are continuous: the leg collar paths depend continuously on the point of
the leg between switching points (Appendix F.5), each switching point lies in a switching disc,
and by Lemma F.19 the maps © extend the collar paths; the circle actions used (S., and T2
at the negative vertices) act exactly on the relevant parts of # and fix Crit where the domain
collapses the circle. Different local domains meet along transverse segments at points of the
legs, where both are given by the same (slid) leg collar paths, and the local domains meet
the regular part along the inner boundary (I), which consists of Sl-orbits through points of
s and of the sets Q - s(b), where Lemma F.21 extends them. By Lemma F.14,

OF,[D] =Y F.[0,9],

and by Lemma F.17, F,[0,9] is a 2-cycle supported on C’qW of degree —p,(S). A 2-cycle on
C;// =~ §2 of degree d differs from d times a fundamental cycle by the boundary of a 3-chain
in C;/ ; adding these chains, we obtain a 3-chain Zy on #, supported in F(D) U Uq C’Z/ ,
with

Ey = —FJ[®] (mod chains in |, cl), 0=y =3, pe(S)CY].

Put fg = Ties 0 F and Z(S) = (Yyes)s«Zy - Lemmas F.22 and F.23 preserve the exceptional
curves with degree one, so deg(fs|s,0) = —pq(S). If the transported fundamental cycles
differ from the chosen [Cy], correct inside the Cj; once more. The resulting chain has the form

—_

2(S) = —(fs)«[®] + A, with A supported in the exceptional curves, and

92(9) = 3 pu(9) [Cyl.

The chain is constructed from (5, j,v) and the listed choices, and no relation among the [C]
is used. This proves the (1omain7 map and boundary assertions of Theorem E. In particular
>4 Pa(8)[Cq] = 0 in Hy(X;Z), hence in Hy(X;Q), and p(S) € K by Proposition 3.4.
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The node coefficients in these assertions are those of the diagonals of X. With the diagonals
fixed in Section 2.2, which need not be those of X , the identity holds after reversing the sign
of p, at every node where the two differ, since a change of diagonal reverses the sign of p,
and not that of [Cy]. The assertion of Theorem E, for an arbitrary small resolution, including
the common-exterior relative class, follows from Lemma F.24, applied to A = p(S) and the
chain Z(S5).

Lemma F.24 (flops). Let X and X' be small resolutions of X! whose diagonals differ exactly
at the nodes of a set Q' C Q, with exceptional curves Cy and C’C’I, and let X\ € Z9. Put
Ag = —Aq for g € Q" and X\ = \g otherwise. Then ) A[Cq] = 0 in Ho(X;Z) if and
only if 35, A[Cql = 0 in Ho(X';Z). More precisely, the image of a 3-chain = on X with

E =22, MlCql in H3(X,U, Vy) = H3(X°,U,0Vy) is also the class of a 3-chain " on X'
with O=" = 7 N [Cyl, where Vy, OV and X° are as in the proof.

Proof. Let V; C X/ be small disjoint closed conical neighbourhoods of the nodes, with
boundaries OV, = 52 x $3, and let \7(1 C X and IA/q’ C X' be their preimages; these are tubular
neighbourhoods of C; and Cr,z’ with boundary 0V;. Both resolutions are isomorphisms over
X = X;\U,intV;. By excision, Hg(X,Uq ‘7(1) = H3(X°,J,0V,) = Hg()?/,Uq ‘7‘1’), and
the connecting maps of the two pairs factor as

Hs(X°,U, 0Vy) -2 @, Ha(8Vy) — @, Ha(Vy), respectively @, Ha(V}),

where Hy(0V,) = Z maps isomorphically onto Hy(V,) = Z[C,] and onto HQ(‘/}q/) = Z[Cy]. Let
¢, € Hy(0Vy) map to [Cy]. The class Dy, of Section 3.2, b a vertex of the node parallelogram
off the diagonal {a, c} of X, is defined on X° and restricts to the same class on 0V for both
resolutions, and (Dy,£,) = Dy - C; = 1. For ¢ € Q' the curve Cy is the curve of the wall
cone(b, d), and the relation a4c—b—d = 0 gives Dy-Cy = —1; so £, maps to —[Cy]. For ¢ ¢ @,
Y7q’ = Vq and £4 maps to [Cg] = [Cy|. By the exact sequences of the pairs, 3 A¢[Cy] = 0 in
Hy(X) if and only if > g Aglq lies in the image of 0, if and only if 3° A;[Cq] =0 in Hy(X"),
the preimage under 9 being the same class; this also gives the statement about chains.  [J

A small resolution that is not projective is handled in the same way: by Proposition 3.4(3)
and Lemma F.1 there is a projective small resolution induced by a regular refinement of ¥/,
the chain is constructed there, and Lemma F.24 carries it to the given one. This persistence
under a change of resolution agrees with [CBM14, Rem. 9.4] for relations induced by tropical
2-cycles. Lemma F.24 records the sign change at each flopped curve when every exceptional
curve is given its complex orientation. R

The last assertion of Theorem E. Label the node parallelograms by the diagonals of X,
and orient the vanishing spheres d, by Definition 7.23 with this labelling. Triangulated, S is
a relative tropical 2-cycle zg with node coefficients p(S) (Lemma 5.4), so for the members Y;
of Theorem A Theorem D gives a 4-chain Z(S) with 02(S) = >4 Pa(S)[dq]. Together with
the first assertion,

Y pa(S)[Col =0 in Ho(X52Z), > pg(S)[6] =0 in Hy(V;Z),
q q

with the same coefficients on both sides. This completes the proof of Theorem E. ([l
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Remark F.25. (1) The part of Z(S) over the regular part, Ties © F/(Dreg), lies in Yyeg of the
union of the regions #y,, ¢ € T, that is, of the part of # over the union of the sets Qy,
together with its limit points on the divisors at the ends of the divisorial rays (Lemma F.21);
by Lemma F.20(3) the sets V. can be taken inside an arbitrarily small neighbourhood of S
in B. The rest of =(S) consists of the local pieces over Ar, whose collar paths along the legs
run into the toric strata, and of chains in the exceptional curves.

(2) The relative class of Z(.5) is not claimed to be independent of the choices; the extensions
© (for instance the sign of a half-turn), the switching discs, the slides and the path in R may
change it by closed 3-cycles.

(3) The identity }_, pg(S)circy = 0 is proved combinatorially in Proposition 5.7, from a
collar of S alone. Theorem E realises it by a chain built from all of S.

Remark F.26 (root classes at the del Pezzo points). Let G be a pentagon or a hexagon of
A, with the diagonals through its centre, and let F be the exceptional surface of X over
the singular point of X on the orbit of cone(G) (Proposition 3.9). Since p(S) € K, the part
>qcc Pe(9)[Cy] of OE(S) in E is a class in the root lattice of Remark 3.10: a multiple of
e1 — ey at a pentagon, of £ at a hexagon on the A; branch, and an element of the As root
lattice at a hexagon on the Ay branch. So Z(S) defines a relative class on the complement of
small neighbourhoods of the singular points of X, whose boundary at a del Pezzo point lies
in that root lattice, and at an ordinary node of X is p, times the generator of Ha(S? x S3).

F.9. Relative tropical 2-cycles. Theorem E is stated for tropical 2-cycles in the sense of
[CBM14]. For the relative tropical 2-cycles of Definition 2.4 the relation itself needs no chain:
p(z) € K for every relative cycle z on every triangulation in which I' is full (Theorem C), so

>4 Pe(2)[Cq] = 0 in Hy(X;Z) by Proposition 3.5.

Remark F.27. The construction of this section uses the strictness of S mainly through the
shape of the domain: one primitive field on each sheet, trivalent interior edges and four-
valent interior vertices, and a boundary that passes each node at most once, along one pair of
opposite legs. Its ingredients are nevertheless local: the pieces along the legs, at the negative
and positive vertices, at the crossings and at the nodes, and the extension over aspherical
regions. At a node passed with arbitrary leg coefficients cyp, cpe, balancing at yg suggests the
degree cp. — cqp On the exceptional curve, which is the formula of Lemma F.17 for a single
passage; we have not proved it in general. The crossing pieces S! - s(Dy) are solid tori for
every monodromy-invariant field. The mirror side removes the corresponding restrictions by
building the regular part over an abstract domain and by removing fibre-class boundary with
the positive real locus (Section 8, Proposition 8.26); on X we have no analogue of the second
step, and we do not extend Theorem E to relative tropical 2-cycles here. Nothing in this
paper depends on such an extension.

F.10. Regularity of the family: proof of Lemma F.7(3). Active sets. For C{ small,
at every point the active monomials are vertices of one simplex of the triangulation of A°
induced by the heights, the cone over T from 0, or, on an orbit O(o), of its restriction to the
face o*. Indeed, the sets of monomials attaining max; T; at some point are exactly the cells of
that triangulation; if a set S of monomials is not contained in a cell, then max; T; —min,,cs T,
is a convex piecewise linear function on Ng without zeros, hence bounded below by a positive
constant, and we take Cy smaller than these finitely many constants. Since 7 is unimodular
(Hypothesis (U)), each such simplex is unimodular, so for any vertex mg of it the differences
m — mg with its other vertices m are part of a basis of M.
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The computation. Fix s € [0,1], a cone o with O(o) met by V;, and z € V;NO(o). In Cox
coordinates the defining function restricted to O(o) is >, .- 57({?)(—%)_’”"’ [Lo¢o) Zém’nng
with g4 = (1 —38) + $08m, and on O(o) the factors B(T; — Tp,) of By, with ¢ ¢ o* equal 1, by
the argument of Lemma F.7(1). Let A C ¢* be the active set at =, and let m; € o* maximise
T (z); then T; — T,,, < Ci near z for all i, so f,,, = 1 and 65‘2 = 1 near . A monomial
m ¢ A has (3, = 0 near z, hence T;,, < T),, — Cp there. If A = {m;}, the defining function
is the m1-term times 1 + O(5c=0), which does not vanish; so there is mg € A\ {m1}. By
the first paragraph the differences m — mg, m € A\ {mg}, are part of a basis of M; they lie
in the saturated sublattice o, hence are part of a basis of it, and there is a cocharacter v
of the torus of O(o) with (m1 —mg,v) =1 and (m — mg,v) =0 for m € A\ {mg,m1}. Let
Orad and Oang be its radial and angular fundamental vector fields, so that Opaqz™ = (m,v)z™
Oang®™ = i(m, V)x™, OradTm = (M, v)/log 3 and OangTr, = 0.

Put &, = (—sx)tmo~mgm=mo 4 function on O(c) with |Z,,| = s"» Tmo  and divide the
defining function by the mg-term:

G=> BWim=8%+&m+ >, BPim+E, L=s) > @m
meo* meA\{mo,m1} meo*\A
Let © = |, | > 1. Then |Z,,| < r for all m, and |Z,,| < 507 for m ¢ A. The cut-off factors
depend only on moduli, so aangﬁ,(,i) = 0; each S, is a product of |A° N M| factors 5(T; — T)y),
and Opaq(T; — T) = (i — m,v)/log s, so |8rad67(,f)| < Cp/log » with Cz depending only on

B, A° and v; for m ¢ A, 57(5) =1 — s is constant near z. The functions Z,,, m € A\ {m1},
are annihilated by Oraq and Oang. Hence

8angG - Z‘i‘ml + O(%_Cor)v 8radG - -i'm1 + O(T/ log %> + O(%—C’Or)’

with constants depending only on 3, A° and the finitely many cocharacters v that occur.
The real 2 x 2 matrix J with columns (Re,Im) of 0;,4G and OangG has

det J = Im(0adG OangG) = 7“2(1 + O(1/log x)),

which is positive for s large, uniformly in s and z. Since G is the defining function times
a nonvanishing function, at x the derivatives of the defining function along 0;aq and Oang
span C. This is (3); it also shows that the differential of the defining function is nonzero at
x and onto C on T,0(0), so V; is smooth at x and transverse to O(c). In the notation of
[Yam16, proof of Thm. 3.9], with & = &, = r1e®* and 9, = 7 Orad, Vg, = Oang, this is
det J = [c1]*r1 (1 4+ O(1/log »)) with leading coefficient ¢; = 1. O

F.11. The regions: proof of Lemma F.12. Fix a face ® with set of maximizing exponents
A = Ag, a fan point n and a chart (m,71) as in Appendix F.3.

Product—shaped sets lie in B. Let U be convex and U, C 0O, connected, and put
U= {y: m (y ) e U, 71 (y) € UL}, a connected set. U N V" is closed in U. It is also open:
at a point of UNV" where a functional £,, = (m,-) + hy, with m ¢ A vanishes, the point lies
in B since some functional of A vanishes there, hence in U; this is excluded by the condition
Ly, > |m|l, > 0 on U, so near such a pomt Vh is cut out by the functionals of A alone.
Since it is nonempty, UcC Vh and U C B because some functional of A vanishes wherever
71 € 00,. So a product-shaped set is exactly its model set U.

The active set. Let y € Qy and m € A\ A; write p(y) = 71 (y), so that T, = —¢, = —p, for
a€ A\0, Ty = 0, and max; Ti(y) > maxeea Ta(y) = —p(¥)min- Choose y’ with m(y') € U,
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p(y') € Sar and |y — 'l < n. Then z := w(y') lies in U, and ¢/ = z — p(y')min 7 lies on
the divisorial ray from z (in type (a), p(¥')min = 0 and v’ = 2). Along the divisorial ray,
¢, decreases at rate 1 for a € A\ 0 and ¢, at rate at most 1, because (a,n) = —1 and
(m,n) > —1 for m € A° and the lattice point n of A; hence £, — pmin does not decrease
along it, and £,,,(y') — p(¥ )min > lm(2) > |m|ls. Passing from 3’ to y changes £, by at most
Im| |y —y'| < |Im|Cenn and pmin by at most [p(y) — p(y)|e < 1, s0, as [m| > 1,

Tmax(y) - Tm(y) > em(y) _p(y)min > |m|(€* - (Cch + 1)77) = ’m| Cactc() > CactCO7

where Tiax = max; T;. A monomial active at a point z with Log x = y is within C,;Cy of the
maximum of the T; at x, so m is not active there. Only the chart formula of w enters. Hence
on Log ™! (Qy) only monomials of A are active, and by Lemma F.7(3) the equation of # there
depends only on the characters =%, a € A: if m4 denotes the homomorphism from N @ C*
onto the torus T4 with characters x?, a € A\ 0, then # NLog™'(Qy) = 7' (L)NLog™ ! (Quv),
where L C T4 is the localized hyperplane in the variables z®.

The product. Write N = At ®Zn @® C and N @ C* = T\ x T accordingly, T)| = At ®C¥,
T, = (Zn ® C) ® C*. The pairing identifies Zn ® C with the dual of Z4\°, so 7|7, is an
isomorphism onto T'4; it extends over the partial compactification along n, which is the part
of the toric chart of the ray n lying over T). The logarithm splits accordingly: m(Logx)
depends only on the T)-component k, and 7 1 (Log ) only on the T'| -component, hence only
on { = wa(x). Therefore

W ={(k,0) €Ty x L+ —loglk|/log € UJl, 7. (¢) € 01} = (AT @ U(1)) x U]l x Ly,

with Ly = {¢ € L: 7, (¢) € 2.}, L including the limit points on D,,.

The capped localized hyperplane and its truncation. Write zg = 1 and z; = (—%)_h%' x% for
A\ O ={ay,...,aq}. Thus p; = —log,, |z;/z0|. The partial compactification at D,, identifies
the transverse ambient space with

Zyg={lz0::24 €PY: 2z #0for 1 <i<d},

and the divisor D, is zg = 0. Let Y; C Z; be the capped localized hyperplane Z;'l:o Bjzj =0,
where 8; =[], B(log,, |21/ %;]), with its usual extension over zy = 0.

For completeness, Y; has the homotopy type of (C*)?~!. Apply the regularity calculation
of Appendix F.10 to the standard simplex and the family ».((1 —s) +s3;)z; = 0 in Pd. At
a zero on each toric orbit, two real torus vector fields have derivatives spanning C. Solving
the isotopy equation with these fields and patching by a partition of unity gives a vector
field tangent to every toric orbit; compactness of P? gives its flow for 0 < s < 1. Thus the
isotopy preserves every coordinate divisor and restricts to Z;. The ordinary hyperplane in
Z4 projects isomorphically to {[z1 : --- : z4] : 2z; # 0} = (C*)?~1. This also identifies its
fundamental group with that of Z; via inclusion.

We give a deformation retraction which preserves the logarithmic condition defining L.
For d = 2,3, choose Cy < a < n, and set

M(z) ,
M(Z) = O??§d|zj|7 57,(2) = log% ’Zz‘ (1 <1< d)
The ratios defining d; are well defined on Z;. Define
Hylzp:z1:-:2zq] = [20: 21%15(51_“)+ T zd%t(éd_a)ﬂ.

The maximum M is unchanged. Every changed monomial has gap at least a > C throughout
this homotopy, so its cutoff coefficient vanishes; its contribution to each active coefficient is
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a factor equal to 1. The other monomials and their coefficients do not change. Consequently
H; preserves Yy exactly. It is continuous at zg = 0 and is a strong deformation retraction
onto K, = {z € Yy : 0; < aforalli}. We call H; the clamping homotopy, since at t = 1
it raises the modulus of every coordinate z; lying more than a below the maximum, on the
logarithmic scale, to exactly a below it, and K, its clamped core.

On the dense torus the logarithmic map at ¢t = 1 is

fa(p)i = min{p;, pmin + a}, H2(p) = (1 — t)p + tfa(p).

The map f, is 1-Lipschitz in the sup-norm: both p; and puyi, + a are 1-Lipschitz, and their
minimum is 1-Lipschitz. It preserves S,., since it leaves the minimum and all coordinates
attaining it unchanged and only decreases p; — pmin. The same holds for Hgog, which is also
1-Lipschitz. Hence Hiog preserves Sg’r. For a point of K, in the dense torus, the point
¢ = pmin(1,...,1) belongs to Sy, and satisfies [p— gl < a < 7. The capped points follow by
continuity and the local product structure at zo = 0. Thus K, C Ly, and both Y; and Ly
strongly deformation retract onto K,. This proves Ly ~ (C*)4~!. For d = 1 the localized
two-term equation has its unique root at p; = 0, so Ly is a point.

w1 and naturality. #y is a product of a compact torus, a convex set and Ly, so it is
aspherical with m; = At @ (Ly). In type (a) this is ut NN. In type (b), 71(Ly) = Z\ with
A the loop around the first leg, whose class generates C' modulo n; so 71 = A+ @ C = N/Zn.
In type (c), m1(Ly) is generated by the loops around the three rays +ej modulo their relation,
= (), and again m; = N/Zn. Invariantly, in types (b), (¢) the inclusion of #f; into the toric
chart of the ray n, whose fundamental group is N/Zn, is an isomorphism on 71; in type
(a) the inclusion into the torus induces m1(#¢/) = v NN C N. For #; C # both maps
factor through these inclusions, and the induced map is the composite of the identifications,
which is Gross’s parallel transport: u NN — N/Zn from type (a) to types (b), (c), and the
identity of N/Zn between types (b) and (c). This proves (1) and (2).

Sheared charts. Let Fﬁ‘ = m+Ao(rL—7m1(0)) with A: RANO — (A1)g linear and A(m | (n)—
71(0)) = 0. Then wﬁ‘(n) = 0, so divisorial rays are still products in the chart. In the splitting
above the set defined with TI'ﬁ‘ is {(k,0) : —loglk|/logs + X(7(£)) € U7|77 m1(0) € Q1 },
7(l) =7 () — 71 (0). The map Shy(k,¢) = (k- exp(log 22 A(7(¢))),¥) is a homeomorphism of
Ty x L, with inverse the same map for —)\, carrying the product set above onto this set. It
extends continuously to the cap, since approaching D,, the vector 7(¢) diverges only in the
direction 7 (n) — 7, (0) = (—1,...,—1), which X kills. The maps Sh;y form a homotopy of
maps into the toric chart of n, so (1) and (2) hold for the sheared chart. This proves (3). O

F.12. The positive section: proof of Lemma F.10. On the positive real torus, f =
210 (ﬂo - (Z)) with ¢ = zmﬂ] Bmx™ and 1, = T,, — Ty, because all terms other than the

constant one are negative there (h,, odd). Fix a unit vector u and restrict to the ray y = tu,
t > 0. Then 7y (tu) = —hy, — t(m,u) is affine in t. Put 7(t) = max,,.o Tm(tu), a convex
function with 7(0) < —1, tending to +oo because 0 is an interior point of A°.

(i) Signs away from the band |7| < Cy. If 7 < —Cp, every m # 0 has f(To — Tpn) =
B(—=Tm) =0, so B, = 0, and every factor of By = [[, B(7i) equals 1; s0 By — ¢ = 1. If 7 > Cy,
the factor B3(7,+) of By vanishes for the maximal m*, while B,,,» = 1; s0 By — ¢ < —3" < 0.

(ii) The band is an interval. By convexity, for t > ¢_, where 7(t_) = —Cy, the slope
of 7 is at least (1 — Cp)/tmax- So the band meets the ray in an interval of length at most
2Cotmax/ (1 — Cp).
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(iii) Monotonicity in the band. If B, # 0 then 7,, > 7 — Cy > —2C), and then 7/, =
—(m,u) = (Tm+hm)/t > ¢ := (1-2C0) /tmax > 0. Each factor 8(r;) of B is non-constant only
where 7; € (C1, Cp), where 7/ > 0; so By is non-increasing. Write 3, = B(—7) H#O Bt —
Tm). The first factor is non-decreasing along the ray, and the derivative of the product is
bounded by a constant C; independent of s; hence 8, > —Cj B(—7p). The maximal term
has S+ = B(—7), and every active m has 7,, < 7, s0 B(—7m) < B(—7) and »™™ < 7.
Therefore

¢ = Z ™ (B + BT log 32) > B(—7)s (clog s — C’,g|fl|) >0

on the band for s large, since S(—7) > 0 there. So (8y — ¢)’ < 0 on the band.

Hence on each ray f has exactly one zero on the positive reals, and it is transversal. By the
implicit function theorem the zero depends continuously (indeed smoothly) on u, #<¢ is a
smooth hypersurface of (Rs¢)*, and Log(#%¢) is a radial graph over the sphere of directions
lying in the band.

(iv) Smoothness of W . At a point x € #5 the derivative of f along the radial direction of
the ray is the nonzero real number of (iii). Along the angular one-parameter group 6 +— ez
the cut-off functions, which depend only on moduli, are constant, and

d| = . i
do ezof(ewux) - éjoﬁmdm,u) (=) T = %ﬂm%T’"(—<m,u>)y

since the terms with m # 0 are negative at x. By (iii) every m with ,, # 0 has —(m,u) >
¢ > 0, and the maximal m* has §,,» = f(—7) > 0 on the band; so this derivative is i times
a positive number. The two derivatives span C over R, so d f is onto at z and # is smooth
along #<0. )
Since V" is star-shaped from 0 and 7 vanishes on each ray exactly at its point of OV",
radial projection identifies Log(#5¢) with B. O

F.13. Local fundamental groups: proof of Lemma F.18. Let d = |7/| = dim7. We
first treat the case dim7 + dimw = 3, in which dimw = 3 — d and N, has rank 4 — d, and
then the case dim 7 = dimw = 1.

Coordinates. The characters u—wug, u € 7/, are part of a basis of M, since T is unimodular,
and they vanish on N, since every vertex of 7 pairs to —1 with every lattice point of w. As
N is saturated, they are part of a basis of it, and a basis if its rank 3 — dimw equals d.
Pairing with a basis of N maps N onto the dual lattice, with kernel N,, (both lattices being
saturated); elements v, (and v,) as in the lemma are obtained from preimages of the dual
basis by adding multiples of a lattice point n of w, which has (up,n) = —1 and pairs to zero
with N-. Hence N = N, @ @, Zv, in the first case. Accordingly X,, = Y,, x (C*)7', where
Y,, is the smooth toric variety of the cones of F' in cone(w), regarded in N,,, and the t, are
the coordinates of the second factor; Log(y,t) = Log, vy + >_,(—log,, |t.|)y. The character
x = x~ %0 vanishes on the v, so it is a function on Y,,; it is regular and vanishes to first
order along every toric divisor D,, of Y,,, because (—ug,n) = 1 for every lattice point n of
w; and |x| = »#{4olo8u¥) Let Y be the set of y € Y,, whose logarithm, modulo span(c) on
the orbit of a cone o C cone(w), lies in the image of '; it is open, because ' is open and
' + cone(w) = Q. Let Ty = {t: —log,, |t.| € L.}

The equation. On Log~'(Q) only 0 and the vertices of 7 are active, and the factors
B(T; — Tn) of By with @ inactive equal 1 for active m, since there T; < max; T; — Cy < Tpp,.
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Moreover Ty, — Ty = —hyy — 1og,, |x| and Ty — Ty = hug — hy + log,, [t,]. Multiplying f by
x40 therefore gives

Yo={w9 €Yo xTr: (w0 el),  L={(eY: Bix=oum+ Y autu,
uer’

with a,, = 5%%—7%, oy = Bu%_i‘“ nonnegative functions of (|x|, [t|); at x = 0, where

Bo = 0, the equation is vy, + ), auty = 0. Let II(y, t) = (x(y),t) and Lo = II(#4).

The cap. Put ry, = s Puo=Co. e call WaoN{|x| < ry} the cap. Where |x| < 7y, To —Tyy <
—Cy, s0 By = 0 and a,, o, depend only on [t|. Hence, with Lo = {t € T7 : cwyy+ ., Cuty = 0}
and Y; = {y €Yy : ‘X(y)| € J},

Yo N{Ixl <7y} =Y, x Lo, WaoN{ry/2 < |x| <1y} =Y 20, % Lo

Ly is a point if d = 1 and a truncated localized line, a pair of pants, if d = 2; it is connected.
For d = 2 this follows from the clamping homotopy of the step on interval boxes below,
applied at xy = 0: it retracts Lg, and also the untruncated localized line in the torus of the
same variables, onto the same clamped core; and the untruncated localized line is connected,
being isotopic to a line of P? minus its three points on the coordinate lines by the isotopy of
Appendix F.11.

The factor Y. The part Y° of Y]y, ) in the dense torus is (N, ® U(1)) x {A € @' :
(ug, A) < logp 7y}, the second factor convex, so m1(Y°) = Ny; likewise 71 (Y, /2.)) = No-
The complement Yo ,. ) \ Y° is the union of the smooth divisors D,, N Yjo,r, ), €ach nonempty
because (2 +cone(w) = Q" and (ug, n) = —1. By general position a loop in the manifold Y}, )
can be pushed into Y°, and a null-homotopy can be made transverse to the divisors, meeting
them in finitely many points of their smooth parts; so m1(Y|g,,)) is the quotient of N, by
the classes of the meridians of the D,,, which are the orbits of the circles Zn ® U(1). The
rays n of a maximal cone of F’ in cone(w) form a basis of N, since that cone is unimodular
(Lemma F.7(2)). Hence Y[y, ) is simply connected.

The part away from the cap. Fix a ray ng of Y,,; then (—ug,ng) = 1 and N, = N @ Zng
with N0 = N, Nug. Writing points of Y° as (6,\) € (N, ® U(1)) x ' and 0 = (On9, 00),
the phase 6y is determined by arg x, so

W j2 = Wa N {|x| > ry/2} = (NS ®U(1)) X S,
S={(\0) €Q XLy jo: (ug,\) =log, [x(0)|},

Ly, 2 = Lo N {|x] > r/2}. The projection S — L, o has nonempty convex fibres
' N {{uo,-) = log,, |x|}, and it has a continuous section ¢ — A(log,, |x(¢)|): choose points
p; € ¥, j > 0, with (ug,p;) increasing to supg (uo,-), let A(c) run linearly from p; to
pj+1 for ¢ between their values, and put A(c) = po + ({uo,po) — ¢)no below, which lies in
po + cone(w) C Q. The straight-line homotopy in the fibres retracts S onto the section, so
771(7/>rx/2) = NB X 7r1(L>TX/2)‘

Van Kampen. #q is the union of the open sets #y,. ) = Yjo) X Lo and #%,. /5, with
connected intersection Y(, /o, yx Lo, whose fundamental group N,, x 71(Lo) maps to 71 (Lo)
by the projection, and to N9 x 71(Lsy, /2) by the identity on NS, by ng = vy, the loop in
L, /2 that turns arg x once with t fixed in Lo, and by the inclusion of {x} x Lo on m1(Lo).
So

m(#a) = m1(Lsr, 2)/ () = m(La),
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the second isomorphism by van Kampen for Lo = L, /2 U ({|x| < ry} % Lo); both are
induced by II. The same decompositions show that #¢ is path connected, and it is open in
W because Yo and 17 are open.

Interval bozes. In the notation above, enumerate 7/ = {ug,...,uq11} and use projective
monomial coordinates

— — _hu — _hu~ —
20 = X, 21 = 2 o, zi = ity (i=2,...,d+1).

The signs can equivalently be absorbed in these coordinates; they do not affect any modulus
below. The image box defining L is described by

c=1log,, |20/71]| < bo, by =log,, |zi/z1l€J; (i=2,...,d+1),

where by > 4Cy (possibly +o00) and every J; contains [—4Cy,4Cpy]. The equality of this
image box with these intervals follows from the nonempty convex fibres of the projection
from Q'; ' + cone(w) = Q' implies that the c-interval has no lower endpoint. Apply the
same homotopy H; with a = 2Cj, clamping all the nonconstant monomials z1, ..., 2411 and
leaving zp unchanged. Writing h; = (§; — a)+, its action is

bz(t) :bi—l-t(hi—hl), C(t) =c—th;.

Since d; = d1 — b;, each b;(t) lies between b; and 0; hence it remains in J;. Also ¢(t) < ¢, so the
upper bound is preserved. At ¢ = 1, all |b;| < a and ¢ < a, so the clamped core is contained
in the image box. Therefore the full capped localized hyperplane and Lg both retract onto
this core. In particular Lo ~ (C*)?. The characters t, do not vanish on Lo and define a
homomorphism 7 (Lg) — Z7 . It is onto. In the coordinates log, |x| and log,, |t,| the box
above is a product of intervals, and each contains the value at the vertex of the tropical
hyperplane with a margin of at least 4Cj, because the projection of the Euclidean 4Cy-ball
in Q under a nonzero lattice covector m has half-width 4Cy|m| > 4Cy. For u € 7/, decreasing
log,, |t,| from its value at the vertex by 2Cy, with the other coordinates at their values at
the vertex, gives a point of the box at which the term of u lies 2Cy below the others, which
tie. Near that point only the other monomials are active, so L is there the product of the
localized hyperplane of the other monomials in the remaining variables (a point if d = 1) and
an annulus in t,; the loop that turns argt, once, with the other coordinates fixed, lies in Lq
and maps to the basis vector of u. A surjective homomorphism Z? — Z¢ is an isomorphism.
By the previous step the characters t, induce an isomorphism on 7 (#q) as well.

The case dim7T = dimw = 1. Here d = 1, 7/ = {u}, and N> has the basis u — ug, &
As above N = N, @ Zvy, © Zvy, Xy, = Yy, x Cf, x Cj, with w = 2", and Log(y, tu,w) =
Log,y — log,, |t.| vy — log,, |w|v,. The character x = z~"° vanishes on v, and v, and the
functions Ty — Ty, and T, — T}, depend only on |x| and |t,|; so the equation of # on Log~1(f)
does not involve w, and

Wo =g x {w: —log,, |w| € I},

where "//gg C Y, x Cf, is defined by the conditions above with Q" & I,v,. The preceding
steps apply to 7/{3 word for word: Y, is the smooth toric surface C? of cone(w), in which y
vanishes to first order along both coordinate axes, N0 = N, ﬁu(J)- has rank one, L is a point,
and Lgq is a capped localized line as in type (b) of Appendix F.11. So Wg is open and path

connected, with 7 mapped isomorphically to Z by t,, and the annulus contributes a factor
7Z detected by w. O



MIRROR SYMMETRY FOR CONIFOLD RELATIONS 225

F.14. The compatible cover: proof of Lemma F.20. Data. Let dg = dist(S‘\NF, f) >0,
distances being Euclidean for the standard inner product in lattice coordinates on Ny (so
|m| > 1 for 0 # m € M), and chart norms as in Definition F.11. For a two-face or an
edge ® and a fan point n we use the canonical chart g, the projection onto (Aé)R along
Jo(n) = Rn + ((Ag)r + Rn)t. Js(n) is a complement of (A3)g containing n, so me differs
from a lattice chart by a shear killing 7| (n)—m, (0), and Lemma F.12(3) applies. These charts
nest: for ® O ® with the same n, Jg (n) C Jo(n), so m¢ = prome for a linear projection pr.
For a facet F' = F), fix one chart, the projection along Rnp with (u,np) = —1. Let Cg, > 1
bound the distortion between the chart norms and the Euclidean norm, and let Cyom > 1
bound, in the chart norms, the linear parts of the transition maps (7r|(|1’l,7rf) — (ﬂﬁ’,wf)
between nested charts, over the finitely many charts in use; thus |pr(z)| < Chorml|z|, and
[{u,y)| < Chorm|yle for u € Ag \ Agr and y € Ng; put C, = C’norngh, vr =0, vg = 1 for
two-faces, Y5 = 1 + Chorm(7¢ + 1) for edges.

Cells and labels. Let T be a triangulation of S \ int Np for which j is linear on cells and
which is adapted to the faces of V*. A cell ¢ has type (a), (b) or (c) according as the face ®.
of lowest dimension met by j(c) is a facet, a two-face or an edge. For types (b), (¢), j(¢)N®,
is connected and at distance > dg from f, and the region boundaries in the two-skeleton
lie in T (Lemma F.2); so it lies in one vertex region, that of a vertex we call n.. In the
triangulation constructed below every cell meets a unique face of lowest dimension (see the
first ring, the type-(b) cells near the crossings and the remainder). By (GO) below, every
face met by j(c) contains ®., since a face not containing @, lies in a facet F}, with m ¢ Ag,_;
hence @, O @, for ¢ C c. If ¢ C c are both of type (b) or (c), then ny = n.. If & = @, this
holds because j(¢/) N @, C j(¢) N ®.. If ¢ has type (b) at a two-face G = F, and ¢ type (c)
at an edge E = F» C G, 7 C 7/, the set j(¢c) N G\ E contains j(¢’) N G and is a nonempty
convex set minus a face, hence connected; it lies in riG \ T, since 7(c) meets no edge of G
other than E, so in one disc C'z(7,n”) of Lemma F.2(1), and nes = n”. The closure of this
disc contains j(c) N E, which lies in the interval Cg(7',n¢); by Lemma F.2(3) that closure
is a union of cells, so it meets C'z(7',n.) only if it contains it, that is, only if n” = n.. Put
he = sup;) |71 |0 in the chart of (®.,n.), and for a radius A

Vo={yeB: m(y) € (convmj(c), 7i(y) € IOL, 7L (Y)lso < Vo, (he+A)}

for types (b), (c), and V. = {y € F : |np(y) — mp(convj(c))| < A} for type (a), where
A = Mime-

The condition (G0). For a cell of type (b) or (c) let V) = {y : m(y) € convmj(c), 71 (y) €
DO L, |71 (1)]oo < Yo he}, the set V. at X\ = 0; for type (a), V. = conv j(c). We require of T:

(GO) for every cell ¢, every functional £,, = (m,-) + Ay, with m ¢ Ag_ is positive on V2,
and VO NT = 0.

By compactness the margin m(c) = min(min,y, minyo £y, /|ml, dist(VCO,f)) is positive; note
dist(y, Fin) = €m(y)/|m|.

Order of choices. After S, Nr and the generic isotopy: the charts and constants above;
a triangulation ¥ satisfying (GO); then radii \g < A; < A2 such that Ay > 2C,\x_1 and
A2 < min.m(c)/(2C(vE + 1)); then n < X\g/(2Cy) with (Chorm + 1) < min.m(c)/2 and
n < mincm(c)/(8Ce); then Cp < min(n/(4Cehtmax), minem(c)/(4Cact)), which makes the
band of Lemma F.10 narrower than n/Cy, and gives £, = CactCo + (Cen + 1)n < Caet Co +
2Cqn < min. m(c)/2; finally » large. Every constraint is an upper bound.
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Admissibility (Lemma F.20(1)). V. lies within . := Ce(ve, + 1)X2 < m(c)/2 of V2,
and £, < m(c)/2. For m ¢ Ag,_ the function ¢,,/|m| is 1-Lipschitz, so £,,/|m| > m(c) —
de > m(c)/2 > L, on V,; likewise V. is more than ¢, away from [. By the first step of
Appendix F.11, V, is a product-shaped subset of B. Tt contains j(c) by construction. For
type (a) (GO) is automatic: each face of the convex facet F' is exposed by a functional that
is non-negative on F, so it is positive on conv j(¢) if j(c) misses that face.

Monotonicity (Lemma F.20(2)). Let ¢’ C ¢; the lowest face of ¢ contains that of c. Write
N = Mimer < A= Mime. First, Vy C V. with a margin. If ., = ®, the charts agree, the hull
and h shrink, and y(hy + X)) < y(he +A) —y(A=X). If ¢ has type (a) and ¢ type (b) or (c),
every y € Vs is within Ce, X of conv j(¢/) C conv j(c), so 7 (y) is within C3 X of conv 7T||j'(c)
and |7 (y)| < he + C3N. If ¢ has type (b) at G and c type (c) at an edge E C G, take
y € Vy and w € conv j(¢) with |7g(y) — e (w)| < X. By nesting |7x(y) — 7p(w)| < Coorm N
Write 7 := yg,(he+A) and ro := yg_, (he + ') for the transverse radii of V, and V. Further
ly — wlg < max(N,ry + hey) = 7o + he in the chart norm of G, and ﬂf is a sub-tuple of
7% independent of n, so hy < h. and the components of 7¥(y) that are those of 7{(y) lie
in [0,7~), where ro < he + A'. The remaining component is £y, (y) = luy(w) + (usg,y — w),
ug the element of Ap \ Ag, with 0 < £, (w) < he and |[(uz,y — w)| < Chorm|y — w|g by the
choice of Chorm. Since Chorm > 1 and 7y + hy < 2he +ya N,

E 1
> c = = -\
’WJ_ (y)|oo < he+ Cnorm(r + hc’) < ")/Ehc + C’norm’}’GA <re—A

the last step because r. — A = yghe + (78 — 1)A = yghe + 2Chorm A and X' < A. This is where
the grading vg < g of the transverse radii is needed. In every case the room between Vs
and the frontier of V, is at least A — C,\" > \/2 > C\n in the chart norm of c.

Second, Qy, C Qy,. Let z be within 7 of @™ !(Vx) in the chart norm of ¢/. In the m-
directions of the chart of ¢, z is within Cyomn of 7rH(VC/); in the 7 -directions of G there
is no loss, ﬂf being a sub-tuple of Wf . In the remaining coordinate m,, of E the divisorial
ray direction has dm,,(n) = —1, which absorbs the deviation along the divisorial ray; the
transverse deviation is at most Cyorm7, and it is absorbed because ¢,,, is a foreign functional
of ¢, 80 Ly, > |ug|(m(c) = 2CxN) > m(c')/2 > (Chorm + 1)1 on Ve, since Vo lies within
Can(va + )N = 20N < m(c')/2 of V2. The case of type (a) inside type (b) or (c) is the
same, using £, > |u'|m(cd)/2 > |u'| Ceun on V. for the other facets u' through @, Which
(GO), the bound on Ay and the choice n < m/(8Cy,) give; the transverse deviation of £,
at most |u/| Cepn < CAm, since [u/| < Cep, and the parallel deviation at most C3n < C*n
By the margin of the first step, z € Q..

Ezistence of a triangulation satisfying (G0). Let z¢ be an edge crossmg, on the edge FE
of V. Choose a convex ball Uy around zo that misses T (possible since T'N E is finite and
xo ¢ r by genericity), the other crossings, N1 and every face not containing F, and that
lies in the open star of zq in a triangulation of B for which J is simplicial and the faces are
subcomplexes. Then SNU is a cone from o, and so is Bn Uy = 0Cg NUy, Cg the cone
cut out by the three functionals of Ag. The cone S N Uy meets each of the three two-faces
Gy, through F in finitely many rays.

Foreign functionals near xo. Let y € 0Cg NUy and m ¢ Ag. Then £,,(z¢) > 0. If some
foreign functional vanished on [x¢,y], let z be its first zero; at z all other foreign functionals
and those of Ag are > 0 (Cg is convex), so z € V" lies on the facet F},, a face not containing
E, inside Uy, a contradiction. So on 0Cg N Uy only the functionals of Ag can vanish, and
these are linear, hence invariant under homotheties centred at xg.
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The first ring. Take a polygon in SN Uy around z( with a vertex on every ray of SN Ui Gk
and at every crease of the cone, so that each outer edge meets at most one two-face and
each cone triangle lies in S. The first ring consists of the triangles [0, Pi, Pit1]; it may later
be subdivided only by coning from g, so every cell containing x( keeps type (c¢). (Splitting
a ring triangle at an interior point of [zg, p;] would create a type-(b) cell touching Gy near
zo whose set VY can leave V".) For a ring cell ¢ and y € V2, |7 (y) — m(w0)] < CenRe
and |71 (y)| < vghe < yCh R., where R, = Sup3 ) |z — xg| < s for a ring of radius s. So
ly — 20| < C% (v +1)s, and for s small V2 C 9Cg N Uy, where (GO) holds by the previous
step.

Type-(b) cells near zo. Let ¢ be a type-(b) cell at G with j(¢) C $Up, and put t =
dist(xg, j(¢)) > 0. Since the link of the cone S N Up is compact and crosses G transversally,
there are 1, ¢y > 0 with £y, (2) > ¢y|2 — 20| for z € SN Uy with |G (2)] < 1]z — o), ug the
element of Ag\ Ag. In the chart of G let wy, wy be the vectors with 7 =0 and dﬂf =e1,e69,
and B, = max, |(us, wy)|. A point of V. has the form yg + ow, with 0 < o < yghy and yg
in the hull of the points z — 7, (2)wa, z € j(¢'). If hy < pot, then Ly, > (c¢y — 2¢0Bw)t > 0
on V9 for vy < min(p1,cy/(48w)), chosen also so small that V.9 C Up. Homothety about
xo commutes with the chart of G, so (g is uniform in ¢. Then Vc(,) C 0Cg NUpy and (GO)
holds by the first-zero argument. The condition h < gt is met by grading the outer polygon
angularly near each ray and the cells along each ray geometrically.

The remainder and subdivision. Triangulate the rest of S \ Nr with the outer polygons of
the rings as inner boundary. On this compact remainder, away from the crossings, take cells
small compared with their distance to the faces they do not meet and to f; then h. is small
too, the lowest face is well defined, and (GO) follows from the first-zero argument started
at a point of ®.. (GO) survives any adapted subdivision of the cells outside the rings: a
subcell with the same lowest face and label has a smaller V; a type-(b) subcell of a type-(b)
cell near xp has ¢ at least as large and h at most as large; a type-(a) subcell satisfies (GO)
automatically.

Support (Lemma F.20(3)). j(c) meets ®., where 7, = 0, so h. < Cq, diamj(c), and V,
lies in the r’-neighbourhood of j(¢) with 7/ = O(mesh(T) 4+ Az). The mesh can be decreased
by subdivision outside the rings and by shrinking the rings, and Ao, 1, Cy are bounded only
from above. U

APPENDIX G. DATA OF THE EXAMPLES

This appendix lists the data of the examples of Section 11: for Xg, X19 and Xy the rays
of 3/, the node parallelograms, a Z-basis of K and the tropical 2-cycles of Lemma 11.2 and
Table 2; for Xgg and X154 the vertices, the profile, the node parallelograms and a Z-basis of
K.

Data availability. The accompanying data and programs are available at https://github.
com/bwuebben/calabi-yau-smoothability, directory paper6.

Example cycles. For the five examples, the data contain the triangulations 7, the integral
heights, the fans Y/, the polyhedral decompositions of the bases and the triangles of the cycles,
together with programs that recompute from them the toric data, the relation lattices, the
boundary networks and node coefficients of the cycles, and their Euler characteristics and
numbers of interior intersections with I'; the data printed below agree with these. The
programs do not rebuild the base Bl from ¥’ and (T, h), and do not verify every interior
condition of [CBM14, Def. 7.2]. For the belt cycles they verify that each is a disc with one
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field that meets I" only along its boundary; for the cycle of Xy the conditions of [CBM14,
Def. 7.2] are proved in Lemma 11.2; for the other cycles, those with trivalent vertices and the
cycle of Xgg whose boundary is a closed path and which crosses I' at 18 interior points, the
interior conditions rest on the computations described in Section 11.5.

The four-node coefficient locus of Xg9. The example data also determine the compact
boundary calculations of Sections 9.8-9.10. The accompanying exact programs verify the
singular ideals and Hessians of the displayed members, the supports of orbit equations and
first normal derivatives on all 3,574 boundary orbits, the coefficient-smoothing ranks, the
compact surface fan, the Cayley subdivision and the Newton-polytope identification. These
finite comparisons support the written component, integral-topology and analytic-gluing ar-
guments; the programs do not replace those arguments.

Projectivity. For the list of Section 11.4, the data contain the input vertex sets, the integral
solutions and Farkas certificates for Hypothesis (Proj), and programs that verify these and
the computation of the forced nodes in exact arithmetic.

Unimodular heights and classification. For Theorem F the data contain the height certifi-
cates, the two certificate checkers, the published admissibility filter and the classification-file
digests; the program of Step 2 of Appendix A.3 is unimodular/admissible filter.py. The
run of that step over the whole classification used an earlier copy of this program with the
same tests; the published version reproduces the admissible rows of that run on the files for
5-8, 23, 24, 30-33 and 36 vertices. Of the 468,609,901 polytopes with 10-23 vertices, the
second implementation of Section A.4, with d as there, tested the 36,648,946 with d < 7
and samples containing 26,862 with d > 7; two runs of it tested 15,637,714 and 18,627,401
polytopes, in overlapping sets; and earlier checks on 7,644,706 polytopes with at most 13
vertices, with the 10,879 admissible polytopes among them matched again to their vertices
and face types, were retained. On 135 altered height data (random, negated, constant or
rescaled heights, a point removed) the two programs that verify (i)—(v) and (i), (ii'), (v/)
reach the same conclusions.

Reported computational evidence. For the computations of Section 11.5, the data contain
summaries for each polytope, from which the totals there are recomputed; the bases and
cycles themselves are not rebuilt from these summaries. Two outcomes are reported without
data from which they can be verified: the count of 327 polytopes in (a) of Section 11.5,
which is available only as a total, and one of the 72 hexagonal bases of the computation of
Theorem C on the list (Section 11.4).

Fized version of Laqm. The 30 files of Definition A.1 are heights_vNN. jsonl.gz
in paper6/unimodular/certificates/ at public version 000380bcebel. The manifest
paper6/MANIFEST. json at that version records their sizes and SHA-256 digests. The vertex
counts are 5-33 and 36; the file for 32 vertices is empty. This immutable version fixes
membership of the list even if the accompanying programs are subsequently revised.

Conventions. The rays of ¥/ are numbered ng,ni,...; the vertices of A come first. A
node parallelogram is written ¢ = (a,b,c,d) with ng, + n. = np + ng, in the labelling of
Section 2.2: {a,c} is the chosen diagonal, which passes through the centre at a pentagon or
a hexagon, and circ, = e, + eq — e, — .. A boundary segment of a tropical 2-cycle S is a
maximal path in 0S whose interior avoids the negative vertices; it is either closed or joins
two negative vertices t;. A boundary segment is written, in one of its two directions, as the
sequence of the lower supports of its arcs and of the nodes it passes. An ordered pair (i, j)
stands for the arcs with lower support {n;,n;} on which the boundary network d(v[S]), read
in the direction of listing, has coefficient n; — n;; so the boundary field is v = n; — n; if the
listing follows the boundary orientation of 95 and v = n; — n; otherwise, and €n; — €n; 18

7
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the corresponding canonical lift (Section 2.3). Consecutive arcs with the same pair, which
meet at positive vertices or at edge points, are listed once, and g between two pairs marks
the passage through the node ¢;. A closed boundary segment returns to its first pair after
the last node listed. Reversing the direction of listing reverses the order and the signs, so the
difference of the lifts after and before g; does not depend on it; by Definition 2.6, pg, (S) is
the coefficient of circy, in this difference, and can therefore be read off from the lists below.
For the cycles with trivalent vertices, we also give the number of four-valent interior vertices
of S, the number of points at which S crosses I' transversally (the discriminant-intersection
clause of [CBM14, Def. 7.2]), and the Euler characteristic of S. Vectors in Z? are written as
combinations of the nodes: g2 — g3 stands for the vector with coordinate 1 at ¢o, —1 at g3
and 0 elsewhere.

G.1. The example Xg. Rays of ¥'. The vertices of Ag are ny = (1,0,0,0), ny =
(0,1,0,0), ns = (—1,—1,0,0), ng = (0,0,1,0), nsy = (0,0,0,1), ns = (—4,—2,—1,0),
ng = (—4,-2,0,—1), ny = (3,1,1,1), ng = (2,1,1,1). The centre of the dP; pentagon
is n1p = (=2, —1,0,0). The fan ¥’ has one further ray, ng = (—1,0,0,0), in the interior of a
facet of Ag.

Node parallelograms q = (a,b, ¢, d), given by the indices of n,, ny, n., ng; an asterisk marks
the two parallelograms of the pentagon: ¢ = (3,6,10,8)*, ¢2 = (2,6,3,7), g3 = (4,5, 10, 8)*,
g1 = (2,5,4,7).

A Z-basis of K (rank 1): ¢1 — q2 — g3 + qa.

Generating cycles. The cycles are the following.

e S;: a belt cycle with constant field £(4,2,1,1), a disc; its boundary passes 5 positive
vertices. Boundary segments: (3,6) q2 (7,2) g1 (4,5) g3 (8,10) ¢1. Node coefficients:
p(S1) = ¢ — @2 — 3 + qu-

Index. The node coefficient vector of S; is the basis vector of K.

G 2. The example X19. Rays of ¥'. The vertices of A9 are no = (1,0,0,0),n; = (0,1,0,0),

=(0,0,1,0), ng = (0,0,—1,0), ng = (0,—1,0,0), n5 = (1, -1,0), n¢ = (0,0,0,1), ny =
(—1,1,1,—1), ng = (0,—1,0,1), ng = (0,0,—1,1), njo = (— 1,1,0, 1), n;1 = (-1,0,1,-1),
niz = (-1,0,1,0), n13 = (—1,1,0,0), niy = (0,—1,-1,0), n15 = (0,—1,—-1,1), nig =
(-1,0,0,-1), n1y = (=2,1,1,—-1), n1g = (—1,0,0,1). The centre of the dP; pentagon is
nig = (—1,0,0,0).

Node parallelograms q¢ = (a,b,c,d), given by the indices of ng,ny, ne,ng; an asterisk
marks the two parallelograms of the pentagon: ¢ = (16,17,19,14)*, ¢o = (1,7,17,13),
g3 = (2,7,17,12), g1 = (2,6,18,12), g5 = (15,18,19,14)*, ¢¢ = (4,8,12,11), ¢ =
(1,6,18,13), gs = (4,11,16,14), g9 = (3,10,16,14), q10 = (3,9,13,10), g11 = (4,8,15,14),
a2 = (3,9,15,14), ¢13 = (0,2,4,5), q14a = (7,10,16,11), ¢15 = (6,8,15,9), q16 = (0,1, 3,5).

A Z-basis of K (rank 3): g2 —q3+q4—q7, @2 —q3 — g6 + g8 — g9+ q10 + q11 — q12 — 13 + q16,
g1 +92— g5 —q7 — g8 — q9 + q11 + q12 + q14 — q15.

Generating cycles. The boundary graphs below have the following negative vertices.

e t1: lower support {nig, nig, n17}, face label [(0,0,0,1), (1,0, 1,0)].

e ty: lower support {n7,nig, ni7}, face label [(0,—1,0,0), (0,0,0, 1)].

e t3: lower support {ng,ni5, nis}, face label [(0,0, () 1), (1, )]

e t4: lower support {ng, ng, nis}, face label [(0,0,—1,—1),(0,0,0,—1)].
e t5: lower support {ne,ni1,n12}, face label [(0,0,—1,0), (0,1, —1,0)].
e tg: lower support {ni,ng,ni3}, face label [(0, — 1,0, 1),(0,-1,1,0)].
e t7: lower support {ng,ng,ni1}, face label [(—1,1,—1,1),(0,1, —1,0)].
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e tg: lower support {n,ns, ng}, face label [(—1,—1,1,0), (0,—1,1,0)].
The cycles are the following.

e Si: a belt cycle with constant field 4+(1,0,0,0), a disc; its boundary passes 5 pos-
itive vertices. Boundary segments: (17,7) ¢3 (12,2) ¢4 (18,6) ¢7 (13,1) g2. Node
coefficients: p(S1) = g2 — g3 +q4 — qr.

e Sy: boundary graph a complete graph on four vertices; 20 positive vertices on 9.5,
6 four-valent interior vertices, 11 transverse crossings with I', x(S) = 5. Boundary
segments: t1 (17,16) q1 (19,14) g5 (18,15) t3; t1 (10,17) to; t1 (16,10) qo (14, 3) g2
(15,9) q15 (8,6) t4; to (7,17) qs (2, 12) qa (6, 18) t4; to (1077) q14 (16,11) qs (14,4)
g1 (15,8) ts; t3 (18,8) t4. Node coefficients: p(S2) = q1 +q3 —qa — g5 — g3 — g9 +
Q11 + q12 + q14 — q15-

e S3: boundary graph a complete graph on four vertices; 26 positive vertices on 0.5,
17 four-valent interior vertices, 39 transverse crossings with I', x(S) = 5. Boundary
segments: t5 (12,11) g¢ (8,4) q11 (15,14) qi2 (9, 3) ts; t5 (11,2) t7; t5 (2,12) g3 (7,17)
g2 (1,13) t6; t6 (9,13) quo (3,10) g9 (14,16) gs (4,11) t7; t6 (1,9) ts; t7 (4,2) q13 (5,0)
q16 (3, 1) ts. Node coefficients: p(S3) = g2 —q3—q6+q8 — g9 +q10+q11 — q12 — @13+ q16-

Indez. In the basis above, the node coefficient vectors of Sy, ..., S3 have coordinates (1,0, 0),
(=1,0,1), (0,1,0); the elementary divisors of this matrix are 1,1,1, so the vectors p(S;)
generate K.

G.3. The example X5y. Rays of ¥'. The vertices of Ay are ng = ( ,0,0,0),n1 = (0,1,0,0),
ny = (0,0,1,0), n3 = (0,0,0,1), ng = (1,—-1,-1,—-1), n5 = ( 1,1,1,1), ng = (0,0,0,—1),
ny = (0,0,—1,0), ng = (0,—1,0, ()) ng = (—1,1,0,1), n1p = (0,0, —1, — 1)7 ni ( 1,1,0 ,0)
nig = (—1,0,1,1) n13 = ( 1), Ny = (—1,0,1,0) n15 = (0, )
(—=1,0,0,1), ny7 = (-1 1,0) n18 =(-1,-1,0,0), n1g = (—1,—-1,1,0). The centre of the
dP; pentagon is ngy = (—1,0,0,0)

Node parallelograms q¢ = (a,b,c,d), given by the indices of ng,npy, ne, ng; an asterisk

marks the two parallelograms of the pentagon: ¢ = (18,19,20,17)*, g2 = (13,15, 18,19),
g3 = (12,16,18,19), ¢4 = (3,8,18,16), ¢5 = (4,8,18,15), ¢ = (14,19,20,11)*, ¢7 =
(6,13,19,14), gs = (5,12,19,14), g9 = (4,7,17,15), q10 = (3,7,17,16), q11 = (5,9, 16,12),
qi12 = (67 10, 15, 13)7 q13 = (47 8,19, 13)7 qi4 = (37 8,19, 12)7 qi15 = <O7 L9, 3)a q16 = (Oa 2,19, 8)7
q17 = (07 2, 1273)7 q18 = (07 1, 1074)7 q19 = (07 2, 1374)
A Z-basis of K (rank 6): qi4 — q16 + q17, @13 — q16 + q19, 3 — G4 + q14, G2 — G5 + q13,
g4 — 45 +49 — q10, 94 — 45 + 47 — 48 + q11 — q12 T q15 — 18-
Generating cycles. The boundary graphs below have the following negative vertices.
e t1: lower support {ns,ng, nis}, face label [(0,0,0,—-1),(0,0,1,—1)].
e ty: lower support {n4,n1g, n15}, face label [(0,0,0,1), (0,0, 1,0)].
The cycles are the following.

e Si: abelt cycle with constant field (1,0, —1,0), a disc; its boundary passes 3 positive
vertices. Boundary segments: (8,19) ¢16 (0,2) ¢17 (3,12) ¢14. Node coefficients:
p(S1) = —qua + q16 — q17-

e Sy: a belt cycle with constant field (0, 1,0, 1), a disc; its boundary passes 5 positive
vertices. Boundary segments: (18,16) q4 (8,3) ¢4 (19,12) g3. Node coefficients:
p(S2) = q3 — qa + qua-

e S3: a belt cycle with constant field 4(1,0,0,0), a disc; its boundary passes 5 pos-
itive vertices. Boundary segments: (8,18) g5 (4,15) q9 (7,17) q10 (3,16) q4. Node
coefficients: p(S3) = —q4 + g5 — g9 + qu0-
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e S4: a belt cycle with constant field (1,0, —1,—1), a disc; its boundary passes 5 pos-
itive vertices. Boundary segments: (18,15) ¢5 (8,4) ¢i3 (19,13) g2. Node coefficients:
p(S1) = q2 — g5 + q13.

e S5: a belt cycle with constant field £(1,0, —1,0), a disc; its boundary passes 6 positive
vertices. Boundary segments: (8,19) ¢ (0,2) qi9 (4,13) gi3. Node coefficients:
p(Ss) = —q13 + q16 — q19-

e Sg: boundary graph with two trivalent vertices; 18 positive vertices on 05, 8 four-
valent interior vertices, 25 transverse crossings with I, x(S) = 8. Boundary segments:
tl (9, 16) q11 (5, 12) qs (14, 19) qr (6, 13) q12 (10, 15) tQ; tl (16,3) q4 (18,8) as (15,4)
t2; 1 (3,9) q15 (0,1) qis (4,10) t2. Node coefficients: p(Se) = ¢4 — g5 +q7 — g3 +qu1 —
q12 + q15 — 18-

Indezx. In the basis above, the node coefficient vectors of Si,...,S¢ have coor-
dinates (-1,0,0,0,0,0), (0,0,1,0,0,0), (0,0,0,0,-1,0), (0,0,0,1,0,0), (0,—1,0,0,0,0),
(0,0,0,0,0,1); the elementary divisors of this matrix are 1,1,1,1,1,1, so the vectors p(.S;)
generate K.

G.4. The hexagon examples Xgg and Xi54. For these two examples the rays listed are the
vertices of A and the centre of the hexagon; the fan ¥’ of a P as in (Proj) may have further
rays, which are in the accompanying data. The hexagon is listed in cyclic order wy, ..., ws,
and an asterisk marks its node parallelograms. The Z-bases of K are reduced (by the LLL
algorithm) bases of the lattice computed from the circuits.

The example Xgg. Asgg has 21 vertices, 22 unit squares and one hexagon. The profile is the
A; subdivision with the parallelograms {o, w1, w2, w3} and {o, w4, ws, wp}; the other two A;
subdivisions also satisfy (Proj), and their lattices K are identified with this one by matching
the pairs of hexagon nodes, up to sign.

Rays. no = (1,0,0,0), ny = (0,1,0,0), = (1,-1,0,0), n3 = (0,0,1,0), ngy =
(0,0,0,1), ns = (0,0,1,—1), ng = (0,0,—1,1 ), n7 = (0,0,0,—-1), ng = (0,0,—1,0), ng =
(0,-1,0,0), n1p = (—1,1,0,0), n11 = (-1,1,1,0), n12 = (—=1,1,0,1), n13 = (0,—1,0,—1),
nyy = (0,—-1,-1,0), n;5 = (-1,0,0,—-1), nig = (-1,0,-1,1), n1y = (-1,0,—-1,0),
nig = (—1,0,0,1), nig = (—1,0,1,—1), ngg = (—1,0,1,0). The centre of the hexagon is
no1 = (—1,0,0,0). The hexagon is nis, N19, N20, M18, N16, N17-

Node parallelograms q = (a,b,c,d): ¢1 = (11,1,0,3), g2 = (12,4,0,1), g3 = (12,4, 3,11),
g = (13,7,0,2), ¢ = (14,2,0,8), g6 = (14,8,7,13), ¢ = (15,7,1,10), gqs = (15,19,5,7),
g9 = (15,19,11,10), qi0 = (17,10,1,8), ¢ = (17,8,6,16), qi2 = (17,10,12,16), qi13 =
(17,8,7,15), qua = (20,3,2,9), ¢15 = (9,2,4,18), q16 = (18,4,3,20), q17 = (19,5,3,20),
g8 = (19,13,9,20), qi9 = (16,18,4,6), g0 = (16,18,9,14), go1 = (18,12,11,20), g22 =
(14,17,15,13), qog = (21,19,20, 18)*, g4 = (21,16, 17,15)*.

A Z-basis of K (rank 10): g3 — qi6 + G21, —q1 + G2 — G3, @6 — q13 — 422, 94 — q5 + g6,
q7 — q10 + @13, Q14 + @15 + @16, 42 — 5 + q10 — q12 + q15 — G20, —q1 + G4 — q7 + g9 + q14 + q18,
q9 — q12 — q21 — 423 + G24, 48 — q11 + @13 — q16 + q17 — q19-

No forced node. The vector —q1 + g2 —2q3 — qa + g5 + g6 — g7 + s — 2q9 + q10 — q11 + 2q12 —
2q13 — q1a — @15 — Q16 + @17 — @18 — q19 + G20 + g21 — G22 + q23 — 24 lies in K.

The example X154. A1s4 has 22 vertices, 20 unit squares and one hexagon. The profile is the
Ay subdivision with the three parallelograms {o, wo, w1, w2}, {0, w2, ws, ws}, {0, w4, ws, wo};
the other Ay subdivision also satisfies (Proj).

Rays. nog = (1307070)’ ny = (07 17070)’ ng = (0707 1>O)’ ng = (Oa O>O7 1)7 ng = ( O )
ns = (0717_170)) ne = (07_17170)7 nr = (_ ,0,0, 1)7 ng = (030’07_ )7 ng = ( 0,— )
nio = (_17()’0’0)7 nip = (Oa_13070)7 ni2 = (_1707_171)7 niz = (0 1717 ) n14 =
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(_17_17170)7 nis = ( 1 17071) nie = (_1707_170)7 niy = (07_1707_1)7 nig =
(-1,-1,1,-1), nyg = (—-1,—-1,— 1, 1), ngo = (—-1,—-1,0,—1), noy = (—1,—1,—1,0). The
centre of the hexagon is ngo = (—1,—1,0,0). The hexagon is ngg, n1s, n14, N15, N19, N21.
Node parallelograms q = (a, b, c, d)

0

¢ = (13 4,0,6), g2 = (19,12,5,9), g3 = (19,15,6,11),
o = (7,4,0,11), g5 = (17,13,6,11), g6 — (17,4,9,21), g — (17,11,19,21), g5 —
(18,8,4,13), g9 = (18,10,7,14), quo = (12,7,1,5), g1 = (16,10,1,5), q12 = (16,10,7,12),
g3 = (16,5,8,20), qu = (20,18,10,16), q15 = (18,13,6,14), qi¢ = (19,15,7,12),

= 1
q7 = (207 17,4, 8)7 qis = (21797 5, 16)7 q19 = (207 18,13, 17)7 q20 = (217 16,12, 19)7 q21
(22,20,18,14)*, qa2 = (22,14,15,19)*, qa3 = (22,19,21,20)*.

A Z-basis of K (rank 9): g2 — qi8 + q20, 1 — @4 + g5, @8 — @17 + q19, Q10 — Q11 + q12,
g6 +q13 +q17+q18, 43 — 5 — q19 — G21 + @G22, —q5 + g7 +q15 — 21 +q23, 99 — q12 — 420 — G21 + q23,
q12 + q14 — q16 + 21 — G22.

No forced node. The vector —q1 + g2 +2q3 + q4 — 2g5 + 296 — g7 + g8 — q9 — q10 + q11 + q12 +
2q13 + qua — q15 — q16 + @17 + q18 — q19 + 2q20 + G21 + go2 — 2q23 lies in K.
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