ANNULAR SCATTERING IN QUARTIC OPEN FJRW THEORY

BERND JOHANNES WUEBBEN

ABSTRACT. For the open FJRW theory of Gross, Kelly and Tessler attached to the quartic
Fermat polynomial in two variables, we prove that, with its two monomials matched to toric
divisors of IP(1,1,2), the smallest cover of the tropical base of Carl, Pumperla and Siebert on
which the affine monodromy preserves the lattice spanned by the exponents of the base and
of the first-descendent wall-crossing generators of twists (1,0) and (0, 1) is the double cover
branched at two of its three singular points, an integral-affine annulus. Its core holonomy
is hyperbolic, and lifting its transitions requires roots of the slab functions that generate an
infinite Kummer extension under transport. The annulus carries a wall structure, consistent at
its two joints in a sense weaker than that of Gross and Siebert, whose wall-crossing agrees with
that of Gross, Kelly and Tessler between the extremal systems of invariants for a single marking
but not for two; the difference does not change periods, and its removal from the annular
structure is left open. The homotopies of boundary conditions realizing this wall-crossing ray
by ray can be chosen compatibly for all markings.

1. INTRODUCTION

1.1. The question. The Gross—Siebert program constructs mirrors by placing wall-crossing
automorphisms on an integral-affine base with singularities and reading off broken lines and
theta functions [GHK15, GHKK18, GS22]. Its input is geometric: a base, its singular locus, a
polyhedral decomposition, and a polarization. This paper asks whether the wall-crossing of an
open Landau—Ginzburg theory supplies such a base, and answers the question for one model.

For z* + y* the answer is partial. Under the matching of 2% and y* with the rays of the
coordinate divisors {X = 0} and {Y = 0} of P(1,1,2), the exponents of the wall-crossing
generators attached to one internal marking, together with the integral exponents of the base
of Carl, Pumperla and Siebert, determine an integral-affine annulus, a double cover of that
base branched at two of its three singular points, and the annulus carries a wall structure
that is consistent at its two joints, in a sense weaker than that of Gross and Siebert. The
wall-crossing of this structure agrees with the transition of Gross, Kelly and Tessler between
their two extremal boundary conditions (defined below) for one internal marking of twist (1,0)
or (0,1) and descendent degree one, and differs from it for one such internal marking of each of
these twists, by a factor that does not change periods (Theorems A and B and Proposition 7.4).

Gross, Kelly, and Tessler (GKT) define genus-zero open FJRW invariants for (W,G) =
(" + y®, pr X ps) as relative Euler numbers on moduli spaces of W-spin disks [GKT26a]. The
invariants depend on a choice of canonical boundary conditions, and changes of boundary
conditions act through a formal wall-crossing group closely related to the tropical vertex group.
This action has the algebra of a scattering diagram but no integral-affine realization: no affine
manifold, singular locus, or polyhedral decomposition carries its walls. Gross, Kelly, and Tessler
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list a tropical version of open FJRW theory among the open problems of their survey [GKT26Db,
§6], and Maher observes that it is not obvious how to incorporate Landau—Ginzburg mirror
symmetry into the Gross—Siebert program, since a Landau—Ginzburg model has no target space
and hence no SYZ fibration [Mah24, Rem. 5.1.1].

In algebraic terms, the theory for W = 2% + y* reads as follows (Section 5.1 recalls the
definitions). The internal markings of a disk carry distinct labels, each with a twist, and we
refer to an internal marking by its label. Each internal marking also carries a descendent degree
d > 0, and a label 7 contributes the nilpotent deformation variables u; 4, d > 0, any two of which
have product zero; we write t; = u; 1, so that t? = 0, and say that a label has descendent degree
one when only its variable ¢; is used. Boundary markings are of three kinds, of twists (2,0),
(0,2) and (2,2). A choice of canonical boundary conditions chooses the multisections of the
descendent Witten bundles whose weighted zero counts are the open invariants. The invariants
appear, with signs, as the coefficients of the potential ) - +vr zFyF2up, a deformation of
z* +y*. Its monomials correspond to the balanced disk graphs I', those with one boundary
marking of the third kind on whose moduli space the rank of the descendent Witten bundle
equals the dimension; vr is the invariant of I', k1 and ko are its numbers of boundary markings
of the first two kinds, and ur is the product of the variables u; q of its labels 7 and their
descendent degrees d; the two balanced graphs without labels give 2% + y*. The wall-crossing
group is generated, with coefficients in these variables, by the Hamiltonian vector fields X} of
the monomials z*1 T y*2+1 for da A dy, one for each critical graph, which has ki + 1 and ko + 1
boundary markings of the first two kinds, none of the third, and a descendent Witten bundle of
rank one more than the dimension. These fields are (zy)~! times the generators z™1y™20,,
(m,n) =0, with 0, = n120, + nay0d,, of the Lie algebra of the tropical vertex group of [GPS10]
(Section 3.1).

The companion paper [Wue26b] factors the GKT wall-crossing into factors ordered by slope.
The boundary ray of the generator X is the ray spanned by the numbers k + (1, 1) of boundary
markings of the first two kinds on its critical graph. This is a ray in the plane of marking counts,
not in any affine base. GKT characterize the vectors of invariants that boundary conditions can
produce by explicit equations, the chamber conditions; their solutions, the chamber indices, are
exactly the vectors of open invariants of transverse canonical boundary conditions (Section 5.1).
For a nonempty set of labels and a descendent vector on it, the coefficients of the potential at
the balanced graphs of these data form their balanced string, indexed by the exponents of the
corresponding monomials; these exponents form an arithmetic progression with step (4, —4).
The two extremal chamber indices are those for which, on every balanced string, only the
coeflicient with the least, respectively greatest, first exponent survives; we call their potentials
the extremal GKT potentials W™ and W™a% and canonical boundary conditions realizing
them extremal boundary conditions. The GKT transition between the two extremal chamber
indices is the element of the wall-crossing group that carries W™ to W™aX (Section 5.2).
Modulo any finite set of deformation monomials closed under taking divisors, it factors uniquely
into factors ordered by the slope of their boundary rays [Wue26b, Thm. 1.1 and Prop. 3.1]. The
factorization supplies an ordered family of wall-crossing operations, but no surface on which
their rays lie and no affine monodromy.

We construct such a surface, and a wall structure on it that is consistent at its two joints,
for the parabolic quartic W = 2* + y*, the singularity X (also denoted E7). Its central charge
c=2-— % - % equals one; by [Wue26a] the primary invariants are independent of the boundary
conditions exactly when ¢ < 1. The suspension of the marginal pencil of Xg is an anticanonical
elliptic curve in P(1, 1, 2), and the toric-boundary degeneration of that pair gives the disk-shaped
intersection complex of the Landau—Ginzburg construction of Carl-Pumperla—Siebert [CPS24],
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the CPS complex. Tt is the natural candidate base: the anticanonical polygon of P(1,1,2),
subdivided by the three segments from its interior lattice point, the central vertex, to its vertices,
each segment carrying one singular point of the affine structure (Section 2.3).

Independently of the annulus, Appendix E normalizes the GKT primary potential of z* 4 3.
For two labels of twist (2,2) it gives open invariants whose sum is —i, in agreement with the
period computation of [Wue26b, Rem. 4.3]; this is the sum considered in [GKT26b, Ex. 5.5],
where the value —é is printed (Theorem E.3).

1.2. Notation. Appendix F lists the principal symbols of the paper and compares the lattice
conventions with those of toric geometry and of [GS11, CPS24]. Let M ~ Z? be the lattice
of the fan of P(1,1,2). In toric geometry this lattice is called N; we write M for it because it
carries the exponents of all Laurent monomials, slab functions and wall functions below, as M
does in [GPS10]. The polygon of the CPS complex lies in MY ® R, with M"Y = Hom(M,Z).
The discrete Legendre transform of the CPS complex is its dual intersection complexr in the
sense of [CPS24, §7.1]; its bounded cell is the polar polygon in M ® R, and its tangent lattice
is M (Section 2.3). Let Z?E’y be the lattice of bidegrees (a,b) of monomials 2%y°, and put

(1) F- i (é :;) . M=F@2,), M/M~Z/207/4

The exponent map F sends x%y® to the character z (@b)  whose exponent has coordinates (a,b)
in the basis F(1,0), F(0,1) of M, its F-coordinates. It is the unique linear map that matches z*
and y* with the rays of the coordinate divisors {X = 0} and {Y = 0} of P(1,1,2) (Section 2.2).
The CPS complex has three singular points A, B, C' (Section 2.3). The slab function attached to
Bis1+a,z" + 2%, with 2% a primitive character and a free coefficient ap, the slab parameter;
at the nodal values a, = £2 it is a square, and the associated anticanonical curve acquires a
node (Section 2).

For g = (q1, q2) € Z2

0 the derivation
7

Xy = a1y (g 20, — q1 yOy)

is the Hamiltonian vector field of the function x?' 4% for dx A dy; the superscript records the shift
of the exponent by x = (1, 1), the exponent of zy, and F carries X/ to a monomial derivation

of the character ring of M (Proposition 2.2). The cofactor L = —%F*T of (8), a linear map
from bidegrees to MV ® R that intertwines the exchange of x and y on bidegrees with its action
on the plane of the polygon, gives the direction Lg in that plane along which the wall of X is

placed (Section 2.2). We write X, = X:Jr(a b) and E,, = t‘ftha,b, so that A = —%El’o and

B = —%Eo,l. The sans-serif letters A and B always denote these two Hamiltonian vector fields;
outside the GKT notation of Section 5 and Appendices B and E, the roman letters A, B, C, also
with decorations such as A or By and as indices, refer to singular points of the affine structure,
apart from the ring A of the root-stack convention of Appendix A, the logarithms C of ray
factors and the corrections C; of Appendix D. The singleton parameters tq,to are the variables
t; of a single label of twist (1,0), respectively (0, 1), and descendent degree one. The cuts are
six arcs, from the four singular points of the annulus of Theorem A to its boundary, that carry
the transitions between charts (Section 2.4). Their complement in the interior of the annulus
consists of two simply connected sheets Sy and S7, which contain the two lifts Oy and O; of
the central vertex, respectively. Over a simply connected region of the annulus away from its
singular points, a frame is a trivialization of the local system M, that is, an identification of
the algebra of characters over the region with k[M]; the frame of Sy is the one induced by the
chart pulled back from the CPS complex, and the other frames are transported from it across
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the cuts (Section 2.3). The monodromy of a local system of lattices along a loop is also called
its holonomy, and we use the two words interchangeably; the affine holonomy of a loop is the
affine map by which the developing map changes along it. A Jacobi bracket on a line bundle is
a Lie bracket on its local sections that is a first-order bidifferential operator, a local Lie algebra
with one-dimensional fibers in the sense of Kirillov [Kir76, Lic78]; the notion is unrelated to
the Jacobian algebra Jac(W) of a potential.

1.3. Main results. The generators of the GKT critical Lie algebra of z* + y* attached to a
single label of twist (1,0), respectively (0, 1), and descendent degree one are, in the notation of
Section 1.2,

A - _%théJ)’ B — —%tQX{MIQ),

the logarithms of the two singleton factors of the GKT transition between the extremal chamber
indices (Section 5.3). Their exponents, with standard coordinates F'(2,1) = (1,—3) and
F(1,2) = (—%, —1) in M ® Q, are fractional: they do not lie in M, and together with M they
span the overlattice M of index eight.

Theorem A uses the terms wall structure and consistency in a weaker sense than in the
Gross—Siebert program. The walls of ©, the wall structure of Theorem A(4), are not tangent
to the exponents of their functions, as they are in [GPS10, GHS22|: the exponents are tangent
vectors of the dual intersection complex, and the supports lie in the plane of the polygon.
Tangency transported by the discrete Legendre transform would place each wall along the
annihilator of its exponent, a rule incompatible with the exchange of x and y; the compatible
linear rules are the gradient maps of exchange-invariant quadratic functions, and the supports
are placed by one of them, the cofactor L, chosen by convention (Section 2.2). Consistency
is the local condition around the two joints Og and Oq, the lifts of the central vertex. It is
weaker than the consistency of a wall structure in the sense of Gross and Siebert [GS11], which
is required at every joint, every codimension-two cell of the decomposition cut out by the walls
and slabs that does not lie in the boundary of the base, including the interior endpoints of
walls [GS11, Defs. 2.27-2.28]: here the diagonal walls end at the singular points By and B
with no condition there, and, as in [GS11], nothing is imposed along the core loop.

Theorem A (Annular base and wall structure). (1) The smallest cover of the CPS com-
plex on which the affine monodromy preserves M s the double cover branched at two of
its three singular points. It is an integral- ajﬁne annulus A with integral tangent lattice
MV, so that exponents lie in the dual lattice M with two focus—focus points By, B1,
and two ramification points A C of the cover at which the structure is the pullback
of a focus—focus germ under z — 2z%; the pullback of the polarization of the discrete
Legendre transform of the CPS complem becomes integral on it after multiplication by
four (Theorem 2.3). Its holonomy K along the core l00p Ycore, which separates {;L By}

from {B1, 5} 1s hyperbolic of trace 18, and its monodromies around the two boundary
circles are conjugate to (0 *14) and (é *116).

(2) Lifting the slab transitions requires roots of the slab functions, of degrees 2,4,4,2 at
;L By, By, C (the degree at By, By drops to two at the nodal values). The roots of the slab
functions transported along all paths generate an infinite Kummer extension: no finite
Kummer extension containing the initial roots is stable under transport, and the system
of all transported roots is not represented by a finite root stack. The functions transported

along any finite set of paths lie in a single finite Kummer extension (Theorems 2.5
and 2.7).
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(3) The lifted slab maps, which multiply each character 2™, m € ]\7 by an integral power
of a root of the slab function as in part (2) and do not change its exponent, rescale the
volume form dx A dy by the inverse of the slab function at A and C by the inverse of a
square root of it at By, and by a square root of it at By, and the transitions carried by
the cuts do not preserve dx A dy, so its Poisson bivector cannot serve in every chart
(Proposition 3.2). The volume form glues as a form with values in a line bundle L,
over the covers obtained by adjoining the roots of part (2), and its Poisson bracket,
transported along paths from the frame of the sheet Sy, is a Jacobi bracket on L, whose
bivector part, with respect to the transported local generators of L, is the bivector of
dx A dy in the frame transported to every vertex of the path tree, the tree of reduced
sequences of crossings of the cuts that start in Sy (Proposition 3.3).

(4) Place e® and eB on the two lines through a lift Oy of the central vertex in the directions
L(2,1) and L(1,2). On the ray from Oy in direction Lq, place the inverse of the factor
on the ray of q in the ordered factorization of the group commutator efe Be AeB,
and transport the result to the other lift O1. This gives a wall structure ® on the
complement A° of the singular points that, at every finite order, is locally finite, has
properly embedded arcs as supports, and is consistent at Oy and O1, wall structures and
consistency being taken in the weaker sense of Definition 3.4 and the paragraph after it
(Proposition 3.6 and Theorem 3.7).

(5) The holonomy K acts hyperbolically on M, with no nonzero finite orbit. Consequently

the local system M on A° has no nonzero global section, and neither does its pullback
to any connected finite cover of A° (Theorem 3.9).

In part (4), consistency at the joints depends on the placement only through the cyclic
order of the supports about Oy, which is the reverse of the cyclic order of their exponents in
F-coordinates (L reverses orientation), an exponent ¢ being replaced by —¢ on the negative
halves of the two lines; since F' also reverses orientation, this is the same cyclic order as that of
the characters F'(q) in the standard coordinates of M ® R (Section 2.2).

Part (1) rests on the monodromies of the CPS complex about its three singular points. In
the basis F'(1,0), F(0,1) of M, the monodromy about B is an integral matrix, whereas those
about A and C have half-integral entries and therefore do not preserve M (95). Let x be the
character of the fundamental group of the disk punctured at A, B, C' with values in Z/2 that
sends the loops about A and C to 1 and the loop about B to 0. The monodromies of a basis of
its kernel are integral in this basis (Appendix A), so the loops whose monodromy preserves
M form a proper subgroup containing the kernel, which has index two; the two subgroups
therefore coincide, and the smallest cover is the double cover classified by x, the parity cover.
It is branched at A and C, the point B has two unramified lifts By, B1, and the boundary loop,
on which y takes the value 1 + 0+ 1 = 0, has two lifts. By Riemann—Hurwitz the cover has
Euler characteristic 2-1—2 =0, so it is an annulus with two boundary circles. With respect to
M the monodromies about By and By are primitive unipotent, and these points are primitive
focus—focus singularities, whereas a small loop about Aor C develops onto a curve winding
twice around the developed singular point (Theorem 2.3).

Part (2) rests on one computation. Transport about A fixes the invariant character x4 of A
and multiplies the invariant character xp of By by the nonconstant function (1 + x;l)‘l, so the
transported slab functions fB((l + x;l)‘l”xB), n € Z, with fp(z) =1+ a,z + 22, are pairwise
coprime, each with a simple prime factor that divides no other (after extracting the square at
the nodal values), and their fourth roots generate an infinite Kummer extension (Section 2.5).



6 BERND JOHANNES WUEBBEN

In part (3), a divergence computation shows that conjugation by a lifted slab map gives
each singleton field a nonzero divergence for dx A dy, so that it is no longer Hamiltonian
(Proposition 3.2); the bracket is instead transported along the path tree of Section 2.5, the tree
of reduced sequences of crossings of the cuts that start in the sheet Sy. Every vertex of a tree is
reached from its root by a unique route, so the transport is unambiguous, and at each crossing
the change of local generator of £, compensates the factor by which the transition rescales
dx A dy, so that the bivector part remains that of dx A dy (Proposition 3.3). In part (4), beyond
the Kontsevich—Soibelman factorization at a point, the content of ® lies in the annular cover
that carries it, the cyclic order of the cofactor directions, and the fact that the walls avoid the
cuts (Proposition 3.6); consistency at O; follows from consistency at Og: the deck involution of
the cover carries the supports through Op, with their crossing order and coorientations, onto
those through O7, and the factors there are the images of the factors at Oy under one Jacobi
isomorphism (Theorem 3.7).

Part (5) rests on the trace. In the basis F'(1,0), F(0,1) of M, the holonomy along the core
loop Yeore Of Section 2.3 is

(2) K= (_110 129> : tr K = 18.

Its eigenvalues 9 £ 44/5 are not roots of unity, so no power K" with r # 0 fixes a nonzero
element of M, whereas a global section of M over a connected finite cover of A° would be fixed
by such a power (Section 3.4).

As recalled above, each GKT generator X}, is the Hamiltonian field of zF1+1yF2+1 for da A dy;
in the notation of Section 1.2 it is X7, , indexed by the shift k + x of k, so the GKT critical
Lie algebra of every finite set of labels embeds, without change of coefficients, in the Lie algebra
g, of Hamiltonian derivations for the Jacobi bracket (Theorem 5.1 and Proposition 5.2). The
comparison of ® with GKT wall-crossing is then as follows.

Theorem B (Comparison with GKT wall-crossing). (1) The wall-crossing transforma-
tions of © are not those of the GKT transition. For two labels of twists (1,0) and
(0,1) and descendent degree one, the first mixed ray R>o(1,1), the boundary ray of
the generator X1 attached to both labels, has coefficient —3/4 in © and 1/4 in the
slope-ordered factorization of the GKT transition (Proposition 5.3), and the path-ordered
product of ® along a path passing the joint carries W™ to exp(—t1taX1,1) W™ rather
than to W™a* (Proposition 7.1).

(2) Fiz a finite set of labels of twists (1,0) and (0,1) and descendent degree one, let J be a
subset consisting of py labels of twist (1,0) and q; of twist (0,1), and put t; = [[;c;t:.
After the base change sending t1 and to to the sums of the variables t; of the labels
of twist (1,0) and (0,1), respectively, the tj-component of the logarithms of the wall
factors of ® is

Sy=pstasltap, g, tiXp, 4

where ayp q 5 the coefficient of E,, 4 in the factorization of ePeB into ray factors in which
the factor of least slope acts first (apq = —cpq for p,q > 1, with ¢, 4 in Table 1). It
agrees with the tj-component of the logarithms of the factors of the GKT transition
between the extremal chamber indices when |J| = 1, and not when J consists of one
label of each twist, where it is —%tJXI’l and that of the GKT transition is %tJXLl
(Proposition 5.5).

(3) There exist an increasing sequence of finite assembling-closed systems of labels, divisor-
closed sets of deformation monomials and graph data that exhausts all graph data;
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extremal boundary conditions compatible with these systems; and a homotopy of canonical
multisections between them that is smooth on each graph datum, with the following
properties. Here a graph datum is a graph together with descendent degrees of its labels, a
set of monomials is divisor-closed if it contains every divisor of each of its elements, and
a system is assembling-closed if it satisfies the conditions of Definition B.1, among them
closure under the assembling rule of GKT described after the theorem. The countably
many ray factors occur in pairwise disjoint open time intervals, ordered by increasing
slope. On each graph datum the homotopy is nonconstant on only finitely many of these
intervals and is constant near the ends of each of them. On each of the systems, modulo
the monomials outside it, only finitely many rays carry a nontrivial factor of the GKT
transition between the extremal chamber indices, and the potential at the right end of
the interval of each ray is the image of the potential at its left end under the factor of
the GKT transition on that ray. The restrictions to the systems are compatible, and
the boundary conditions and the homotopy are their inverse limits. Thus the homotopy
realizes the GKT transition factor by factor in increasing slope (Theorem 5.7 and
Appendiz B).

The two coefficients in part (1) have different origins. The coefficient —% is forced by
consistency at the joint: modulo ¢7 and t3 the only other walls through Oy lie on the two lines
carrying e and eB, so the wall of the first mixed ray, the diagonal segment from Og to By, must
carry e BefeBe A = exp([A, B]), the inverse of the group commutator in Theorem A(4), and
[A,B] = —%tlth 1,1. The coefficient % is forced instead by GKT’s chamber conditions, which
fix the coefficients of W™ and W™a% the mixed ones included. The mixed factor of the GKT
transition must remove the term 2t1¢oxy> that its singleton factors leave in the image of W™in,
since W™#* has no such term; as lel(w‘l + yt) = 82y — 8xy°, this factor is exp(itlthLl)
(Proposition 5.3). In part (2), ps! ¢! is the coefficient of ¢; in the image of #}7¢Z’ under the
base change, because t? = 0 for every label i. On the GKT side, the critical generators of a
support act on its balanced monomials through the weighted incidence matrix of a path graph,
which has full column rank and whose one left-kernel relation is the chamber condition of that
support; hence the two extremal chamber indices determine the logarithms of the factors of the
GKT transition uniquely, support by support (Proposition 5.5).

Part (3) is a statement about GKT theory itself and does not involve the annulus. GKT
realize a transition between two chamber indices by a homotopy of canonical multisections,
with time parameter in [0, 1], which on the critical graphs of a set .J of labels vanishes only at
one time t(J), at isolated points; at that time the potential changes by the exponential of the
critical generators whose coefficients are products of one variable of each label in J, weighted,
with signs, by these zero counts (Section 5.1). Part (3) belongs to the comparison because
every factor of the GKT transition compared in parts (1) and (2) is the total change of the
potential across the time interval of its ray, for one such compatible homotopy restricted to
a finite system (Section 5), and it answers the compatibility question left open in [Wue26b].
The finite systems of Definition B.1 consist of finitely many labels, deformation monomials and
graph data, and are closed under the following rule of GKT: along each boundary stratum
of the moduli space of a graph, the multisection is assembled from the multisections on the
connected components of its base, essentially the pieces into which the disks of that stratum
break at their boundary nodes (Section 5.1), so a system that contains a graph datum contains
the data of these components. The proof in Appendix B extends canonical multisections and
homotopies relative to the data already chosen, and three features of the construction make
these extensions compatible. First, with every deformation monomial that carries a balanced
graph, a system contains all balanced and critical graphs of that monomial; since the chamber



8 BERND JOHANNES WUEBBEN

conditions couple the invariants of all balanced graphs of one monomial, and these invariants are
adjusted through the critical graphs of the same monomial, prescribing the invariants of a new
monomial then never alters an old multisection. Second, the times assigned to new sets of labels
are chosen distinct from the old times, and away from the times, a set of measure zero, at which
an old homotopy on a graph whose descendent Witten bundle has rank equal to the dimension
and which has at most one boundary marking of the third kind, restricted to that time, fails
to be transverse to zero in the interior of its moduli space; hence no old homotopy has to be
changed. Third, the countably many ray factors receive pairwise disjoint time intervals, ordered
by slope, through one embedding of their slope order into the ordered set of complementary
open intervals of a Cantor set, fixed for all systems. Each system then restricts to the previous
one, and the homotopy of part (3) is the inverse limit of these restrictions.

Along one path, transport through ® and transport by the factors of the GKT transition
differ by one automorphism of the algebra of functions in the chart at the end of the path, the
residual transport of the path; it relates products of functions transported along that path but
not along different paths. Appendix D gives a degree-weighted correction, a first step towards
multiplying functions carried along different paths, coherent up to an explicit associator, which
is nontrivial for residual transports in general position (Proposition D.4).

The difference in Theorem B(1) is invisible to periods. For two labels of twists (1,0) and
(0,1) and descendent degree one, for the potentials of Section 7 with the singleton terms of
Wmax and mixed terms #1t2(a zy® +bay), the mixed period class is (6 — %2)[vy do A dy]. The
GKT chamber condition, which is a period condition, therefore fixes a + b = 12, and the flows
of the GKT generator X;; move (a,b) along the line a + b = 12 without changing any period
(Proposition 7.4). Within that orbit W™a* is singled out by a normal form: on each balanced
string only the coefficient with the greatest first exponent survives. This mazimal normal form
carries the transport of W™ by ® to W™ for every finite set of such labels (Proposition 7.6).
The same happens for two labels of the same twist, where the GKT transition has a factor on a
ray carrying no wall of © (Proposition 7.5).

Problem C. Construct, from the annular structure of Theorem A, an operation at a boundary
circle of the annulus that realizes the maximal normal form, and so carries the transport of
W™ to the transport of W™#* (Problem 7.7).

1.4. Further results. Two labels of twist (2,2). The normalization of the GKT primary
potential in Appendix E gives, for two labels of twist (2,2) and descendent degree zero, the
open invariants —% at the balanced graphs with (ki, k2) = (4,0) and (0, 4), the balanced profiles
of these labels. These are the invariants of every chamber index that is symmetric in the sense
of GKT, that is, invariant under the permutations of the labels that preserve their twists, and
whose primary potential is the unique one invariant under the exchange of z and y, a symmetry
of a different kind (Lemma E.1 and Theorem E.3). The sum —; of the two invariants agrees
with the period computation of [Wue26b, Rem. 4.3]; it is the sum considered in [GKT26b,
Ex. 5.5, and it differs from the value —% printed there.

Three labels. The discrepancy of Theorem B(1) recurs for three labels, where Theorem B(2)
gives the wall side. Let J consist of three labels of descendent degree one, two of twist (1,0) and
one of twist (0,1), or conversely. The only critical exponent k of .J is (2,1), respectively (1,2).
The ¢ j-component of the logarithms of the wall factors is —%t Xk, which is S; of Theorem B(2)
with as1 =a12 = —%, whereas that of the factors of the GKT transition is —%tJXk; the two
differ by —1t; Xy (Section 5.4).

Obstructions. Given the dictionary F', the annulus is forced, and the simpler candidates fail.
Exactly one of the three affine monodromies of the CPS complex preserves M (by (95) and
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Theorem 2.3), so M is not preserved by the affine monodromy of the CPS complex and is not
the character lattice of its integral-affine structure. Theorem A(2), (3) and (5) record the other
obstructions: for each value of the slab parameter a, no finite Kummer extension containing the
initial roots is stable under transport (Theorems 2.5 and 2.7); the Lie algebra of Hamiltonian
derivations of the structure sheaf containing the two singleton fields is not preserved by the
lifted slab maps (Proposition 3.2); and the local system M on A° has no nonzero global section,
even after pullback to a connected finite cover, so that exponents in one fixed copy of M cannot
serve as labels compatible with parallel transport (Theorem 3.9 and the discussion after it).
Being an annulus, the base is not homeomorphic to the intersection complex of a distinguished
toric degeneration of del Pezzo surfaces in the sense of Carl-Pumperla—Siebert, which is a disk
(Proposition 4.5).

Boundary. The walls of ® other than the two diagonal segments leave the annulus transversely
through its boundary circles. Outward integral-affine cylinders, of widths 4 and 16 (the integers
w in the normal forms (} 7*) of Theorem A(1)), continue the annulus beyond its boundary
circles and separate the exiting walls (Propositions 4.2 and 4.3). A logarithmic compactification
is not constructed for the finite levels, the finite root stacks of finite subtrees of the path tree,
base-changed to a truncated coefficient ring (Section 2.4): charts identified along dense opens
would force the holonomy around a boundary circle, a shear, to fix every character, and the
coefficient rings contain no degeneration parameter to absorb it (Remark 4.4). These root
stacks and their Kummer covers are singular in general, and are dominated by log smooth
Deligne-Mumford stacks with simple normal crossings boundary (Appendix C).

Primary Frobenius structure. Transport through the annular charts preserves the primary
Frobenius structure of the GKT open mirror theorem [GKT26a, Thm. 0.3, Cor. 4.17, Cor. 5.14]:
the transported derivatives of the primary potential form a basis of the transported Jacobian
algebra, with product, unit and residue pairing independent of the path (Proposition 6.3). This
is transport of structure. What is specific to the quartic is the normalization of the primary
potential in the chart where the transport starts, which Appendix E determines: the primary
potential has a unique representative invariant under exchanging x and y (Lemma E.1), and on
the marginal line it is the flat structure of Noumi and Yamada [NY98], with primitive form
normalized to dz A dy (Theorem E.3). The open invariants for two labels of twist (2,2) stated
at the beginning of this subsection are read off from this normalization.

1.5. Method and organization. The proof of Theorem A has three steps. The discrete
Legendre transform and the exponents of the two singleton fields determine the enlarged lattice,
the parity cover, and the pathwise Kummer rings (Section 2). A divergence computation shows
that the lifted slab maps do not preserve the Hamiltonian derivations of dx A dy, which leads to
the Jacobi bracket on the line bundle £, and the ordered factorization of the commutator of
the two singleton factors, placed along cofactor directions, gives the wall structure © (Section 3).
The boundary circles are treated in Section 4. For Theorem B, the GKT notions used are
recalled in Section 5.1; the k-shift embeds the GKT critical Lie algebra, and comparing the
increasing-slope factorizations ray by ray gives the residual factors, the quotients on each ray of
the wall factor by the factor of the GKT transition (Section 5). The compatible homotopies
are built by relative extension of canonical multisections, one graph and descendent vector at a
time in a well-founded order, along the finite systems of Definition B.1, using the multisection
extension argument of [BCT24] in its W-spin form [GKT26a, Lem. 5.15] (Appendix B). Section 6
transports the primary Frobenius structure, and Section 7 compares transport through ® with
the GKT transition along a path for two labels of descendent degree one, and states the
maximal normalization problem. Appendix A records the affine and logarithmic calculations,
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Appendix C the regular presentation, Appendix D products of functions transported along
different paths, and Appendix E the normalization of the GKT primary potential of z* 4 y2.
The proofs of Theorems A and B do not use Section 6 or Appendices C, D and E, and of
Section 4 they use only the labelled truncations of Definition 4.1 and the base change (52).

The construction follows the separation between affine and wall data of [GHK15, GHKK18,
GS22] but produces no toric degeneration of the quartic pair, and it does not construct
open FJRW invariants from the annular data. Its enumerative inputs are the two singleton
Hamiltonian vector fields and, for Theorem B, Proposition 6.3 and Section 7, the GKT critical
Lie algebra, the GK'T homotopies, the GKT primary mirror theorem, and the extremal GKT
potentials of the truncations considered.

Conventions. Throughout, k is an algebraically closed field of characteristic zero. Formal-
algebraic constructions are made over k; oscillatory integrals and Saito theory [Sai83] are
understood after base change to C. The enumerative coefficient rings are defined over Q and
are base-changed to k when used in the root-stack construction.

The sources of this paper and its two companions [Wue26a, Wue26b], with code reproducing
the finite computations used here (Table 1, the matrices of Appendix A, and the identities of
Sections 5 to 7), are available at https://github.com/bwuebben/open-fjrw-scattering.

Acknowledgements. I am grateful to Mark Gross for inspiring me to work on these problems.
The author used LLMs during the development of this work for literature exploration, editorial
and coding assistance and as an adversarial reader.

2. THE ANNULAR AFFINE MANIFOLD AND ITS COEFFICIENT SYSTEM

2.1. The quartic degeneration. Let M = Z? be the lattice of the fan of P(1,1,2), with
primitive ray generators

vx = (1,0), vy = (—1,-2), vz = (0,1).

This is the lattice called N in toric geometry; Appendix F compares the two conventions. The
torus of P(1,1,2) has character lattice MY = Hom(M,Z), and we write (s1, s2) for the standard
coordinates of the plane MY @ R, dual to those of M. The anticanonical polygon A C¢ MV @ R,
with vertices given in the coordinates (s1,s2), and its polar AY C M ® R are

(3) A = conv{(-1,-1),(-1,1),(3,-1)}, AY = conv{vx,vz,vy}.

The edge [vy,vx] has lattice length two and midpoint m, = (0,—1) € M. This is the unique
non-basic edge of AV.
Consider the marginal quartic pencil

(4) E, = {X*"4+Y*+ 7% + sX?Y? =0} Cc P(1,1,2)
and the toric-boundary degeneration
(5) XYZ+n(X'+ Y+ 22 +5X?V?) = 0.

For n # 0, division by 7 and the substitution Z’ = Z + XY/(2n) give the same pencil with
effective parameter s — 1/(4n?). At n = 0 the fiber is the toric boundary.

Proposition 2.1. The family (5) is a relative anticanonical section of the coherent Mumford
degeneration associated with the star subdivision of A at the origin. Its logarithmic smoothing
charts are semistable on the canonical stack. At the coarse A1 point the smoothing is Kummer
of index two.
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Proof. The lattice points of A index the anticanonical Cox monomials by

m — X(m,vx>+ly(m,'uy>+lZ(m,vz)+1.

The five terms in (5) correspond to the origin and the four boundary points indexing
X4 Y4 72, X%Y?2. Assigning height zero to the origin and height one to the boundary gives
the star subdivision, hence the stated coherent degeneration.

OnY # 0, with x = X/Y and z = Z/Y?, the point z = z = 0 is a node of the toric boundary
at a smooth point of P(1,1,2), and near it the family has equation

zz 4022+t +s2? +1) = 0.

The parenthesized term is a unit at the node, so an étale change of coordinates gives zz = 7.
At [0:0: 1], pass to the canonical stack chart with residual involution (x,y) — (—x, —y). The
equation is again xy = 1 up to a unit. On the coarse chart set &y = 22, & = a2y, & = y?; since
£oéa = €2, eliminating & gives &é2 = 7% up to a unit. O

Let p be the edge [vy,vx] of AV, the slab of lattice length two. It is an edge of the dual
intersection complex, the discrete Legendre transform of the CPS complex (Section 1.2), in
M ® R; the transform matches it with the edge of the star subdivision of A from the origin to
the vertex (—1,1) (Section 2.2), which carries the singular point B of Section 2.3. Let u denote
the primitive character along p. The slab function of p may be written f, = 1 + a,z% + 22%,
with a free coefficient a,, the slab parameter. The associated curve is compared with (4) by

4a? 452
6 2: 14 2: .
(6) 5 a%—él’ @ s2—4

Indeed, write U = z"X and V = zZ for the coordinates of the torus Speck[M], in which the
Landau-Ginzburg Laurent polynomial on the side of the CPS complex is U+V +a,V = 1+U —ly—2
(Section 2.2). Eliminating U from U +V +a,V 1 + U 1V"2 =0 gives Y? = (V? + q,)? — 4,
and rescaling by a square root of a% — 4 gives the quartic. Equation (6) is a comparison of the
anticanonical curves. At the two values a, = +2 the slab function f, = (1 + 2")? is a square,
the curve Y2 = (V2 + a,)? — 4 acquires a node, and (6) gives s = co. We call these values the
nodal values of the slab parameter.

2.2. Exponent lattices and the placement of walls. Let Z:%,y = Zey @ Zes be the lattice
of bidegrees of Laurent monomials in the variables of W = z* 4 y*. We write its elements as
pairs (a,b) and read (a,b) as the exponent of %°. Bidegrees count boundary markings: for the
GKT potentials and generators recalled in Section 5.1, the bidegree of the monomial attached
to a disk graph, a monomial 2*13/*2 of a potential or the Hamiltonian function 2*1+1y*2*1 of a
critical generator Xy, is the pair of numbers of boundary tails of twists (2,0) and (0,2) on the
graph. The coordinate divisors give

™) vz, = (g D). Bz, =2

so that t(e1) = vx, t(e2) = vy and t(e; + e2) = 2m,. The support map for walls is the cofactor

(8) L=det(t) T = (‘12 ?) .

For a pair (a,b), whether a bidegree, an element of M in standard coordinates or a vector in
the coordinates (s1, s2), write (a,b)" = (b, —a). Then, for ¢ € Zg’y,

(9) (Lot =u(g"),  L"v=det(:)1d,
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where (Lg)* is formed in the coordinates (si,s2) and ¢(¢*) in the standard coordinates of
M, which are dual to them. By the second identity, L(qL) € M annihilates Lq. Section 3.3
coorients the wall of direction Lqg by this normal.

The Landau—Ginzburg variables enter through the linear map

1 — —
(10) F=1, M= F(Z2,) > M, [M : M] =8,

and the dictionary z%y® — 2 (@b) The map F is the unique linear map sending the exponents

(4,0) and (0,4) of the two monomials of W to the rays vx and vy of the coordinate divisors
{X =0} and {Y = 0}; the factor j is the reciprocal of the degree of W, that is, the common
weight of z and y. The dictionary sends zt, oy, L1),
Thus M is, under the dictionary, the lattice of exponents of Laurent monomials in x and
y, while the fan lattice M is the character lattice of the dual torus Speck[M], on which the
Laurent polynomial U + V + apV_l + U~V ~2 above and the slab functions live. As for
the Landau—Ginzburg mirror of a toric variety, whose monomials have the rays of the fan as
exponents, the exponents of slab functions, wall functions and derivations are tangent vectors
of the dual intersection complex, in M and M, while (5) is written on the torus of P(1,1,2),
with character lattice Ml The character of z%y® lies in M exactly when b is even and a = b
(mod 4). In particular 4M = ((Z2 ) has index two in M.

The dictionary. The Landau—Ginzburg variables x,y are the Cox coordinates X,Y of
P(1,1,2), of weight one, and the Cox coordinate Z, of weight two, is the suspension variable:
W(X,Y)+ Z? is the quartic (4) at s = 0, and the marginal monomial z2y? is the deformation
direction X2Y? of the pencil. The dictionary therefore matches the pure powers z* and y*
of the two Landau—Ginzburg variables with the rays vx and vy of the divisors {X = 0}
and {Y = 0} of the corresponding Cox coordinates. The third ray vz, that of the divisor
{Z = 0} of the suspension variable, corresponds to no monomial of W. The extension from
z*,y* to all monomials is linear because the dictionary is to be multiplicative: it must send
products of monomials to products of characters, so that it extends to a homomorphism from
Laurent polynomials in z,y to k[M] and carries derivations to derivations (Proposition 2.2). A
multiplicative assignment of characters to monomials is a homomorphism of exponent lattices,
and it is determined by its values on (4,0) and (0, 4), which span Z%y ® Q. On the side of the
CPS complex, the characters of M are the exponents of the slab functions and of the Laurent
polynomial U 4+ V +a,V ! + U1V =% above. In the coordinates U = 2% and V = 27 of the
torus Speck[M], its monomials U, U1V ~2 and V have the three rays vy, vy and vz of the
fan as exponents, and V! has the midpoint m, of the non-basic edge. The dictionary sends z?,
y* and 2%y? to U, U1V =2 and V. The coefficient of V! is the slab parameter a,, which is
related to the marginal parameter s by (6), and the remaining monomial V' has as exponent
the ray vz of the divisor of the suspension variable.

Coordinates. The map F' is an isomorphism of Ziyy onto M , and we give M the coordinates
it transports. The F-coordinates of m € M are the coordinates of F~1(m) € Z2 | that is, the

x,y’
coordinates of m in the basis F(1,0), F(0,1); the character of 2%® has F-coordinates (a, b), and
we write z(® for zF(@b) Dually, the F-coordinates of n € MY ® Q, in particular of n € MY,
are the coordinates of F7n, that is, the coordinates of n in the dual basis; the element with

F-coordinates (c, d) is F~(c,d). Throughout the paper, exponents of characters of M , matrices

22y? and zy to 2UX, 2V, 2™ and 2%

acting on M, and determinants of pairs of elements of M are written in F-coordinates. In
particular K = (1,1) is the exponent of xy, and with z; = 219 and zy = 2(%1) | the characters of
x and y, the form 2" dlog z1 A dlog zo of Section 3 corresponds to dx A dy. Standard coordinates
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of M ® Q are used only for elements of M and for values such as F(2,1) = (1, —3). In passages
that use them, an element of M with F-coordinates (a,b) is written F'(a,b), never as a bare
pair. Pairs describing points and directions in the plane MY ® R of A are in the coordinates
(s1,s2) of (3) and are marked as such, as are F-coordinates of elements of M"Y @ Q.

Let g = (q1,q2) € Z%y, so that ¢- = (g2, —¢q1), and denote by 9, the invariant logarithmic
derivation in direction v € Z2, so that 9,(z%’) = (v, (a, b))z%". The derivation

K _ .q1—1,92—1
Xy=z""y Oyt

is the Hamiltonian vector field of 291y for dzAdy, in the sense that (dxAdy)(Xy, -) = d(z1y®);
the superscript records the shift of the exponent by x = (1, 1), the exponent of xy. Put

(11) g =FTqt e M,

where F~T is computed in the standard coordinates of MY ® Q = Hom(M,Q); thus 7, is
the element with F'-coordinates q-. Consequently, in F-coordinates, where 0, denotes the

derivation of k[M] in the direction F~"v, the transported derivation (12) below is 27779, .
This is the field X7 of (31) and of the introduction, and we use the same notation for both.

Proposition 2.2. Under the dictionary z%y® — zF(@?)

tion X7 becomes an integral monomial derivation of C[M]. More precisely,

, every logarithmic Hamiltonian deriva-

(12) F. X (z™) = (Rig, m)zm =R m e M.
The derivation annihilates the wall character 29 and shifts exponents by F(q — k).

Proof. For ¢' € 72

x7y’

(FTq", Fd) = {g*,d).
This proves integrality and (12). Since (74, F(q)) = (¢*,q) = 0, the derivation annihilates
Fa), ]

Wall directions. In the scattering diagrams of [GPS10, GHS22] exponents and wall supports
lie in one real plane, and a wall is tangent to the exponent of its function. Here the two
lie on opposite sides of the discrete Legendre transform (Section 2.3): the character F'(q) of
the Hamiltonian function z9'y% of X7 lies in M C M ® Q, the tangent space of the dual
intersection complex, whereas cuts and wall supports are drawn in the plane MY @ R of A,
through its central vertex O, the origin. A support rule must therefore carry exponents across
the transform. The transform matches each cell with a dual cell whose tangent space is the
annihilator of its own: the segment from O to a vertex p of A (a star edge) is matched with
the edge AY N {(p,-) = —1} of the polar polygon, which is parallel to the annihilator of p. The
singular points A, B, C of Section 2.3 are the midpoints of the star edges, B on the edge to
(—=1,1), and each star edge is annihilated by the invariant character uy of the monodromy
about its singular point V' (Appendix A). If a support through O is regarded as an edge of a
refinement of the star subdivision, the same rule matches a wall tangent to F'(¢) on the dual
intersection complex with a support along the annihilator of F(q), that is, along 1y = F~Tq*,
the direction of the derivation X;. We do not use this rule, because it does not respect the
exchange of x and y. The exchange o(a,b) = (b,a) acts on M by S = FoF~!, which fixes vz
and exchanges vy and vy, and on the plane of A by ST, an involution of A that fixes the
star edge through B pointwise and exchanges A and C. Since (0q)* = —o(q"), the rule above
satisfies nyq = —STﬁq: the involution carries the support of X" to the opposite of the support
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of X7,. No choice of orientations repairs this: o fixes (1,1), while ST reverses both rays of the
annihilator of F'(1,1), the line s = 0, which moreover misses A, B and C.

We place the wall of X7 along the cofactor direction Lg € M V' ® R instead. By (8),
L= —%F‘T, so that

(13) <Lq> F(q,)> = _% q- qlv q, q € Zz R
with ¢ - ¢’ the standard scalar product of bidegrees, and Lo = ST L. Equivalently,

Lg=—8(u")"'F(q) = dp(F(g).  ¢(F(a,b)) = —1(a® +1?),

where dip : M @ R — MY ® R is the gradient map, or Legendre transform, of the quadratic
function ¥ on M ® R. Thus di carries the ray of each exponent to the support of its wall. Here
1 is an auxiliary quadratic function, unrelated to the polarization ¢; in F-coordinates on M and
the dual F-coordinates on M"Y the rule is g — —fq What singles out rules of this kind is the
exchange: a linear map P : Z2 yOR — MY ® R satisfies Po = ST P exactly when P = F~7Q
for a matrix () commuting W1th o. Such a @ is symmetric, so P is the composite of F' with the
gradient map of the o-invariant quadratic function F(v) — TQU and P sends (1, 1) into the
line through O and B. The cofactor is the case () = —fId Every negative definite ) gives
supports in the cyclic order of the characters F(q), with the dlagonal support running from O
along the star edge to B, and for all ) except the multiples of —( - ) whose chords pass
through A and C, the other supports avoid the singular points; among these the choice is a
convention. The map dv is symmetric and negative definite, of determinant 16 for the standard
orientation of M and the dual orientation of MV, so the supports occur about O in the same
cyclic order as the characters F'(¢q) about the origin. Since F reverses orientation (det F' = —%),
this is the reverse of the cyclic order of the exponents ¢ in F-coordinates, the form in which it
is stated after Theorem Aj; equivalently, L reverses orientation. This cyclic order is the only
property of the placement used in the proof of consistency at the joints (Theorem 3.7): a path
passing above O from left to right meets the supports in order of increasing slope of ¢, and its
path-ordered product is the ordered factorization (42).

The pairs (2,1) and (1,2) are the exponents of 2%y and zy? in Z%y. Their characters
F(2,1) = (3,—3) and F(1,2) = (—1, 1) do not lie in M, and the corresponding wall supports
have the cofactor directions L(2,1) = (—4,3) and L(1,2) = (-2, 3) in the coordinates (s1, s2).

The lattice M is generated by F'(4,0) = vx and F(—2,—2) = vz. The matrix of their
F-coordinates (4,0) and (—2, —2) has determinant —8 and entries with greatest common divisor
two, so the quotient is

(14) M/M ~7)2® Z/A.

We call M /M the fractional-exponent group: it records an exponent in M modulo the integral
exponents M. The classes a = [F(1,0)] and 8 = [F(0,1)], by which the singleton fields X

and X {”1 ) shift exponents, have order four, whereas a + 8 has order two. The total degree
modulo four,

(15) degy: M/M — 74,  deg,([F(a,b)]) =a+b (mod 4),

is a homomorphism with kernel generated by o — 3.

2.3. The annular double cover. We keep the two sides of the discrete Legendre transform
apart. The polygon A lies in MY ® R. With its star subdivision at the origin O, the central

vertex, and the singular points A, B, C' at the midpoints of the three star edges, it carries the
integral-affine structure with straight boundary of Appendix A, whose tangent lattice is M".
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Cuts, wall supports, flares and developed pictures are drawn in A. The dual lattice M is the
tangent lattice of the dual intersection complex. Exponents of slab functions, wall functions
and derivations lie in M C M ® Q, and the polarization ¢ is a piecewise-linear function on the
dual intersection complex whose kinks are integral vectors of MY. As topological manifolds we
identify the dual intersection complex with the interior of A by the correspondence between cells
and dual cells of the discrete Legendre transform [GS06, §1.4] (for a polygon with boundary,
[CPS24, §7.1]), under which the singular points correspond to A, B, C; in particular ¢ is a
function on the interior of A, and it pulls back along the covers of A constructed below. Along
a loop, the monodromy of M is the inverse transpose of the monodromy of MY. The width of
a unipotent monodromy H # Id is the positive integer w with H — Id = +wun” for primitive
vectors u and n, so that H is conjugate in GLy(Z) to ((1] _1“’); H is primitive when w = 1.
Widths, traces and primitivity of a monodromy do not change under inverse transposition,
so statements about them refer to either lattice. For the monodromy about a singular point
with width w > 1, [CPS24, §8.1] call w the order of the singular point. The monodromies
about A, B and C have widths 1, 2 and 1 (Appendix A); B is the singular point on the
star edge matched with the slab p. On the double cover constructed below, M and its dual
MY = F*T(ZQ) C MY ® Q take the places of M and MV; we call the pulled-back structure
with these lattices the M -affine structure. Over a simply connected region of the double cover,
away from its singular points, a frame is a trivialization of the local system M, that is, an

identification of it with the fixed lattice M = F(Z%y), equivalently of the algebra of characters

over the region with k[M]; exponents, monodromy matrices and F-coordinates are read in a
frame. A chart pulled back fr9\r/n A identifies M ® Q over the region with M ® Q. On the sheet
Sp this identification carries M onto F' (Ziy), and it is the frame we fix there; the frames used
below are transported from Sy across the cuts (Section 2.4). On the sheet S; the pulled-back
chart carries M onto TAF(ZQQW) # F(Ziy), with the monodromy 7’4 of (16) below, and induces
no frame.

For the loops v4,vp, Yo oriented as in Appendix A, the monodromies of M about the three
singular points are, in standard coordinates,

19 n=(1 %) w=( 1) =0 %)

Only Tp preserves M. Indeed, conjugating the other two by F' gives half-integral matrices; see
Appendix A. Let A’g be the affine base disk with the three singular points A, B, C' removed,
and define

(17) x(va) =x(e) =1,  x(yg)=0 inZ/2.

We call x(y) the parity of a loop ~, ker x the parity subgroup, and the double cover classified
by x the parity cover.

Theorem 2.3 (Annular parity cover). The connected double cover of ALy classified by x
extends over the compact disk as a cover p: A — A ramified at A and C, and A is an annulus.
The point B has two unramified lifts By, B1, which are primitive focus—focus singularities of the
M-aﬁ?ne structure. The ramification points g, C over A, C are singular points of a different
kind: near each of them the structure is, as a real affine structure, the pullback of the focus—focus
germ at A, respectively C, under the branched double cover z — 22; the lattice is Mv, which
the monodromy of a single loop about A or C' does not preserve. Their linear monodromies on
M are primitive unipotent, but a small loop about A or 5, based on its invariant line, develops
onto a closed curve winding twice around the developed singular point, whereas at a focus—focus
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point it winds once. The pullback polarization becomes integral after multiplication by four, and
4dp*p 1s the minimal integral multiple.

Proof. Cut the disk along an arc from A to C disjoint from B, and glue two copies crosswise
along it. We take for this arc the branch segment, the straight segment from A to C in the
coordinates (s, s2). The local model at A and at C is z — z2. Since the boundary loop has
parity 1+0+1 = 0, it has two lifts. Writing xtop for the Euler characteristic, Riemann-Hurwitz
gives Xtop(A) = 2Xtop(A) — 2 = 0, since the disk A has Euler characteristic one; a connected
oriented surface with Euler characteristic zero and two boundary components is an annulus.
Appendix A computes the monodromy of the parity subgroup on M. With the base point in
the sheet Sy of Section 2.4, the monodromies about the four singular points are, in F-coordinates,

-2 9 2 1
Hy = (_1 4) > HB,O = <_1 0) s
—14 25

Their rank-one parts factor as

Ha—1d= <i’)(—1,3), Hpo—1d = < 11) (1,1),
Hpy —1d = @)(_3,5), He—1d = ( )( 3.1),

and in each factorization both vectors are primitive. Hence every Hy is primitive unipotent
on M. The points By, By are unramified lifts of B, so their germs are copies of the germ at
B, a singular point of the disk with unipotent monodromy of width two on M; with respect
to M the monodromies H B,0, Hp,1 are primitive. A small loop about A maps to the loop v4

(18)

(19)

traversed twice. Develop it from a point of the invariant line through A. The image is the
developed image of 4 followed by its image under the affine monodromy about A, which fixes
the invariant line pointwise and preserves orientation; each is a closed curve winding once
around the developed image of A, so the lift winds twice. The same argument applies at C.
Winding numbers of developed loops are invariant under affine isomorphism of germs, so the
germs at Z, C are not focus—focus germs. The preimage of the star edge through A consists
of two arcs crossing at A, so A and C' are four-valent vertices of the lifted decomposition. In
the polarized complexes of [GS06, CPS24] the discriminant locus is disjoint from the vertices
[CPS24, §1], so the lifted decomposition is not of that kind at A and C; the last assertion of
the theorem concerns only the integrality of 4p* .

The polarization ¢ is that of the discrete Legendre transform [GS06, §1.4]: its kink across
an edge of the decomposition of the dual intersection complex is the lattice vector of the dual
edge of the star subdivision. The kinks across the three bounded edges are therefore, up to
sign, the vertices pa,pp,pc of A, since the star edges from O to these vertices have lattice
length one. Their F-coordinates have denominator exactly four (Appendix A). The kinks
across the unbounded edges are the edge vectors of A, whose F-coordinates are integral in the
frame of Sp; they are not the primitive edge directions of the normalization of [CPS24, §7.1],
in which the slope changes by one along the unbounded edges. The frame of S; differs from
the identification given by the chart of S; pulled back from A by the monodromy about A,
which acts on F-coordinates of MY by (F~'T4F)~T; in the frame of S; the bounded kinks

again have denominator exactly four, and the unbounded kinks have F-coordinates (—%, %),
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(b) Parity cover

(a) Cofactor geometry

A = conv{pa,pp,pc}
L = det(¢)e™"

width 16

— width 2 Bo

pa pc

width 4

FIGURE 1. The quartic polygon and its annular parity cover. (a) The polygon
A with vertices pa, pp, pc, in the coordinates (s, s2); the highlighted star edge
from O to pp contains the singular point B, whose monodromy has width two.
The first two singleton supports are the cofactor directions L(2,1) and L(1,2).
(b) Two copies of the disk, cut along the branch segment from A to C, are
glued crosswise; the dashed arc is one of the two lifts of this segment. The
boundary circles have widths 4 and 16. The cover is branched over A and C,
whose preimages are the ramification points A, C, and B has two unramified
lifts Bo, Bl.

(%, —%) and (—2,4). Multiplication by four therefore makes p*y integral on both sheets, and

no smaller positive multiple does. O

The two boundary circles of A are the lifts of the boundary loop y4ypYc of A, whose

—18 (1)>, of width eight. Their

monodromies Uy, U; on M are computed in Appendix A and have normal forms

G 6

Their widths are therefore 4 and 16.

_Let A be the interior of A, and let A° be the complement in A of the four singular points
A, By, By, C. Loops in A° that are freely homotopic in A to a core circle of the annulus are not
all freely homotopic in A°; they differ by loops about the singular points, and their holonomies
need not have the same trace. We fix the core loop Yeore = 70721, based in the sheet Sy of
Section 2.4. Write v3 = Y4y YBo = VB> VB, = %4737;1 and 75 = 7% for the loops about the
four singular points. In the fundamental group the two boundary loops factor as

monodromy on M is, in standard coordinates, TaTpTc = (

- 1
VAYBYC = VB Veore V& VAVBYCYA = ViVBoYeores

SO “Yeore 18 the core loop separating {g, By} from {Bj, 5’} Its linear holonomy is the hyperbolic
matrix K of (2), of trace 18, and Uy = HB71K_1HC, U = HyHp oK. Other loops of this kind
have other traces: for instance y4v¢ has holonomy K~!'H¢, of trace —14, which exchanges o
and . s -

The annulus A with its M-affine structure is thus determined by the lattice M spanned by
M and the exponents of the two singleton fields. Section 4 compares it with the affine bases of
distinguished toric degenerations in the sense of [CPS24].

2.4. Local Kummer charts. In outline, the coefficient system constructed in this subsection

and the next is one inverse system of Kummer covers of the character torus Speck[M], indexed
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by the finite rooted subtrees T" of the path tree, the universal covering tree of the graph whose
vertices are the two sheets and whose edges are the cuts: the cover of T adjoins roots of the
slab functions transported along the paths of T, it is finite étale away from the zeros and poles
of these functions, and 71 (A°) acts on the colimit of their Kummer rings through transport.
The chart algebras, Kummer rings, finite root stacks and the annular coefficient system defined
below are parts of this one system. .

Each matrix in (18) exchanges o and § in M /M, while the core matrix K acts trivially. The

monodromy of the local system with fiber M /M therefore acts through the exchange of a and
B, and deg, of (15) is the projection onto its largest quotient on which the monodromy acts
trivially. The local system becomes constant on the connected double cover

pr‘ : A?r —> AO

defined by the kernel of the monodromy action on M /M. We call pg, the fractional-exponent
cover: it is the smallest connected cover on which the fractional-exponent group forms a
constant local system. Its deck involution dgec €xchanges the classes o and 8. The lifted slab
maps require, in addition, roots of the slab functions; these are the Kummer roots constructed
below.

Placement of the transitions. For V € {A, B,C} let ¢y be the outer half of the star edge
through V', the segment from V to the vertex py of A. The complement of c4 U cg U ¢ in the
interior of A is simply connected and contains O, the inner half-edges and the branch segment
from A to C. Its preimage in A therefore consists of two sheets Sy and S;, each mapped
homeomorphically onto it; we write Og € Sy and O € S for the two lifts of the central vertex
O. The preimage of cp consists of one arc from each B; to the boundary, and the preimages of
caA and c¢ consist of two arcs from A and two from C, one to each boundary circle. We call
these six arcs the cuts. All transitions at the singular points, namely the affine transitions, the
lifted slab maps below and the line transitions of Section 3, are carried by the cuts, which run
from the singular points outward to the boundary. The sheets carry no transition; in particular
none is carried by the inner half-edges, by the preimage of the branch segment, or near Oy and
O1. By Proposition 3.6, no wall support of Section 3 meets an arc carrying a transition.

We give Sy the frame of its chart pulled back from A (Section 2.3), and S; the continuation of
that frame across the arc over c4 that v, crosses from Sy, so that this arc carries no transition.
We place the lifted slab map at each singular point on a single arc from that point to the
boundar~y: at By and Bj on the arcs over cp, at A on the arc over c4 that 4 crosses from Sy,
and at C on the arc over c¢ that yo crosses from S;. The arc over co that ¢ crosses from Sy
carries only the change of affine chart along 7Yeore. As in Appendix A, a product gh of loops
traverses ¢ first. Thus Yeore = ’yC’yZl crosses only the arc carrying the change of chart and the
arc carrying no transition, and the transport along it has linear part K and no slab factor. The
dual graph of this decomposition is the Schreier graph of the parity subgroup for the transversal
{1,74}, and its five edges other than the transversal edge correspond to the generators (96).

Slabs and cuts. This placement is a convention on where transitions are drawn. In the
structures of [GS11] the transition at a singular point is carried by the slab through it, which
carries a slab function at each of its points; under the identification of Section 2.3 the slab
through V', the cell dual to the star edge through V', crosses that edge at V. Here the lifted
slab map at V is carried instead by a single cut, which runs along the outer half ¢y of the star
edge, and the inner half-edges carry no transition. On the star edge through B the two halves
have different roles: the arcs over the outer half cp carry the lifted slab maps at By and By,
and over the inner half runs the diagonal wall of Section 3.3, from O; to B; in the sheet S;. A
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small loop about B; therefore crosses the arc of the slab map at B; and the diagonal wall once
each (Section 3.3).

Chart algebras. Every vertex of the path tree 7 of Section 2.5, a reduced edge path from Sy
to a sheet, carries the frame obtained from that of Sy by transport along the path; the frames
of Sp and 57 fixed above are those at the empty path and at the path that crosses the arc
over cy carrying no transition. The chart algebra of a sheet, or of a point or a region of A°
read in the frame at a vertex, is k[M] in that frame over the Kummer ring of a finite level. A
finite level is given by a finite rooted subtree 7' C T and a truncated coefficient ring, such as
R/m¥ in (29) or the ring Ryy y of a labelled truncation (Definition 4.1); geometrically it is
the finite root stack of T' (Section 2.5) base-changed to that ring, written X7y v in Section 4.
Its Kummer ring is the Kummer ring R°° of (27) tensored with the coefficient ring; when T

contains the vertex, k[M] in the frame of the vertex maps into R?°" by pull-back along the
path of the vertex (Section 4.5).

For V e {g, By, B, 5} let uy € M be the primitive vector spanning the invariant line of Hy/,
and let xy = 22V with the signs ey below. The exponent 2eyuy is the invariant character
uy € M of the disk monodromy Ty, about the image of V', that is, one of the characters
ua,up,uc of Ta,Tp, T listed in Appendix A, transported linearly along v4 for By. The
pulled-back slab functions are

fA'Zl—i-a?g, fBi:1+apri+x2Bi7 f5:1+$5,

of degree eyy = 1,2,2,1 in xy. Let Ny € MY be the primitive conormal of the invariant line,
with the sign fixed by
(21) HV —I1d = —Zl (26Vuv) Ng; = —€y UVN‘;,

14

where dy is the root degree below. The data, with uy and Ny given by their F-coordinates,
are

v | 4 By By C

F_IUV (37 1) (Lil) (573) (173)
(22) €y 1 1 -1 -1
dy 2 4 4 2

FTNV (17_3) (_17_1) (_375) (_371)‘
On the complement of the slab divisor put

T AT £— ~ Ny,
(23) R = k[MIIf vl (gl = fv), v (™) =gy ™2
The ring R}?°* is the Kummer ring of fy. Its spectrum is the restriction, over the complement

of the slab divisor, of the Kummer cover Spec k[M lgv]/ (g?}’ — fv), whose quotient by pg,,,
acting by gy — (gy and trivially on characters, is the dyth root stack of the slab divisor
(Appendix A). Over the complement of the divisor the Kummer cover is a 4, -torsor, the root

stack is the complement itself, and gy is not a function on it. Since (Ny,uy) = 0, the map 5‘/
fixes fi and gy and is an automorphism of RI?°. It commutes with pg4, on 2™ exactly when
dy divides (Ny,m). This holds for m € M, where (Ny,m) € 4Z and Oy multiplies 2™ by an
integral power of fy-, and it fails for some m € M because Ny is primitive. The lifted slab
maps, the line transitions of Section 3 and every transport built from them therefore act on
Kummer rings and Kummer covers, and not on root stacks.

The lifted slab map at V is placed on its arc so that the transport along the loop vy

of Section 2.3, based in Sy, is 2™ — g€,NWm>zHVm. By (21), zfvm = zm—ev(Nv.mjuy —and
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g{d/‘/x‘_/ev = fyva,?Y tends to one where zy is large; in this sense the transport is trivial to
leading order there, which fixes the sign of Ny .

Proposition 2.4. The formula (23) defines an automorphism of the Kummer ring R>°"
extending the transition of the disk: on characters m € M, the transports about g, By and
C based in So are the disk transports about A twice, B once and C twice, and the transport
about By is the disk transport about B written in the frame of S1. For a, # £2 the root degrees
2,4,4,2 are minimal.

Proof. The root gy is a unit on the localized chart and (INy, m) is integral. Moreover Ny = 4ny,
where ny € MV is the primitive conormal of the disk at the image of V, transported linearly
along v, for Bj; the arc that y4 crosses from Sy carries no transition. The disk transport
about that singular point is 2™ fé-"v’szVm, where Ty — Id = —eyayn{; by (94); at By,
the slab function, the invariant character, the conormal and the monodromy are those of B
transported linearly along v4, that is, written in the frame of S;. The disk transport fixes fy
and ny. At A and C the loop traverses the disk loop twice, so on m € M the slab factor is

f‘2/_<nv,m> _ gé/vam> m o gé/NV’m>. Since Ny is

: at By and Bj it traverses it once, giving fé-nv’
primitive, (Ny,m) = 1 for some m € M, so the slab factor of that character is a dyth root

of fy. For a, # £2 the Laurent polynomial fy vanishes to order one along each component

of its zero divisor, so its class in ]k(M )</ k(ﬁ )*4v has order dy, and no proper divisor of dy
suffices. O

The placement above thus defines the lifted coefficient system. On characters in M it agrees
with the pullback of the disk system germwise at each singular point (Proposition 2.4), but it
is not that pullback. In the pulled-back system each of the two arcs over c4, and each of the
™ with
(ny,m) € %Z for m € M. On characters in M, the pulled-back disk transport along 'yA'yB'yZl

is the transport about Bj conjugated by z"* fXLA’m z" and the pulled-back transport along
Yeore has slab factors, powers of fo and of the transport of f4, whereas the transport of the
lifted system along 7core is the monomial map with linear part K.

At the two nodal values a, = 2 the degree at By and By drops to two. If fg(a,,z) =
1+apz+ 22, then

two over c¢, carries the disk transition, whose slab factor on a single crossing is f‘</ v

a,=2: g'—fe=("—(1+2)(g*+ (1+2)),
ap=-2: g'—fe=(9"—(1-2)(¢*+ (1 - 2)).

Away from the reduced zero divisor these are two connected quadratic torsors; their closures
meet over the divisor. We retain this fourth-root stack rather than replacing it by one connected
square-root cover.

(24)

2.5. An infinite Kummer extension. The failure of finite Kummer closure already occurs
on the overlap of the A and By charts. Write

TA=135=2"A, xp =g, = 2B, fa=1+za, fB(x) =1+ apx + 27,

and let K = k(z4,zp). The lifted slab map 6 7 of (23) multiplies each character by a power of
the root g7 and does not change its exponent. Since (Nz,2up,) = 8 and d ; = 2, the lifted slab

map 7] 1 fixes fa and sends

(25) g — ff‘mB.
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The transport about A also applies the linear monodromy, and H4(2upg,) = 2up, — 4 - 2u i

it therefore fixes x4 and sends zp to x24fﬁa}3 =(1+ le)‘LxB. For a, # £2 write fp(z) =
(1+Az)(1+ A712) with A+ A7t =a, and A2 # 1.

Theorem 2.5 (Infinite Kummer orbit). Let h € k(za) be nonconstant, and let wy be the
automorphism of K fixing x4 with wy(xp) = hap. The lifted slab map 0+ 1, with h = f4 by (25),
and the transport about A, with h = 14z, Y4 are of this form.

(1) If ap, # £2, closure of a fourth root of fp(xpr) under all powers of wy, requires the fourth
roots g, of

(26) ga = fe(h"zp) = (1+ A zp) (1+ A" 'W"ep),  neZ,

and the classes of these radicands are linearly independent over 7Z./4 in KX /K*%.

(2) If a, = £2, then fg(h"xp) = (1 & h"zp)?, and the classes of 1 £ h"zp, n € Z, are
linearly independent over Z/2 in K* JKC*2.

(3) In either case mo finite extension of K containing a fourth root of fp(xp) admits
an automorphism extending wy. In particular no finite algebraic Kummer extension
containing the initial A- and By-roots is stable under the lifted slab map 9 or under

transport about A.

Proof. Suppose a, # £2. In the principal ideal domain k(za)[zg],
fB(h"zp) = h* (zp + X' ") (zp + ARTT).

The elements A*'h™", n € Z, of k(z4) are pairwise distinct: an equality AA™" = A pm
makes h"~" constant, hence m = n because h is nonconstant, and then \¢ = \¢ forces € = ¢
because A2 # 1. Thus 7, = xp + A"'h™" is a prime dividing the nth radicand exactly once
and no other radicand. If a finite product [],, fp(h"x B)F is a fourth power in K, its m,-adic
valuation k, is divisible by four. This proves (1). For (2), the same argument applies to the
primes xp £ h™" of 1 + h"xp.

For (3), let K" D K be finite, let @ be an automorphism of K’ extending wy,, and let gg € K’
satisfy g = fp(wzp). Then @"(go)* = fg(h"zp) for every n € Z. If a, # +2, the field k
contains the fourth roots of unity, so by Kummer theory and (1) the subfield generated by the
@"(go) with |n| < r has degree 42" ™! over K for every r, which is impossible. If a, = +2, then
@"(g0)? = £(1+ h"xp), and since —1 is a square in k, K’ contains square roots of all 1+ h"zp;
by (2) the same degree argument applies with 2271, ]

The path tree. Let € be the graph whose vertices are the two sheets Sp, .51 and whose edges
are the six cuts, each joining the sheets on its two sides. The sheets are simply connected and
the cuts are contractible, so the fundamental group of € based at Sy is II = m1(A°), a free
group of rank five. The path tree T is the universal covering tree of the graph €. Its vertices
are the reduced edge paths in € beginning at Sy, equivalently the homotopy classes of paths in
A° from a base point by € Sy to by or to the other lift by € S of its image in A; its root is the
empty path at Sp.

Let T = Speck[M] be the torus of the sheet Sy, and let 7' C T be a finite rooted subtree. We
call an edge of T' a Kummer edge if it crosses, in either direction, an arc carrying a lifted slab
map; edges crossing the other two arcs adjoin no root. Number the Kummer edges e =1,..., ¢,
the edge e crossing the arc of the singular point V.. It has the root degree d. = dy, and
the transported radicand o., the transport of fy, to Sp along the path of T' preceding e. The
vectors uy lie in the sublattice of M of elements whose F-coordinates (m1, me) satisfy mi = mo
(mod 2), which the matrices (96) preserve and on which every Ny is even. A lifted slab map
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therefore multiplies a transported character z2¢v/%v’ by a power of the root it uses with exponent
divisible by four, that is, by an integral power of the corresponding transported radicand. By
induction along the path, every g, is a rational function on T. Let Ur C T be the complement
of the zeros and poles of g1, ..., ¢, and put Gt = [], tq,. The Kummer ring of T is

(27) R = O(Up)[ry, ... ,rg]/(rge - Qe)e,

on which ¢ € Gp acts by re — Cere. It is finite étale over O(Ur), and Spec R2°" is a Gp-torsor
over Ur. The lifted slab map at the Kummer edge e uses the root re, the transport of gy, so
transport along the paths of T is defined on R'®°". Let D, be the divisor of zeros of g, on T.
The finite root stack of T is

%T = d{/ (T,Dl) X X d{/ (T, Dg),

in the convention (101). Over Uy it is Uy itself, the quotient of Spec R}?°* by Gr. Section 4
extends Spec R to a Kummer cover Pr of T with Xy = [Pr/Gr]; we call X with its atlas
Pr the finite root-stack presentation of T. Transport acts on Rf?°%, that is, on Pr over Urp,
and not on X7, because the lifted slab maps do not commute with Gpr. By Appendix A, the
stabilizer of X7 at a geometric point over z € T is the product of the factors ug, with z € De.
If T C T, localization followed by adjunction of the new roots maps R?°" injectively to Rg?,‘)t,

and forgetting the new roots gives X7v — Xp. The paths 'y% followed by a crossing of the
By-arc give the radicands fp(h"xp), h = (1+ x;‘l)‘l, of Theorem 2.5.

Definition 2.6. Let R = k[t;, t2] be the deformation coefficient algebra, where t1,ts are the
singleton parameters, and let m = (¢1, t2) be the singleton ideal. The pathwise Kummer ring is
root

R;‘;‘t’ﬁ = hﬂTcT RP°Y, the colimit over the finite rooted subtrees 7" C 7. The pathwise root
object and its adic completion are the formal systems

(28) Xpath = @ X, B/épath = hgn lgl (%T X Spec R/mN).
TCcT N TCT
The group IT acts on T by deck transformations, a loop acting by concatenation, and through

transport on R;C;%fl, the Kummer root of an edge going to the Kummer root of its translate.

The annular coefficient system is %mth together with this action of II. A structure over it, such
as a module, an algebra, a bracket or a wall structure, is a II-equivariant compatible system of
such structures over the rings

(29) R¥°' @ R/m T C T a finite rooted subtree, N > 1.

root
path

identifying it with the ring at the empty path. A finite transport diagram modulo m” is a finite
diagram of finitely presented modules or algebras over the coefficient rings of finitely many
vertices of T, reduced modulo m", together with finitely many homomorphisms, transports
along edges of T, and identities among their composites.

The coefficient ring at every vertex of T is R ®k R, transport along the path of the vertex

The limit over T is formed along the root-forgetting maps, the colimit of Kummer rings
along the injections RP°" — R, and the colimit over N along the closed immersions
Spec R/m" — Spec R/m¥*1. The limits are formal systems: by Theorem 2.7, Xpa, is not
represented by a formal scheme or by an algebraic stack whose diagonal is locally of finite
type. The group II acts on the Kummer rings, preserving the root degrees, but not on the root
stacks X7, whose root groups G do not commute with the lifted slab maps. For this reason
no quotient by II is formed: structures over the annular coefficient system are defined through

the Kummer rings (29) and the action of IT on them. This inverse system is of the same formal
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kind as the infinite root stacks of [TV18, Def. 3.3 and Prop. 3.5]; the additional feature here
is that the roots are indexed by reduced transport paths and permuted by the deck group II.
Wall structures over this object and their consistency are the subject of Section 3.

Theorem 2.7 (Definability over finite subtrees; non-representability). Fvery finite transport
diagram modulo m" is defined over RO @ R/m™ for some finite rooted subtree T, that is,
over Ur on the Kummer cover Pr of the finite root-stack presentation of T. Any two such
subtrees have a common finite refinement. On the other hand, if all transported roots and
their automorphisms are retained, the pathwise oot object Xpaen 1s not represented by a formal
scheme, a finite root stack, or an algebraic stack whose diagonal is locally of finite type.

Proof. A finite transport diagram involves finitely many vertices of 7~ and, modulo m”, finitely
many deformation bidegrees. The rooted union of the corresponding paths is a finite subtree.
The ring R;‘;‘t’fl is the colimit of the Kummer rings of the finite subtrees (Appendix A), so by
finite presentation the finitely many generators, relations, arrows and identities are defined over
one of them after a further finite enlargement. Rooted union gives a common refinement.

For the negative assertion, let h = (1+x )%, let A be a root of A2 —a,A+1 (so A = +1 when
ap, = +2), and let w be a geometric point of T with x4 = —Land 25 = —\"1. There fa= %
and h = 1, so every radicand fg(h"zp) in (26) vanishes. For a finite set S C Z, let T be the
rooted union of the paths ’y% followed by a crossing of the By-arc, n € S. Since the transport

about A fixes fa, every root adjoined along 7% has the radicand f4, which does not vanish at
w. The root adjoined at the final crossing has the radicand ¢, = fp(h™zp), which is regular at
w, because x4 and f4 are units there, and vanishes at w; hence w € D,,. The stabilizer of X
at the point over w is therefore [[, . g pta. The automorphism group of a compatible point of
Xpath over w is the inverse limit of the stabilizers over all finite subtrees, and it contains

HM4

neEL

as a closed subgroup. This group scheme is not of finite type. A formal scheme has trivial
stabilizers, a finite root stack has finite-type diagonal, and an algebraic stack with diagonal
locally of finite type cannot have such a geometric stabilizer. ([l

Theorem 2.7 is the only property of the inverse system used later: every product, period
and logarithmic chart below is constructed over the Kummer ring of a finite level, and the
pro-object records the compatibility of these constructions.

3. SCATTERING FOR THE JACOBI BRACKET; HYPERBOLIC CORE HOLONOMY

3.1. A line bundle for the volume form, and its Jacobi bracket. Local formulas are
written in the fixed frame of the sheet Sy 3 Og of Section 2.4, which is the frame at the root of
the path tree 7 of Section 2; the frames at the other vertices of 7 are reached by transport
along the edges of the graph €. As in Section 2.2, elements of M, matrices acting on M and
determinants of pairs of its elements are written in F-coordinates, so that z; = z(1:0) and
29 = 2(O1) are the characters of z and y under the dictionary z%y® — 2@ Pyt

(30) k=(1,1), Qo = dlog z1 A dlog 29, Q. = 2"Qo,

so that « is the exponent F'(1,1) of zy and Q corresponds to dz A dy. For ¢ = (q1,q2) put
q¢* = (g2, —q1), and denote the invariant logarithmic derivation in direction v by 8,, so that
Op2™ = (v, m)z".
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Proposition 3.1 (Shifted Hamiltonian bracket). The inverse bivector m, = z~"my of Q. has
Hamiltonian vector fields

(31) X5 = 20770,
and
(32) [X;, Xf] == det(Qa T)Xz’;—l-'r—n'

Thus, after writing g =k + k and r = £ + K, the output is indexed by k + £.

Proof. The Hamiltonian field of 27 for 27" is (31). The bracket of two monomial derivations

has direction

<qL77q - /1>TJ_ - (rL,q - K>qL = —det(q,r)(q +r— /{/)J‘7

which gives (32). O

The fields X, g € M , span over k the Lie algebra g, of m,-Hamiltonian derivations of

k[M], with the bracket (32). We call g, the Hamiltonian wall algebra: the wall automorphisms
constructed below are exponentials of elements of g, with coefficients in the ideal generated by
the deformation parameters, completed with respect to that ideal; they are written in the frame
of Sy and transported to the other frames by Proposition 3.3. For x = 0 the field Xg = 290,1
is the Hamiltonian vector field of 29 for €2y, and X8 = 0. Thus gg is spanned by the fields
2909,1 with ¢ # 0, and for an Artinian local k-algebra R with maximal ideal mp the Lie algebra
go ®k mp is the Lie algebra hr of the tropical vertex group of Gross—Pandharipande—Siebert
[GPS10, Sect. 1.1], with M in place of the lattice denoted M there and k in place of C. As in

Section 1.2 we write X, ; = X:Jr(a b)-

The lifted slab map 6y of (23) is symplectic for Qg, but
= N

(33) 000 = g 0, ((Nvor))y = (~2,-2,2,-2).

The transition carried by a cut is not the bare slab map: by Section 2.4 it has the form
B(z™) = cg(m)2He™ where Hy € SLy(Z) is its linear part and ¢y is a multiplicative character
with values in the units generated by the roots; ¢, = 1 on the arc carrying only the change of
chart, and ¢ is the identity on the arc carrying no transition. Such a transition preserves €,
as the lifted slab maps do and det Hy = 1, so ¢*Q2,, = c¢(/£)zH¢“_”QH, and the transition law
of {2, requires a line bundle. Choose a local generator e of the line, a nowhere-vanishing local
section, on each side of the cut and identify the generators across it by

(34) ¢*e’ = cy(r) L Home,

The products 2, ® e then glue to a form with values in the resulting line bundle £, which
we call the volume line. The frame at every vertex of the path tree 7 thus comes with a
local generator e of L, the one in which the glued form is €, ® e; brackets on sections of
L, at a vertex are written with respect to it. Along the loop 7y of Section 2.3, based in Sy,
the transport is 2™ — g‘</NV’m>zHVm (Section 2.4), and Hyk — k = —ey(Ny, k)uy by (21).
Since ey /dy = % at every singular point, the composite of the identifications (34) along ~y is
multiplication by

g‘;<NV7R>l,§/NV7K’>/2 — (fvx‘;e\/) _<NV7"{>/dV’
—ey

which is the normalized slab function fy .z at A and 5, a square root of it at By, and the
inverse of a square root of it at Bj; its square tends to one where xy is large, as in Section 2.4.
Along Yeore the transport is 2™ +— 5™ and the composite is 2K = 2(0.=8) For a general
path the composite is (48) below. Like the lifted slab maps (Section 2.4), the line £, and all
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transports below are defined on the Kummer covers and not on the root stacks, namely on the
spectra of the rings (23) and, over a finite rooted subtree 7' C T, on Spec R of (27).

Proposition 3.2 (Hamiltonian derivations do not glue). The Lie algebra of m,-Hamiltonian
derivations of the structure sheaf, which contains the two singleton fields X& 1) and Xa 2 18

not preserved under conjugation by any lifted slab transition. Moreover, the brackets given by
T, in the individual charts do not glue to a bracket on the structure sheaf.

Proof. For a derivation 0 let divd be defined by Ls2,, = (divd) .. Every m,-Hamiltonian
derivation X, has div X}, = 0, since v, ) = £dh. If 0 is an automorphism with 6*Q, = G,
then Ly-159 = 6~ Ls on forms gives
a1 1 §(G)
div(67160) = 07! (divo + = 2.
Let uy, ey and oy = 22°V¥V be as in (22), so that (Ny,uy) = 0 and the pulled-back slab
function fy is a nonconstant polynomial in zy. Then 5\/ fixes fyy and gy. Take 0 = §V,

G = g™ and § = X with g € {(2,1),(1,2)}. Since ¢&¥ = fv,
() g (35U
dy Y fv
where f{, is the derivative of fy, as a polynomial in zy. The pairings (g, uy) are
|A By Bp C

1 3 -1 -5
5 3 7 -1,

div (0, X50v) = > o XG(fv) = 2ev (gt uy) 2T ey fiy (av),

q= (27 1)

q= (17 2)
all nonzero, and (Ny,k) = £2. Hence every conjugate of a singleton field by a lifted slab
transition has nonzero divergence and is not 7-Hamiltonian. The argument uses only that fy
is a nonconstant polynomial in xy/, so it applies at every value of the slab parameter, including
a, = 0, which corresponds by (6) to the Fermat member s = 0 of the pencil (4). If the brackets
given by 7, in the individual charts glued to a bracket on the structure sheaf, the transport
along every loop based in Sy would be a Poisson automorphism for the nondegenerate bivector
7y, and hence would preserve Q. The transport along ~y multiplies ©, by ( fvac‘_/ev)w vor)/dy
the inverse of the multiplier computed after (34), which is not constant. ]

By Proposition 3.2 the bivector 7, cannot serve as the bracket in every chart. Transporting
the Poisson bracket of 7, from the frame of Sy along the path tree T gives a bracket on functions
over 7, whose bivector in the frame beyond a cut carrying a transition differs from 7, by a
nonconstant factor. Proposition 3.3 instead transports it as a bracket on the sections of L,
whose bivector part is 7, in the frame at every vertex of 7. Recall that a Jacobi bracket, or
Jacobi structure, on a line bundle £ is a Lie bracket on local sections of £ that is a first-order
bidifferential operator [Kir76, Lic78, VW20] (Section 1.2). In terms of a local generator e of £
it is given by a bivector m and a vector field £ through

(35) {fe,he} = (n(df,dh) + fE(h) — hE(f))e.
For E = 0 the coefficient of e is the Poisson bracket w(df, dh).

Proposition 3.3 (Jacobi transport). The line L, over the path tree T carries a Jacobi bracket,
determined by the choice of the frame of Sy at the root of T, whose expression in that frame is the
Poisson bracket of me. In the frame at every vertex of T its bivector part is 7w,. Every transition
carried by a cut, with the identification (34), is a Jacobi isomorphism. The construction is
compatible with finite root restriction and equivariant under the deck action of II.
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Proof. In terms of a local generator e, write a Jacobi bracket as in (35). Under ¢ = ae the
local pair transforms by

(36) 7’ = am, E' = aF + n*(da).

Start at the root of 7, in the frame of Sy, with (7, E) = (7, 0) and transport the pair across
each edge using the transition ¢ of the cut, (34) and (36). Every vertex of the path tree has a
unique route from the root, so the construction is unambiguous and compatible with restriction
to finite subtrees. Change of generator and pullback preserve the Jacobi identity. The deck
action transports the same data, giving deck equivariance. If m = 7, before a cut, then (34) is
p*e’ = G le with ¢*Q, = G Q, so by (36) the bivector part with respect to the generator ¢*e’
is G, which is the pullback under ¢ of the bivector 7, of the chart beyond the cut. By
induction along the route from the root, the bivector part is m, in the frame at every vertex of

T. O
The bracket depends on the choice of base frame. The cut at By is crossed by vp from Sy
and carries 2" ggZBo’mzHB»Om, so by (34), with (Np,, k) = —2 and €p, = 1, its multiplier

isa= 912301‘73;. It is nonconstant and 7, is nondegenerate, so by (36) with £ = 0 the pair

transported across that cut has a vector field which, expressed in the chart of Sy, is ﬂ,’i(da) #0.
Starting instead from (7., 0) in the frame beyond that cut therefore gives a different Jacobi
bracket.

The Jacobi bracket of L, can equivalently be described by its Poissonization, a homogeneous
Poisson structure on £\ 0 [VW20]. We use the line-bundle formulation because it displays
the multiplier in (34) explicitly.

Definition 3.4 (Jacobi walls and consistency). Fix a finite rooted subtree 7' C 7 and work on
the Kummer covers over T modulo m” | where m = (t1,¢5) is the singleton ideal of Definition 2.6.
A Jacobi wall is a pair (0,0y), where 9, the support of the wall, is a cooriented rational affine
segment, ray, or full chord (a segment both of whose ends lie on the boundary) in the smooth
locus A°, and ©; is a locally constant unipotent Jacobi automorphism along 0, congruent to
the identity modulo m. The automorphism is written in the frame at a vertex of T, with its
local generator of L, and is transported between charts by Proposition 3.3; the charts and the
transitions between them are placed as in Section 2.4. Unlike [GPS10, GHK15, GS22], we do
not require the exponents of ©;, to be tangent to 0; the placement rule is that of Section 2.2.

Let v be a path transverse to the walls. A crossing is positive if the velocity of v pairs
positively with the coorientation of the wall; a positive crossing contributes 0, and a negative
crossing contributes ©, L The path-ordered product ©, is the composite of these contributions,
each transported to the frame at the initial point of v along =y, with the first crossing acting first;
in a product of operators the rightmost factor acts first. A joint of a locally finite collection of
Jacobi walls is a point of A° at which two supports of different directions meet or at which a
support ends, and the collection is consistent at a joint if the path-ordered product around a
sufficiently small positively oriented loop about that joint is the identity. The regions of the
collection are the connected components of the complement in A° of the supports of those walls
whose automorphisms are not the identity; for the wall structure © of Theorem 3.7 we speak of
the regions of ©.

A wall structure at a finite level is a locally finite collection of Jacobi walls, and all the notions
above are notions at a finite level. A wall structure over 7 means a compatible system of wall
structures at finite levels as T" and N vary, and its path-ordered products are the compatible
systems of the path-ordered products at finite levels.



ANNULAR SCATTERING IN OPEN FJRW THEORY 27

3.2. Scattering of the two singleton Hamiltonian vector fields. With the singleton
parameters t1, t9, put

(37) Eap = 55 X0 = 15X, (04 (a,b) € N*\ {(0,0)}.

The shifted exponent of Eqy is k + (a,b) = (a + 1,b+ 1). The ray R>¢(a + 1,b+ 1) is the
boundary ray of the GKT generator X, (Section 1), and we call it the boundary ray of E, ;
its slope is (b+1)/(a + 1). By (32),

(38) [Eap, Ecal = — det(n + (a,b), 5+ (c, d))EaJrc,ber.

The two singleton Hamiltonian vector fields, with GK'T’s normalization, are
1 1

39 A=——-F B=—-FE);.

( ) 2 1,0 2 0,1

The sans-serif letters distinguish these two fields from the singular points A and B. Since the
shifted exponents of A and B are (2,1) and (1,2),

(40) ABl =B

Let Gsing be the product of the lines spanned by the E, p, completed in the total degree a + b;
it is a Lie subalgebra of the m-adic completion of g, ®g klt1, t2]. For a ray vt C R%, we let g, be
the closed span of the E,; whose shifted exponent lies on . By (38) each g, is abelian, and we
call the abelian group exp(g:) the ray group of t. Rays are ordered by their slopes, and tg 1,
t1,2 denote the rays of (2,1) and (1,2), the incoming rays.

Proposition 3.5 (Kontsevich-Soibelman factorization of the singleton commutator). Let
operators act on functions, the rightmost factor acting first.

(1) There are unique elements Cy € @ such that
(41) e BeAcB Hexp

the product taken over rays with slopes increasing from left to right. Modulo m™ only
finitely many C, are nonzero, and the factorization is compatible with reduction of N.
(2) Write Ce =) capFap. Then cqp =0 unless a,b>1 and (a+ 1,0+ 1) lies in the cone
spanned by (2,1) and (1,2). Moreover cpq = Cap, €11 = %, and the coefficients of total
degree at most 10 are those of Table 1.
(3) Equivalently,

%
(42) ePeB = B Cn 2 < H efc‘)eA_C‘“,

%<slope(t) <2

where the middle product has slopes decreasing from left to right. This is the unique
factorization of e™eB into ray groups in which the factor of least slope acts first.

Proof. The bracket (38) is additive in (a,b). Hence the elements of total degree at least d form
an ideal g=9, the quotient §g=¢/g=4! is central in gsing/g=%"!, and modulo m? only degrees
below N survive. Suppose that a product P of ray factors satisfies efe Be AeB P! € exp(g2?),
the first four factors forming the left side of (41). The degree-d part of the logarithm of this
element decomposes uniquely into ray components; since this part is central modulo degree d+1,
adding each component to the logarithm of the corresponding factor removes the discrepancy
in degree d, and no other choice does. Induction on d gives existence and uniqueness in (1).
This is the argument of the Kontsevich—Soibelman lemma [GPS10, Thm. 1.4]; it uses only the
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TABLE 1. The coefficients ¢, of Proposition 3.5 with a > b and a 4+ b < 10.
The entries are obtained by solving the degree-by-degree recursion in the proof
of Proposition 3.5 through total degree ten. The coefficients with a < b follow
from ¢y 4 = cqp; every other coefficient of total degree at most 10 vanishes.

a+b coefficients
—3
2 C1,1 = i
—3
3 @1=3
1 3
4 1=15 C2=3%
_3
5) C3,2 = S
_ 3 5
6 C42 = 35, C33 = 15
7 (59 = 1o, Cag = L
5,2 1287 ¢4,3 16
_ 3 21
8 5,3 = 16> ¢44 = 51
9 C63 = oz, C54 = =
6,3 1287 ¢5,4 16
— 13 — 19 _ 63
10 e73 = 15910 €64 = G2 ©5.5 = 160

grading and not convexity, which fails here: the shifted exponent ¢ + r — x of a bracket need
not lie between ¢ and r.

For the support statement, let C be the cone spanned by (2,1) and (1,2). If ¢,r € CNZ? are
not parallel, then

2@ +m—1)—(1+rm—1)=Q2p—q)+ 2rs—7)—-12>0,

because the two nonnegative integers 2¢q2 — ¢1 and 2ry — r; vanish together only when ¢ and
r both lie on the ray of (2,1); the other inequality is symmetric. Parallel shifted exponents
have vanishing bracket. Hence the closed span of the E,; with shifted exponent in C is a Lie
subalgebra. It contains A and B, and the inductive construction stays in it. Its only generators
with @ = 0 or b = 0 are Ej and Ep;, of degree one, and the left side of (41) is the identity
modulo degree two. This proves the support statement. Modulo degree three the left side
equals exp(—[A, B]) = exp(2E1 1) by (40).

For the symmetry, let & be the linear map with 5(Fyp) = —FEjp,; it is induced by the
exchange o of the coordinates (Section 2.2) together with the exchange of ¢; and t3, because
(0q)* = —o(gt). The map & preserves (38), since exchanging the coordinates of both vectors
changes the sign of the determinant. It sends A to —B and B to —A, hence the left side of (41)
to e BefeBe™A | which is its inverse, and it reverses the order of slopes. Applying & to (41),
and inverting (41), gives two factorizations of this inverse with slopes decreasing from left to
right. By uniqueness, 5(C,) = —Cy, where v’ is the reflection of t; comparing coefficients gives
Cba = Cab-

For (3), invert (41), multiply by e® on the left and by e” on the right, and use that C;, ,
commutes with B and Ct, , with A. The factorization with the least slope acting first is unique
by the same induction. The entries of Table 1 are computed by solving the degree-by-degree
recursion in the proof of (1) through total degree ten. O

All coefficients in Table 1 are positive, and every bidegree of total degree at most 10 allowed
by (2) occurs. The factors exp(Ct, ) and exp(Ct, ,) on the incoming rays are nontrivial from

total degree four on: their first coefficients are c31 =c13 = %.
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3.3. Wall supports and consistency at the joints. We work in the chart of A drawn in
Figure 2(a), with affine coordinates (s, s2) in which A = conv{(—1,-1),(-1,1),(3,—1)} and
the central vertex O of the star subdivision is the origin. For V' € {A, B,C} let py be the
vertex of A on the star edge through V, so that p4 = (—=1,-1), pg = (-1,1), pc = (3,-1).
In the normalization of Appendix A, V is the midpoint of the edge from O to py, so that
A= (—%, —%), B = (—%, %) and C = (%, —%) Points and directions in this chart are given by
their coordinates (si, s2), and linear forms by their coefficients with respect to s, s2; shifted
exponents, which are elements of M , are written in F'-coordinates.

Transitions and frames. The transitions at the singular points, including the line transitions
(34), are placed as in Section 2.4, on the cuts over the outer half-edges ¢y from V' to py, and
each sheet S; 3 O; carries one frame. By Proposition 3.6 below, no support meets an arc
carrying a transition and the supports through O; lie in S;; hence the factor on every support
through O; is written in the frame of S; along the whole support. The supports through O are
the deck images of those through Og, so the placement rule below holds for them in the chart
of Sp pulled back from A; the frame of Sy differs from the identification given by that chart by
the affine monodromy about A. Their cyclic order about O; and their factors are those at Oy,
which is all that consistency at O; uses.

Supports. The singleton shifted exponents (2,1) and (1,2) have the support directions, in
the chart (s1, s2),

(43) L(2,1) = (—4,3),  L(1,2) = (-2,3).

Each is placed on the full chord through O in its direction. For ¢ € {(2,1), (1,2)} the positive
and negative half-chords of Lq are the parts of this chord in R>qLg and in R<qLgq. Full chords
are forced: if a degree-one wall ended at an interior point, a small loop around that endpoint
would cross the wall once, while every correction begins in degree two. If ¢ = ¢1(2,1) + c2(1,2)
with ¢1,co > 0, then, in the chart (s1, s2),

(44) Lqg = (—4c1 — 2¢9,3¢1 + 3c2).

For ¢; > ¢y the ray R>oLq leaves A through the facet s; = —1, and for ¢ > ¢; through the
facet s1 + 2s9 = 1; these are the two facets meeting at pg. For ¢; = ¢o it runs along the inner
half-edge from O towards pp and reaches B. For each ray v with % < slope(t) < 2, the outgoing
wall of ¢ is the ray R>oLq, ¢ € v; for the first mized ray v1 1, the ray of (1,1), it is the segment
from O to B, the diagonal wall. The factors of the incoming rays t21 and v 2 are placed on
the positive half-chords of L(2,1) and L(1,2).

Placement. The wall of the Hamiltonian vector field with shifted exponent ¢ is placed along
Lg, the image of its exponent under the gradient map of an auxiliary quadratic function, rather
than along the annihilator of the exponent, which is what the orthogonality of dual cells in
the discrete Legendre transform would suggest. Section 2.2 explains the choice: among linear
rules, the exchange of x and y restricts the placement to a two-parameter family, of which the
cofactor is one member. Consistency at the joints uses only the cyclic order of these directions
about O. Since L reverses orientation (det L = —2 in these coordinates; F reverses orientation
and di preserves it) and maps the cone of shifted exponents into the half-plane s2 > 0, a path
passing above O from left to right meets the supports in increasing slope of their boundary
rays.

Coorientations. We coorient every wall so that crossing it in the direction of increasing slope
of the boundary rays is the positive crossing. Thus the chord and the outgoing wall in the
direction Lq, ¢ = ¢1(2,1) + c2(1,2), are cooriented, each chord along its whole length, by the
linear form

(3c1 + 3c2) 51+ (4eg + 2¢2) s9,
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(a) the chart (s1,s2) of A (b) two disjoint lifts in A°

(_%7 %)

FI1GURE 2. Wall supports along the cofactor directions. The two full chords
carry the singleton factors. The off-diagonal outgoing walls leave through the
boundary; the diagonal support ends at a lift of B. The dotted segment from
B to pp is the outer half-edge carrying the transition at B; those at A and
C run to ps and pc and are not drawn. Crosswise gluing along the branch
segment produces two copies of the joint without adding intersections. Panel
(b) is schematic: the deck involution exchanges the two boundary circles, so the
outgoing walls through O; end on the circle on which the negative half-chords
through Og end, and conversely.

which vanishes on Lqg. We call its coefficient vector (3¢1 + 3ca,4c1 + 2¢2) the normal of the
wall; by (9) it equals (Lg)* = t(¢*), the image under ¢ of the direction ¢+ of the derivation
X7 In the chart (s1, s2), the normals of the two chords are (3,4) and (3,2), and that of the
diagonal wall is proportional to (1,1). Every normal has positive first coordinate, so a path
moving in the direction of increasing s; crosses every wall through O positively. With C; the
elements of Proposition 3.5, whose coefficients ¢, are listed in Table 1, the walls carry the
following factors.

(1) The negative half-chords of L(2,1) and L(1,2) carry e® and eB.

(2) The positive half-chords carry e* exp(—Ct,,) = ¢""C21 and B exp(—Cy,,) =€

(3) The outgoing wall of ¢ carries exp(—C%). In particular the diagonal wall, the outgoing
wall of the first mixed ray t1 1, carries exp(—Cy, , ), which is exp(—2 E1 1) modulo m*; it
is the first outgoing wall, the only one whose factor is nontrivial modulo m3.

B—Cy ,

These are the coorientations and factors of the table in Section 7.

Proposition 3.6. Modulo m”, the supports placed above along the cofactor directions, lifted
to A°, form a locally finite collection of properly embedded arcs in A°. Its only joints are the
two lifts Oy, O1 of O. No support meets an arc carrying a transition, the supports through O;
lie in the sheet S;, and the diagonal supports end at By and By. The lifts of the supports to
the universal cover of A° meet only at lifts of Og and Oy, even where their images under the
developing map intersect in an affine plane.

Proof. Modulo m” there are finitely many deformation bidegrees. Since the factors Ct, ,, Ct, ,
on the incoming rays (from total degree four) are placed on the positive half-chords, the compact
polygon contains a finite embedded chord-and-ray skeleton whose members meet only at O.
In the chart (s1, s2), the positive half-chords leave A at (—1,2) and (—3,3). The negative
half-chords cross the branch segment s, = —3 at (2,—3) and (3, —3), away from O, and leave
A at (3,—1) and (3, —1). The off-diagonal rays lie in s5 > 0 and leave A through the two facets
at pp. The segments c4 and c¢ lie in so < 0, with s1 < —% and s1 > % respectively, and cp lies
on the line s1 + s9 = 0 beyond B, which the other supports meet only at O. Hence no support

meets cq U cp Uco, and the diagonal support ends at B. Crosswise gluing lifts each chord
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smoothly and produces two copies of the skeleton, one in each sheet, without creating another
intersection; the arcs carrying the transitions lie over c4 U cg U ¢, so no support meets them.
Deleting the endpoints on the boundary and at By, B; makes each support relatively closed. A
compact subset of A° stays a positive distance from these ends and therefore meets finitely
many supports. Finally, each support is an embedded arc in A°, so its lifts to the universal
cover are pairwise disjoint, and lifts of two different supports can meet only over a point at
which the supports meet, that is, over Oy or O1. O

Place the factors listed under Coorientations on the supports through Og, in the frame of
So, and transport them by Proposition 3.3: at a vertex of the path tree over the sheet .S;, the
supports through O; carry the factors transported along the path of that vertex.

Theorem 3.7 (Consistency at the joints). The transported factors on the supports of Proposi-
tion 3.6 define a deck-equivariant wall structure ® on the Kummer covers over the path tree T .
It is consistent at Og and O1. For every N, the path-ordered product of a compact transverse
path modulo m is defined on the Kummer covers over one finite rooted subtree T C T and
depends only on the homotopy class of the path in A° relative to its endpoints.

Proof. By Proposition 3.6 and the placement of the transitions, a small disk about Oy meets
only the chords and outgoing walls through Og and lies in one chart and one frame. Let v,
and vy_ run from (s1,s2) = (—¢,0) to (s1,$2) = (&,0) along so = /10 and sy = —¢/10, joined
to their endpoints by vertical segments; these are the paths of Section 7. By (44) a support of
direction Lq meets sy = £/10 at 51 = — 15 ggigg, which increases with the slope of q. Hence
~v+ meets the positive (2, 1)-half-chord, then the outgoing walls in increasing slope of their
boundary rays, then the positive (1,2)-half-chord. The path v_ meets only the two negative
half-chords, first that of (1,2) and then that of (2,1). Both paths move in the direction of
increasing s; where they meet a wall, so they cross every wall positively. The vertical segments
meet no support. With the factors listed under Coorientations, and the first crossing acting
first,

%
0, = ePeB, O, = eBCriz ( H efcf)eA_C‘?vl.
%<slope(t)<2

Since C, , commutes with B and Cy,, with A,
— -1
0., = eB (H eXp(C’t)) A =B (e_BeAeBe_A)eA =cheB =0,
T

by (41); equivalently, ©,, = ©,_ is (42). The loop formed by . and the reverse of y_ encircles
Og once, so the path-ordered product around a small loop about Oy is the identity modulo mV
for every N.

The deck involution of the parity cover p preserves orientation and is the identity in the
charts pulled back from A. It carries Og and the supports through Og onto Oy and the supports
through O1, together with their crossing order and coorientations. The factors on the supports
through O; are the transports of those through Oy by one Jacobi isomorphism, so the product
around Q7 is the transport of the identity. The same argument applies at every vertex of the
path tree. Transport along the path tree is by Jacobi isomorphisms (Proposition 3.3), which
gives deck equivariance.

A compact path crosses finitely many walls modulo m?. Theorem 2.7 places all of its root and
wall transitions over one finite rooted subtree. A homotopy in A° relative to the endpoints can
be decomposed into moves across a single wall, which do not change ©, because the factors are
locally constant along the walls; moves across Ogy or O, which do not change it by consistency;
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and moves across an arc carrying a transition, which do not change it because transport of
frames is invariant under homotopy in A° and no wall meets such an arc. This gives homotopy
invariance. U

The consistency of ® is the local Kontsevich—Soibelman condition for walls in one chart at
the two joints, together with homotopy invariance in A°; nothing is imposed around a singular
point or around the core, where the prescribed affine, root and line holonomy is not trivialized.
The diagonal walls end at By and B;: the terms ¢, qFq,q Of C’rl,1 have exponents (a,a), which
the monodromy at By does not fix, since Hp o(1,1) = (3, —1), and likewise at B; after transport.
A small loop about B; crosses the arc carrying the transition at B; and the diagonal wall once
each, so its transport is the prescribed transition at B; composed with the diagonal wall factor
exp(—CtLl) or its inverse.

Definition 3.8 (Admissible paths). An admissible path p is a triple consisting of a reduced
edge path in the graph € beginning at the sheet Sy (a vertex of the path tree 7), a finite
rooted subtree T' C 7 and a deformation order N, such that all transition maps along the path,
modulo m?, are defined over R§9Ot ®x R/ m?, that is, over Ur on the Kummer cover Pr of the
finite root-stack presentation of 7' (Theorem 2.7).

3.4. Hyperbolic holonomy and finite covers. The matrix K in (2) satisfies

(45) xx(0) =det(Ald — K) = 6% — 180 + 1, 0. =9+ 4V5.
For ¢ = (2,1) and ¢» = (1,2), put ¢;, = K"¢q;. Then
(46) Zin+2 = 18¢in+1 — i, det(q1n, g2,n) = 3.

If a path 7 has linear holonomy H.,, the transport of the coefficient system along ~, by slab
transitions and chart changes and without wall factors, has in a developed chart the form

(47) Uy (2™) = ¢y (m)z"0m,

where ¢y is a multiplicative character with values in the group of units generated by the
transported roots. Each slab transition preserves €2, and so does each chart change, whose
linear part has determinant one. Hence ¥, () = ¢, (k)z*7%Q,. and the compatible transport
of L., the composite of the identifications (34) along ~y, has multiplier

(48) ey (k) TEeR TR,
Thus the annular holonomy is a semidirect action on exponents, roots, and the volume line.

Theorem 3.9 (Hyperbolic core holonomy). Let Yeore = 707;1 be the core loop of Section 2.3,
which separates {A, Bo} from {B1,C} and has linear holonomy K on M.

(1) K acts trivially on the fractional-exponent group M/M and hyperbolically on M; its
eigenvalues (45) are not roots of unity.

(2) No nonzero m € M has finite K-orbit. Consequently the local system M on A° has no
nonzero global section, and neither does its pullback to any connected finite cover of A°.

(3) Let W =V, .. For every nonzero m € M the elements V" (2™), n € Z, are units with
pairwise distinct exponents K™m; hence the W-orbit of 2™ is infinite, and the sum of
its elements does not converge m-adically.

Proof. Appendix A shows that K acts trivially on M /M and has characteristic polynomial
xr- If K"m = m with r # 0, then m = 0, because det(K" —Id) =2 — 6, — 0" is nonzero. A
connected cover of finite degree d contains a closed lift of v/, for some 1 <7 < d, and a global
section of the pulled-back local system is fixed by K". This proves (2). For (3), the transport
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along 7eore carries no slab factor (Section 2.4), 5o ¢y, = 1 in (47) and U"(2™) = K" is a
unit, hence not in m. By (2) the exponents K"™m are pairwise distinct for m # 0, so the orbit
is infinite. An infinite sum converges m-adically only if all but finitely many of its terms lie in
m. g

Exponents therefore cannot serve as global labels: a labelling of sections by one fixed copy
of M, compatible with parallel transport of exponents, would be a trivialization of the local
system M over A°, and by Theorem 3.9(2) there is none, even after passing to a finite cover.
Nor can single-valued elements be obtained from monomials by averaging over the core: by
Theorem 3.9(3) the W-orbit of every nonconstant monomial is infinite, and its sum diverges.
For these reasons we do not define broken lines or theta functions on A4°.

Two finite covers retain the finite grading data. The first is the fractional-exponent cover pg
of Section 2.4, of degree two, with deck involution dgeck. For the second, put

(49) AM C M C M, Q = M/AM ~ (Z/4)%;

here 4M has index two in M. We call @ the twist group: the class of F'(a,b) in @ is the pair
(a,b) modulo 4, so that under the dictionary @ is the group of GKT twists (a,b) modulo 4
(Section 5.1). The monodromy about each singular point acts on @ by the order-four matrix

(50) Pres = <§ (1)) (mOd 4),
the holonomy K along 7eore acts by K = P2,, and the boundary holonomies act trivially. The
twist cover is the connected cover of A° on which the local system @) becomes constant, that is,
the cover defined by the kernel of the monodromy action on Q. It has degree four, the order of
Pres, and since 4M C M it factors through pg. The transported Kummer roots of the annular
coefficient system (Definition 2.6), the volume line and the wall structure pull back to both
covers. The hyperbolic exponent holonomy persists on both: the first closed lift of y¢ore to the

twist cover acts by K?2.
Since the ground field has characteristic zero, the idempotents

ey = 1+ 5deck - 1- 5deck
2 7 2
split the pushforward along pg of a deck-linearized object on the fractional-exponent cover into
its dgeck-invariant and Jgec-anti-invariant summands; Remark 6.4 applies this splitting to the
transported Jacobian algebras.

4. THE ANNULAR ENDS AND THE FINITE ROOT-STACK PRESENTATIONS

Except for the two diagonal segments, which end at By and By, the walls of the wall structure
D of Theorem 3.7 reach the boundary circles of A transversely. On the affine side each boundary
circle has an outward integral-affine continuation, a flare, on which the continued supports
separate (Propositions 4.2 and 4.3), and Remark 4.4 explains why the natural gluing of toric
charts over the flares does not close the ends. The finite root-stack presentations of Section 2 are
quotients of Kummer covers of a torus by finite groups of roots of unity; the lifted transitions
are defined on these covers away from the root divisors, and not on the quotients (Section 4.5).
The covers are singular in general, and both the presentations and their Kummer covers are
dominated by log smooth objects with regular closed fiber; these two facts are proved in
Appendix C. Throughout, 9;A (i = 0,1) denotes the boundary circle whose holonomy has the
normal form of width w; in (20), so that (wg,w:1) = (4, 16).
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4.1. Truncated coefficient rings.

Definition 4.1. A labelled truncation W = (Iyy, 7, &) consists of a finite set Iy of labels, each
of descendent degree one; a map 7 : Iyy — {71, 72}, where 71 = (1,0) and 72 = (0, 1), assigning
to each label its twist; and a finite set &2 of monomials in variables t;, ¢ € I}y, which contains 1
and is closed under taking divisors. For N > 1, the truncated coefficient ring of W at order N
is

(51) Rw,N:k[ti:iGIW]/(m{/VV+<m:m§é33>), myy = (t; 11 € Lyy).

Since & is closed under divisors, the monomials in &2 of degree less than NV form a basis
of Ryy n, which is therefore a finite local Artin k-algebra with maximal ideal myy and residue
field k. The labels enter the wall structure ® through the k-algebra homomorphism

(52) vw L k[tl,tg]/mN — RW7N7 tj — Z t; (j = 1,2),
T(i)=Tj

where m = (t1,t2) is the singleton ideal. It is well defined because vy, (m) C myy, so that
VW (mN ) C m%. The walls of ®, which are defined modulo m?, are base-changed to Ryy n along
vw. Let W = (Iyy, 7/, &') contain W, in the sense that Iyy C Ly, 7'|r,, =7 and & C &,
and let N < N’. The k-algebra surjection Ry v — Ryy v that fixes ¢; for ¢ € Iy and sends ¢;
to 0 for ¢ ¢ Iy is well defined, because a monomial outside &2’ either contains such a t; or lies
outside 2. It is compatible with vy, vyy and the reduction k[t1, ta]/m™" — k[t1, t2]/mY. For
a finite rooted subtree T' C T, the finite level (Section 2.4) of T' with coefficient ring Ry n is

X1 w,N = X1 XSpeck Spec Ry v

It is the base change along vy of the finite root-stack presentation X7 Xspeck Speck|[ty, ta]/m?
of Theorem 2.7. Its Kummer cover, on which the lifted transitions are defined, is described in
Section 4.5.

4.2. Exit points on the boundary circles. Fix i € {0,1}. By Appendix A, a collar of ;.4
develops, in affine coordinates (x,y) whose x-axis is the invariant line of the boundary holonomy,
onto a strip {0 <y < €} with 9;4 on the line y = 0. We write these tangent-normal coordinates
in sans-serif type to distinguish them from the Landau—Ginzburg variables x,y. The affine
holonomy of the boundary loop is

(53) rYi(X7 }/) = (X + EZ — wyy, y)a EZ = wihia

with (4;,w;, h;) as in (99). Its linear part is the normal form in (20), and it fixes the common
apex (x,y) = (¢;, h;) of the developed facets, which is the developed image of both joints Oy
and O;. A wall support meeting 9;4 develops to a segment of a ray from the apex. In the
outward normal coordinate r = —y it has the equation

(54) x = ¢; — &(r + hy),
and its slope £ lies in one of the bounded intervals of (100). In particular every support meeting
0; A meets it transversely, in one point, which we call the exit point of the support.

The consistency criterion of Gross, Hacking and Siebert at a boundary joint [GHS22,
Prop. 3.13] does not apply at an exit point. It is formulated for walls whose functions
have exponents tangent to the wall [GHS22, Def. 2.11], through the convexity condition at a
boundary joint [GHS22, Def. 3.12], defined by the slopes [GHS22, (3.7)], whereas here the wall
supports are transverse to their exponents.

A boundary circle cannot be removed by an affine double either. A double of A along
0;A would carry an integral-affine involution fixing 0;.4 pointwise. The involution maps the
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boundary loop to itself, so its linear part along the circle commutes with the linear holonomy
of the circle. In the tangent—normal basis of (53) these are

1 —W; o 1 C
1) el 5),

0 —2w¢> is nonzero, since w; € {4, 16}.

andSU—US:<0 0

4.3. Affine continuation beyond the boundary circles.

Proposition 4.2 (Outward affine flares). Let i € {0,1}. In the coordinates (x,r) of (54), in
which the tangent lattice M" is 272 (Appendiz A), let F; be the quotient of {(x,r) € R? : r > 0}
by the transformation
(55) (%, 1) —> (X + £; + wr, ).
(1) The group Z generated by (55) acts freely and properly discontinuously, and F; is an
integral-affine cylinder with tangent lattice M. For ro > 0 the circle {r = ro} has affine
length %(fz +wirg), and r descends to a proper integral affine function F; — [0,00).
(2) Identify {r = 0} with 0; A byy = —r. The union AU F; is an integral-affine surface in
which 9; A is an interior circle. A neighborhood of this circle contains no singular point
and is affinely isomorphic to the quotient of a strip {—e <y < e} by (53).
(3) Modulo m”, the straight continuation into F; of each wall support meeting 0;A is a
properly embedded ray along which r increases strictly.

Proof. The nth power of (55) translates x by n(¢; +w;r), and ¢; +w;r > ¢; > 0 for r > 0. Hence
the action is free, and a compact set meets only finitely many of its translates. The linear part
(§“i) lies in SLa(Z), so it preserves 2Z2, and the translation (¢;,0) lies in 2Z2, since ¢; € {4, 8}
by (99); so the quotient is integral affine with tangent lattice M. The transformation preserves
r and translates the line {r = ro} by (¢; + w;ro,0), which is 2(¢; + w;rg) times the primitive
vector (2,0) of 2Z? in this direction; this gives the affine length. The function r is invariant
and integral affine, and r=1([0, rg]) is the image of the compact set [0, ¢; + w;ro] x [0, ro], which
proves (1).

In the coordinate y = —r, (55) becomes (x,y) — (x + ¢; — w;y,y), which is (53). The charts
of the collar and of F; therefore glue to the quotient of a strip about {y = 0} by (53), which
acts freely there because ¢; — w;y = w;(h; —y) > 0 for y < h;. This proves (2).

By (54) the continuation of a support is the image of r — (¢; — &(r+ h;),r), r > 0. Since (55)
preserves r, the image meets each circle {r = ro} in exactly one point. The map is therefore
injective, and it is proper because its composition with the proper function r is the identity of
[0,00). An injective proper immersion is a closed embedding, which proves (3). O

Write
A =FuAuF..
By Proposition 4.2(2) it is an integral-affine surface without boundary, homeomorphic to an
open cylinder, whose singular points are the four singular points of A; the functions r on Fy
and F; are proper on its two ends. Figure 3 shows a fundamental domain of a flare.

Proposition 4.3 (Separation of the continued supports). Let ¢ € {0,1} and N > 1. The
continuations in F; of two wall supports meeting 0; A modulo m” are either disjoint or equal.
There is a support-free ray x = ¢; — &(r + hy), r > 0, in F;, that is, a ray disjoint from all
continued supports.
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FIGURE 3. A fundamental domain of the flare F; in the coordinates (x,r) of
Proposition 4.2. Its slanted sides are identified by (55), so the circle at height r
has affine length %(& + w;r). Below the boundary circle 9;A lies the collar, in
which the developed supports are rays from the apex O, the common developed
image of the joints Og and O;. Their continuations are disjoint rays along which
r increases, and the left side is a support-free ray (Proposition 4.3). The picture
is schematic.

Proof. Since ¢; = w;h;, the kth power of (55) maps the line (54) of slope £ to the line of slope
& — kw; through the same point (x,r) = (¢;, —h;). Two such lines meet at a point with r+h; > 0
only if their slopes coincide, and then they are equal. Hence the continuations of two supports
of slopes ¢, & meet in F; if and only if £ — ¢ € w;Z, and then they are equal. By (100), each
family of slopes lies in an interval of width smaller than w;, and the slope of a support of
direction Lq exceeds that of a support of direction —Lg by an amount strictly between 0 and w;.
Hence & — ¢’ € w;Z only if ¢ = ¢’. Modulo m” there are only finitely many supports, all passing
through the two joints (Proposition 3.6 and its proof), so a slope &, with &, — & ¢ w;Z for all
their slopes & exists, and the corresponding ray is disjoint from every continued support. [

Remark 4.4 (Closing the ends). The flares are integral-affine objects. The natural way to close
the ends algebraically places a toric chart, with the Kummer roots of the finite level, over each
of the regions into which the continued supports and a support-free ray cut the compact part
{r < rg} of F;, for some ry > 0. It transports these charts through the wall automorphisms
met on the way from a base region and identifies consecutive charts along dense toric opens.
Composing each chart with the inverse of its transport identifies all of them with a single chart
over Ry n, every identification across a support with the identity, and the identification across
the support-free ray with the holonomy of the coefficient system around 9;A: the transport
(47) along a loop parallel to 9;A, together with the wall factors met by that loop. Since the
identifications are along dense opens, their composite around 0;A4 is defined on a dense open
subset of a chart. If the charts are glued to an algebraic space or a formal scheme, the cocycle
condition forces this composite to be the identity there. If they are glued as étale charts of a
Deligne-Mumford stack, in the way that the Kummer covers Pr of Section 4.5 are charts of the
root stacks X, the cocycle condition forces the composite, over the dense open on which the
stabilizers are trivial, to be an automorphism of the chart over the stack; such an automorphism
fixes the characters 2™, which are functions on the coarse space. In either case the composite
fixes every character on a dense open. By (47), modulo myy it sends 2™ to ¢, (m)zY™, where y
is the loop, U is the linear holonomy of 9;.A4, of width w;, and ¢y(m) is a product of transported

roots. The gluing therefore requires cy(m) = 2m=Um for every m € M, and this fails. The
requirement is unchanged under conjugation by transport, so we may base v in Sy. With the
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conventions of Section 2.4, v is then v4vpyc, with U = Uy, for i = 0, and 71247370721, with
U = Uy, for i = 1; it crosses the arcs carrying the lifted slab maps at By and C , respectively at
A and By. For m = ug it i =0, and m = K‘luBO if = 1, the root factor of the second of
these slab maps is trivial, and

ey(ug) = fp!, (K ug) = f3,

with the slab functions of Section 2.4. These have nonzero divisor on the torus, whereas z
is a unit, so the natural construction does not close the ends. In Mumford’s degenerations,
of which the Tate curve is the simplest case, and in the constructions of [GHK15, GS22], a
nontrivial holonomy around a circle is realized over a degeneration parameter: the special fibers
of the charts are then reducible, and charts that are not adjacent need not meet. The rings
Ryy N contain no such parameter. A logarithmic compactification of the finite levels, and in
particular a closure of the flares by boundary divisors flat over Ry n, remains open.

m—Um

4.4. Comparison with the Carl-Pumperla—Siebert class.

Proposition 4.5 (Not homeomorphic to a Carl-Pumperla-Siebert complex). Let (X — S, D)
be a distinguished toric degeneration of del Pezzo surfaces in the sense of [CPS24, Def. 7.1];
the generic fiber is allowed to be a Gorenstein surface. Then neither A nor any open cylinder,

such as ﬁﬁ, is homeomorphic to the intersection complex of (X' - S, D). If the degeneration
has simple singularities in the sense of [GS06, Def. 1.60], neither is homeomorphic to its dual
intersection complex.

Proof. The intersection complex is homeomorphic to a closed disk [CPS24, Thm. 7.5 and
Thm. 8.1]. Under the simplicity assumption the dual intersection complex is homeomorphic
to R? [CPS24, Prop. 7.13]. Both have vanishing first cohomology, whereas an annulus and an
open cylinder have H'(—,k) ~ k. O

The disk-shaped complex of the quartic pair in Section 2 is of the kind treated in [CPS24,

§8.1]: the monodromy Tz has width two, so the singular point B, of order two in the terminology
of [CPS24, §8.1], is not simple. The first assertion of the proposition applies to it, and the
second does not.
4.5. Kummer covers of the finite root-stack presentations. Let T = Spec k[ﬂ] be the
character torus in the frame of the sheet Sy of Section 2.4, which is the frame at the root of the
path tree T, and let T' C T be a finite rooted subtree. As in Section 2, a Kummer edge of T is
an edge e that crosses an arc carrying a lifted slab map, say the arc at V; it has the root degree
d. = dy € {2,4} and the transported radicand g. € k(M)*, the slab function fy pulled back
to the frame of Sy along the path of T' that precedes e. We write €’ < e if the Kummer edge ¢’
lies on that path, and 7. for the root adjoined at e, so that 7% = .. In F-coordinates put

Mu:{mEM:m1+m250 (mod 4)}.

Lemma 4.6 (Transported radicands). (1) The lattice M, has index four in M and is
spanned by the four vectors wy of (22). It is preserved by the matrices (96) and
their inverses, and every conormal Ny of (22) takes values in 47 on it.

(2) For every Kummer edge e of T, at the arc of V,

0c=fvlye),  we=2"los,  me€2My, ke € L.

e/ <e
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(3) There are Laurent polynomials 0., He € k[M] without common prime factor such that
0c = DeH% and every prime factor of H, divides pp for some €' < e. In particular
div 0. is the divisor of zeros of p. on T.

Proof. (1) The lattice Mu is the kernel of m — mj + mo modulo four, so it has index four.
It contains the vectors uy of (22), and upg, = (1,—1) and uz — up, = (2,2) already span a
sublattice of index four. Each matrix G in (96) satisfies (1,1)G = (1,1) (mod 4), hence so does
G, and G*! preserves Mu The conormals Nz, Np,, Np,, Ng pair with (1, —1) to 4,0, -8, —4
and with (2,2) to —4, —4,4, —4.

(2) Pull-back along the path that precedes e composes the transitions across the arcs met by
the path (Section 2.4). On a character 2™ such a transition replaces m/ by its image under

one of the matrices (96), their inverses or the identity; if the arc carries the lifted slab map at

. . . . :I:<NV 7m//> .
Ve and is crossed at the Kummer edge €, it also multiplies by , where m” is m/ or

its image under the linear part of the transition. By induction along the path, the pull-back of
2™ is ZG™ I1. rii', where G is a product of these matrices and their inverses and each j. has
the form +£(Ny,,G'm) for such a product G’. In the frame of the sheet from which the arc of
V' is crossed, fy is a polynomial in a character whose exponent is the image of 2eyuy under
such a product, so it lies in 2M, by (1). By (1) again every jo lies in 8Z, and 75’ = ge,e//de'.
(3) Let Z C T be a prime divisor and vy its valuation. By (2), vz(ye) = D> o keervz(0er) is
even, since 8/dy € {2,4}. The polynomial fi is monic of degree dy /2 with constant term one.
Hence vz(0e) = 0 if vz(ye) > 0; vz(0e) = dj"vz(ye), which is divisible by dy because vz (ye)
is even, if vz(ye) < 0; and vz(ge) > 0 if vz(y.) = 0. Thus every pole of g, has multiplicity
divisible by d. and lies on a prime divisor along which some g/, ¢’ < e, has a zero or a pole,

and hence, by induction along the path, along which some g.», €’ < e, vanishes. Since k[M]
is factorial, we may take for H. the product of h;)Z(Qe)/de over the poles Z = {hz = 0} of g,
and 9. = g.HY%, which has no poles on T. O

The argument uses only that fy is monic of degree dy /2 with constant term one, so it
applies at the nodal values a, = +2 as well; there the B-radicands are squares by (24). We fix

such g, for every Kummer edge e of T; they are unique up to d.th powers of units of k[M].
By Lemma 4.6(3), the divisor D, of zeros of g. (Section 2) is the effective Cartier divisor
div g.. Let Dy = J, D, with its reduced structure; since every pole of g, lies on some D/, the
complement Ur of the zeros and poles of the transported radicands of 7" is T \ Dr. A divisor
D, may share components with a divisor D/, €/ < e: along 'y% both crossings of the arc at A
have the radicand f7. Put

Pr = Speck[M][g.]/ (98 — 2.),  Gr =[] pa.,
e

over the Kummer edges e of T', with ( € Gr acting by ge +— (c.ge. The scheme Pr is finite
and flat over T. With the convention (101), the quotient X7 = [Pr/Gr] is the fiber product
over T of the root stacks %/(T, D.), and an iterated root stack along pulled-back divisors is
this fiber product [Cad07, Def. 2.6]. Thus Pr — X7 is a Gp-torsor, and the finite levels are
Xrw,n = [Prw,n/Gr] with Pryy N = Pr Xspeck Spec Ry n. We call Pr the Kummer cover
of :{T'

Let P; C Pr be the preimage of T \ Dr. It is a finite étale Gp-torsor over T \ Dy, over
which X7 — T is an isomorphism. By Lemma 4.6(3), H, is a unit on T\ Dy, and

Te = geHe_l S O(P’lcl)a T(Cale = Qe,
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so that over T\ Dr the radicands p. and the transported radicands g, define the same Kummer
cover. Thus Py is the spectrum of the Kummer ring R'°" of Section 2, on which Sections 2
and 3 define the lifted transitions and L, and Pr extends it over T. For every vertex v of
T', pull-back along the path of T" that ends at v, with the root at each Kummer edge e of the
path taken to be r¢, is therefore a homomorphism of k-algebras from k[M], in the frame at
v, to O(P5). The local generators of L, at the vertices of T, related by (34), differ by units
of O(P7). A wall automorphism, base-changed along vyy, is the exponential of a derivation

of the character ring in the frame at a vertex v of T', tensored with Ryy n, with coefficients

in myy; the derivation extends uniquely along the étale morphism Pp — Speck[M] given by
pull-back along the path to v, and so does the automorphism. In this sense the lifted transitions
along T, the volume line £, with its Jacobi bracket, and the wall automorphisms are defined
on Pr, after base change along vyy on P7 Xspeck Spec Ryy y. The lifted transitions are not
Gr-equivariant, and they do not descend to Xp: G fixes the characters and multiplies r. by
(e, whereas the lifted slab map at a Kummer edge e multiplies z™ by réNm) for a primitive
conormal N, and (N, m) =1 for some m. Over T \ Dr the functions on X are the functions
on T\ D, and the roots are not among them.

The Kummer covers, and with them the presentations, are not regular in general. If T
contains the three Kummer edges at which the transported By-radicands fB((l + :r21)4"$ B),
n =0,1,2, of Theorem 2.5 are adjoined, then at the points over a specific point of T, at which
the root divisors of these three radicands meet pairwise transversely, Pr is neither regular nor
log regular, for the trivial log structure or for the log structure of its roots, and Xt is not
regular (Proposition C.1). Regularity is recovered by a proper modification (Theorem C.2). For
every finite rooted subtree T there is a proper morphism pr : Yr — X, an isomorphism over
T\ Dr, from a smooth separated Deligne-Mumford stack Yr with a divisor £p that is a simple
normal crossings divisor on an étale atlas; Y is the stack of fourth roots of the boundary
components of the minimal log resolution of (T, Dr). Its fiber product with Pr is proper over
Pr and isomorphic to it over P53, so the lifted transitions, the Jacobi bracket and the wall
automorphisms pull back to it unchanged. After base change to Ryy n both stacks are flat and
log smooth, with log regular closed fibers, and the construction is compatible with enlarging
T and with the surjections Ry yv — Ry n between truncated coefficient rings. Appendix C
proves both results.

5. COMPARISON WITH GROSS—KELLY-TESSLER WALL-CROSSING

The wall structure ® of Theorem 3.7 is determined by the two singleton factors and by
consistency at its joints. The wall-crossing group of Gross, Kelly and Tessler has a different
origin: its elements are the transitions between the systems of open invariants defined by
different canonical multisections. After the s-shift both act through the Hamiltonian wall
algebra g, of Section 3, the Lie algebra of (),-Hamiltonian derivations spanned by the fields
Xy of (31) with the bracket (32), but their coefficients need not agree. We compare them one
ray at a time.

5.1. Recollections from Gross—Kelly—Tessler. We recall the notions of [GKT26a] used in
this section and in Appendix B, for W = 2% + y*; thus r = s = 4 in the notation of [GKT26a].

Labels and coefficients. Internal marked points carry labels from a fixed countable set, distinct
internal markings of a disk carrying distinct labels, and we refer to an internal marking by
its label. Each label i has a twist 7(i) = (a;,b;) € {0,1,2,3}2, and every twist is carried by
infinitely many labels [GKT26a, §0.1]. All constructions are bounded by a finite set I of labels.
A descendent vector on J C I is d = (d;)ies € ZZ,, and for J # & we write 77,55 € {0,1,2,3}
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for the residues of ;. ;a; and ), ;
(56) Ar=Q{uia:i€l,d >0}/ (uauia i€ I)

[GKT26a, Def. 4.6], in which two variables belonging to the same label have zero product, and
Uujd = Hie Ui q;- These are GK'T’s coefficient variables; they are unrelated to the invariant
vectors uy of Section 2.4, which do not occur in this section.

Graphs and bundles. The graphs are the graded open (4,4)-graphs I', the dual graphs of
genus-zero graded W-spin disks, with internal labels I(T") C I and unlabelled boundary tails
[GKT26a, Defs. 1.41 and 3.21]. A smooth connected graph has one vertex and, besides its
internal tails, k1(I") boundary r-tails, of twist (2,0), k2(I") boundary s-tails, of twist (0,2), and
k12(T) fully twisted boundary tails, of twist (2,2) [GKT26a, §2.4 and Notation 2.27]; the names
of the first two kinds refer to the exponents of z" + y®. Each of the two spin structures carries a
grading, an orientation of a real line bundle over the boundary of the disk away from its special
points, subject to the conditions of [GKT26a, Def. 1.29], and the alternation of a boundary
marking or half-edge for a grading is 1 if this orientation does not extend across it and 0 if
it does [GKT26a, Defs. 1.21, 1.23 and 1.29]. The moduli space M} of such disks carries the
descendent Witten bundle Er(d), the direct sum of the Witten bundle and, for each i € I(T),
of d; copies of the cotangent line at the ith internal marking [GKT26a, Def. 2.16].

Balanced and critical graphs. A smooth connected graph with one fully twisted tail is balanced
for d if its moduli space is nonempty and rank Ep(d) = dim M}¥ [GKT26a, Def. 2.32]. A
smooth connected graph without fully twisted tails that is relevant, that is, not irrelevant in
the sense of [GKT26a, Def. 1.57], is critical for d if the rank exceeds the dimension by one
[GKT26a, Def. 2.33(1)]. Write Balanced(.J,d) for the set of balanced graphs with internal
labels J. Such a graph I' is determined by its numbers (k1(I'), k2(I")) of r-tails and s-tails, and
these pairs, for I' € Balanced(.J, d), are the pairs (k1, ko) with k; = rs, k2 = s; modulo 4 and

ki+ky =44 (ai+bi+4(d; — 1))
i€J
[GKT26a, Prop. 2.31 and Notation 2.40]. A critical graph with k; + 1 r-tails and ko + 1 s-tails
has critical exponent (ki,k2); the critical exponents of (J,d) satisfy the same congruences and
ki +ko =3 ics(a; +b; +4(d; — 1)) [GKT26a, Prop. 2.39 and Notation 2.40].

Boundary strata. Let PMr be the complement in ﬂl‘y of the strata of boundary graphs
with a positive boundary half-edge, one with positive twist and alternation zero for one of the
gradings [GKT26a, Def. 1.53], the space written PMr in [GKT26a, Notation 3.1]. Its boundary
is the union of the strata PM, of two kinds of boundary graphs A [GKT26a, Def. 3.2]. The
exchange boundary graphs A € 9°*Pa1gT have a vertex which, after detaching one boundary
edge, carries exactly three boundary half-edges with the twists of [GKT26a, Def. 1.54]; two
such strata that differ by reversing the cyclic order at that vertex carry matching boundary
conditions, and their contributions to zero counts cancel ([GKT26a], discussion after Def. 1.56,
and [GKT26a, Lem. 5.3]). The zero boundary graphs A € 9°T are the remaining boundary
graphs with a boundary edge or a contracted boundary half-edge [GKT26a, Def. 1.56]. For A
of either kind, the base BA is obtained by detaching the boundary edges at which, for each
grading, one half-edge has twist and alternation zero, and forgetting the boundary tails of
twist and alternation zero; the induced map is Fj : HXV — M%VA [GKT26a, Def. 3.5 and
Notation 3.6], and the Witten bundle over P M, is pulled back along it [GKT26a, Obs. 3.11].

Canonical multisections. A multisection of Ep(d) is strongly positive if, near the removed
strata and along the strata of irrelevant graphs, its Witten components evaluate positively,
with respect to the gradings, at the boundary points and on the boundary intervals specified in
[GKT26a, Defs. 3.17 and 3.18]; this keeps zeros from leaving through these strata. A family of

b; modulo 4. The coefficient ring is




ANNULAR SCATTERING IN OPEN FJRW THEORY 41

canonical multisections bounded by I is a collection s = (sp q) of strongly positive multisections
sp.a of Er(d) over PMr, one for every graph I' with I(I') C I and every descendent vector d,
that satisfy the assembling relation

(57) srdlpm, = Fi (EEGConn(BA)SE,d\I(E)>

for every zero or exchange boundary graph A of I'; here H is the external sum over the connected
components = of the base [GKT26a, Defs. 3.20, 3.27 and 3.28].

Invariants and chamber indices. For a transverse family s and I' € Balanced(J,d), the
invariant v 4 € Q is the weighted count of zeros of spq [GKT26a, (3.20) and Def. 3.32].
The vector v° lies in Q-Bal(1) =[] ;4 QBalanced(J.d) [GKT26a, (0.3)]; for v in this space and
I' € Balanced(J,d) with b = (k1(I"), ko(I")) we write v, for the coordinate of v at I'. With the
quartic Gamma weight
F((u+ 1)/ ((v+1)/4)

(58) w20 0) = R T (5 + 174

which is nonzero for u,v > 0, put

A(J,d,v) = Z Z UJJ(Z bc) H VCbhes

wePart(J) (beo)cer Cen Cen

where Part(J) is the set of set partitions of J and bc runs over the pairs (k1(I"), k2(T")) of the
graphs I' € Balanced(C, d|¢) [GKT26a, Notation 3.42]. A chamber index bounded by I is an
element v such that v equals 1 on balanced graphs with one internal marking and d = 0 and
—1 on balanced graphs without internal markings; A({i}, (d),v) = (—1)% and A(J,d,v) =0
whenever |J| > 2 and 4+, ;(a; +b;+4(d; — 1)) > rj+s; [GKT26a, Def. 3.47]. The chamber
indices are exactly the vectors v® of transverse canonical families [GKT26a, Cor. 5.14]. The
potential of v is

LS > 0 gt Oy Ousa € Arflay)
JCI, deZéO I'eBalanced(J,d)

[GKT26a, Def. 4.6].
The wall-crossing group. The GKT critical Lie algebra [GKT26a, Def. 4.23] is spanned over
Q by the elements u;q Xy with @ # J C I and

(59) k=) 7(0) (mod4),  ki+ky=> (ai+b+4di—1)),
ieJ ieJ

that is, with k a critical exponent of (J,d), where

(60) Xy, = 2197 (ko + 120, — (k1 + 1)yy).

The definition in [GKT26a] excludes k = (0,0). We adjoin the degree-zero generator Xp g =
x0; — y0y whenever k = (0,0) satisfies (59). The exponential group of the GKT critical
Lie algebra acts on Aj[[z,y]] [GKT26a, Def. 4.19 and (4.18)], and on chamber indices by
g(W?) = W9 with trivial stabilizers (Step 2 of the proof of [GKT26a, Thm. 4.27]). GKT
state that this action is faithful and transitive [GKT26a, Thm. 4.27 and Cor. 5.14]. Transitivity
requires the degree-zero generator as soon as a marginal critical graph occurs, that is, a critical
graph of critical exponent (0,0). For two labels of twist (2,2) and descendent degree zero,
(0,0) is the only critical exponent, and the chamber indices form a one-parameter family on
which the group without Xy o acts trivially [Wue26b, Rem. 2.3]. The group enlarged by Xy
acts freely and transitively [Wue26b, Lem. 2.5]. A canonical homotopy is a multisection over
[0,1] x PMr that is strongly positive at every time and satisfies the assembling relation in the
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form of [GKT26a, Def. 3.36]; it is simple if on every boundary stratum it is assembled from
one homotopy for each component of the base, independent of the stratum. We write t € [0, 1]
for the time parameter of a homotopy. Between two transverse families, [GKT26a, Lem. 3.40]
provides a family of simple canonical homotopies and a distinct time t(J) € (0,1) for every
nonempty J C I such that, on a critical graph with internal labels J, the homotopy vanishes
only at time t(J), at isolated points. The proof of [GKT26a, Thm. 5.9] shows that at time ¢(.J)
the potential changes by the exponential of the critical generators with support J, weighted by
(—1)"] I+k2 times the zero counts of the homotopy on the corresponding critical graphs.

5.2. Labelled critical Lie algebras. Let Q = ]TI//4JT4/ ~ (Z/4)* be the twist group of (49),
the group of GKT twists modulo 4. An object Z = (I, 7) consists of a finite set of labels and a
twist map 7 : I — @Q; morphisms are twist-preserving bijections. We write Az for the ring (56)
of I, and 7(i) = (as, b;) with representatives in {0, 1,2, 3}2.

Theorem 5.1 (Labelled critical Lie algebra embedding). For every Z, the assignment
(61) 97 ugaXp — uga X .

is a natural coefficient-preserving injective Lie map from the GKT critical Lie algebra, enlarged
by the degree-zero generator, to the Hamiltonian wall algebra g, ® Az in the frame of the sheet
So. It sends Xo o to X[ Jacobi transport along paths in the twist cover, on which the Q-grading
s constant, carries this embedding to the frame of every other region of ®, compatibly with
composition of paths. The construction commutes with relabelling, with restriction to a subset
of the labels, and with reduction modulo powers of the ideal generated by the u; q.

Proof. Specializing the bracket formula [GKT26a, (4.17)] to two variables gives
[Xk, Xg] = — det(k‘ + Kk, L+ K,)X]H_g.

Equation (32) gives the same formula after applying (61). If two coefficient monomials share
a label, their product vanishes in (56); if their supports are disjoint, both conditions in (59)
add, as in [GKT26a, Prop. 4.25]. Hence the assignment is a Lie map, and it is injective on the
displayed monomial basis. The bracket with the degree-zero generator is preserved because

[XO,(], Xa,b] = (CL — b)Xa,b = — det(/ﬁ), (a, b) + /i)XaJ).

Jacobi path transport is a Lie isomorphism by Proposition 3.3, and it is compatible with
composition of paths. On the twist cover the Q-grading is constant; affine transport moves
the exponent of the Hamiltonian function and the s-shift together. The remaining naturality
statements are immediate from the labelled formula. ]

Transport along the twist cover is not induced by a change of the twists of the labels. The
monodromy about each singular point acts on @ by the matrix Pes of (50), which permutes
the singleton twists cyclically,

(1,0) = (2,3) = (3,2) — (0,1) — (1,0).

Replacing the twist 7(i) of every label by Pes7(i), with the labels and descendent degrees
unchanged, does not induce an isomorphism of critical Lie algebras that maps the u jg-component
to the ujq-component. Indeed, for two labels of twist (1,0) and descendent degree one, the
conditions (59) have the single solution k = (2,0), whereas for two labels of twist (2,3) they
have the three solutions (0, 10), (4,6) and (8,2). Jacobi transport instead moves the exponent
and the local generator of the volume line together, and in the target chart it may produce
Laurent expressions whose coefficients involve roots of the slab functions.
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Under the dictionary z%® < 2(%%) of Section 3, the field X Irr is the vector field Xy of (60);
accordingly X, ; denotes both, as in the notation X, = X:Jr(a’b) of Section 1. For a ray t, the
ray group of v with coeflicients in Az is the exponential of the span of the elements u X7 with
q € v and w in the ideal of A7 generated by the w; 4; it is abelian by (32).

In a finite nilpotent quotient, exponential integrates (61) to an injective group homomorphism.
Let v and ¢/ be chamber indices bounded by I. The family of simple canonical homotopies of
[GKT26a, Lem. 3.40] between transverse families realizing them changes the potential at the
successive times t(J) by the exponentials recalled in Subsection 5.1 [GKT26a, Thm. 5.9, with
Lem. 3.40]; their product g satisfies g(W") = W', and we call g a GKT transition from v to
v'. The slope-ordered factorization of [Wue26b, Prop. 3.1] writes it uniquely as a product of
factors, each supported on the generators X} whose boundary rays R>o(k+ k) coincide, ordered
by increasing slope of that ray; we call the factor on a ray the factor of the GKT transition on
that ray. The extremal chamber indices v™™ and ™ are the unique chamber indices bounded
by I such that, for every (J,d) with J # &, the only coordinate at the balanced graphs of (J,d)
that may be nonzero is the one of least, respectively greatest, k1 [Wue26b, Thm. 1.1]. Their
potentials W™ = W¥™" and W™a* = W™ are the extremal GKT potentials.

Proposition 5.2 (Finite GKT transitions). In every finite nilpotent quotient, every GKT
transition maps to an automorphism of the chart algebra of Sy in the group generated by the ray
groups with coefficients in Az, and the factors of its slope factorization map factor by factor to
the ray groups of the boundary rays R>o(k + k). The GKT transition from v to V', and hence
its image, depends only on v and V', not on the chosen canonical homotopy. The construction
18 natural under labelled restriction and path transport.

Proof. Exponentiation and Baker-Campbell-Hausdorff are finite in the chosen quotient and are
functorial for the map of Theorem 5.1. Step 2 of the proof of [GKT26a, Thm. 4.27] shows that
the stabilizers of the action of their group on chamber indices are trivial. Because a transition
may use the degree-zero summand excluded in [GKT26a, Def. 4.23], we use the enlarged-torsor
statement [Wue26b, Lem. 2.5]: the action of the enlarged group, which contains the degree-zero
generator, is free and transitive. Its freeness makes the element carrying W to W' unique.
The slope assertion follows because k maps to the shifted exponent k + x, which spans the
boundary ray of Xj. N

The finite homotopies realizing GK'T transitions can be chosen compatibly as the labelled
system grows (Theorem 5.7, proved in Appendix B). Every factor of the GKT transition used
below is therefore the total jump, across its time interval, of a finite homotopy of canonical
multisections.

5.3. Two labels of twists (1,0) and (0,1). Take two distinct labels with
ti=uin, 7()=(1,0), ta=wu;1, 7(j)=1(0,1),

and work modulo (#2,t3). By [GKT26a, Def. 4.6], the potential of a chamber index v has
coefficient (—1)1//=1up 4 on the monomial of a balanced graph I' with internal labels J. The
extremal GKT potentials are

pmin o4 y4 — 4t1$y4 — 2t2y5 + 12t1t2xy5,

62
( ) ymax — .’IJ4 + y4 — 2t1$5 — 4t21’4y + 12t1t2$59-
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The GKT transition from ™" to ™8 written in increasing slope with the rightmost factor
acting first, is

1 1 1
(63) exp<—2t2X0,1> exp<4t1t2X171> exXp <—2t1X170> .

Write ¥ = exp(—%thLo) =P and Xy = exp(—%tho,l) = ¢B for its two singleton factors,
with A and B the fields (39), not the singular points A and B, and for ¢ € Q put

(64) ZC == eXp(CtthXLl) .

Each Z, lies in the ray group of the first mixed ray, is central in the group generated by 31, ¥o
and the Z., and Z.Zy = Zoy (.

With the coorientations of Section 3.3, a path that passes the joint Oy from left to right
on the side of the outgoing walls, such as the path ~, of Proposition 7.1, crosses the positive
half-chords and the outgoing walls in increasing slope of their boundary rays and crosses each of
them positively; this is the order in which the GKT transition applies its factors. The path ~_
of Proposition 7.1 crosses only the two negative half-chords, also positively. Modulo (t%, t%) the
factors exp(—C}) of Section 3.3 are the identity except on the first mixed ray, so both halves
of the two chords carry 3; and 39, and the diagonal wall from Oy to By, the wall of the first
mixed ray, carries Z_3/4, the image of exp(—%ELﬂ. The factor of the GKT transition and the
residual factor on the first mixed ray are

(65) Gmix = Z1/4, RS =27_;.
Proposition 5.3 (Factorization on the first mixed ray). Modulo (t3,t3), the two chords of ®
carry the GKT singleton factors 31 and Ya, and the diagonal wall carries Z_3,4. The elements
Z_3/4, Gmix and RifY lie in the ray group of the first mized ray, and

3 1
(66) Z_3/4 = Guix R, 171 L
Here Gix is the mized factor of the GKT transition (63), which is unique by Proposition 5.2;
hence RIS, is determined by the wall. If the factor carried by the diagonal wall is replaced by
Ghix, the product around a small loop about the joint becomes (ngis'x)il instead of the identity,
the sign depending on the orientation of the loop.

Proof. By [GKT26a, Notation 2.40], the balanced graphs of ({i}, (1)) have (ki1, k2) = (1,4) and
(5,0), those of ({j}, (1)) have (0,5) and (4,1), and those of (J, (1,1)), J = {4, ;}, have (1,5)
and (5,1); the only critical exponent of .J is (1,1). The chamber index v™" can be nonzero
only at the pairs (1,4), (0,5) and (1,5) of least k;. By (58), the single-label chamber conditions
A({i}, (1), v™m) = A({5}, (1), v™") = —1 read i’/?f}‘}m) = —1 and %ygi}fm) = —1. The set J
has the two partitions {J} and {{i},{j}}, and (1,4) + (0,5) = (1,9); since r; = s; = 1, the
weights are w(1,5) = ['(3)['(3)/T(3)? = 5 and wy(1,9) = ['(3)[(2)/T'(3)* = 3. The chamber
condition A(J, (1,1),v™") = 0 [GKT26a, Def. 3.47(3) and Notation 3.42] is therefore

w(1,5) V(i) + ws (L) Vi, Yinos = 2V0s T 1 (-4 (=2) =0,

S0 V}né‘f 5) = —12. The same computation for v™*, with the pairs (5,0), (4,1), (5,1) and (9,1) in
place of (1,4), (0,5), (1,5) and (1,9), gives the single-label values —2 and —4 and Vgnfgl) = —12.

By [GKT26a, Def. 4.6] these invariants, with the signs (—1)I/I=1, are the coefficients in (62); in
particular the mixed coefficient is (—1)!/I=1y = 12.
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The factor ¥y carries W™t to 4 + y4 — 2t12° — 2t2y5 + 2t1t2:z:y5, because leo(a:4 + y4) =
42 — 8zy* and X (y®) = —10zy®. The factor ¥y does not change the coefficient of t;toxy®,
and

Xp1(z* + o) = 825y — 8xyP.
Since W™a% has no t1taxy® term, the mixed GKT generator has coefficient 2/8 = 1/4, proving
(63).

Let Onix be the factor carried by the diagonal wall. The path ~, crosses the 3;-chord,
the diagonal wall and the Yo-chord positively and in this order, and y_ crosses the negative
half-chords of ¥y and of ¥; positively and in this order. Consistency at the joint (Theorem 3.7)
therefore requires XoOyix X1 = ¥1X2. Equation (40) gives YoX; = Z5/43132, and the factors
on the first mixed ray are central, so Omix = Z_3/4. Subtraction of logarithms on this ray gives

—2 — 1 = —1, which is (66). Finally, replacing Z_3/4 by Gmix = Z_34 (RS )’1 multiplies the

mix
product along vy by the central element (Rffl’isx)_l, so the two loop products are (RIS )_1 and

mix
RS
mix*

Proposition 7.1(3) is the corresponding comparison along a path, with correction (R;elisx)_l.
The factor of the GKT transition is not the image of the wall factor under any homomorphism

fixing the singleton factors, since such a homomorphism fixes their commutator Z_z/,4 =

2y v 2221_1. Nor does an abelian quotient separate the two factors: a character of a group
containing Y1, Yo and Gujx is trivial on the commutator Z_4 /4 and therefore takes inverse

res
values on Gix and R[5 .

5.4. Factorization ray by ray in all orders. Let Z be a finite set of distinct labels of

descendent degree one, each of twist 71 = (1,0) or 7o = (0,1). We write t; = u;; € Az, so that
t? = 0, and base-change the walls of © along

t1>—>f1= Zti, t2|—>t_2: Zti,
T(i)=71 T(i)=m72
as in (52). This is the base change for the labelled truncation (Z, 7, 21) of Definition 4.1,
with &7 the set of square-free monomials in the t;; we call it the labelled truncation of Z. For
N > |Z| its coefficient ring is k[t; : i € Z]/(¢? : i € Z), the base change to k of the subring of Az
generated by the t;. For @ # J C 7 put

pr = |J1, q; = |J2, tJZHti,
icJ
where J; and Jy are the labels in J of twist 7 and 79, and write py =ry+ 44y, q; = sj+4my
with 0 < rj, sy <3 as in Subsection 5.1. By [GKT26a, Notation 2.40 and (2.30)—(2.31)], the
pairs (ki(I'), k2(T")) of the balanced graphs I' of J, which we call the balanced profiles of J, and
the critical exponents of J, are

(67) bin = (r;+4h,s;+4(L;+mj+1—h)), 0<h<{l;+my+1,
(63) kjn = (rj+4h,s;+4(l;+my—h)), 0<h</l;+my.
Write

5" =bso, B =breytmyt-

Among the balanced graphs of support ¢, the extremal chamber index v¢, € € {min, max}, is
nonzero at most at the graph with (k1, k2) = 05; we write v/ for its coordinate there and call it
the extremal invariant of J. For two labels of twists 7 and 7 the extremal GKT potentials
are (62).
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In the labelled truncation of Z every label has descendent degree one, so the inequality in the
third chamber condition holds for every J, and the chamber conditions read A(J,d,v) = —1
for |J| =1 and A(J,d,v) =0 for |J| > 2. Since v has on each block C of a partition only the
coordinate at b%, the formula for A in Subsection 5.1 turns these conditions into the extremal
TECUTSION

-1, |J|=1,
(69) wibPvs+ Y wy (Z bz) ITve= {07 ; J; S
wePart(J) Cen Cem
|7|>2
The coefficient w;(b5) of v is nonzero, so the recursion determines the extremal invariants by
induction on |J|.

On the scattering side, the path v, crosses positively the positive half-chord of least slope,
which carries eA_C‘Qvl, then the outgoing walls in increasing slope of their boundary rays,
the wall of v carrying e~¢r, and then the positive half-chord of greatest slope, which carries
B Crz, By Theorem 3.7 its path-ordered product equals that of v_, which crosses the negative
half-chords, carrying B and e”; this is (42). Grouping the factors by boundary ray gives, for
every N,

(70) eheB = ﬁexp( Z ap,qu,q) (mod m™V),
T

r+(p,q)€r

where ﬁ places the factor of least slope on the right, so that it acts first. By Proposition 3.5(3)
this factorization is unique, and a,, is the coefficient of F, , in the logarithm of the factor
carried by the wall of ® through Oy whose factor lies in the ray group of the ray of x + (p, q);

on a chord ray this is the positive half-chord. Thus a1 = ap,1 = —% are the chord factors,
apo = ag,q = 0 for p,q > 2, and a, 4 = —cp4 for p,q > 1, where ¢, , are the coefficients of

Proposition 3.5 and Table 1. In particular ap 4 = aq,p, and the first values are
a1 =—3, a1 =ai2 = —%, ag1 = ay3 = —%7 azo = —%.
Definition 5.4 (Transition, wall and residual logarithms). In the labelled truncation of Z, let

t be a boundary ray.

(1) The transition logarithm G\ is the logarithm of the factor on v of the GKT transition
from ™1 to pMax,

(2) The wall logarithm S, is the logarithm of the base change of the factor on t in (70),
that is, of the factor carried by the wall of © on t (on a chord ray, by its positive half)
in the labelled truncation; S, = 0 if no wall carries a factor in the ray group of t.

(3) The residual logarithm is

(71) Ry = S, — G,
and exp(R;®) is the residual factor on t.

For J C 7 we write Gy, S; and R® for the sums over v of the ¢;-components of G, S. and
R:*. By (68),

(72) Gy = thgJ,thJ,h
h
for rational coefficients gz p,.

The generators on one boundary ray commute, so (71) exponentiates to exp(S;) =
exp(G) exp(Ry®). The product of the factors exp(G:), with least slope acting first, is the GKT
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transition, which carries W o WY ", and the product of the factors exp(S;) is the base
change of (70), the path-ordered product across the joint in the labelled truncation. Hence

— —
(73) [T expse) = [T (exp(@x) exp(RE™)).

T T
in which each factor on the left is replaced, in its own position, by two commuting factors in
the same ray group. On a ray that carries no wall, S, = 0 and R{*® = —G., so the right side of
(73) contains the pair exp(Gy) exp(—G:); the factorization adds no wall to ©.

Proposition 5.5 (Factorization ray by ray in all orders). In the labelled truncation of every
finite set T of labels of twists 71 and 7o and descendent degree one:
(1) the extremal invariants determine the coefficients gy in (72) uniquely, support by
support in increasing order of |J|;
(2) the ty-component Sy of the wall logarithms is

(74) Sr=ps'as ap;q;t1Xp; 45
(3) the residual logarithms vanish on singleton supports: Gy = Sy = —%tiXT(i) and R® =0
for J ={i};
(4) the factorization (73) is natural under relabelling, deletion of labels, reduction of defor-
mation order, and Jacobi transport along admissible paths (Section 3.3).

Proof. The GKT dimension formula gives (67)—(68). The critical generators act on the balanced
monomials of one support as the weighted incidence matrix of the path graph with vertices
bJ707 ey bJ7€J+mJ+1. Indeed,

(75) Xuo(zt +y*) = 4(v + Dy — 4(u + 1)z¥y .

For (u,v) = k;j, the two monomials in (75) are precisely the adjacent vertices by p41 and byp.
The resulting path incidence matrix has full column rank, and its one left-kernel relation is the
chamber equation, which the difference of two chamber indices satisfies, because in the labelled
truncation the chamber conditions [GKT26a, Def. 3.47] prescribe A(J,d,-) at every support.
Hence the coefficients g, exist and are unique, support by support in increasing order of |J|.
For J = {i} this gives G; = —%tiXT(i), as in (63).

The base change carries e”eB to the path-ordered product in the labelled truncation and
each ray factor of (70) to a labelled ray factor. Since t? = 0, the coefficient of t; in /7%’
is pslgs!, and no other monomial t#] contains t;; this gives (74). For J = {i} it gives

Sy = —%tiXT(i) = (', so the singleton residuals vanish. Both constructions are triangular
in proper subsets, proving naturality under restriction; the other naturality statements are
immediate from the constructions. ([l

For the mixed pair J = {i,j}, the logarithms G;, Sy and R® are the logarithms of the
factors Gmix, Z_3 /4 and R[Y_ of Proposition 5.3. The residual logarithm is nonzero at the next
order as well. If J consists of two labels of twist 71 and one of twist 79, or of one of twist 7 and
two of twist 7o, the only critical exponent is k = (2, 1), respectively (1,2), and in both cases
Gy, Sy and R® have coefficients —%, —% and —i on t;X}. For two labels 7,4 of twist 71, the
GKT transition contains exp(%titi/Xzo) on the boundary ray R>o(3, 1), which lies outside the
cone spanned by (2,1) and (1,2) and carries no wall; there R{* = —G,.

The comparison of Proposition 5.3 concerns only the coefficient of ¢1¢2.X1 1 on the first mixed
ray R>ox. This ray also contains the image X[ of the degree-zero generator. If labels of
twist (2,2) and descendent degree zero are admitted, the GKT transition has on this ray the

degree-zero component exp(fXoo), where f = %t%g + O(t‘ég). Here t99 is the variable of
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GKT’s symmetric potential [GKT26a, Def. 4.12] for these labels: the ring map of [GKT26a,
Lem. 4.14] sends t5' /m! to the sum of the monomials uo over the m-element sets J of them
[GKT26a, (4.12)]. It is the variable ¢ of Lemma E.1. This component survives on the primary
slice, where all descendent variables vanish. Every wall of © is congruent to the identity modulo
m = (t1,t2) (Definition 3.4), so ® has no wall on the primary slice, and the residual component
there is exp(—fXo0).

Remark 5.6 (Products along different paths). The comparison extends from wall factors to
transport along paths. Along a path transverse to the walls, the transport of functions through
® and the transport by the factors of the GKT transition, obtained from it by replacing every
wall factor with the factor of the GKT transition on its ray, differ by one automorphism of the
target chart algebra, the residual transport of the path. Products of functions carried along the
same path are therefore related by this automorphism. For functions carried along different
paths the residual transports differ in general, already for the paths v; and y_ of Proposition 7.1,
which have the same endpoints (see the example after Definition D.1). Appendix D gives a
degree-weighted correction of the products, coherent up to an explicit associator (Lemma D.2
and Propositions D.4 and D.5).

5.5. Compatible homotopies of canonical multisections. A graph datum is a graded
open (4,4)-graph I" together with a descendent vector d on its internal labels; its support is the
monomial uyr) q. A finite assembling-closed system D = (I, &, £) records a finite twist-labelled
set I, a finite set & of labelled monomials closed under divisors, and a finite set £ of graph
data whose supports lie in &?. The graph data are closed under the assembling relation (57):
with each graph datum they contain the data of its connected components and of the connected
components of the bases of its boundary graphs, whose multisections prescribe its multisection
on the boundary. Moreover, for every support in the monomial set that carries a balanced graph,
they contain all graph data of that support whose graph is balanced or critical; the monomials
and the graph data are invariant under twist-preserving permutations of the labels. The precise
definition is Definition B.1, and Appendix B proves the following theorem by relative extension
arguments.

Theorem 5.7 (Compatible GKT homotopies). There are finite assembling-closed systems
Dy, = (Iny PnyEn), n > 1, with Dy C Dy C - -, exhausting all graph data, compatible canonical
families realizing the two extremal chamber indices, and a homotopy of canonical multisections
between them whose multisection on each graph datum (I',d) is smooth on [0,1] x PMr, such
that:

(1) the countably many ray factors occur in pairwise disjoint open time intervals, ordered
by increasing slope;

(2) the multisection on each graph datum is nonconstant on only finitely many such intervals
and is constant near the ends of each of them;

(3) for every n, modulo the monomials of Ay, outside &, the potential at the right end of
the interval of a ray is the image of the potential at its left end under the factor on that
ray of the slope factorization [Wue26b, Thm. 1.1 and Prop. 3.1] of the GKT transition
from v™™ to ™2 and only finitely many of these factors are nontrivial; and

(4) the restrictions to the D,, are compatible under the restriction maps of Definition B.1,
and the families and the homotopy are the inverse limit of these restrictions over the
inverse system Dy C Dy C - - -.

On one interval of (1) and one finite system, the homotopy is a simple canonical homotopy
in the normal form of [GKT26a, Lem. 3.40] for its own assignment of times to label subsets
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(Theorem B.5). Thus every factor of the GKT transition in Proposition 5.5 is the total jump,
across its time interval, of a finite restriction of one compatible homotopy; inside that interval
the potential jumps at the times t(.J) assigned to the label subsets J.

6. TRANSPORT OF THE PRIMARY FROBENIUS STRUCTURE

Section 5 compares wall-crossing groups. A comparison of Frobenius structures requires
further data: a primitive form, oscillatory periods, a residue pairing, and a Kodaira—Spencer
basis. This section supplies these data on the primary slice, where every descendent variable
vanishes, starting from the primary potential of [GKT26a] with the primitive form dz A dy in
the sense of [GKT26a, Def. 4.3], recalled below. The annular geometry enters only through the
transition maps between charts; these are algebra isomorphisms onto their images, and they
preserve the Frobenius structure by transport of structure (Proposition 6.3). The structure
at the start of the transport is normalized in Appendix E, independently of the annulus: the
primary potential has a unique representative ng}fnT invariant under the exchange of the
coordinates, for which dz A dy is a primitive form with the nine primary variables as flat
coordinates (Lemma E.1 and the discussion after it). On the marginal line W}g’%fnT is the flat
structure of Noumi and Yamada with primitive form normalized to dz A dy, and its coefficients
give the first open invariants of every symmetric chamber index with primary potential nglfnT
(Theorem E.3).

In the source chart, given by the fixed frame of the sheet Sy (Sections 2 and 3), we write x = 21
and y = zo. Under the dictionary of Section 3 these are the coordinates of the GKT potentials
in [GKT26a] and in Sections 5 and 7, not the Cox coordinates of (4). Then dx A dy = Qx
by (30), and the Hamiltonian fields X, = X Hab) of Proposition 3.1, of divergence zero for

dx N dy, are

(76) Xop = 2"y ((b+ 1)z, — (a + 1)yd,).

The symmetric deformation variables of [GKT26a, Def. 4.10] are t,p4, 0 < a,b < 2, d > 0,
where (a,b) is a twist and d is the descendent degree. The primary variables are those with
d =0, and we write ¢, = t, 0. The variable ¢, is the parameter dual to the monomial z%yP;
the nine monomials 2%", 0 < a,b < 2, form a basis of the Jacobian ring Jac(z* + y*) and

correspond to the nine narrow elements (62”(““)/ 4 g2mi(b+1)/ 4) of uy X pg, those whose fixed
locus in C? is the origin. Put

(77) Aprim = @Hta,b :0<a,b< 2“7 Mprim = (ta,b>-
A statement over this complete ring means a compatible system of statements over the quotients

Qltap)/ (tZ‘z‘bH). For the source potential the compatibility is part of Lemma E.1. The exchange
of the coordinates and the degree-zero field, the case (a,b) = (0,0) of (76), are
(78) o(z,y,tap) = (Y, 2, tha), Xo,0 = 205 — y0y.

The periods are taken over the good basis of [GKT26a, §4.1]: the product cycles =,
0 < a,b < 2, in the relative homology H(C? Re(x* + y*)/h < 0;C), dual to the monomial
basis in the sense that

/ z°y? @O/ g A dy = 04c0bd, 0<c,d<2
E:a,b

[GKT26a, (4.3)]. The same integrals for arbitrary c¢,d > 0, the moments, follow by integration
by parts [GKT26a, Lem. 4.2]. For a deformation W of 2* 4+ y* over a complete local ring,
the period of (W, dx A dy) over Z, is the formal series in i and h~! obtained by expanding
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fEa eW/"dx A dy in the moments. Following [GKT26a Def. 4.3], dx A dy is a primitive form

for W if, for every 0 < a,b < 2, the period over Ha,p contains no positive power of i and has
constant term d(q ) (0,0); the coefficients of h~! in the nine periods are then the flat coordinates.
Thus dz A dy is a primitive form with flat coordinates ¢, exactly when

/; eV dz A dy = 5(a,b),(0,0) + hiltmb + O(fLiQ), 0<a,b<?2,
—a,b

which is the form in which [GKT26a, Cor. 4.17] states it. GKT formulate the definition for a
form fdx A dy and present it as a simplified version of Saito’s theory of primitive forms; only
f =1 occurs here.

6.1. The Frobenius algebra in the source chart. At the Fermat point the primary state
space is

(79) Hyy = Q[x7y]/(x37 y3)7 €ab = [waybL 0<ab<2.

Normalize the Grothendieck residue trace by

fdx Ady

(427)(4y%)

Proposition 6.1 (Residue pairing at the Fermat point). The pairing no(f,g) = eo(fg) on Haa
1s nondegenerate and

(80) 60(f) =16 RGSQ

(81) no(€ab, €c,d) = Oate,20b+d,2-
Equivalently, ey is the coefficient of the socle monomial ez 2, and e, pea_q2—p = €22 for 0 <
a,b<2.

Proof. The residue in (80) extracts the coefficient of z%y%. Since €a,bCe,d = Catep+d When
a+c < 2and b+ d < 2 and vanishes otherwise, this proves (81), the socle identity, and
nondegeneracy. ([l

Over the primary base, the Jacobian algebra of the reflection-fixed primary potential and its
normalized residue trace are

hdx A dy
(82)  Ro = Aprim[z, Y]/ (0 Wt O, WSET),  €(h) = 16 Resg HLTVOKT § 17COKT
prim prim
with residue pairing n(f,g9) = e(fg) and Kodaira—Spencer classes <I>a [8W§§I1T/8ta,b],

0<a,b<2.

Lemma 6.2 (Source Frobenius algebra). The classes ®°, form an Aprim-basis of Ro, with
@271) = 2%’ + O(Mpyim) and (198’0 = [1]. The pairing n is nondegenerate and makes Ry a
Frobenius algebra. Under the Kodaira—Spencer map 0/0tqp — <I>27b, the multiplication of Ry
and n are the product and the flat metric of the primary Saito—Givental Frobenius manifold
of WSIIEIT, in particular n is constant in the flat coordinates tqp. By [GKT26a, Thm. 0.3

and Rem. 0.4(2)|, this Frobenius manifold is the genus-zero primary closed FJRW Frobenius
manifold of (x* + y*, u3).

Proof. Modulo quadratic terms in the ¢, WEKT = g4 g4 15 ta7ba:“yb [GKT26a, Def. 3.47(1)

prim
and (4.11)], which gives the congruence for <I>2’b. Over each quotient AY"™ of A, (Appen-
dix E.1), where mp,in, is nilpotent, the nine monomials 2% span Rg by Nakayama’s lemma,
since they span Ro/MpimRo = Haa. The functional € vanishes on the Jacobian ideal, and
the Gram matrix of 7 on these monomials reduces modulo my, to the invertible matrix
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of Proposition 6.1, so its determinant is a unit. Hence Ry is free with basis the 2%y’ and
n is nondegenerate; the ®0, form a basis by Nakayama’s lemma, (138’0 = [1] by (108), and

n(fg,h) = e(fgh) = n(f,gh). The flat coordinates t,p of (WS};T,dx A dy) (the discussion
after Lemma E.1) agree with those of Saito—Givental theory in the good-basis description of
[HLSW22, §2.2] [GKT26a, Rems. 0.4(2) and 4.5], so the Kodaira—Spencer map identifies the
product and flat metric of Saito’s Frobenius manifold [Sai83] with the multiplication of Ry and
7. Every symmetric chamber index is enumerative [GKT26a, Prop. 3.46 and Cor. 5.14], so

[GKT26a, Thm. 0.3 and Rem. 0.4(2)] applies. O

6.2. Transport through the annular charts. Let R be an Artinian local Q-algebra of
labelled deformation coefficients, base-changed to k where it meets the chart algebras (Section 1).
For W € R|x,y| the Brieskorn module is

(83) GM(W) = H? (Q}%[m] IR, hd + dW/\> .

For an admissible path p (Definition 3.8), let P, be the composite of the transition maps along it:
the slab maps (23) with the affine holonomy they carry, and the wall automorphisms. These are
injective homomorphisms of R-algebras between chart algebras, so U, = P,(z) and V,, = P,(y)
are algebraically independent over I, and F, is an isomorphism onto the image algebra

(84) Py (Rlz,y]) = R[U, Vj]

inside the target chart algebra. Brieskorn modules, Jacobian algebras, residue pairings and
good-basis periods (the moment functionals of [GKT26a, Lem. 4.2]) of P,IW are formed over
this image algebra by the same formulas in Uy, V}, not over the target chart algebra, a Laurent
algebra over which the Jacobian quotient of a transported primary potential vanishes because
its Up-derivative is a unit. The periods are formal functionals, since the torus of the target
chart does not contain the critical point U, =V, = 0. By (34), and since the wall factors are
transports of automorphisms that preserve {1, in the frames of Sy and Si, every step of P,
multiplies ©,; by a unit; hence dU, A dVj is the form € of the target chart times the unit
recorded by the line L.
On the primary slice put W, = P,(WSKT),

prim
(85) RP = Aprim[UPa %]/(aUp WP? an Wp)a
let 1, be the residue pairing of (W, dU, A dV}), and let
ow,
(86) (I)Sb:[(‘)t p}eRp, 0<ab<2,
’ a,b

be the transported Kodaira—Spencer classes; for the trivial path these are the CDSJ, of Lemma 6.2.

Proposition 6.3 (Transported primary Frobenius structure). Let p be an admissible path.
(1) For W € Rz,y|, By induces an isomorphism of twisted de Rham complexes over R[[h]],
and hence

(87) GM; (W) = GM(P,W),

carrying [dz A dy] to [dU, A dVy]. Modulo h it identifies the Jacobian algebras and the
residue pairings of (W,dx A dy) and (P,W,dU, N\ dV},), and it preserves every good-basis
period.
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(2) On the primary slice, P, is the base change to Apim of an injective homomorphism of
chart algebras over k, independent of the t,p. For the transported periods, dU, N\ dV,
is a primitive form for W, in the sense of [GKT26a, Def. 4.3], and the nine t,; are
simultaneous flat coordinates.

(3) The classes (86) form an Aprim-basis of Ry with

(88) <1>§,b - Pp(q)g,b)v q>2,b = :anb + O(mprim)7

and their multiplication, the unit @870 = [1] and the residue pairing n, have coefficient
matrices independent of p, namely the structure constants of the primary Saito—Givental
Frobenius manifold of WSKT " which [GKT26a, Thm. 0.3 and Rem. 0.4(2)] identifies

i )
with the genus-zero prim;:ymclosed FJRW Frobenius manifold of (x* + y*, u3).
These maps compose under concatenation of paths and are compatible with reduction of R, in
particular to the quotients AY™, and with refinement of the root-stack presentation. For a
second admissible path p’, the isomorphism Pp/prl : R[Uy, V] = R[Uy, Viy] has the properties
in (1) and carries (1)2717 to <I>2l7b.

Proof. Each part is transport of structure along P,. (1) Since B, carries dx, dy to dU,,dV,, it
satisfies (hd + d(P,W)A)P, = P,(hd + dWA) on forms, so pullback is a chain isomorphism;
modulo A it is an isomorphism of Koszul complexes, whose top cohomology is the Jacobian
algebra times the volume form. The residue and the moment functionals are given by the
same formulas in both coordinate systems, so they are preserved. Composition, reduction and
refinement follow from functoriality of the transition maps, and the argument applies equally
to Py Py !

(2) Every wall automorphism is the identity modulo m = (¢1,¢2) (Definition 3.4), an ideal
generated by descendent variables, so on the primary slice F, is a composite of slab and holonomy
maps, which involve no deformation parameters. The conditions of [GKT26a, Def. 4.3] concern
only the good-basis periods; they hold for (WpGriIfnT, dx A dy) by the discussion after Lemma E.1
and are preserved by (1).

(3) By the chain rule and (2), P, induces an isomorphism of Aprim-algebras Ro — R, that
commutes with 0/0t,p, which gives the first identity in (88), carries [1] to [1], and by (1) carries
7 to 1. Hence the multiplication, the unit and the pairing have the same coefficient matrices in

the bases <I>2 , as for the trivial path, Pp/prl carries <I>2 p 1O <I>2/b, and the remaining assertions
follow from Lemma 6.2. |

Wall factors, and the residual factors by which they differ from the factors of the GKT
transition (Section 5), are flows of the fields (76) with nilpotent coefficients, hence volume-
preserving right equivalences of (W, dx A dy). By Proposition 6.3(1), the identities between
algebra automorphisms of Appendix D therefore become composition identities of Brieskorn
chain maps. Since B, carries Jacobian ideals to Jacobian ideals, a coefficient of the Jacobian
algebra on transported source sections, such as 1/32 in (117), does not depend on the admissible
path, although U, and V, do, through the hyperbolic holonomy.

Remark 6.4 (Deck transformations and core holonomy). The deck transformations of the
fractional-exponent cover pg and of the twist cover, and the core holonomy, relate admissible
paths p,p’ ending over the same region of ©. By Proposition 6.3, ¢ = Pp/Pp_1 tRp — Ry is
Aprim-linear and carries transported bases to transported bases, so the structure constants are
invariant under these maps. If the two sheets of pg over a region are identified by such a ¢, the
involution (r,7’) — (¢~ 17/, ¢r) splits R, ® Ry into its (+1)-eigensummands, free of rank nine
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over Aprim and orthogonal for the residue pairing; the (+1)-eigensummand {(r, ¢r)} is a unital
subalgebra isomorphic to R,.

7. TWO LABELS: PATH-ORDERED PRODUCTS AND THE MAXIMAL NORMAL FORM

Proposition 5.3 compares the GKT transition with the wall structure ® one ray at a time.
This section compares the two along a path, first for two labels of twists (1,0) and (0, 1), where
® has a diagonal wall, and then for two labels of the same twist (1,0), where it has none. We
keep the two labels i, j, the parameters t1 = u;1 and t2 = u; 1, and the operators ¥, 3o and
Z.. of Section 5.3, and work over Ry = Q[t1,2]/(t?,t3). Operators act on polynomials in z,y
over Ry through the vector fields (60), and the rightmost factor of a product acts first. The
proof of Proposition 5.3 gives the commutation relation

(89) So%1 = Zgj4 T15s.

Of the two balanced monomials t1tozy® and t1t22y of the support J = {i,j}, the extremal
GKT potentials W™ and W™ of (62) keep only the one of least, respectively greatest,
z-degree; its coefficient 12 = (—1)I/171v is determined by the GKT invariant v = —12 of .J.
Direct differentiation gives

Xio(a® +y') =42° = 8xy',  X10(y°) = —102y°,
(90) X071(m4 + y4) = 8:c4y — 4y5, X071(m5) = 10x5y,
X1 (zt + ) = 825y — 8ay.

7.1. Path-ordered products near the joint. Let (s1,s2) be affine coordinates on the chart
of A drawn in Figure 2(a), with the joint O at the origin. By (43) the two singleton chords
are the lines 3s1 + 4s9 = 0 and 3s; + 2s9 = 0. By (44) with ¢; = ¢, the diagonal wall is the
segment from O to B on the line s1 + so = 0, s2 > 0. Modulo (¢2,t2) these are the only walls
through O with a nontrivial factor. With the coorientations of Section 3, the three walls carry
the following factors:

Support Positive normal Attached factor
381 +4s9 =0 (3, 4) Y1

351+ 289 =0 (3, 2) Yo

s1+s2 =0, from O to B (1,1) Z_3/4

A path crossing a wall in the direction of its positive normal applies the attached factor, and
otherwise its inverse (Definition 3.4). Choose £ > 0 so small that the disk of radius 2 about O
meets no wall whose factor is nontrivial modulo (#2,¢2) other than these three and contains no
singular point; this is possible by Proposition 3.6. The transitions at the singular points are
carried by cuts running from the singular points outward (Section 3), so they do not meet this
disk, and the regions of © adjacent to O share one frame. Let v4 and v_ run from o_ = (—¢,0)
to o4 = (¢,0) along the horizontal segments sy = £/10 and sy = —¢/10, respectively, joined to
o_ and o4 by vertical segments, and write ©,, for the path-ordered products. Along v, the
walls are met in the order of increasing slope of their boundary rays, so o_ lies in the region
preceding all three walls in that order, and we place W™ there.

Proposition 7.1 (Two-label comparison). (1) The path-ordered products
O, =97 3,51, O, =%,

are equal.
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(2) Both carry W™n to
(91) W =zt + oyt — 2125 — dtoxy + t1ty (8xy5 + 4x5y).
(3) The GKT transition (63) satisfies
Y021 4%1 = 210, ZyWH = pymax,
Thus the GKT transition and the path-ordered product of ® differ by Z1 = exp(ti1t2X1,1)-

Proof. On sy = £/10 the three supports are met at s; = —2¢/15, —¢/10 and —¢/15, in the
order ¥;-chord, diagonal wall, ¥9-chord. The direction of travel (1,0) has positive pairing with
(3,4), (1,1) and (3,2), so ©,, = ¥27_3,,31. On s3 = —¢/10 the chords are met at s; = ¢/15
and 2¢/15, both positively, and the diagonal wall is not met. The vertical segments lie on
s1 = e with |s2| < €/10, where no support passes: the chords meet these lines at |sa| > 3¢/4
and the diagonal wall at so = ¢. Hence ©,_ = X1X.

Since Z_3,4 is central, (89) gives ©,, = Z_3,,32%; = X1 Y9 = ©,_, which proves (1).

For (2), use (90) and t? = t3 = 0. First,

YW = gt oyt — 220 — 2t0y® + 21 toxy®.
The flow Z, changes only mixed terms, and Z.V =V + 8ctyts(zy — zy®) for every potential
V of the form 2% + y* + O(t1,t,). Hence
Z_3/421Wmin =2t +y* — 2612° — 2t99” + tity (83:y5 — 6x5y).

Applying Y9 adds —4toxty + 2tay® from x* 4 y* and 10t1t22%y from —2t12°, which gives (91).
Part (1) gives the same result along ~v_.

For (3), since Z, is central, Y07} /4%1 = Z1 /4434327 3431 = Z10,, . Finally ZyWY has
mixed terms t1t2((8 — 8)zy® + (4 + 8)z°y), which is W™ by (62). O
Remark 7.2 (Relation with the factorization ray by ray). Proposition 5.3 splits the factor of
the diagonal wall into the factor of the GKT transition on the first mixed ray and a residual
factor, and Proposition 7.1(3) is the corresponding statement for the whole path: removing the

residual turns the path-ordered product of ® into the GKT transition. By Proposition 7.1(2),
D itself does not carry W™ to Wmax,

7.2. The maximal normal form. For a,b € Q put
V(a,b) = zt + oy — 2t12° — dtozty + ity (a zy® + bx5y),

so that W' = V/(8,4) and W™ = V(0,12). By the proof of Proposition 7.1, Z.V (a,b) =
V(a — 8¢,b + 8c). Each orbit of the flows Z, in this family therefore contains exactly one
potential without an xy® term, and we define

(92) N™V (a,b) = Z, 5V (a,b) = V(0,a + b).

On the family V' (a, b) this operation is the maximal normal form of Proposition 7.6 for the labels
1, 7; that normal form keeps, for each support, only the balanced coefficient of greatest z-degree.
The operation N™* is idempotent and constant on the orbits of the flows Z.. Deleting the
xy° term instead would give V (0, b), which differs from N™8V (a,b) whenever a # 0.

Proposition 7.3 (The normal form carries the mixed coefficient). Let W™ be W™D with the
coefficient 12 of titoxy® replaced by m € Q. Then

O, Whin = V(m — 4,4), N™EQ_ WM = V(0,m).
In particular N™3X@,, Wmin = jymax,
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Proof. The operators X1, 39 and Z, fix the term mtltgxy5, and their other contributions to
the coefficient of t1t224° do not involve m. The computation in the proof of Proposition 7.1
with 12 replaced by m therefore gives V(m — 4,4), and (92) gives V(0,m). O

The normal form transfers the mixed coefficient of W™ to W™ it does not compute it.
The coefficient is fixed by periods, which in turn do not select a representative in an orbit of
the flows Z.. Let Wy = 2% + y* and Q = dx A dy, and let Vo = hd + dWyA act on polynomial
differential forms over Ra[h, A~1]; this is the operator of (83) over that ring. Call a one-form
relative if its pullbacks to both coordinate axes vanish, and call a two-form relatively exact if it
equals Vo for a relative one-form f.

Proposition 7.4 (Periods of the two-label family). (1) The tito-part of eV (@L)=Wo)/h ) js
Vo-cohomologous to (6 — “TH’) zy €.

(2) The one-form B = tity d(z?y?) is relative, and VoS = (Wmax — Wtr)Q; in particular
(Wmax — Wtr)Q is relatively exact.

(3) Let h € C* and let S C C? be a properly embedded oriented real surface whose boundary
lies in the union of the coordinate azes, on which Re(Wy/h) < —c|z|* + ¢ for some
constants ¢ > 0 and ¢, and whose area in the ball of radius p grows at most polynomially
m p. Then

/ewmax/hQ _ / €Wtr/hQ (Il’lOd t%at%)
S S

Proof. For a polynomial f, Vo(fdy) = (423f + hd,f) Q and Vo(f dx) = —(4y3f + hdy, f) Q.
Taking f = 22y, zy? and 25y gives the relations 2%y Q ~ —% 2y Q ~ 2y® Qand 27y Q ~ %hQ xy €.
Modulo (¢2,13) the tto-part of e(V(@0)=Wo)/his =1 (q 2% + bxPy) 4+ h~2 82%y, which proves (1).

The function x?y? vanishes on both axes, so its differential pulls back to zero there. Since
dﬁ = 07

VoB =dWy A B = tits (41:3d33 + 4y3dy) A (2:13y2d1: + 22%y dy) = tity (8x5y — 8xy5)Q,

which is (W™ — W™)Q) by (91) and (62). Put 6 = W™ — W € 16,Q[z,y]. Because
VVtr — W() lies in (tl,tg) and tltg(tl,tg) = O,

VI — WG — Mo/t 5 = Mol 8 = d(eVo/h ).

Under the stated growth conditions both integrals converge absolutely. By the coarea formula
there is a sequence p,, — 0o of regular values of |z| on § and on dS for which the length of
SN {|z| = pn} grows at most polynomially in p,. By Stokes’ theorem the integral of d(e"Vo/"3)
over S N {|z| < pn} equals the integral of e"o/"3 over S N {|z| < pp}, which vanishes because
f is relative, plus an integral over S N {|z| = p,}, which tends to zero because e"Vo/" decays
faster than the polynomial form 8 and the length grow. O

The class in Proposition 7.4(1) vanishes exactly when a + b = 12. This is the GKT chamber
condition for the support {4, j}, which is a period condition [GKT26a, Def. 3.47(3) and Thm. 4.9].
The periods of V(a,b) depend only on a + b, and potentials in one orbit of the flows Z. have
the same periods. Selecting the extremal representative within an orbit therefore requires a
normal-form rule; for these two labels, the rule producing W™max jg A/max,

7.3. Two labels of the same twist. The same phenomenon occurs without a diagonal wall.
Take two labels with parameters ¢,t’', both of twist (1,0) and descendent degree one, and work
modulo (t2,#?). Their singleton walls lie on the same chord and commute, so modulo (¢2,#2)
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the wall structure ® has no further wall, and every path crossing the chord in the direction of
increasing slope has path-ordered product

e = exp(—%(t + t/)Xl,O) .
The support of the two labels has balanced profiles (2,4) and (6,0) and critical exponent (2,0).

Each label has the twist and descendent degree of the label i, so the singleton terms are those
of t; in (62), and the extremal GKT potentials are

ot oyt — At + )yt + ptt'zPy? and zt oyt =20t + )2 + qtt'ab

for some p,q € Q. As in Proposition 7.4(1), the GKT chamber condition for the support of
the two labels is the vanishing of the class of the t'-part of e(W=Wo)/A Q) for each extremal
potential W. Write ~ for Vg-cohomology. The formulas for Vo(f dx) with f = 2%y, 22y and
for Vo(f dy) with f = 23, 27 in the proof of Proposition 7.4 give
x2y4Q~—%x2Q, :EQyBQN%ﬁQ, x6Q~—3thQQ, xloﬁw%ﬁﬁ.

Since (t + t')? = 2tt' modulo (t2,#?), the tt-parts for the two potentials are (A~ 'pz2y* +
16h22%y®) Q and (A 'qa® + 4h22'°) Q, which are V(-cohomologous to (5 — %) 22 and
(% — %) 22 Q. The chamber conditions therefore give p = 20 and ¢ = 7, and the extremal
potentials are

wmin — g ot 4t 4 )yt 4 20t 22y, wmax — g4 4ot 9t + t')ad + Ttt' 2",
Proposition 7.5 (Same twist). The wall structure ® carries W™ to
QW™ = g4 4yt —2(t + ¢')2° + tt' (62”y* + 52°),
and the GKT transition is ©’ exp(%tt’X;o). Its extra factor lies on the ray of shifted exponent
(3,1), which lies outside the cone spanned by (2,1) and (1,2) and carries no wall of ®. The
flows exp(ctt' Xa) change the coefficients (p,q) of tt'z*y* and tt'x8 to (p—12¢,q+4c), and the
normal form without an x>y* term carries ©'W'™n to W/™max [f the coefficient 20 is replaced

by n, the transported potential has coefficients (n — 14,5) and its normal form has coefficient
(n+1)/3 on tt'aS.

Proof. Modulo (2,t%) we have (t +¢)> =2t/ and ©' =1 — 1(t + ) X1 + %tt’X%O. With
X1 0(zy?) = —T2%y* and X o(2%) = 52°, the three terms of © applied to W™ give the
displayed potential: the coefficient of tt'2%y* is 20 — 28 4+ 14 = 6 and that of t#/z% is 5; with n in
place of 20 the first becomes n — 14. Since Xa(z* + y*) = 425 — 12224, the flow exp(ctt' X2 )
changes (p,q) to (p — 12¢,q + 4c¢), and ¢ = % carries (6,5) to (0,7); in general ¢ = p/12 gives
(0,qg + p/3), which is (0, (n + 1)/3) for (p,q) = (n — 14,5). The flow of ¢t X5y commutes with
©' modulo (t2,t?). The shifted exponent (3,1) = ¢1(2,1) 4 ¢2(1,2) has c; = —1 < 0. O

The path 4 meets the ray L(3,1) before the (2,1)-chord. In the comparison of Section 5
this ray has wall factor 1 and residual equal to the inverse of the factor of the GKT transition.

7.4. Finitely many labels.

Proposition 7.6 (Maximal normal form). Let W be a labelled truncation (Definition 4.1)
whose monomial set consists of square-free monomials, so that Ryy n is a quotient of A7 ®qk,
with Az the labelled ring (56), under w1 +— t; and u;q — 0 for d # 1. For a support J, the
balanced string of J consists of the coefficients of the monomials t yx*'y*2 with (ki, k2) one of
the balanced profiles by of (67), which form an arithmetic progression with step (4, —4). Let
Wmin gnd WX denote the images over Ry n of the extremal GK'T potentials of the labels of
W.
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(1) Let V =a*+y*+ - be a potential over Ryy N supported on balanced monomials. The
orbit of V. under the group of the GKT critical Lie algebra of W contains exactly one
potential whose coefficients on the balanced string of each support J vanish except at
b7, We call it the maximal normal form N™*>*V of V.

(2) On the family V (a,b), N™* is the operation (92); for the two labels of twist (1,0) of
Proposition 7.5 it is the normal form used there.

(3) The path-ordered product of ® along a path in a disk about the joint Oy contained in
the sheet Sy, such as vy, carries W™ to the potential of a chamber index, and N™*
carries this potential to W™Max,

Proof. (1) By (75), the generator X, carries 2! +y* to a combination of the monomials of the
adjacent profiles b1 and b with nonzero coefficients. Modulo the contributions of proper
divisors of ty, the generators of support J therefore act on the balanced string of J through a
bidiagonal incidence matrix with nonzero entries; its image has codimension one and meets the
line of b'7** only in zero, so it is a complement of that line. Hence the normal form exists and
is unique; it is constructed support by support, by induction on |J|, as in [Wue26b, Thm. 1.1].

(2) The balanced profiles b7** of the supports {i}, {j} and {7, j} are (5,0), (4,1) and (5,1).
The potential V(0,a +b) = Z, 3V (a,b) lies in the orbit of V'(a,b), and its coefficients on the
balanced strings vanish except at these profiles, so it is N™**V (a,b) by (1). For the two labels
of Proposition 7.5 the profiles b'}** of the singletons and of the pair are (5,0) and (6,0). The
normal form used there is obtained by a flow exp(ctt’Xs () of a critical generator, keeps the
singleton terms —2(¢ 4 t')2° and has no t/z2y* term, so it is N™2X as well.

(3) Such a disk meets only supports through Op, since the supports through O; lie in S}
(Proposition 3.6). The factors on the supports through Oy are exponentials of elements of the
GKT critical Lie algebra of W, so the path-ordered product along such a path lies in its group
and carries W™ to the potential of a chamber index [GKT26a, Thm. 4.27]. The maximal
normal form of this potential lies in the same orbit, so it is again the potential of a chamber
index, and its only nonzero balanced coeflicients of nonempty support are those at the profiles
b7*. The only such chamber index is v™** [Wue26b, Thm. 1.1], [GKT26a, Cor. 5.14], so N™*
carries the transported W™t to J/max, ]

Propositions 7.1, 7.3 and 7.5 make this correction explicit for two labels of twists (1,0) and
(0,1) and for two labels of twist (1,0).

Problem 7.7 (Maximal normalization). Let v be a path from o_ to a region of © adjacent
to a boundary circle of the annulus. Construct, from the annular structure of Theorem A, an
operation &, on potentials in the chart at the end of  such that, with £, read in the frame
at o_ by transport along v, the operation © 1£,0., agrees with N"™# on every truncation of
Proposition 7.6. For an intrinsic enumerative construction, the construction should moreover
single out the coefficients of W™ for instance the value m = 12 in Proposition 7.3, without
using the GKT chamber conditions of the supports involved.

The comparisons above are local and are made in one frame at O: the regions containing
o_ and o4 are adjacent to the joint, not to the boundary circles, and the computations see
neither the core holonomy K nor the transitions at the singular points, so a solution must be
global. A comparison theorem could also take the GK'T canonical systems as input, provided
it identifies the boundary evaluation with the normal form by a geometric argument. Theta
functions defined by broken lines on the annulus, and a logarithmic compactification of the finite
levels (Section 4), are further open problems. The comparison between annular scattering and
GKT open FJRW theory proved here, Theorem B, concerns wall factors and finite homotopies;
Proposition 6.3 transports the primary Frobenius structure through the annular charts.
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APPENDIX A. AFFINE AND LOGARITHMIC CALCULATIONS

This appendix collects the basis conventions and local algebra used in the main proofs. It
records the lattice data, the widths of the monodromies and the separation estimate in explicit
coordinates. The conventions for the two sides of the discrete Legendre transform are those of
Section 2.3: affine charts and developments are in the plane MY ® R of A, and monodromies
of characters act on the fan lattice M. Elements of M and of M"Y are written in standard
coordinates, which on M"Y ® R are the coordinates (s1,s2) of (3); elements of M and MV are
written in F-coordinates (Section 2.2).

A.1. Straight-boundary charts. At a vertex py of A, let ¢y, ry be the primitive boundary
tangents toward its two neighbors, and let —py be the inward radial vector. Both (¢y, —py)
and (ry, —py) are unimodular. Define the left and right straight-boundary charts by

BV,LKV = (7150)7 BV,L(ipV) = (07 1)a BV,RTV = (170)5 BV,R(ipV) = (07 1)
The resulting matrices in the standard basis of MV are
Vv BVJ, BV,R
-1 1 -1 1
0 1 1 0
11 1 1
10 -1 -2
-1 -3 -1 -3
-1 -2 0o 1/
The matrix Ty = B‘;’%BV, 1, is the monodromy of the tangent lattice MV of A about V; it fixes

py. Along a loop the dual lattice M has the inverse transpose monodromy. We orient the
loop vy so that the monodromy of M along it is Ty = Tg , that is, oppositely to the loop

A
B
C

along which the tangent monodromy is T Direct multiplication yields precisely the matrices
(16). Their invariant primitive characters are, in standard coordinates of M, a4 = (1,—1),
up = (1, 1), uc = (1,3), and

-1
Ty—1d = ( ) )(1,1) = —tuank,
1
(94) Tp—1d = <1> (2,—2) = —2upnk,
1 N
To—1d= 3 (3,—-1) = —ucng,

with the primitive conormals ng4 = (1,1), ng = (—1,1), n¢ = (—3,1) in MV, in the coordinates
(s1,82). The conormals of (22) are N7 = 4na, Np, = 4np and Nz = 4nc: the F-coordinates
of dny, dnp, 4nc are (1,-3), (—1,—1), (—=3,1). Thus the monodromies of the disk about A, B
and C have widths 1, 2 and 1.

In standard coordinates the exponent map and its inverse are

P (B ) =0 )
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Conjugating by F' gives the disk monodromies in F-coordinates:

FT,F — <—1/2 9/2) 7

—1/2 5/2
(95) F—lTBF=<_21 é)
- ~1/2 1/2

E 1TCF:<—9/2 5/2)‘

The loops whose monodromy preserves M form a subgroup that contains the parity subgroup,
by (96) below, and does not contain v4. Since the parity subgroup has index two, it is exactly
the stabilizer of M; in particular the monodromies about A and C' do not preserve M.

For a loop + in the parity subgroup write H, for the monodromy of M along «y, with the
convention Hg, = HyH),, where a product gh traverses g first. For the Schreier transversal
{1,74}, the Reidemeister—Schreier basis of the parity subgroup is

VB, YoVa's YA YAVBYA',  YAYC-

The matrices of these loops, in F-coordinates, are

(96) 2 1 -1 2 -2 9 —14 25 —20 11
-1 0/’ —-10 19/’ -1 4)° -9 16/’ —-11 6 /°

All are integral. The first is Hp; the second is the core matrix K = H,_ . of the loop

Yeore = ’}’C’Y,Zl; the third and fourth are H4 and Hp1; the fifth is H,,,,, = K~'H¢, of trace

—14. Squaring the loop ¢ gives Ho = Hw% = HVCWZI H, ., the final local matrix in (18).

The primitive factorizations (19) follow by subtracting the identity.

The kinks of ¢ across the bounded edges of the decomposition of the dual intersection

complex are, up to sign, the vertices of A. Equivalently, they are the primitive facet conormals
of AV, which in the coordinates (s1,s2) are —pa = (1,1), —pp = (1,—1) and —pc = (-3,1),
each taking the value 1 on its facet. Their F-coordinates are
(97) FILD) = (3.9, FIL-1)=(51), F(=31)=(-11:
For the polarization of the discrete Legendre transform (Section 2.3), the kinks across the
unbounded edges are the edge vectors of A, which are (0,2), (4,—2) and (—4,0) in the
coordinates (si, s2) and have the integral F-coordinates (0, —1), (1,0) and (—1,1) in the chart
of Sp; in the frame of S7 two of them are half-integral (proof of Theorem 2.3). Thus p*y is
quarter-integral and 4p*p is the minimal integral multiple.

A.2. Core and boundary holonomy. The core matrix satisfies

-2 2
K—ld= (—10 18) '

The lattice M is generated by g1 = F(4,0) and g = F(—2,—2). The columns of K — Id are
the F-coordinates of (K —Id)F(1,0) = 2¢1 + 5g2 and (K —Id)F(0,1) = —4¢1 — 9g2, so K acts
trivially on M /M. It has trace 18 and determinant one, which proves the spectral statements
in Section 3.

The two boundary circles are the lifts of the boundary loop v4vp7Yc, whose monodromy
1 0

on M is, in standard coordinates, TATgT¢c = (—8 1

). Their monodromies on M are, in
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F-coordinates,

5 4 33 —64
(98) Uo = Hyyypre = (4 _3> ’ Ut =Hzophe0st = (16 —31) ’

and Uy = HB,lK*IHC, Ui = HyHp oK. They factor as

Uy —Td — 4(1)(1, 1), Ui—Tld= 16(?)(1, _9).

In the invariant tangent—normal bases given by the columns of

1 0 2 1
(1 1> for Uy, (1 1) for Uy,

the matrices of Uy and U; are
1 —4 1 -16
0o 1)’ o 1 /°

This gives the two global widths used in Section 4.

On the side of A, the invariant line of Ty is the line through O and py, which contains V.
In coordinates centered at O the affine transition at each singular point is therefore linear, and
so is the affine holonomy of every loop. In the coordinates (si, s2), as in Section 3.3, the branch
segment joins A = (—3,—3) to C = (3,—3) and crosses the negative half-chords at (2, —3)

11

and (5,—35). Its interior lies in the complement of c4 U cp U cc, so its lifts lie in the sheets

So, S1 of Section 2.4.

A.3. Boundary development and exit slopes. In the chart of the sheet Sy one has
MY = F~1(7?) = 2L(Z§’y). The development below is written in the plane of A, in the

invariant tangent-normal coordinates (x,y) of (53), normalized so that MY is 272, equivalently
so that the lattice L(Z?Qy) of cofactor directions is Z2. The development data of the two
boundary circles are

|l | wi | (¢, hi)
4 (7/2,1)
8|16 | (15/2,1/2).

Here w; is the width of the boundary monodromy, ¢; = w;h; is the length of the boundary circle
in these coordinates, and (¢;, h;) is the common apex of the developed facets, in the coordinates
(x,y). For ¢ = 0 the data are obtained as follows. Starting from the facet ss = —1 in the chart
of Sy, develop the facet s; + 2s9 = 1 through the vertex po and then the facet s; = —1 through
pB, by the transitions between the straight-boundary charts (93) at these vertices, which fix the
vertex and O. The three facets develop onto the line s = —1, and the vertex pq = (—1,—1)
returns at (7, —1). In the coordinates x = (7 — s1)/2 and y = sg + 1, in which M" is 272, the
developed image of O lies at (%, 1) and the boundary circle has length 4. For ;.4 one starts

from the facet so = —1 in the chart of S; pulled back from A, in which MV is 2Z & 47 in the
coordinates (s1, s2), develops in the same way, and uses x = 7 —s1 + %(82 +1)andy = %(32 +1),

in which MV is 27.2; the developed image of O lies at (%, %), and the boundary circle has
length 8. Affine lengths measured in MV are half the coordinate lengths; the widths and the
slopes below do not depend on this normalization. In the coordinate r = —y, a support of slope
¢ lies on the line x = ¢; — &(r + h;) of (54). On each line {r = rg} the holonomy (53) is the

translation by w;(ro + h;), so its kth power maps the line of slope & to the line of slope & — kw;.

(99) 0
1
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By Proposition 3.6 no support meets an arc carrying a transition, so each support has
direction Lg, or —Lq for a negative half-chord, in the chart of its sheet pulled back from A. The
supports through O are the deck images of those through Og; the frame of S of Section 2.4
differs from the identification given by the chart of S; pulled back from A by the affine
monodromy about A, and in the frame of S their directions are the images of +Lg under this
monodromy. The development below uses the pulled-back charts. Write ¢ = ¢1(2,1) + c2(1,2)
with ¢1,¢9 > 0, as in (44). A support of direction —Lq leaves A through the facet so = —1, and
one of direction Lq through the facet s; = —1 if ¢; > ¢o and through s; 4+ 259 = 1 if ¢; < ¢o.
Developing the three facets along dg.A into the coordinates above gives the slopes

3(7c1 + 3ca)

, €1 2> C,

¢ = 2c1 + co €, = 4(261+Cg) t="=
T 3(61 =+ CQ)’ T 11cy + 19¢o o <

4(01 + 262) ’ 1=

for the directions —Lg and Lgq; along 0;.A the slopes are 4¢4+ + 1. Each slope is read off from
the developed point at which the support meets its facet. For instance, a support of direction
—Lg meets so = —1 at s1 = (41 +2¢2)/(3(c1 + ¢2)), and x = ¢g — E_hg there gives {_; for the
direction Lqg the meeting point on s; + 2s9 = 1 is developed through pc, and that on s; = —1
through po and pp, as above. All of these slopes are positive numbers. Each of the functions
above is decreasing in ca/c; € [0,00], and the two expressions for {; agree at ¢; = ca. The
slopes of the supports of direction —Lq, respectively Lq, therefore lie in the closed intervals
bounded by their values at co = 0 and at ¢; = 0:

i ‘ direction — Lq ‘ direction Lq
(100) 0 [1/3,2/3] [19/8,21/8]
1 [7/3,11/3] [21/2,23/2].

For i = 0, the slope of a support of direction Lq exceeds that of a support of direction —Lg by
an amount in (0,4), and for ¢ = 1 by an amount in (0, 16); each interval has width smaller than
w;. Thus the slopes of two supports never differ by a nonzero multiple of w;, and no nonzero
power of the holonomy (53) maps a support onto a support. These are the inequalities used in
the proof of Proposition 4.3.

A.4. Finite root algebra. For an effective Cartier divisor Dy = (f) on X = Spec A, we call
Spec A[g]/(¢g® — f) the Kummer cover of (X, f), with uq acting by g — (g and trivially on A.
Our root-stack convention is

(101) {/(X.Dy) = [Spec Algl /(9" — £)/1ua)

Over X \ Dy the Kummer cover is the pg-torsor Spec A[f~][g]/(g9¢ — f), finite étale because
d is invertible in k, and the root stack is X \ Dy itself: its functions there are the invariants
A[f7Y, and g, of weight one, is not among them. Along Dy the quotient retains the root
automorphism group, and g = 0 defines the root divisor. If A is a character algebra and N
an integral conormal vanishing on the exponents of f, the slab map 2 — ¢V 2™ is an
automorphism of the Kummer ring A[f~!][g]/(¢¢ — f) fixing f and g. It commutes with the
action of pg on z™ exactly when d divides (IV,m). It therefore acts on the Kummer cover over
X \ Dy, and it descends to the root stack only if d divides (INV,m) for every character m. For
finitely many divisors D, = (fe), with degrees d., the fiber product over X of the root stacks
%/(X, D.) is the quotient of the Kummer cover Spec A[ge]c/(9% — fe)e by 1. ftd., and the
stabilizer of a point of this cover is the product of the factors sy, whose coordinate g, vanishes
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at the point, that is, of the factors with x € D, for the image x of the point in X. Section 4
applies this to the finite root stacks X7 of Section 2.

Let J be the filtered poset of finite rooted subtrees of the path tree 7. For T C T’ in
J, the ring R5°" of (27) is free over O(Ur») on the monomials in the roots with exponents
smaller than their degrees, and these contain the monomials of T; hence R — RI”TO,Ot is

injective. The colimit over J is the pathwise Kummer ring R;‘;‘%ﬁ A finitely presented module,

algebra, morphism, or finite collection of identities among composites over R;‘;‘gfl ®x R/m uses

finitely many generators, relations, and matrix entries. All therefore occur over R @y R/ mV
for one T' € J, after replacing the chosen subtrees by their rooted union. This proves the
finite-presentation assertion in Theorem 2.7.

APPENDIX B. COMPATIBLE COMPLETION OF GKT HOMOTOPIES

This appendix proves Theorem 5.7, the compatibility statement in Part (3) of Theorem B.
The labels and monomials of a labelled truncation (Definition 4.1) do not by themselves define
a restriction map on canonical families: by the assembling relation (57), the multisection on
one graph datum is prescribed on the boundary of its moduli space by the multisections on
the connected components of the bases of its boundary graphs. We therefore restrict along
finite systems of graph data closed under this relation, the finite assembling-closed systems of
Definition B.1.

We use the notions of [GKT26a] recalled in Subsection 5.1. Fix a countable set I, of labels
with a twist map, containing infinitely many labels of each twist. Every construction below
uses only a finite subset. The relative extension argument is the multisection argument of
[BCT24, Lem. 6.5] in its W-spin form [GKT26a, Lem. 5.15]; these statements, the homotopy
lemma [GKT26a, Lem. 5.17], and the part of the proof of [GKT26a, Thm. 5.13] that we use
are recalled in Subsection B.2. The lemma of GKT that provides simple canonical homotopies
with assigned times, [GKT26a, Lem. 3.40], is recalled below together with the parts of its proof
that we use. From [Wue26b] we use only the extremal chamber indices [Wue26b, Thm. 1.1],
the freeness of the enlarged action [Wue26b, Lem. 2.5], and the slope factorization [Wue26b,
Prop. 3.1].

B.1. Finite assembling-closed systems. For a graded open (4, 4)-graph I" with finite internal
label set and descendent vector d, write

(102) 6= (T,d), FE;=Er(d)— PMr,  supp(d)=urra-

We call § a graph datum. A family of canonical multisections satisfies the assembling relation
(57) on every zero or exchange boundary stratum A of I'. The assembling constituents of § are
the connected component data of BI' and of all BA occurring there, with restricted descendent
vectors; by (57), their multisections prescribe the multisection of § on the boundary. The
assembling closure of a set of graph data consists of these data and their iterated assembling
constituents.

Definition B.1. A finite assembling-closed system is a triple D = (I, &2, £) such that:

(1) I C I is finite and twist labelled; 7 is a finite divisor-closed set of labelled monomials,
containing 1 and invariant under twist-preserving permutations of I;

(2) £ is a finite set of graph data containing every iterated assembling constituent and
connected component datum of each of its elements;

(3) supp(d) € & for every ¢ € &,

(4) if a support u € & carries a balanced graph, then £ contains every graph datum of
support u whose graph is balanced or critical, together with its assembling closure;
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(5) & is invariant under the twist-preserving permutation group of 1.

An inclusion D C D' means inclusion of the label sets, of the monomial sets and of the sets of
graph data. Restriction is therefore the forgetful map.

In Theorems B.4 and B.5 below, the smaller system may also be the empty system, with
no labels, monomials or graph data; then there are no old data, and the two theorems are
[GKT26a, Thm. 5.13] and the construction of [GKT26a, Lem. 3.40], with the time collars and
the corner modification described below.

Lemma B.2 (Finite closure). The assembling closure of a finite set of graph data, together
with all balanced and critical graph data of finitely many supports, is finite. Moreover, if &' lies
in the assembling closure of &, then

(103) supp(d’) | supp(d).

Proof. An assembling constituent uses a subset of the internal labels and the restricted descen-
dent vector, and iteration proves (103). Order connected graphs lexicographically by

(|I(F)|a n(F)7 _kIQ(F)), n = 4k'1 + 4k2 + 8k12.

Every proper connected base component precedes the original graph. There is no infinite
descending chain, and every graph has finitely many boundary types. Thus the finitely branching
tree of iterated assembling constituents is finite. A support has finitely many balanced and
critical graph data [GKT26a, Notation 2.40], and permutation orbits are finite. O

Let C(D) be the collections of transverse, strongly positive, automorphism-invariant canonical
multisections on & satisfying (57). Independent choices are made only on graph data whose
graph is smooth and connected; the other data are the pullbacks and external sums prescribed
by GKT. A chamber index, or a family of canonical multisections, is symmetric in the sense of
[GKT26a, Notation 3.42 and Def. 3.43] if it is invariant under the twist-preserving permutations
of the labels, which act on families through their natural lifts to the moduli spaces.

We write t € [0, 1] for the time of a homotopy. For r = s = 4, the lemma of GKT on simple
canonical homotopies reads as follows; for a graph I' and a descendent vector d we abbreviate
rkI' = rank Fr(d) and dimI" = dim PMr.

Theorem ([GKT26a, Lem. 3.40]). Fix a set I of labels, and let s° and s! be families of transverse
canonical multisections bounded by I. Then there are a family H of simple canonical homotopies
from 5% to s, bounded by I, and pairwise distinct times t(A) € (0, 1), one for each A C I, with
the following properties for every smooth graph I' with only open vertices and I(I') C I and
every descendent vector d.

(1) The homotopy H' on I is nowhere zero if (a) I is irrelevant; or (b) I is connected and
rkI' > dim '+ 2; or (¢) " contains two connected components =, Zg with I(Z1) # I(Z2)
such that rk Ej = dimEj + 1 and k‘lg(Ej) < 2 for j=12.

(2) If T is connected and either (a) rkI' = dimI" + 1 and k12(T") < 2, or (b) rkI' = dimT’
and k12(I') < 1, then H' is transverse to zero on [0, 1] x PMr and on [0, 1] x P M, for
every A € 9°T U gexchanger,

(3) Let I' be connected. (a) If tkI' = dimT" + 1 and k»(I") < 2, then H' is nowhere zero
on ([0, 1]\ {t(Z(T'))}) x PMp. (b) If rkI" = dimT" and k12(T") < 1, then for every A C I
the restriction of H' to {t(4)} x (PMr \ OPMpr) is transverse to zero.

The proof constructs H' for smooth connected graphs by induction on dimT'; on discon-
nected graphs the homotopy is determined by simplicity, and (1)(c) follows from (3)(a). The
boundary values are, on a stratum A with a contracted boundary half-edge, the linear homotopy
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(1 —1)s + ts} between the components s} and s} of s” and s!, and on the other strata the
assembled homotopy Fj} (EEIEH E) over the connected components = of BA. On irrelevant
boundary strata the boundary values are nowhere zero, inductively by (1)(a). For a relevant
connected graph I' the proof distinguishes three cases.

(a) If rkT' > dimT" + 2, the boundary values are nowhere zero, and a transverse extension
is nowhere zero.

(b) If rtkI' = dimI" + 1 and k12(I") < 2, a dimension count shows that the base of every
relevant boundary stratum has a component = with rk = > dim Z+2, or two components
= with rk E = dim Z 4+ 1, distinct label sets and k12(Z) < 2, so that the boundary values
are nowhere zero by (1)(b) and (1)(c) for the base. A transverse extension has finitely
many zeros; after a small perturbation no two of them lie over the same point of PMr,
and a diffeomorphism of [0, 1] x PMr that commutes with the projection to PMr and
is the identity on [0, 1] x 9PMr and near the positive boundary moves them to the
time t(I(T)).

(¢) If rkI" = dim T and k12(I") < 1, then on every relevant boundary stratum either the
boundary values are nowhere zero or their transversality follows from (1)—(3) for the
components of the base. For a base with a component =; with rk=; = dimZ=; and
a component =o with rk=s = dimZs + 1, it uses the transversality of the slice of
H=1 at the time t(I(Z3)), the only time at which H=? vanishes. Near each boundary
zero the data are extended so that their restriction to the interior slice through it
is transverse; the data are then made transverse on the slices at the times t(A) and
extended transversally.

On the remaining relevant connected graphs the homotopy is extended arbitrarily.

For homotopies, fix ¢ € (0, %) and a nondecreasing smooth collar function ¢ : [0, 1] — [0, 1]
with c=0on [0,¢] and ¢ =1 on [1 —¢, 1], and fix distinct times t(J) € (g,1 —¢) for the subsets
J CI. We call [0,¢] and [1 — ¢, 1] the time collars; the homotopies below are constant in
time on them, and the assigned times lie outside them. Let H(D;s°, s'; (t(J))cs) denote the
canonical homotopies on & from s° to s that are simple in the sense of [GKT26a, Def. 3.36]
and satisfy, in addition, the normal-form conditions of [GKT26a, Lem. 3.40] for the times t(.J),
under the hypotheses stated there. Irrelevant components, and connected components whose
rank exceeds the dimension by at least two, are nowhere zero. A connected component I' whose
rank exceeds the dimension by one and with k12(T") < 2 is transverse on [0, 1] x PMr and
on every stratum [0, 1] x PMy with A € 9°T U 9°*°hange[" and vanishes only over t(I(T)). A
connected component I" whose rank equals the dimension and with k12(T") < 1 is transverse on
the same strata and on the slices {t(J)} x (PMr \ OPMr) at the assigned times. Since the
times are distinct, the external sum of two components of the first kind with different internal
label sets is nowhere zero, which is [GKT26a, Lem. 3.40(1)(c)]. No condition is imposed on the
other relevant components. The critical graphs (k12 = 0) and the balanced graphs (k12 = 1),
which are the graphs entering the wall-crossing formulas, are covered by these conditions.

Collars are part of the data. A collar of a multisection or a homotopy along a closed subset
of its domain, namely a graph boundary stratum, the positive boundary, or one of the ends
t=0and t =1, is a fixed germ of it along that subset. Along the ends, a homotopy from s° to
s' equals s, respectively s', on the time collars. Along a graph boundary stratum the germ
is not required to be constant in the normal direction: near an isolated boundary zero of a
component whose rank equals the dimension, it is the extension into the interior used in the
proof of [GKT26a, Lem. 3.40(3)(b)], for which the interior slice through that zero is transverse.
A germ constant in the normal coordinate would make this slice contain a segment of zeros.
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B.2. Relative extension. We first recall the extension and modification results on which
the constructions below rest. In them, PM has the meaning of Subsection 5.1; it is the space
written PM in [GKT26a] and [BCT24].

Theorem ([GKT26a, Lem. 5.15]). Let I' be a smooth connected open graded W-spin graph, and
let ¢ be a multisection of Er(d) defined over 9P Mr. Suppose that, for every A € o' \ 1T,

Clpmy = Fr¢Ph,

where is a transverse multisection of Ep(d) over PMpy that is strongly positive with
respect to BA and Aut(BT')-invariant. Then ( extends to a transverse, strongly positive,
Aut(T")-invariant multisection of Er(d).

CBA

The statement also holds when 9P My is empty [GKT26a, Rem. 5.16], and its proof is that
of the following r-spin statement of Buryak, Clader and Tessler, whose first two items we use;
the Witten bundle there is that of graded r-spin disks.

Theorem ([BCT24, Lem. 6.5(1)—(2)]). Let I be a smooth, connected, open, graded r-spin dual
graph, and let ¢ be a multisection of the Witten bundle over (J,. Ar\+T M/l\/ "

(1) Suppose that, for every A € o'\ 91T, C’PM”T = FXCBA for a multisection (B4 of the
A

Witten bundle over 73./\/1}3//7; that is positive with respect to BA, Aut(BI')-invariant and
transverse. Then ( extends to a positive, transverse, Aut(I")-invariant multisection o of

the Witten bundle over PM% "
(2) Suppose, in addition, that for every A € '\ 1T such that BA has at least one vertex

without boundary tails, the restriction of ¢ to /\/lllx/ " is strongly positive in the sense of

[BCT24, Def. 6.1]. Then o can be chosen to be strongly positive on 73./\/111/7“.
The next lemma of GKT prescribes the zero count of a homotopy; we write its time as t.

Theorem ([GKT26a, Lem. 5.17]). Let E — Y be an oriented orbifold bundle over an oriented
orbifold Y with corners, such that the generic isotropy of £ — Y is trivial and rankg F =
dimg Y + 1. Let s be a nowhere vanishing multisection of F, and let ¢ € Q. Then there are a
multisection s’ of E that agrees with s outside a compact subset of the interior of Y, and a
transverse homotopy H : [0,1] x Y — E with H(0,—) = s, H(1,—) = ¢ and H(t,y) = s(y) for
every t and every y € Y outside that compact subset, such that the rational signed count of
zeros of H is c.

Lemma B.3 (Equivariant relative multisection extension). Let 6 = (I',d) be a graph datum
with T' smooth and connected, and let Y be either PMry or [0,1] x PMry. Suppose compatible
mwariant data are prescribed on a neighborhood of a collared invariant closed set Ky C Y,
where Kg contains every collar on which data are prescribed: the time collars, the collars along
the graph boundary strata and along the positive boundary, and those around the data already
constructed on a smaller system and around the slices at the assigned times. If the prescribed data
are strongly positive and already satisfy the required transversality or nonvanishing conditions
on Ky, they extend to an invariant global multisection that coincides with them near Ky and
satisfies the same open conditions. A nowhere-vanishing critical section may additionally be
modified in the smooth interior through a transverse homotopy with prescribed rational signed
zero count.

Proof. The argument of [BCT24, Lem. 6.5], in the W-spin form [GKT26a, Lem. 5.15], extends
assembling data prescribed on the boundary strata A € 9T \ 1T to a strongly positive
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multisection near these strata and near the positive boundary 07T'; we include the time collars
and the collars around the slices at the assigned times in the prescribed data. On the compact
complement choose finitely many compactly supported local multisections whose branches
span every fiber. Relative parametric transversality, applied to the finitely many graph strata
and slices, gives a generic linear combination with the required properties. The perturbation
vanishes near Ky, hence leaves the data on all prescribed collars unchanged and preserves strong
positivity.

Perform the construction on the injectively labelled cover of Y, the corresponding space of
disks whose k boundary markings are numbered bijectively by {1,...,k}, as in the labelled
moduli spaces of [GKT26a, Def. 2.2], multiplied by [0,1] if Y = [0, 1] x PMr; it maps onto Y
with finite fibers by forgetting this numbering. Then take the normalized union of all finite
automorphism translates. On K every translate is the same invariant prescribed multisection,
so the result coincides with it there. The generic smooth interior of the injectively labelled
cover has trivial isotropy. On this locus, [GKT26a, Lem. 5.17] supplies a compactly supported
critical modification whose transverse homotopy has any prescribed rational signed zero count.
Relative transversality preserves that count and leaves the prescribed collars unchanged. [

Completion to all graph data. Every s € C(D) extends, without change on £, to transverse,
strongly positive, invariant canonical multisections on all graph data with labels in 7. Indeed,
process the missing data with smooth connected graphs in the order of Lemma B.2. Assembling
from data already constructed prescribes boundary values, which Lemma B.3 extends; the
other data are the forced pullbacks and external sums. No invariant at a balanced graph datum
is prescribed in this step.

The realization of prescribed invariants at balanced graph data, that is, of prescribed
coordinates of a chamber index, follows the proof of the realization theorem of GKT.

Theorem ([GKT26a, Thm. 5.13]). Every chamber index bounded by I is realized as the vector
v* of open invariants of some canonical family s of multisections bounded by I.

The proof is an induction on the number of internal labels. For a set J of labels and a
descendent vector d on J, let I'jp,...,I'; 5 be the balanced graphs of (J,d), with ki(I";,) =
ry+4p, and let Ayy,..., Ajn be its critical graphs, with ki(Aj,) =r;+4(p—1)+1 [GKT26a,
Notation 2.40]. The inductive step rests on the following two assertions, stated here for
r=s=4.

Theorem (|[GKT26a, proof of Thm. 5.13, (5.50) and (5.52)—(5.54)]). Let v be a chamber index
bounded by I,let J C I and d € Zio, and let s be a transverse canonical family bounded by
J such that vp 4, = vra for every balanced graph datum (I',d’) whose support is a proper
divisor of ujq. Then, with the weight (58),

Z w. g (kl (F), kQ(F)) (Vf‘,d — llpyd) = 0.

I'eBalanced(J,d)

For 1 < p < N, replace the multisection of A ;, by one that agrees with it near the boundary
of M/V{]p and is joined to it by a transverse homotopy, constant in time near that boundary,
with rational zero count hp.a, and redefine by [GKT26a, Lem. 5.15] the multisections of the
graphs that have a zero or exchange boundary graph A with A, a connected component of
BA. Then the invariants of balanced graphs with fewer than |.J| labels do not change, and the
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. . ,
invariant o7, 4 of I 7, becomes

o0.d = Vb, od (—1)k290) 4ky (A1) By g,
Off,p,d - Vf“de + (_1)162(1\]’17)“ Ak (A gp) hp.a

+ (= 1)kt 4y (A g 1) Bpi1.a (0<p<N),
O Nd =V nd T (—1)k2Aam) L 4o (A g ) Bov -

In [GKT26a] the hypothesis is stated for all balanced graphs with fewer than |J| labels; the
proof of (5.50) uses it only at proper divisors of uq, since apart from the coordinates at the
balanced graphs of (J,d) these are the only coordinates on which A(.J,d,-) depends. The first
term of each formula is written there as the sum of vr Jpd and the difference uflj’p,d —vr,,d-

The zero counts hy, g can be prescribed by [GKT26a, Lem. 5.17].

Theorem B.4 (Relative lifting of canonical families). Let D C D' and let s € C(D), where
D= (1,2, and D = (I', #',E"). Prescribe a value at every balanced graph datum in E'\ €,
assuming that these values and the invariants of s at the balanced graph data in £ are the
restriction of a chamber index. Then there exists s' € C(ID') realizing those values and restricting
to s. If the input and target index are symmetric, the extension may be chosen symmetric.

Proof. Construct the new data with smooth connected graphs in the order of Lemma B.2.
Since £’ is assembling-closed, the associativity of assembling prescribes compatible boundary
values, which Lemma B.3 extends. Define the other new data by their prescribed pullbacks and
assemblies.

Process the supports of the new balanced graph data by increasing number of labels, following
the proof of [GKT26a, Thm. 5.13]. For one support v = u;4, temporarily extend the partial
family by the completion to all graph data above. Proper-divisor coordinates have already
been fixed, so the chamber equations reduce to the one weighted linear relation displayed
above among the coordinates at the balanced graph data of the present support. The critical
sections have rank one greater than the dimension and are nowhere zero. On the injectively
labelled smooth-interior cover, [GKT26a, Lem. 5.17] supplies compactly supported modifications
with prescribed rational signed zero counts. The formulas [GKT26a, (5.52)—(5.54)] recalled
above are triangular in these counts: the coefficient 4k1(Ap+1) of hpi1,a in 0, 4 is nonzero,
because ki(Ajpi1) =77+ 4p+ 1. Choose hy q,...,hnq successively so that the invariants of
I'so,...,T -1 take their prescribed values; the last balanced coordinate is then forced by the
weighted chamber relation [GKT26a, (5.50)], whose weights are nonzero. Reapply the relative
extension lemma and reassemble the affected data.

A change made for a support u affects only data whose support is a multiple of u. Suppose such
a datum ¢ were old. Its support lies in the old monomial set by condition (3) of Definition B.1,
so u lies there by divisor closure, and condition (4) places all balanced and critical graph data
of support v in the old system. Then u is not the support of a new balanced graph datum, a
contradiction. Hence the original family is unchanged. For symmetry, make choices orbitwise
and take normalized finite orbit-unions; on old orbits these equal the old invariant section. [J

Theorem B.5 (Relative simple-homotopy lifting). Let D C IV, let 59, s' € C(ID'), and suppose
H € H(D;5°p, s |o; () scr)-

Then the assignment J +— t(J) extends to an injective assignment on the subsets of I', and H
extends to an element of’z’-l(]D)’;so,sl; (t(J))Jg/) which agrees with the old homotopies, equals
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s and s' on the time collars, and keeps the collars of the old homotopies. In particular, all old
subset times are retained.

Proof. For an old component whose rank equals the dimension and with k12(I") < 1, the times
at which a slice {t} x (PMrp \ 9PMr) is not transverse form a measure-zero set by Sard’s
theorem on the finitely many zero-set strata. Case (c) in the proof of [GKT26a, Lem. 3.40]
examines the relevant boundary strata of such a component and shows that on each of them
the assembled data either vanish nowhere or vanish only at the time t(A) of a base component
whose rank exceeds its dimension by one, A being its label set. Hence the boundary values of
such a component vanish only at times t(A) with @ # A C I(I'). Choose the new subset times
distinctly, away from the old values and these exceptional sets, and outside the time collars.
No old homotopy must be changed.

Induct on dim PMr, choosing only new data with smooth connected graphs. The values
at t =0 and t = 1 are prescribed. On a boundary stratum A without a contracted boundary
half-edge use the assembly F} (EEEH E) of the homotopies HZ of the connected components
= of BA, as in (57); on disconnected faces take external sums. These prescriptions agree at
corners by associativity of assembling. On a boundary stratum A with a contracted boundary
half-edge, the proof of [GKT26a, Lem. 3.40] uses the linear homotopy between the components
of s¥ and s'; at a corner with a stratum of the preceding kind it need not agree with the
assembled homotopy, which need not be linear in time. We use instead a homotopy on A that
agrees with the assembled homotopies near the corners, is positive at the contracted boundary
half-edges in the sense of [GKT26a, Def. 3.18(1)], and equals the components of 5 and s! on
the time collars, for instance the combination, by a partition of unity, of a positive extension
of the corner values near the corners with (1 — c(t))s%’d + c(t)s}x’d; it is positive because this
positivity is preserved by convex combinations.

Apply Lemma B.3 with all old data and boundary data prescribed. For a component I" whose
rank exceeds the dimension by one and with k12(I") < 2, the prescribed data are nowhere zero
on [0, 1] x 9PMrp: on irrelevant strata by the condition on irrelevant components and positivity,
and on relevant strata by the argument of case (b) in the proof of [GKT26a, Lem. 3.40], a
dimension count showing that the base of every relevant boundary stratum has a component
whose rank exceeds its dimension by at least two, or two components whose ranks exceed their
dimensions by one and whose label sets are distinct. That argument uses only the conditions
above for the base components, all of smaller dimension, together with [GKT26a, Lem. 3.39]
and the injectivity of J — t(J), and old base components satisfy these conditions for their
old times, which are retained. We then make the homotopy transverse. It has finitely many
zeros, and after a small perturbation no two of them have the same image under the projection
to PMrp. A diffeomorphism of [0, 1] x PMr that commutes with this projection and is the
identity near the boundary of [0, 1] x PMp and near the positive boundary then moves all
zeros to the assigned time t(I(I")), as in the proof of [GKT26a, Lem. 3.40]. For a component
whose rank equals the dimension and with k12(I") < 1, the prescribed data are transverse on
the boundary strata, by the argument of case (c¢) there, which derives transversality on each
relevant boundary stratum from the conditions above on the components of its base. For base
components = of this kind and Eg of the preceding kind with A = I(Zy), that argument uses
the transversality of the interior slice of H=1 at t(A), which holds for old Z; by the choice of the
new times, and the absence of boundary zeros of H=! at t(A), which holds because these zeros
lie at times t(A’) with A" C I(Z;), hence A’ # A. The prescribed data vanish only at isolated
points of codimension-one strata, at times t(A) with @ # A C I(T'); near each of them extend
the data into the interior so that the restriction to the interior slice is transverse, as in the proof
of [GKT26a, Lem. 3.40(3)(b)]. Then make the slices at the assigned times transverse, prescribe
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the data on collars around them, and perturb on the complement. Irrelevant components and
components whose rank exceeds the dimension by at least two are made nowhere zero relative
to the prescribed data, by positivity and by transversality respectively. On the other relevant
components the homotopy is extended arbitrarily relative to the prescribed data, as at the end
of the proof of [GKT26a, Lem. 3.40]. Automorphism orbit-unions preserve the assigned time
because it depends only on the invariant label set. The homotopies on the remaining data are
then the forced pullbacks and assemblies. ]

The inductive step of this proof, applied to the missing data with smooth connected graphs
in the order of Lemma B.2 after the canonical families at t = 0 and t = 1 have been completed,
gives the corresponding completion of homotopies to all graph data.

B.3. The compatible union. The proof of Theorem 5.7 assembles the finite constructions
above along an increasing sequence of systems. Restriction is taken along assembling-closed
systems because, by the assembling relation (57), a canonical family is determined on the
boundary of each moduli space by its multisections on other graph data; on such systems,
restriction to a smaller system is the forgetful map. A system contains all balanced and critical
graph data of each of its supports that carries a balanced graph, because the chamber conditions
couple the coordinates at all balanced graphs of a support through one weighted relation, these
coordinates are adjusted through the critical graphs of the same support, and this completeness
ensures that realizing the prescribed invariants at the balanced graphs of a new support never
alters an old datum (proof of Theorem B.4). The rays that carry a nontrivial factor of the
GKT transition on some system D, form a countable set, whose slope order need not be the
order of a sequence; the complementary open intervals of a Cantor set in [0, 1], ordered by
position, form a countable dense linear order without endpoints, into which every countable
linear order embeds. One such embedding, fixed for all systems, gives each of these rays its
own time interval, the intervals being pairwise disjoint and ordered by slope. Passing from D,,
to Dy, 41 one carries along the canonical families that realize the extremal and the intermediate
chamber indices, and the homotopies between consecutive families on their intervals; the data
on Dy, 11 restrict to those on D,,, and the families and the homotopy of Theorem 5.7 are the
inverse limit of these data.

The proof below uses the companion paper [Wue26b] only for three facts in every finite
divisor-closed quotient: the two extremal chamber indices are unique [Wue26b, Thm. 1.1],
the enlarged transition group acts freely [Wue26b, Lem. 2.5], and the transition between the
extremal indices has a unique increasing-slope factorization [Wue26b, Thm. 1.1 and Prop. 3.1].
The finite homotopies themselves are constructed by Theorems B.4 and B.5.

Proof of Theorem 5.7. Choose increasing finite label sets I,, exhausting I, finite divisor-closed
sets of labelled monomials in the labels of I,, whose union is the set of all labelled monomials,
and an enumeration of all graph data. Let &2, be the smallest divisor-closed set invariant
under the twist-preserving permutations of I,, that contains &, 1, the nth of these monomial
sets, and the supports of the first n graph data with labels in I,,. Let &, consist of &,_1, these
graph data, and all balanced and critical graph data of every support in &, that carries a
balanced graph, closed under taking assembling constituents and under the twist-preserving
permutations of I,. By Lemma B.2, &, is finite and every support of a datum in &, lies in &,,.
This gives the systems D,, = (I,, P, En)-

The union over all n of the finite sets of nonzero ray factors on the systems ID,, is countable.
Embed its slope order into the ordered set of complementary open intervals of a Cantor set in
[0, 1]; each ray factor thereby receives an open time interval. Inductively apply Theorem B.4 to
all intermediate canonical families and Theorem B.5 to the elementary homotopies, each of
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which realizes one ray factor on its interval, always relative to the previous system (for n =1
relative to the empty system, so that there are no old data).

Fix 6 € Dy,. Only the finitely many ray factors on the system D, can be nonconstant on it:
a factor introduced on a later system is extended relative to the constant homotopy on the old
system, which lies in H for any distinct times: its components of rank exceeding the dimension
are nowhere zero, and those of rank equal to the dimension have nowhere-zero boundary values
and transverse slices. This finiteness proves Part (2). On the interval of such a factor use
its elementary homotopy; elsewhere use the constant value reached after the finitely many
such intervals to the left. Constant collars make these pieces join smoothly. Every assembling
identity involves finitely many graph data and hence holds on some system D,,.

The completion to all graph data permits application of the argument of [GKT26a, Thm. 5.13]
on each system ID,,. Uniqueness of the factorization, support by support, identifies the jump
with the required ray factor in every finite quotient. Since the transition maps are forgetful
maps, the compatible restrictions form an inverse limit in sets. O

Enlargement of the labelled system leaves the realization on the old system unchanged.

APPENDIX C. REGULARITY OF THE FINITE ROOT-STACK PRESENTATIONS

This appendix proves the two statements on regularity summarized at the end of Section 4.5,
whose notation we keep. Thus T = Speck[M] is the character torus in the frame of the sheet
So, and T' C T is a finite rooted subtree. At a Kummer edge e of T' we have the root degree
de € {2,4}, the transported radicand ., the Laurent polynomial p. of Lemma 4.6 and the
divisor D, = div g, of zeros of g.; moreover Dy = |J, D., the scheme Pr is the Kummer cover,
with group Gr =[], pa,, so that X7 = [Pp/Gr], and Py is the preimage of T \ Dy in Pr.

C.1. Non-regularity where three root divisors meet.

Proposition C.1 (Non-regularity where three root divisors meet). Write fg(z) = 1+a,z+2? =
(14 Ax)(1 + Atz) for the By-slab function, with A\ # +1, and let

on = fe(h"zp), h=(1+23)", nez

be the transported Bg-radicands of Theorem 2.5, adjoined at the crossings e, of the By-arc that
follow the paths 7%, Let T C T contain eg,e1,e2, and let w € T be a point with (xa,xp)(w) =

(—%, —A"1). Then the Kummer cover Pr is not reqular at any point 1 over w. At W it is not
log regular, either with the trivial log structure or with the log structure given by the chart from
the free commutative monoid on the Kummer edges of T that sends each Kummer edge e to ge.
In particular X1 is not reqular.

Proof. The characters x4 = 2?“4 and xp = 2?“Po have linearly independent exponents, so

(ra,zp): T — G2, is étale, and x4 + %, zp+ A7! form a regular system of parameters of O ;
we compute differentials in these coordinates. Put QTjL: =1+ M\1h"zp, so that o, = ot o
Then h(w) =1 and fa(w) = 1 # 0, and for every n

of(w) =0, g (w)=1-X"72#£0,  Voh(w)=(-16n,)).

Near w each g, is a unit times ;7. For n = 0, 1,2 the gradients (0, \), (—16, \), (=32, \) are
pairwise independent, so the three root divisors are smooth and pairwise transverse at w.

For n > 0 the radicand p,, is a Laurent polynomial, so we may take 9., = 0, in Lemma 4.6; the
fixed g, differs from g,, by the fourth power of a unit v, which changes Pr by the isomorphism
g — vg. Write g, g1, g2 for the roots at eg, e1, ea, of degree four, and gs, . . . , gi for the roots at the

other Kummer edges of T, with d; and p; accordingly. Then Pr = Spec Ot[go, - - ., gk}/ (g;-ij —0)
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is finite and flat over the surface T, hence of dimension two at every point, and gg, g1, g2 vanish
at every point w over w. The Jacobian of the defining equations at w has rank at most
2+ (k —2) = k, because the rows of g;»l — 0j, 7 < 2, vanish in the g-columns. The tangent space
at w therefore has dimension at least (k +3) —k =3 > 2, and Pr is not regular at w. With
the trivial log structure, log regularity at w is regularity [Kat94, Def. 2.1], so it fails. With
the log structure of the roots, the characteristic monoid at w is free on the Kummer edges
whose roots vanish at w, so its rank is at least three, and the ideal a; C O, generated by the
images of the nonunits of the log structure contains g, g1, g2. The quotient Oy /ay; is finite over
Or.w/ (gg , QT) = k, because gg and Q—f vanish transversely at w, and so has dimension zero.
Kato’s condition dim Oy = dim(Oy/ay) + rank [Kat94, Def. 2.1] would read 2 = 0 4 rank with
a rank of at least three, so it fails. Since Pr — Xr is étale and surjective, X7 is not regular. A
tree of this kind exists: by Theorem 2.5 the radicands g, 01, 02 occur along the finitely many
paths ’y%, n = 0,1, 2, followed by a crossing of the By-arc, and their rooted union is a finite
subtree. O

At the nodal values a, = +2 the same point, with A\ = %1, gives the same conclusion. There
on = (0;7)% by (24), and both the fourth roots of g, and the square roots of o', whose gradients
at w are again (—16n, A), give Kummer covers whose tangent space at the points over w has
dimension at least three. The argument for log regularity applies verbatim: the three roots at
eo, €1, e2 vanish at these points, so the rank is at least three, while the quotient by the ideal of
the log structure has dimension zero.

C.2. A regular dominating presentation. Regularity is recovered by a proper modification
of the finite presentations, together with the modification of their Kummer covers that it
induces; the latter carries the lifted transitions over the preimage of T \ D (Section 4.5). A
reduced curve on a smooth surface is a simple normal crossings divisor if its components are
smooth, meet pairwise transversely, and no three pass through a point. The modification is
the stack of fourth roots of the boundary components of the minimal log resolution of (T, Dr);
fourth roots suffice because every root degree d. divides 4.

Theorem C.2 (Regular dominating presentation). For every finite rooted subtree T C T
there are a smooth separated Deligne—Mumford stack Yp over k, a divisor Ep C Yr that is a
simple normal crossings divisor on an étale atlas, and a proper morphism pp : Yp — Xp. Put
Yr = Vr Xz, Pr, let pr : Y7 — Pr be the projection, and let Er be the preimage of Er. Then
the following hold.

(1) pr is an isomorphism over T \ Dr. The projection 37T — Yr is a Gp-torsor, so 3~)T
is a smooth separated Deligne—Mumford stack and Y7 = D~/T/GT]. The morphism pr
is proper and Gr-equivariant, and it is an isomorphism over Pp. Consequently every
function, section of Ly, bracket or automorphism defined over Pp Xgpeck Spec Ry N
pulls back unchanged to the preimage of T \ Dr in J~)T Xspeck Spec Ry n; this applies
in particular to the lifted transitions along T, to the Jacobi bracket of Proposition 3.3,
and to the wall automorphisms base-changed along vyy of (52).

(2) For every labelled truncation W and every N > 1, the base changes of Yr and of Vr
to Spec Ry n, with the log structures of Er and of ENT, are flat and log smooth over
Spec Ryy n with the trivial log structure, and they have smooth atlases over Ryy n. Their
closed fibers (Yr,Er) and (Vr,Er) are log regular.

(3) If T C T, there is a proper morphism qpir : Y+ — Y1 with pr o g ~ T © prv,
where i : X0 — X forgets the roots along the divisors indexed by T' \ T. It lifts to
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a proper morphism qri : )7T/ — j)VT over the projection Prr — Pr that forgets the same
roots. All constructions commute with the base changes Ry N+ — Ry -

Proof. Embedded resolution. Let mp : Tr — T be the minimal log resolution of (T, D), obtained
by repeatedly blowing up the finitely many points at which the reduced total transform of Dp
is not a simple normal crossings divisor, and let Fr = E; U---U E,, be the reduced total
transform of D7 in T‘T. The process stops, and every composition of point blowups with centers
over T under which the reduced total transform of Dt is a simple normal crossings divisor
factors through 7. Indeed, on a smooth projective compactification of T such compositions
exist by embedded resolution of curves on surfaces [Har77, Thm. V.3.9], followed if necessary by
the blowups of the points where three components meet. If such a composition factors through
a stage of the process, it is not an isomorphism over any neighborhood of a center of the next
step, since the reduced total transform of Dy is not a simple normal crossings divisor there, so
its inverse is not defined at that center; by [Har77, Prop. V.5.3], applied after blowing up the
same centers in a smooth projective compactification of T, it factors through the blowup of
each such center, hence through the next stage. As each stage adds an exceptional curve of the
composition, the process stops. All centers lie over Dy, so mp is an isomorphism over T \ Dy.

Fourth roots of the boundary. Let Yr be the fiber product over Tr of the root stacks

y (TT, Ej), and let &; be the reduced preimage of Ej, so that E; pulls back to 4&;. Where
Ej ..., Ej meet, with local equations 1, ..., 2; forming part of a regular system of parameters,
Yr has the étale chart U = Spec Olyi, ..., ul/(yi — 21, ..., y} —x;) with its action of p} [Cad07,
Ex. 3.1 and Def. 2.6]; it is smooth over k, and & = Uj Ejis y1---y = 0 on it. Since py is étale
in characteristic zero, Yr is a smooth separated Deligne-Mumford stack and £r is a simple
normal crossings divisor on an étale atlas.

The morphism pr. Write 71D, = Zj ae; E; with aq; > 0. On Yr this divisor is d. times
>_j(4acj/de)€E;, which is integral because de divides 4; the line bundle of the latter, its canonical
section and the canonical isomorphism of its d.th power with O(77.D.) define a morphism
Yr — %/(T, D) over mr [Cad07, Defs. 2.1, 2.3]. Together these give pr, which is proper
because Yr — T is proper and X7 — T is separated. Locally 7.0, = ve [ | j x?” with v, a unit,
so after the étale extension ni* = v, a dcth root of 7.0, is a unit times a monomial in the
boundary coordinates:

4 ei/de
(104) Ge = Te H aci/ s gg"’ = 7TTQe

The Kummer cover. As a base change of the GT torsor Pr — Xp, Wlth G finite and étale,
yT — Yr is a finite étale Gp-torsor. Hence Vr = DJT /Gr], the stack yT is smooth, separated
and Deligne-Mumford, and pr, the base change of pr, is proper and Gr-equivariant. Over a

chart U as above, U = U Xy, Vr is a scheme, finite and étale over U and hence smooth over k,

—4aej/de

and gT isyi---y; =0onit. On U the quotient g H Y; of the root g. by the monomial

is a rational function whose d.th power is the unit v, hence a unit because U is normal, and
(104) holds on U.

Proof of (1) and (2). No divisor that is blown up or rooted meets T \ Dr, so pr is an
isomorphism over T\ D7 and pr is one over P2; this proves (1). The chart N — Oy that
sends the jth basis vector to y; induces smooth morphisms from U and from (7, which is étale
over U, to Speck[N!], so both are log smooth over k by Kato’s criterion [Kat89, Thm. 3.5];
log smoothness, flatness and smooth atlases persist after base change to Ryy y. At a point on
exactly | components, the characteristic monoid is N, the ideal generated by its nonunits is
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(y1,-..,41), and the quotient by this ideal is regular of dimension 2 — [; this is Kato’s condition
for log regularity [Kat94, Def. 2.1], which proves (2).

Proof of (3). Since Dy C Dy, the reduced total transform of Dr in TT/ is a union of
components of Ep, hence a snnple normal crossings divisor. By minimality 7y = 7 o bpip
for a morphism by : TT/ — 'JI'T, and since bT,T(ET) C Eqv, each Ej pulls back to >, ¢ E,
with ¢ > 0, which is 43", ¢;1€;, on Ypv. As for pr, this defines g over byp, proper because

Y — T is proper and Y — T is separated. For each Kummer edge e of T', both pr o gpip
and 7y o ppr correspond, on the factor %/(T, D.), to the line bundle O(}", (4al,/de)E}) with
its canonical section and isomorphism, where a’, is the multiplicity of 7%, D, along Ej; hence
they are 2-isomorphic. The projection Pr» — Pr is equivariant for G — Gr and lies over
s with g and this 2-isomorphism it induces gprr, which is proper because Yy — T is
proper and )7T — T is separated. Every object is a base change from k, which gives the last
assertion. O

APPENDIX D. PRODUCTS OF FUNCTIONS TRANSPORTED ALONG DIFFERENT PATHS

Section 5 compares ® with GKT wall-crossing one ray at a time. Multiplicative structures also
involve functions that reach one region along different paths: in the theta-function constructions
of [GHK15, GHKK18, GHS22], structure constants come from pairs of broken lines that end
at a common point after travelling along different paths. We do not define broken lines on A°
(Section 3.4), but the same question arises for admissible paths. Along one path, transport
through ® and transport by the factors of the GKT transition differ by one automorphism of
the target chart algebra, the residual transport of the path (Definition D.1); being an algebra
automorphism, it relates the products of functions carried along that path. Along different
paths the residual transports differ, and the product of the transports through © need not
be the image of the product of the transports by the factors of the GKT transition under
any automorphism (see the example after Definition D.1). As a first step towards multiplying
functions carried along different paths, we correct each factor by a degree-weighted interpolation
of the residual transports, so that the corrected product is such an image, and we compute the
associator between parenthesizations.

Definition D.1 (Transports along a path). Fix a labelled truncation (Section 5.4), a deformation
order, and a region of ® (Definition 3.4), the target region, and work in the corresponding finite
nilpotent quotient. Let v be a path transverse to the walls that ends in the target region and
realizes an admissible path p (Definition 3.8).

(1) The transport through © along ~ is P, = P, (Section 6.2), the composite, in the
order met, of the slab transitions and of the contributions @;El of the crossed walls
(Definition 3.4), from the chart algebra at the start of  to that of the target region.

(2) The transport PSKT by the factors of the GKT transition is obtained from P, by
replacing, for every crossed wall 9 whose factor lies in the ray group of a boundary ray
t, the contribution @aﬂ by exp(£G,), with G, the logarithm of the factor of the GKT
transition on t (Definition 5.4), transported along ~ to the frame of 9; at a chord, ¢ is
the chord ray, on either half of the chord. The slab transitions are not changed. Factors
of the GKT transition on rays that carry no wall of ® are not inserted, so PfKT is not
in general a GKT transition.

(3) The residual transport of «y is the automorphism Q. = PAY(PWGKT)_1 of the chart algebra
of the target region, congruent to the identity modulo the ideal generated by the ¢;.

For the two labels of twists (1,0) and (0, 1) of Proposition 5.3, the paths ~v+ of Proposition 7.1
lie in one chart and have the same endpoints. Both have transport 31Xy through ©, but by
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(63) and Proposition 7.1(3) their transports P%KT and PS_KT are YoZ /431 = Z131 %9 and
Y19, with Z. as in (64). Thus PSKT depends on the path and not only on its endpoints, and
the residual transports are Z_; and the identity. For fi, fo in the chart algebra at the initial
point, the product of the transports through ® is Z_1(a) b, where a = Z1313sf1 = P%KTfl
and b= X1Yofo = PS_KT fo2 run through the whole algebra. Since Z_; # id, this product is not
the image of ab under any automorphism independent of fi, fo, by Proposition D.5.

D.1. Corrected products. Let ~1,...,7, be paths as in Definition D.1, let f; be a function
in the chart algebra at the initial point of ~;, and write Q; = Q,,,, so that P,, f; = QZ-P,SKT fi-
Rational powers of automorphisms congruent to the identity are the finite polynomials g¢ =
exp(clogg), ¢ € Q, and for such g, h we put g #.h = g(g~'h)¢, which runs from g at ¢ = 0 to h
at ¢ = 1. If g and h commute, then log(g #. h) = (1 — ¢)log g + clog h. For n = 2 the midpoint
of the residual transports is H = Q; #1/2 9o, and the corrections are C; = HQi_l.

Lemma D.2 (Midpoint correction). Let g, h be as above and c € Q.
(1) g#ch =hH#1-¢g; in particular H is symmetric in Q1, Qa.
(2) Forn =2,
(105) CiPyy = HPJXT,  (C1Py [1)(CoPyy fo) = H((PT fi)(PEET f)).

(3) These constructions are natural under finite restriction. If all paths are continued by a
common path from the target region, with transport W through © and transport W' by
the factors of the GKT transition, then Q; is replaced by WQ; ¥~ and (WgW¥'~1) #.
(UhU'—Y) = W(g #. h)V'~L; in particular H is replaced by WHY'~1,

Proof. (1) With ¢ = g~ 'h, h(h™1g)'=¢ = gp(¢~1)17¢ = g¢°. (2) The first identity is Q; =
P%(P,SKT)A, and the second follows because H is an algebra automorphism. (3) Finite
restriction commutes with composition, log and exp. After continuation, P,, and P,SKT become
VP, and \P/P%KT, so Q; becomes WQ,;¥'~1; moreover (Wg¥/~1)~1WpY/~ = W/ g~ AW/t and
rational powers commute with conjugation, since log and exp do. O

For v4 and - above, H = Z_ 5, and the corrected product (Z; /23132 f1)(Z_1 /23132 f2)
is the image under Z,l/g of the product (Z131%X2f1)(X1X2f2) of the transports P%KTfl and
PGKTfQ.
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Definition D.3 (Interpolants and corrected products). Let each input ¢ carry a positive
rational degree r;. A product tree T on the inputs 1,...,n is a planar rooted binary tree whose
leaves are 1,...,n in this order, that is, a parenthesization of a product of n factors; its degree

|T| is the sum of the degrees of its leaves. If T is the leaf 4, its interpolant is Hr = Q; and its
corrected product is Pt = Py, f;. If the root of T has left and right subtrees Ty, To, then

Hr = Hr, #1,m Hr,, P = (HrHyPr,) (HrHp) Pr,).

For two leaves of equal degree, HT = H and the corrections HTH-FJ_1 are the Cj. If the Q;

commute, induction on T gives log Ht = ), r;log Q; / >,; 1i for every product tree T, whereas
iterated midpoints, which ignore the degrees, give three commuting residual transports the
weights (1,1 1yor (1,11

I 109 5> 7> 1), depending on the parenthesization.

Proposition D.4 (Degree-weighted coherence). For every product tree T, Pt = Ht [, P%KT fi-

For product trees T, T/, T” on the same inputs, the tree transition V1.1 = HrHZ! carries P
to Pt, and V11t V11 = VrTr. In particular the composite of the tree transitions around
any cycle of trees is the identity; for four inputs this includes the pentagon of the associahedron.
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Let U be the quotient of the free associative algebra Q(x,y, z) by the span of the words containing
some letter twice, let Q1 = e®, Qg = €Y, Q3 = e* in U have equal degrees, and let Ty = ((1,2),3)
and T, = (1,(2,3)). Then

1

sl 21, ).

In particular V1,7, is not the identity in U, so for residual transports in general position the
two corrected triple products differ.

(106) log V1,7, = log(Ht, Hi!) =

Proof. For a leaf, Pt = QiP%KT fi- By induction, the two corrected subtree products at the

root are Ht applied to the products of the transports P%’KT fi over the two subtrees; since
Ht is an algebra automorphism, this gives P, and the statements on tree transitions follow
by cancellation. For g = eV, h = €', the Baker-Campbell-Hausdorff formula gives, modulo
brackets of four or more factors U, V,

log(g #ch) = (1 = U +cV — f¢(1 = o) ([U, [U, V] + [V, [V, U])).
In U every word of length at least four contains a repeated letter and vanishes, and so do the
cubic terms for (U V) = (z, ) and (y, z). Hence log H( 9) = 3(z+y) and log Hg3) = 3(y+2).
With (U,V,¢) = (5(z +y), 2, %) and (z, 3(y + 2), 3), for Wthh c(1—r¢)/12 =1/54,
logHTe ($+y+2}) 216([x7 [ya Z]] + [yv [a:,z]]),
IOg HTr = 3(33 + Yy + Z) - m([y’ [Z,l’]] + [Za [yvx”)
Their linear parts agree and they have no quadratic part, so their brackets vanish in U/, and

log(H—reH-Frl) is their difference. Since —[y,[z,z]] = [y, [z, Z]] and by the Jacobi identity,
[, [y, 2]] — [z, [y, z]] = [y, [z, z]], this difference is —53: [y, [z, 2] = 5[z, 2], y], a nonzero element
of U. U

The associator is computed here in the universal algebra U. The residual transports of the
paths v+ computed after Definition D.1 commute, and three residual transports of paths in ©
with a nontrivial associator are not exhibited here.

D.2. Change of paths. Let v = (v;) and 7' = (v}) be tuples of paths as above such that ~; and
7 have the same endpoints for every ¢, and write H, 1 for the interpolant of v and the product
tree T. The leg maps Q'V = PGKT(PGKT) and the transitions Viy 1) (1) = H‘y’,T/H—;,lT
are automorphisms of the chart algebra of the target region.

Proposition D.5 (Change of admissible paths). For a product tree T and a; = P%KT fi, the
corrected product of v and T 1is

(107) ’THPGKTfl — —(r, T)H‘/THQ’Y F'Y

The leg maps satisfy g” Al QA’ = g} <_7, and every composite of transitions from (v, T)

to (v, T'), in particular of tree transitions (v = v) and of transitions changing only the
paths (T' =T), equals Viy' T (~,T)- If ¢ # id is an automorphism of the target algebra, no
automorphism carries ab to ¢(a)b for all a,b; hence, if one leg map is not the identity and
another is, the leg maps cannot be absorbed into one automorphism of the target algebra.

Proof. The identities PGKsz = 7 “Ya; and Viy' Ty (1) Hy 1 = Hopr 1 give (107), whose left

side is the corrected product by Proposmon D.4. The leg maps and the transitions are ratios,
so their composites telescope. Finally, an automorphism carrying ab to ¢(a)b for all a,b equals
¢, by b =1, and the identity, by a = 1. O
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APPENDIX E. NORMALIZATION OF THE GKT PRIMARY POTENTIAL OF z# 4 y*

This appendix normalizes the source of the transport in Section 6; nothing in it involves
the annulus. Appendix E.1 shows that, for a set of labels stable under the exchange of the
coordinates, the primary parts of the GKT potentials of the symmetric chamber indices form a
single orbit under the flows of the degree-zero field Xy o, that this orbit contains exactly one
potential invariant under the exchange, and that these potentials define the reflection-fixed
primary potential WS“iII(nT used in Section 6. Appendix E.2 computes its restriction to the
marginal line, identifies it with the flat structure of Noumi and Yamada, and determines the first
open invariants of the symmetric chamber indices with primary potential WS&T. We use the
notation of Section 6: the source-chart coordinates x,y, the fields (76), the primary variables
tqp and the ring Ayrim of (77), the good-basis cycles 24, the primitive-form conditions of
[GKT26a, Def. 4.3], and the involution o and the field X of (78). The GKT notions are

those recalled in Section 5.1.

E.1. The reflection-fixed primary potential. Let I be a finite set of labels, each carrying
a twist (a,b) with 0 < a,b < 2, and let n,; be the number of labels of twist (a,b). Put
AP — Q[ta,b]/(t;l‘;;bﬂ). For a symmetric chamber index v bounded by I [GKT26a, Def. 3.47],
let W, be the reduction of the potential W*"s¥™ of [GK'T26a, Def. 4.12] modulo the descendent
variables tqp 4, d > 0; its coefficients lie in A?rim. In [GKT26a] symmetric means invariance
under twist-preserving permutations of the labels [GKT26a, Notation 3.42]; the exchange of
the two coordinates is the separate involution o of (78). Let Pot([) be the set of the potentials

Whim- We call I o-stable if ngp = npq for all a,b; then o acts on Alf)rim[x,y]. The o-stable
label sets are cofinal, and @A?rim = Aprim-

Lemma E.1 (Reflection-fixed representative). Let I be o-stable and put t =t 5.

(1) Every element of Pot(I) is a polynomial of degree at most four in x,y. The automor-
phisms exp(fXop), with f in the image of t2Q[t?] in AY™, act freely and transitively
on Pot(I).

(2) The involution o maps Pot(I) to itself, and o exp(fXo0)o ! = exp(—fXoyo).

(3) Pot(I) contains exactly one o-fized potential Wy. If I C I' are o-stable, Wy reduces to
Wr.

Consequently the Wi define a polynomial nglfnT € Apiml[x,y] of degree at most four with
U(Wg’rffnT) = WpciiIfnT, whose reduction to every o-stable I is the primary part of a symmetric

chamber index.

Proof. (1) By [GKT26a, (0.6)], W"sY™ is homogeneous of degree 16 for the Euler field in which
x,y have weight 4 and ¢, has weight 16 — 4a — 4b > 0. Hence every monomial of Wim has
degree at most four in z,y.

Let v,/ be symmetric chamber indices bounded by I, and let W”,W”/ be the labelled
potentials of [GKT26a, Def. 4.6]. By [GKT26a, Cor. 4.15], ¢y (W"™) = W¥, where 11 is the
injective ring homomorphism of [GKT26a, Lem. 4.14]. By [Wue26b, Lem. 2.5], together with
[GKT26a, Cor. 5.14], the group G generated by the wall-crossing group of [GKT26a, Def. 4.23]
and the bidegree-(0,0) summands of [Wue26b, Rem. 2.3] acts freely and transitively on the
labelled potentials of the chamber indices bounded by I. Definition 4.23 of [GKT26a] excludes
bidegree (0, 0); without these summands the group would act trivially on primary parts, as the
next paragraph shows. Let g € G satisfy gW"v = W¥ A twist-preserving permutation 7 of I
fixes both potentials, so 7(g) = g by freeness.
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Modulo the descendent variables, a generator of G has the form

Wy Xk, ky» Aky + 4ky = m(J,0) — 16 = > (4a; + 4b; — 16),
jeJ

where X}, 1, is the field (76), u; is the product of the variables of a nonempty set J of primary
labels, ki, k2 > 0, and k1 = 77, ks = s; modulo 4 [GKT26a, Def. 4.23 and Notation 2.30]. Here
m(J,d) = 16 + >, ;(4a; + 4b; + 16(d; — 1)) is the number of [GKT26a, Notation 2.30] for
r = s = 4, so these are the conditions (59) for d = 0: the pair (k1, k2) is a critical exponent
of (J,0). Since aj,b; < 2, the sum in the display is at most zero, with equality only if every
twist in J is (2,2). Hence (k1, ko) = (0,0), every twist in J is (2,2), and r; = 0 forces |J| to be
even. Such J carry exactly one critical graph, of critical exponent (0,0) [GKT26a, (2.31)], and
the corresponding generator, of bidegree (0,0), is the summand u ;X adjoined in [Wue26b,
Rem. 2.3]. These generators commute, so modulo the descendent variables

g = exp (Z CJUJX07O>7 cy € Q.

J

Invariance under 7 gives ¢; = ¢z, and [GKT26a, (4.12)] gives }_ ;_,, uy = ¥r(t"™/m!).
The map ¢; commutes with X0 and, by its monomial description [GKT26a, (4.12)], re-
mains injective modulo the descendent variables. Hence exp(fXo,0)Wim = WI’)’rlim with
f = Ek Cgthk/(Qk‘)!. _

Conversely, for f € t>Q[t?] the element 1;(f)Xoo lies in the Lie algebra of G, so
exp(Yr(f)Xo,0)W?” = W*" for a chamber index v” bounded by I. A labelled potential deter-
mines its chamber index, because the balanced graphs over a given label set and descendent
vector have distinct balanced profiles. Since exp(vr(f)Xo0) and W" are fixed by every
twist-preserving permutation, v is symmetric, and its primary part is exp( fXO,o)W;)’rim. This
proves transitivity. .

For freeness, let f have lowest term ct?* £ 0 in AY™™. Since W = z* + y* modulo mp,imy, and
X0’0x4 = 424, the coefficient of the monomial t?*z* in exp(fXoo)W — W is 4e.

(2) Write I'g g, k1,7, as in [GKT26a, Notation 2.27], for the smooth genus-zero graph with k;
r-tails, ky s-tails, one fully twisted boundary tail and internal labels J (Section 5.1). Choose a
bijection < of I taking each label of twist (a,b) to a label of twist (b, a). For v symmetric define
1% by quo’kljk%u’d = Ul o ko), dos =1+ Since r = s = 4, the balancing conditions [GKT26a,
Prop. 2.31], the numbers m(J,d), and the Gamma weights of [GKT26a, Notation 3.42] are
invariant under exchanging the two entries of every twist and of every balanced profile. Hence
A(s(J),d os™1,v7) = A(J,d,v), the conditions of [GKT26a, Def. 3.47] for v follow from
those for v, and 7 is symmetric. Formula [GKT26a, (4.11)] gives W¥* Y™ = o(W¥sym), The
conjugation formula follows from o(t) = ¢t and 0X0700_1 = —Xo,0-

(3) Fix W € Pot(I) and write oW = exp(gXo,0)W, using (1) and (2). For h in the image of
£*Q[t?],

a(exp(hX070)W) = exp(—hXo,0)oW = exp((g — h)Xo,[))W,

which equals exp(hXo )W if and only if g = 2h, by freeness. Thus W = exp(%ng,o)W is the
unique o-fixed element. For I C I’, restricting a chamber index to the graphs with labels in
I preserves the conditions of [GKT26a, Def. 3.47], which for a subset of I involve only such
graphs. Restriction reduces W; , along AI;,r mo_ A?rim and commutes with o, so the image of

Wy is a o-fixed element of Pot(I), namely W7. O
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We call WS%;T the reflection-fixed primary potential, and a symmetric chamber index v,
bounded by a o-stable label set I, with W, = W a reflection-fized chamber index. Lemma E.1
fixes only the primary part, so such indices are not unique; their primary invariants, the only
ones quoted below, are determined by nglfnT. The variable ty0 has Euler weight 16, so it
occurs only in monomials t070t’2€72 of degree zero in z,y; write their sum as c(t22)t0 0. The Zg

period of WS&T is exp(c(t2,2)to,0/h) times the Zp o period of its restriction to too = 0, and by

[GKT26a, Cor. 4.17] the latter is 1+ O(h~!). The part of the A~! coefficient that is linear in
to,0 is therefore c(t22)t0,0, and by the same corollary it equals t9 . Hence

(108) Wgﬂi}fnT =too0+ (terms free of to,o)-
WG.KT

since t3 o has Euler weight zero. The congruences ki = 77, ko pE sy modulo 4 of [GKT26a,
Prop. 2.31(a)] allow only t2#2%, t?#y* and t?**122?, and o-invariance equates the coefficients of
z* and y*. By [GKT26a, Cor. 4.17], applied for every o-stable label set I, dz A dy is a primitive
form for Wg;ilfnT in the sense of [GKT26a, Def. 4.3], with the nine ¢, as flat coordinates. By
[GKT26a, Rem. 4.5] these flat coordinates agree with those of [HLSW22, §2.2], which come
from Saito’s theory of primitive forms [Sai83].

Remark E.2 (Reflection). The involution o fixes WSKT and pulls da A dy back to —dz A dy.

prim

On the marginal line ¢, = 0, (a,b) # (2,2), the monomials of have degree four in x, y,

Differentiating U(ng}fnT) = WpGriIfnT gives U(CIDS’ W) = <I>2,b for the Kodaira—Spencer classes of
Lemma 6.2. The sign of o*(dz A dy) is compensated by the exchange of 8IW§ilfnT and 8yW§iIfnT,

in which the Grothendieck residue symbol is alternating; hence the functional € of (82) satisfies
e(och) = o(e(h)), where o acts on coefficients by t,, + tp 4. Thus o is an automorphism of the
source Frobenius manifold of Lemma 6.2 covering a nontrivial involution of the base. It is not
Aprim-linear; at the Fermat point its invariants in Hy4 4 form a subspace of dimension six.

E.2. The flat coordinate on the marginal line. Set ¢ = t3 2. The marginal quartics are
(109) Wapo = azt + ba?y? + a'y?, Q =dx A dy.

For a unit ¢ € Q[[t]] the coordinate change (x,%) — (gx, ¢ 'y) preserves 2 and acts by
(110) (a,b,d") — (¢*a, b, ¢ *d').

It is the monomial rescaling 2™ — ¢~ ™22™  a single-chart instance of the zero-cochain action
of [GHS22, Prop. 5.2|; for ¢ = exp(f) it is the flow exp(fXpo) of Lemma E.1. Its invariants
are b and aa’. An orbit with a(0) = ¢’(0) = 1 has a unique representative with a = o/, namely
a = o’ = +v/aa’ with the square root equal to 1 at ¢t = 0.

For the good-basis cycles Zg o and =g o define the period series

(=)™ (Dire(§)j4e Y,
111 _ 1yt
(1) @o(, b) j%o o eT DT
_ (_1)i+j(%)i+f(%)j+z i+j20+1
(112) wo(a,b) = | g T+ ) (a—1)"7p""".
1,5,£>0

By the proof of Theorem E.3, wq and wy/h are the periods of (Wgpq,€2) over Zg o and Za o,
and the other seven periods vanish.

Theorem E.3 (Periods and flat coordinate on the marginal line). There is a unique pair
a(t),b(t) € Q[[t]], with a(0) =1 and b(t) =t + O(t?), such that

(113) wo(a(t),b(t)) =1, @z (a(t),b(t)) =t.
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The quartic
Wi = a(t)(z* + y*) + b(H)a?y?

is the restriction of WpGriIfnT to the marginal line, and
2t t6 3
114 t)y=14+ —+ — O(t
(114) W) =1+ 15 768 T graz0 O
5
11 t)y=t t%).
(115) b(t) =t + 3o +O(t")

For two labels of twist (2,2), the open invariants of every reflection-fized chamber indez at the

balanced profiles (4,0) and (0,4) are

1
(116) Y(1,0) = V0.4) = g

and for three such labels its open invariant vanishes. The first correction wvisible in the Jacobian
algebra of Wtﬂat is the term t3/32 in the relations

(117) B —E—i—ﬁ ry? 3= —E—Fﬁ 2%y (mod t)
“\2te) Y E T2t '
Proof. By [GKT26a, Lem. 4.2 and (4.3)] the quartic good-basis moments are

Po(4k) = (—h)" <i)k . P4k +2) = (—h) <i> E

and vanish in the complementary congruence classes. Expanding

eXp<(“ —1(=* +ﬁy4) n bngﬂ)

against Zpo and Zg9 gives precisely wp and wy/h: an even number of insertions of x29?
contributes to the first period and an odd number to the second, and every power of A cancels
except the displayed one. The seven remaining periods vanish by the phase. Hence dx A dy is a
primitive form for a marginal quartic with a = o/, with ¢ as flat coordinate, if and only if (113)
holds.

At (a,b) = (1,0) the Jacobian matrix of (wy, wa) with respect to (a, b) is diag(—1/2,1). The
formal inverse function theorem gives existence and uniqueness; coefficient extraction gives
(114)—(115). By the discussion after Lemma E.1, the marginal restriction of WSKT has the

prim
form a(z* + y*) + ba?y? with a(0) = 1 and b =t + O(t?), and it satisfies (113); by uniqueness
it is TV flat,
At order 2,

2

1 b
o 2(a )+32+O( )s

soa—1=12/16 + O(t*). By the sign and the order-two automorphism factor in [GKT26a,
(4.11)], the coefficient of t2z*, respectively t?y*, is —1/2 times the corresponding invariant
for two labels. Hence (116). In particular v(4 gy + v(g4) = —i, in agreement with the period
computation of [Wue26b, Rem. 4.3]; this is the sum considered in [GKT26b, Ex. 5.5, and it
differs from the value —% printed there. The coefficient of 3 in the second period equation gives
the vanishing of the invariant for three labels. Finally the Jacobian relation is z3 = —b(2a) ™ 2?2,
and expansion of —b/(2a) gives (117). O
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In the coordinates & = a(t)"/*z, § = a(t)"/*y the pair (W dz A dy) becomes (Z* + j* +
5252, a(t)~'/2di A djj) with s = b(t)/a(t). The same substitution in the moments gives
wo(a,b) = a~2wy(1, s) and wa(a,b) = a=/2wy(1, s), while
2

— 1 1.1.s2 - 3 3.3.
wO(LS)_QFl(ZaZaivSZ)’ w?(lis)_SQFl(ZazaiasZ)'

Hence (113) is equivalent to

w

3 3.3.s
(118) a(t)1/2:2F1(i7i;%;%), t:82F1(41412524)'
2 F 1( 14020 4)

The second relation is the flat coordinate of the simple elliptic singularity z* + y* along its
marginal deformation computed by Noumi and Yamada [NY98], as quoted in [Str12, (7), case
E‘ﬂ. The statements of [Mah24, Props. 4.2.6-4.2.8] for elliptic singularities of Fermat type (the
primitive form as the reciprocal of a Gauss hypergeometric function times the volume form
after Morse stabilization, the flat coordinate, and s(t) as a Schwarz triangle function) specialize
here to oFy (%, %;3:2), 2 = s?/4. By the first relation in (118), the resulting primitive form
dz A dy/gFl(}L, i, %, 42) is dz A dy, the normalization of [GKT26a] used in Theorem E.3. In
this normalization the coefficients of the potential are determined by the open invariants of a
reflection-fixed chamber index through [GKT26a, (4.11)], and the series (114)—(115) and the
invariants (116) refer to it.

The residue pairing detects this normalization at quadratic order. For W, = (1 + ct?)(z* +
y*) + tz?y?, the normalized residue of the socle monomial is

22y? dx A dy 1
119 16 R = .
(119) 0 W0, W, (1+ct2)2 — (24

Since z* = —50 +Ct2):v y? in the Jacobian algebra, the residue pairing 7 of (W, dx A dy) satisfies
1—2ct?/(1 + ct?) 1 9 4

12 oW, 1) = =1 ——dc |t +O(t%).

( O) 77(t Cy ) (1—|—Ct2)2—t2/4 + 4 ¢ + ( )

When dx A dy is a primitive form and ¢ a flat coordinate, this entry of the flat metric is constant,
equal to its value 1 at ¢t = 0. Its constancy forces ¢ = 1/16 at order 2, whereas the product first
sees ¢ at order £3: in (117) the relevant coefficient is —t/(2(1 + ct?)) = —t/2 + (¢/2)t3 + O(t%).

Off the marginal line the flat coordinates are simultaneous, and on the first two-parameter
slice this already fixes a term that the critical locus does not see. Set v = t;; and t = t25.
Through total degree three, the restriction of WSEHT to the slice on which the other seven ¢,
vanish is

(121) W, 1+ 2) @ty taty? o (0 8 Ct O .
o 16 Y Y 16 32
The two new open invariants of every reflection-fixed chamber index are
1 1
Vyt2,(1,1) = _gv Vy2¢:(0,0) = _E'

They are the solutions of the chamber conditions [GKT26a, Def. 3.47(3)] for the supports J
consisting of one label of twist (1,1) and two of twist (2,2), respectively two of twist (1,1) and
one of twist (2,2); both supports satisfy the inequality in that condition. These supports have
the single balanced profiles (1,1) and (0,0), and no two-element support containing a label of
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twist (1,1) has a balanced profile. In the expression A(J,0,v) of Section 5.1, with the weights
(58), the two conditions therefore read

Vo) + 2 (Va0 T Y0a) + 1 =0, Vo0 + 15 =0,
where the middle term comes from the partition that separates the label of twist (1,1), the
terms % and %6 come from the partitions into singletons, and v(4g) = v(04) = —% by (116).
The order-two automorphism factors in [GKT26a, (4.11)], from the two labels of equal twist,
divide the two invariants by two, giving the last two corrections in (121). The periods confirm
these values. For the =11 period, the direct correction —%:py, the cross term of vay with
%(a:4 +y*), and the cubic term vay(tx?y?)? contribute

2 2 2

vt (A (U
16K 167 8h’
for Zg,9 the two contributions are —v?t/(32h) and v?t/(32h). Both sums vanish, as the flatness
of v and ¢ requires. Thus the constant term —v?¢/32 is fixed by the oscillatory integral although
it is invisible to the critical locus.

APPENDIX F. NOTATION

The principal symbols, with the place where each is defined. Local symbols used in a single
proof are not listed. The letter T' with a singular point as index, as in T4, T, T, denotes a
monodromy of the disk; otherwise T', also as an index, denotes a finite rooted subtree of the
path tree 7. The sans-serif letters A, B denote the singleton Hamiltonian vector fields, and the
roman letters A, B, C' singular points; exceptions are GKT’s rings Ay, Az, A7"™ and functional
A(J,d,v), the ring A of the root-stack convention of Appendix A, the label subsets A and
graph bases BA of Appendix B, the base B of [GS11, CPS24], the logarithms C. of ray factors
(Section 3) and the corrections C; of Appendix D.

Lattice conventions. The fan lattice is called M here because it carries the exponents. The
following dictionary compares the conventions with those of toric geometry and of [GS11, CPS24];
in the latter, walls lie on a base B and are tangent to their exponents.

This paper Toric geometry; [GS11, CPS24]

M, the lattice of the fan of P(1,1,2) N, the lattice of the fan
exponents of slab functions, wall functions exponents are integral tangent vectors of the base
and derivations lie in M, and in M on the B that carries the walls

annulus
the polygon A, the cuts and the wall supports Mpg; in [CPS24, §7.1] the polytope is the inter-
lie in MY ® R section complex B, the Legendre dual of B
Symbol Meaning Defined in
Lattices and exponents
M, MY fan lattice of P(1,1,2) (the lattice N of toric Section 2
geometry), and its dual, the plane of A
Z%y bidegrees (a,b) of monomials % (7)
v, F = %L C%O(r(zinate—divisor map; exponent map x%° — (7), (10)
ZH

M, MY F(Z2,) > M, index eight; its dual (10); Section 2.3




82 BERND JOHANNES WUEBBEN

Symbol Meaning Defined in

M /M fractional-exponent group Z/2 © 7 /4 (14)

L cofactor det(v)e™T = —3F~T, the support map (8)

P auxiliary quadratic function with Lg = Section 2.2
i (F (q))

o, S exchange of = and y; its action FoF~! on M  Section 2.2

K, Xg the exponent (1,1) of zy; Hamiltonian field of Section 2.2
1 yQQ

ng F~Tg¢*, the direction of Xy (11)

Xap: Eap X7 oy and 15 X0 Section 1.2

The base

A, AV, O anticanonical polygon, its polar, central vertex (3); Section 2.3

% polarization Section 2.3

dual intersection complex discrete Legendre transform of the CPS com- Section 1.2
plex, with tangent lattice M

A, B,C, py singular points; vertex of A on the star edge Section 2.3
through V

width the integer w with a unipotent monodromy con- Section 2.3
jugate to ((1) _1“’); for w > 1 at a singular point,
its order in [CPS24, §8.1]

cy outer half-edge of A from V to py; its preimage Section 2.4
arcs in A are the cuts

Ty, T, Tc monodromies of M about the singular points  (16)

ap slab parameter; nodal values a, = £2 Section 2

A, A° the annulus; complement of its four singular Theorem 2.3
points

By, Bi, ;L C focus—focus points; ramification points Theorem 2.3

Yeores K core loop; holonomy along it Section 2.3, (2)

S0, 51, Og, O1 sheets; lifts of O Section 2.4

Dtr, Odeck fractional-exponent cover; its deck involution  Section 2.4

Q twist group M / AM ; the twist cover trivializes Section 3.4
it

Coefficients

Hy monodromy of M about a singular point V of (18)
A, in F-coordinates

uy, Ny, dv, gv, fv invariant character, conormal, root degree, root (22)
and slab function at V' € {A, By, B1,C'}

§V lifted slab map Section 2.4

frame trivialization of the local system M over are- Section 2.3
gion, an identification with F(Z3 ,); on Sy the
pulled-back chart induces one

chart algebra k[M] in the frame of a region, over a Kummer Section 2.4
ring

I, 7, T 71(A°); path tree; finite rooted subtree Section 2.5

€, Oc, De Kummer edge; its radicand; its root divisor Section 2.5
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Symbol Meaning Defined in
Oc Laurent polynomial with D, = div g, and g0, ! Lemma 4.6

a deth power

Dr union of the root divisors of T’ Section 4.5
REpot Kummer ring of T (27)
Riggfl, Xpath pathwise Kummer ring; pathwise root object  Definition 2.6
T, Pr, Gp, X1 character torus; Kummer cover; its group; root Sections 2.5, 4.5

finite level, X1y N

stack [Pr/Gr]

a finite rooted subtree T with a truncated coef-
ficient ring; the root stack X7 base-changed to
that ring

Sections 2.4, 4

Brackets and walls

Qs Ty Ly volume form, bivector, volume line Section 3.1

O Hamiltonian wall algebra Section 3.1

A, B; t1,to;m singleton Hamiltonian vector fields; singleton Section 1.2; Defi-
parameters; singleton ideal nition 2.6

C, cpg logarithms of the ray factors of the singleton Proposition 3.5
commutator; their coefficients

Ap.q coefficients in the ordered factorization of eAeB  (70)

O, path-ordered product along ~y Definition 3.4

Vi, O+ paths passing the joint above and below O; their Theorem 3.7, Sec-
endpoints tion 7

5 the wall structure on A° Theorem 3.7

tq first mixed ray, the ray of (1,1); its wall is the Section 3.3
diagonal wall

p, B admissible path; its transition map Definition 3.8,

Section 6.2

GKT data and the comparison

ki, ko, k1o numbers of r-tails, s-tails and fully twisted tails Section 5.1

v, W¥ chamber index; its potential Section 5.1

X GKT critical generator, Xy = X[, Section 5.1

boundary ray the ray R>o(k+ k) of X}, spanned by its shifted Sections 1, 3.2
exponent

T, Az, ujq labels with twists; labelled ring; its variables  (56)

T T1, T2 twist map of the labels; the twists (1,0) and Section 5.1; Defi-
(0,1) nition 4.1

bin, kin balanced profiles and critical exponents of J (67)

pmin ymax ppmin pymax - evtremal chamber indices; extremal GKT po- Section 5.2, (62)
tentials

¥1,29, Z, singleton factors; flows exp(ctit2X1,1) Section 5.3

Gmix, RS mixed factor of the GKT transition; mixed resid- Section 5.3
ual factor

Gy, Sy, Ri® transition, wall and residual logarithms Definition 5.4

W, IW, c@, RW7N, UW

labelled truncation, its labels, its monomial set,
its ring, base change

Definition 4.1
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Symbol Meaning Defined in

D=(I,2¢) finite assembling-closed system: labels, mono- Definition B.1

mial set, graph data
t, t(J) time of a homotopy; time assigned to a set J Section 5.1
of labels
tap primary variables Section 6
V(a,b), N'max two-label family; maximal normal form Section 7.2
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