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ABSTRACT: Thermodynamic fluctuations smooth Page transitions, but the usual Gaussian description
fails at a black-hole critical point. We determine the resulting finite-size crossover in a canonical
random-pure-state model whose density of states is specified by the Reissner—-Nordstrom—AdS entropy.
In four or more bulk dimensions, the critical fluctuations obey a quartic limiting law, and the transition
width grows as the three-quarter power of the critical black-hole entropy. We derive the leading
transition profile and its temperature dependence, and identify the reservoir heat capacity required to
preserve the canonical critical behavior. Regular-phase examples provide a comparison with Gaussian
fluctuations. The entanglement results hold in the planar limit of the specified random-state model,
applications to gravitational entropy transitions require identifying the corresponding state and the
fluctuating difference of generalized entropies.
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Revision note (October 10, 2026). This version substantially revises the analysis of critical
fluctuations and ensemble dependence. It derives the finite-size critical crossover, clarifies the random-
state model underlying the entanglement calculation, and supersedes the broader universality claims of
the earlier version.
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1 Introduction

Black-hole entropy and Hawking radiation connect equilibrium thermodynamics to a quantum-
information question: how does the entropy of a subsystem change as information is redistributed
between it and a black hole? The Bekenstein—-Hawking entropy supplies the thermodynamic state
count [16, 17], whereas Page’s random-state calculation describes the entanglement of two systems with
fixed Hilbert-space dimensions [1]. An evaporation model additionally prescribes how the available
states and radiation change with time [18]. The transition region can already be studied as a function
of subsystem size, before introducing this dynamical input. Its shape depends on the fluctuations
present in the chosen state.

The leading approximation to an entanglement transition often selects the smaller of two entropy
branches. The resulting corner is smoothed by fluctuations. For a random pure state with fixed
subsystem dimensions, the correction at the Page transition is of order one [1]. In a thermodynamic
state, fluctuations of the competing entropies can produce a parametrically larger correction. Murthy
and Srednicki derived a square-root correction for chaotic energy eigenstates away from criticality [2].
Marolf, Wang and Wang formulated the corresponding diagonal approximation for holographic entropy
transitions using fixed-area states [3], and Dong and Wang obtained an enhanced correction by summing
replica saddles in a chaotic holographic example [4]. These results make the distribution of the entropy
difference, including the constraints on that distribution, central to the transition.

Black-hole thermodynamics provides a setting in which the usual Gaussian approximation has a
definite limit of validity. Spherical charged AdS black holes exhibit a line of small-large black-hole
transitions ending at a continuous critical point [5, 6]. At the endpoint, the quadratic restoring term
vanishes. Inserting the divergent saddle-point heat capacity into a Gaussian entropy profile does not
define a finite-size transition. The next nonzero term in the thermodynamic action must be retained.

This paper determines the resulting entropy profile in a specified canonical model. Its black-hole
sector has density of states proportional to e3(®), with S (F) the Bekenstein—-Hawking entropy of the
chosen black-hole family. The charged-critical calculation uses the physical outer-horizon family of
Reissner—Nordstrom—AdS solutions; the regular-phase examples use neutral AdS and nonrotating BTZ
solutions. A k-dimensional reference system is entangled with this sector by a canonically weighted
Gaussian random pure state. The control variable is log k; no evaporation law is assumed. The planar
reduced spectrum defines the entanglement entropy in this model. Its leading broad-distribution limit
is the average of the smaller of logk and the canonical modular energy K(E) = SE + log Z. This
construction gives a precise meaning to the entropy transition and to the probability law over which it
is averaged.

Our principal result is the finite-size replacement of the Gaussian profile at the charged critical
point. Let N = S, be the critical black-hole entropy and take N — oo at fixed critical geometry. In
bulk dimension d + 1 > 4, define

(d—1)(2d —3)

o Lv = (d—1ag N, (1.1)

aq =

The centered thermodynamic entropy and centered canonical modular energy, divided by Ly, have the

same limiting law at criticality:
2 4
X) = - 1.2

The entropy deficit relative to the minimum of the two mean branches is therefore of order N3/4. Its
ratio to the standard deviation at the crossing is 27°/4, whereas the Gaussian ratio is 1/v/2m. The



absolute width grows faster than in a regular phase, but its ratio to the black-hole entropy decreases as
N-V4,

The same expansion determines a thermal scaling function. With ¢t = (T — T,)/T. and h = Lyt
fixed, the limiting density is proportional to e=X *#X_ It gives a finite crossover through ¢ = 0 and
matches the Gaussian width proportional to N1/2[¢|~1/3
dimensions, the critical reduced action has the exact form

outside the critical window. In four bulk

I(r)—](rc)_(R—1)4 T
I =g R_E’ (1.3)

which makes the finite-size convergence directly calculable. Section 4 derives these results and compares
the limiting profiles with the full one-dimensional canonical integrals.

The preparation of the state matters even at leading order. At fixed total energy, exchange with a
reservoir of heat capacity Cr contributes a quadratic term to the critical distribution. The crossover
occurs when Cp, is of order N3/2; an ordinary extensive reservoir is too small to reproduce the canonical
critical law. Away from criticality, the variance of the black-hole entropy is, to leading Gaussian
order, the effective heat capacity (C’]g1 + C’El)’l, while the difference between black-hole and reservoir
entropies has four times that variance. Section 5 derives both statements. They distinguish fixing the
black-hole energy from fixing the total energy of two exchanging systems.

The regular-phase calculation provides a useful reference for these results. In a single stable
phase, energy fluctuations have leading variance T2C, so the entropy fluctuation has width v/C. For
large neutral AdS black holes, C/S — d — 1 as ry /¢ — oo; the coefficient depends on dimension
even though the square-root scaling is common. Section 3 derives the Gaussian transition profile
and its sensitivities, works through explicit examples, and compares them with the nonrotating BTZ
thermodynamics [19]. The BTZ equality C' = S fixes the leading fluctuation scale. It does not make
thermodynamic entropy and canonical modular energy interchangeable at higher order. Appendix A
supplies the thermodynamic derivations and distinguishes the large-radius limit from the semiclassical
limit at fixed geometry.

Two other thermodynamic phenomena require separate treatments. The Schwarzschild-AdS
minimum temperature is a spinodal of the black-hole branch, not the Hawking—Page coexistence
temperature [7]. Near the spinodal the Gaussian expansion fails before its extrapolated width becomes
extensive. At first-order coexistence, by contrast, an equilibrium mixture can have an extensive width
because the two phase means differ extensively. Section 6 places these mechanisms alongside the
charged critical crossover. Section 7 gives the non-Gaussian expansion in a regular phase and explains
why the cumulants of S(FE) cannot be substituted for those of K(FE) beyond their common leading
variance.

The scope of the entanglement result is narrower than a general statement about evaporating AdS
black holes. Quantum extremal surfaces and replica wormholes provide gravitational constructions of
entropy transitions [8-11]. Applying the present thermodynamic distribution in such a construction
requires an identification of the fluctuating difference of generalized entropies and of the allowed
constraints. In particular, a critical mode shared by both branches may cancel from their difference.
The model studied here specifies that difference and has a nonzero coupling to the critical mode.
Section 2 states the model and the imported planar-spectrum result before any use of its entropy
profile.

Charged AdS criticality, its quartic thermodynamic expansion, and enhanced entropy corrections
each have substantial prior literature. Studies of charged AdS islands have examined the effect of
thermodynamic phase transitions on Page curves [12]; work on stochastic black-hole thermodynamics



has examined critical relaxation and scaling [13]. Our focus is the finite-entropy probability distribution
at the endpoint, its induced entanglement profile in the specified model, and the reservoir scale
required to retain it. We do not assign a new critical universality class to the charged black hole.
The accompanying calculation of the planar correction uses the broad-distribution theorem of the
companion paper [14], restated in Section 2. That correction remains of order one and does not change
the critical exponent.

Several distinctions organize the comparison with the existing literature. Hawking—Page thermo-
dynamics and its gauge-theory interpretation concern the relative weights of different macroscopic
phases [7, 23]. The critical expansion considered here instead concerns fluctuations within a charged
family at the endpoint of a coexistence line. In either setting, a state with a specified temperature
need not have the same fluctuations as a state with a specified total energy. The stable finite-reservoir
construction is related to the thermodynamic treatment of a black hole in a cavity [24], but the entropy
observable must still be identified before a capacity becomes a Page-transition width. These distinctions
remain relevant even when the leading equilibrium geometry is the same.

There is also a distinction between fixing a geometric entropy and averaging over it. Fixed-area
constructions clarify how semiclassical states with different area fluctuations can have different Rényi
spectra [28, 29]. The present planar model specifies both the canonical weights and the reduced
spectrum, so that the averaging approximation can be compared with a defined entropy. For a
gravitational application, the corresponding distribution over competing generalized entropies must be
supplied by the state. Section 8 develops this interpretation, compares the fluctuation regimes, and
identifies the additional dynamical input needed to convert an entropy width into a time interval.

The main contribution is thus the charged-critical finite-size crossover and its reservoir dependence.
The regular thermodynamics, Gaussian identities, and dimensional examples provide the baseline
needed to interpret it; the non-Gaussian expansion in Section 7 explains how the thermodynamic and
modular observables begin to differ away from criticality. The appendices collect the thermodynamic
formulas, exact integrated identities, and stationary entropy-cost calculation so that these supporting
results can be checked without consulting a companion manuscript.

2 Entropy fluctuations and a canonical random-state model

We first specify the relation between a probability distribution of thermodynamic fluctuations and an
entanglement transition. Two distinct statements will be used. Averaging the smaller of two entropy
branches gives a simple function of their difference. For the canonical random-state model defined
below, a planar spectral calculation also determines the error of this averaging prescription. The
thermodynamic calculations in the subsequent sections supply the probability distribution; they do
not, by themselves, establish either prescription for an arbitrary gravitational state.

2.1 The entropy difference and its probability distribution

Let S; and S3 be integrable random variables representing two competing entropy branches. The

identity
ES; +ES;

2
shows that only the distribution of their difference enters the correction to the minimum of their means.

1
EIHiH(Sl,SQ) = - §E‘Sl - SQ| (21)

In particular, the relevant variance is

o2 = Var S1 + Var Sy — 2 COV(Sl, SQ) (22)

gap



A fluctuation common to both branches cancels. A heat capacity can therefore determine a transition
width only after the coupling of the fluctuating thermodynamic variable to the entropy difference has
been specified.

For a fixed centered fluctuation £, define the averaged minimum and its deficit by

M(A) = Emin(A,¢), (2.3)

B(A) = min(A,0) — M(A) = = (E|A — & — |A)). (2.4)

N | =

Here A translates the mean difference while the fluctuation law is held fixed. Convexity gives B > 0.
If F is the cumulative distribution function of &, then B’ = F for A <0 and B’ = F — 1 for A > 0, at
points of differentiability. Consequently the deficit is largest at the crossing of the means, even for an
asymmetric distribution, and

B(0) = %Em < % o2 = E€2. (2.5)

The curvature has a particularly direct interpretation. If £ has density pe, then
—M"(A) = pe(A). (2.6)

These identities are exact for the averaged minimum. They are not identities for every quantum
entropy. Appendix B gives their integrated forms and the modification produced by the fixed-area
Page correction.

For a Gaussian fluctuation, writing z = A/o, one obtains

o
Vor'

where ¢ and ® are the standard normal density and distribution function. The same averaging of

Ma(A) = A®(~2) —06(2),  Ba(0) = (2.7)

competing extensive entropies underlies the enhanced corrections found for chaotic energy eigenstates
and for holographic entanglement transitions [2-4]. Our main concern is the replacement of this
Gaussian law near a thermodynamic critical point.

2.2 Canonical probabilities and random pure states

Let the black-hole system have energy levels E;, with finite canonical partition function and mean
energy,
—BE; e P

Z(ﬂ)zzj:e I, a:jzm, K; =—logz; = fE; +log Z. (2.8)
The random variable K is sampled with probabilities z;. It is the modular energy of a canonical
density-matrix eigenstate, and its mean is the canonical von Neumann entropy Sc., = EK. All
logarithms are natural and entropies are measured in nats.

Take a reference system of dimension k, set s = log k, and consider the pure-state ensemble

k

1 N

©) = —=>"> Vagilirli)e, N = x5l (2.9)
VN =5 i.j

where the g;; are independent complex Gaussian variables of unit variance. The reduced reference

state is a normalized weighted Wishart matrix. The reference dimension is an independent control
parameter; the model does not impose energy conservation between the reference and the black hole.



We use the planar spectral description of this ensemble, familiar from canonical random-state and
replica calculations [11, 14]. More precisely, the planar model is defined by the probability law v of
rescaled reference eigenvalues u = kX, whose R-transform is

1 K
R, (w) = ]Ep1 - a=kr;=e"5, Pla =kz;} = ;. (2.10)

Equivalently, its free cumulants are k7 = Epa™~! whenever these moments exist. In resolvent
notation, g,(z) = [(z — u)~'v(du) satisfies z = 1/g,(2) + Ry (g,(2)) on the branch with g, (z) ~ 1/z
at infinity. This normalization gives [ uv(du) = 1. The planar entropy is

Splanar = § — / uloguv(du). (2.11)
0

Equation (2.10) specifies the spectrum used here; no simultaneous theorem concerning the finite matrix
size and the gravitational semiclassical limit is assumed.

For L equiprobable black-hole levels, P is a single atom at a = k/L. The Marchenko—Pastur
entropy then gives the planar limit of Page’s result [1],

1
Stixed (8, log L) = min(s,log L) — §e_|S_IOgL‘. (2.12)
This motivates the level-resolved diagonal approximation
- I =k
Sdiag = E |min(s, K) — ¢ . (2.13)

It is an explicitly defined approximation to (2.11), not the entropy of an orthogonal decomposition into
energy sectors. With £ = K — Sc,n, and A = s — Scay, its leading term is Scan + M(A).

The distinction between the exact planar spectrum and the diagonal Page approximation remains
bounded for broad distributions. We use the following result of the companion paper [14].

Proposition 2.1 (Broad canonical distributions). For a family of laws Py in (2.10), suppose Ep,a <
oo and set § = —loga = K — s. Assume that, for every fixed A > 0,

Py(|0] < A) — 0,  wsn =Py >0) — ws € (0,1). (2.14)

Then
Splanar - Sdiag — —W> lng>. (215)

For completeness, Appendix B records the resolvent integral from which this limit follows. The
result does not require a Gaussian distribution. In particular, if (K — Sc.n)/Ly converges to a
continuous symmetric law, Ly — 0o, and the transition is centered at s = Scan, the limit is %log 2.
The canonical weight in levels with x; < 1/k is spread over the entire reference space. It produces
an approximately uniform contribution of total weight w~ to the reference spectrum, whose entropy
includes —w- logw. Averaging the fixed-dimension Page formula omits this term.

Under (2.14), the exponential term in (2.13) tends to zero by bounded convergence in probability.
Thus, whenever the absolute first moments also converge after division by Ly, the averaged minimum
determines the leading O(Ly) entropy deficit, and (2.15) determines its additive planar correction
relative to the full diagonal approximation. Subleading thermodynamic contributions to M can be
larger than one nat; the limit does not remove them.



2.3 The thermodynamic density of states and gravitational scope

For the thermodynamic calculations, the level count is modeled by

pdE eS(O-28

E
dn(E) = S dE Z = /eS<E> B ps(E) = ————, (2.16)

Ey’
on a specified physical energy domain. The constant Ej fixes the energy unit in the density of states.
In the black-hole examples, S(F) is the Bekenstein—Hawking entropy evaluated along the chosen family
of geometries. This is a defined density-of-states model; a gravitational determinant or a competing
matter phase is not supplied by (2.16).

The thermodynamic entropy S(F) and the canonical modular energy K (F) are different functions.
If
I(E) = BE — S(E), K(E)—-S(E)=1(F)+logZ, (2.17)

then their centered difference obeys the exact relation
(K -EK)— (S—ES)=1-EI (2.18)

At a well-controlled quadratic or quartic saddle, action fluctuations remain of order one. Both centered
variables therefore have the same leading broad distribution, although their higher cumulants and
subleading corrections need not agree. Section 7 makes this distinction explicit away from criticality.

An application to a generalized-entropy transition requires a state and ensemble for which averaging
two competing branches is valid at the order considered [3, 4, 8]. It also requires the response of
their difference to the fluctuating mode. For example, if that difference is g(E) and ¢'(E.) # 0, a
leading critical law for energy fluctuations is transferred to g(E) by linearization. If the linear response
vanishes, the width and limiting shape change. The canonical model (2.9) supplies a definite nonzero
response through K'(E) = .

Energy-recording radiation gives a different construction: its reduced state can be an orthogonal
sum over energy sectors. Section 5 treats the resulting sector entropy and the constraints on energy
exchange. The planar correction (2.15) pertains to the common reference space in (2.9).

3 Gaussian broadening in a stable black-hole phase

Before treating the charged critical point, we develop the noncritical limit of the model in Section 2.
This limit fixes the normalization of the entropy width and provides explicit comparisons across
dimensions. Its Gaussian profile is the familiar enhanced correction to a transition between competing
entropies [2-4]. The calculation also identifies the assumptions that fail at a degenerate saddle or when
a second phase has appreciable probability.

3.1 The quadratic saddle and the entropy variable

Let E. be a nondegenerate minimum of I(E) = SE — S(E), and write S, = S(FE.). At fixed external
charges and AdS length, the first law gives

1 1 dE ds

= S"(E,) = ——=— C=—2=T—">0. 3.1
T B =~ g ar ~oar - 3.1
Here C' is the heat capacity of the classical saddle. We take a regular large-entropy limit with C
proportional to S, with the saddle separated from boundaries and competing phases. More precisely,
the expansion of the action and its derivatives is assumed uniform on the fluctuation scale, with

S'(E.) =



integrable tails sufficient for convergence of the moments used below. These conditions hold for the
single dominant neutral black-hole saddle at fixed ry /¢ > 1 as G — 0 in the density model (2.16).
Writing y = (E — E.)/(TVC) gives

2
I(E) - I(E,) = % + 0(3:1/2) (y in a bounded interval). (3.2)

The energy law therefore approaches a standard Gaussian in y. The linearized entropy fluctuation is
08 = (F — E.)/T, so its variance is C at leading order. The canonical modular energy has the same
linear response, 6 K = BJFE. In particular,

B g, B S
The equality is asymptotic. In the exact canonical model, differentiating Z gives
dEE
ar’
whereas Var S = C' + O(1) and Ceay = C 4 O(1) under a regular saddle expansion. There is no exact

identity equating Var S(E) to either heat capacity. Section 7 develops the corresponding difference
between their higher cumulants.

= N(0,1). (3.3)

Var K = 32 Var E = Cay, Cean = (3.4)

The mean about which the transition is centered also requires care. With the particular measure
dE/E specified in (2.16), Laplace’s method yields

logZ =S, — BE, + log<T ”EQ”C> +0(S;h). (3.5)
0

If the expansion can be differentiated uniformly in a neighborhood of T', the canonical mean is

TV2rC TC'
e )+1+ 50

Scan = S« + log< +0(S;7h). (3.6)
Indeed, Scan = (1 + TO7)log Z, and the derivative of the logarithmic prefactor is 1 + T'C"/(2C). The
shift is smaller than the /S, width but matters at logarithmic and constant accuracy. For example,
in four bulk dimensions with r; /¢ = 2, S, = 100, and Ey¢ = 1, direct integration over the neutral
black-hole family gives Sca, = 104.975702 and Var K = 238.438623, compared with the saddle value
C = 236.363636. A different density-of-states prefactor changes these subleading numbers; the leading
Gaussian width survives when that prefactor is locally constant on the scaled fluctuation interval and
the tails remain controlled.

3.2 The transition profile and its derivatives

Set ft = Scan, 0 = V/C at leading order, and z = (s — u1)/o. Substitution of the Gaussian limit into the
averaged minimum gives

Sc(s;p,0) = sP(—2) + ud(z) — op(z). (3.7)
For bounded z, the actual averaged minimum differs from (3.7) by o(v/C) when the first absolute
moments converge in (3.3). Thus (3.7) is the full leading crossover, rather than just the deficit at its
center. It approaches the reference entropy s on one side and the canonical entropy p on the other.
The positive deficit from their smaller value is

BG(A)ZJQS(A) —|At1><—%|), A=s—p. (3.8)

(2



In particular, Bg(0) = y/C/(27). Under the spreading hypotheses of Proposition 2.1, the planar
entropy and the diagonal entropy have the same leading v/C' profile. Their bounded difference is treated
separately in (2.15); it does not change this leading scale.

The complete Gaussian average of the diagonal Page kernel can also be evaluated in closed form;
Appendix B.2 gives the exponential term in (B.7). Its central contribution to the entropy is of order
1/o. That term and the order-one planar correction refer to different differences of entropies, and
neither is included in the leading expression (3.7).

The partial derivatives give useful ways to describe the crossover. Holding the other displayed
parameters fixed,

2

s (—2), W = ®(2), Do —¢(2), 952 .

Consequently increasing o at fixed means increases the deficit, and the curvature resolves the Gaussian
fluctuation density. The slope falls from 0.9 to 0.1 across an entropy interval 20~1(0.9)0 = 2.5631030.
This is one operational definition of a crossover width; the standard deviation ¢ is the convention used
elsewhere in the paper.

At s = p, the slope in (3.9) is one half because the fluctuation law is symmetric. This is a derivative
with respect to the reference entropy while its canonical distribution is fixed. Varying a physical
temperature changes both p and o; evolving a coupled system can change the entire distribution.
Neither the half-slope nor ¢ alone specifies an entropy-production rate or a duration in time. The same
distinction applies to the non-Gaussian profiles below.

3.3 Neutral AdS black holes in different dimensions

For a Schwarzschild-AdS black hole in bulk dimension d + 1 > 4, set y4 = r4/¢. The thermodynamic
formulas derived in Appendix A give

Q! T_d—2+dyi C dy? +d—2

= 1
4G dry S, (3.10)

Here Q4-1 is the area of the unit (d — 1)-sphere, and the derivative defining C' holds ¢ fixed. The
large-black-hole branch has y; > \/(d — 2)/d. We first restrict to fixed y; > 1, where the black-hole
free energy is lower than thermal AdS and the usual Hawking—Page competition does not affect the
leading single-phase distribution [7, 23]. The metastable interval below y; = 1 and the coexistence
region require the distinctions made in Section 6.

There are two separate approximations in the frequently used expression o ~ /(d — 1)S,. The
large-radius expansion is

S%=(d—1) 1+2(‘Z_2)£+0(f§)]- (3.11)

This is an expansion in £/r, independent of the expansion in quantum fluctuations. At fixed 4 /¢ > 1,
taking G — 0 makes S, and C' large and makes the Gaussian approximation accurate, but it leaves the
geometric correction in (3.11) unchanged. In contrast, increasing r4 at fixed G and ¢ suppresses that
correction as Sy 2/ (d71)7 with a coefficient that depends on the fixed parameters. Large entropy alone
does not justify replacing C/S, by d — 1.

Table 1 gives examples away from both limits of stability and phase competition. At fixed S, and
r4 /¢, the Gaussian width increases with the bulk dimension. In the large-radius limit this becomes the



Table 1. Regular Gaussian widths at 4 /¢ = 2, evaluated from (3.10). All entries refer to the leading
large-S, distribution within one black-hole phase. The final column is the distinct limit 4 /¢ — oo.

Widths are compared at the same entropy S, not at the same mass or Newton constant across different
dimensions.

Bulk dimension C/S.  o/v/S. Bg(0)/VS. lim,, /p0/V/Sk

4 26/11 1.537412  0.613339 V2
) 27/7  1.963961 0.783507 V3
6 92/17 2.326320 0.928067 2
7 7 2.645751  1.055502 V5
(a) Stable neutral black-hole phase (b) Transition profiles at r, /f =2
5.0 1 — d=3(AdS,) == Nonrotating BTZ
—— d=4 (AdSs) 1.0 A
45 —_—d= .
E“ ey %0_8_
= o
E 3.5 1 g 0.6 ]
2 5]
% 3.0 A 'g
2 .g 0.4 1
% 2.5 1 %
© 20 O g2
1.5 A
T T - r r Y 0.0 -
1.0 1.5 2.0 2.5 3.0 3.5 4.0

Horizon radius r /{ Entropy difference A/V S+

Figure 1. Gaussian broadening within a stable black-hole phase. (a) The leading entropy width divided
by /.S, for four bulk dimensions d + 1 = 4, 5,6, 7. Dotted horizontal lines give the large-radius limits
v/d —1, and the vertical line marks r, /¢ = 2. Only 7, /¢ > 1 is plotted. (b) The averaged-minimum
deficits at this radius, with the same colors as in (a), compared with the nonrotating BTZ result
C = S,. Both axes are scaled by /S, so the curves show the leading large-entropy profiles rather

than finite-size quadrature. They evaluate (3.8) and (3.10); no gravitational replica calculation is
represented.

coefficient v/d — 1, reflecting the equation of state S, oc T4~ !. The deficit grows in absolute entropy
units but decreases relative to the leading entropy:

Ba(0)  [Cys.
s =\ 35 0 (3.12)

Figure 1 displays both the geometric dependence of the width and the resulting profile. These regular

transitions provide the reference for the S’g’ /4 critical width in Section 4, whose relative size decreases
more slowly.

3.4 The nonrotating BTZ example

The neutral, nonrotating BTZ black hole provides a useful lower-dimensional check [19]. We hold
angular momentum fixed at J = 0 and use the mass convention in which the zero-radius BTZ solution



has £ = 0:

2 292
ooy _ Ty Ty B _7T€
E= 8G3(2’ 26y oo’ C=5= G5 T. (3.13)

The relation C' = S, is exact for these classical thermodynamic functions. Global AdSs has energy
—1/(8G3) in the same convention. It is a separate saddle, and it competes with BTZ at r = ¢; the
positive BTZ heat capacity at all radii does not eliminate this first-order competition. The energy
reference and free energies are detailed in Appendix A.

The density model permits a more precise check than the leading identity o2 ~ S,. Write its
thermodynamic entropy as S(E) = AVE, where A = 7(,/2/G35. Since S, = A>T/2, changing the
integration variable from energy to entropy gives the exact probability law within the BTZ family,
(S —S.)?

25,
The factor S is the Jacobian dE = 25 dS/A?. Thus the exponent is quadratic but the distribution is
not exactly Gaussian. Its partition function, including the lower endpoint, is

ZBr7 = Ezo [1 + /2785, es*/Q‘I’(\/Si)} - (3.15)

Keeping a fixed number of moments and taking S, — oo yields

ps(S) x Sexp { } . S>o. (3.14)

ES =S, +1+0(1), Var S = S, — 14 o(1), Var K = Cean :S*—i—g—i—o(l). (3.16)

The remainders in (3.16) are exponentially small. To see the first two constants directly, set S =
S. + /S,y in (3.14). Apart from the exponentially distant endpoint, its Gaussian weight is multiplied
by 1+ y/+/S., which shifts the mean by one and the variance by minus one. For the third result, (3.15)
gives log Zprz = S:/2 + (3/2) log T + constant + o(1) at fixed G3, ¥, Ey; two temperature derivatives
give Cean = Sx +3/2+ o(1).

Likewise, because S, o T, the leading extensive cumulants of the thermodynamic variable S(F)
vanish beyond second order, as follows from (7.2). The modular energy has instead x3[K] = 35, + O(1)
and ky[K] = 125, 4+ O(1). These facts are compatible with the same Gaussian limit after division
by v/Si. The finite constants in (3.16) belong to the specified measure eS(E)dE/EO; they are not
asserted to be one-loop corrections to a complete BTZ or conformal-field-theory partition function.
Summing over angular momentum at zero angular potential, rather than fixing J = 0, also changes the
fluctuation problem and its prefactors.

The leading density has the standard conformal-field-theory interpretation. With equal left and
right Brown—Henneaux central charges ¢ = 3¢/(2G3) [20], define cylinder energies ny, = h — ¢/24 and
nr = h — ¢/24 in terms of plane conformal weights. The dictionary and Cardy entropy are

ng +nr =ALE, ny —ngr=J, Scardy:2m/chL—|—2m/cn7R. (3.17)

At J =0, substitution gives Scardy = AVE, reproducing the leading BTZ entropy [21, 22]. The shifts
ensure that the plane vacuum h = h = 0 corresponds to global AdS3, with E = —c/(12¢) = —1/(8G3).
Cardy’s high-energy asymptotics applies under the usual unitary, modular-invariant conformal-field-
theory assumptions, in a regime where the vacuum controls the modularly transformed partition
function. A sufficient high-energy limit takes both nr,/c and ng/c large; extending the formula to lower
energies at large ¢ requires additional information about the spectrum. Accordingly, taking Gz — 0
at a fixed r1 /¢ does not by itself establish the unrestricted Cardy approximation. This comparison
verifies the leading thermodynamic input and its Gaussian scale. It neither fixes the subleading density

prefactor nor identifies the entanglement state with a particular two-dimensional gravity model.
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4 The charged AdS critical point

The canonical critical point of a charged AdS black hole provides a setting in which the entropy
fluctuations are parametrically larger than those of a nondegenerate saddle. The relevant canonical
action has a quartic minimum. The existence of this critical point and its mean-field thermodynamics
are established results [5, 6]; quartic free-energy expansions also enter studies of its relaxation dynamics
[13]. Here we use the equilibrium probability distribution at finite entropy to obtain the complete
leading rounding profile in the model of section 2.

4.1 Thermodynamic model and critical geometry

For a spherical Reissner—Nordstrom—AdS black hole in d + 1 dimensions, d > 3, choose the metric
charge parameter ¢ so that the horizon thermodynamics is

d—1)Qq4_ _ rd q>
M(r)(migdl(rd 2+€2+rd—2)’ (4.1)
QO d—1
S(r) = =5
1 a2 (d—2)¢?
Ty(r) = - (d -2+ 2 j2d—i ) : (4.2)

Here 41 is the area of the unit (d — 1)-sphere. The AdS length and charge are fixed, and dM = TxdS.
We retain only the outer-horizon branch r > reyt, where Ty > 0 and M increases with r. The canonical
model is the density of states

o0
p(E)dE = eSUf)@, Zn(B) = / eSUfFBE@, (4.3)
Ey M (roxs) Ey
with a fixed reference energy Fy. Thus the probability measure on horizon radii contains the Jacobian
M’ (r)dr, rather than a flat measure in r. Equation (4.3) specifies a thermodynamic model; it does not
assert that the Bekenstein—Hawking entropy is the complete quantum density of states.
The inflection conditions Ty, (r.) = Ty (rc) = 0 give

_9)\2p2 2d—4 _9)2
"2 = (d—2)%¢ ’ 2= re , T, (d-2) (4.4)
d(d—1) (2d —3)(d—1) m(2d — 3)r.
We set ¢ = ¢. and take G — 0 at fixed critical geometry, so that
N=58(r) — 00, R=-—, a=R-L (4.5)

Tc

The size parameter N is the critical black-hole entropy, not a gauge-group rank.
It is useful to verify that the critical saddle controls the whole RN integral, rather than only a
local expansion. Put n = d — 2. At the critical charge,

Tu(R) 2n+1 1 L nk R—2n—1 (4.6)
T.  4n \R n+1 n+1n+1)/)" '
Its derivative has the sign of
Ply) =ny"*' = (n+1)y" +1, y=R%. (4.7)
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Since P'(y) = n(n+ 1)y" 1(y — 1) and P(1) = 0, one has P(y) > 0 for y > 0, y # 1. Consequently
Ty (R) is strictly increasing, with a stationary inflection at R = 1. For I.(R) = 8.M(R) — S(R), the

first law gives

dl. s (Tu(R)
15 = N(d-1DR"? <HTC —~ 1) : (4.8)

It follows that I. has a unique global minimum at R = 1 on the outer-horizon branch. This conclusion
concerns the RN family in (4.3); it does not exclude competing matter phases or instabilities outside

that family.

4.2 Quartic fluctuations and the rounding profile

The first two derivatives of (4.6) vanish at R = 1, whereas its third derivative equals 2d — 3. Integration
of (4.8) therefore yields

d—1)(2d—3
I(R) — I(1) = N [aqz" + O(2")] ag = %. (4.9)
Define the dimensionless fluctuation and entropy scale
Xy = (agN)V*(R—1), Ly =(d—1)ay;"/*N3/*, (4.10)

Proposition 4.1 (Critical entropy fluctuations). In the canonical model (4.3) at 8 = B., XN converges
in distribution and in every polynomial moment to the density

2 4
X) = -X - X ) 4.11
po(X) ¢ 00 < X <00 (4.11)
The same limit holds for
- E K -EK
S —ES and ——, K = B.E +log Zn(Be)- (4.12)
Ly Ly

Proof. After changing variables from E to R, the canonical density is proportional to M j{(R)e*IC(R).
The Jacobian is smooth and positive at R = 1, with Mp(1) = T.(d — 1)N. On compact sets of Xy,
(4.9) gives I.(R) — I.(1) = X3 + o(1) and M{(R)/My(1) = 1+ o(1). The unique global minimum
proved above exponentially suppresses every closed region separated from R = 1. Near the minimum
the action is bounded below by a positive multiple of Nz*, while at large R it grows as a positive
multiple of NR?. These bounds control all polynomial moments and justify normalization and passage
to the limit.

Next, S = NR? ! implies (S — N)/Ly = Xn + O(N~Y4X%) locally, with the error controlled in
every fixed moment by the same tail bounds. Its mean tends to zero. Finally, (K —EK) — (S —ES) =
I. — EI. by (2.18). The action fluctuation has bounded moments in this limit, proving (4.12). O

Let By (A) denote the averaged-minimum deficit of section 2, with £ = K — EK. The proposition
and uniform integrability imply

By(2Ly)
Ly

s (o) - PU/E) BTG/ w1

Here I'(a,u) = fuoo v¥ le~vdv is the upper incomplete gamma function. To obtain this expression,
use symmetry to write By(z) = fIZT (X — |2z])po(X)dX. It gives the entire leading transition profile,
including its non-Gaussian tails.

- 12 —



Writing 0% = Var K and y2 = E[(K — EK)*]/o% — 3 for the excess kurtosis, we obtain

ox = Ly ?E?;i; + O(LN), BN(O) = LNQF(\/I;;ZL) + O(LN), (4.14)
Bn(0) —5 2754 = 0.420448. . .,
OK
L(1/4)° 3= —0.811560.... (4.15)

72T Ar(3/42
The standard deviation of S(E) has the same leading coefficient. The finite-size heat capacity defined
by the partition function is Cean x = 82 Var E = 0% = O(N3/2); the divergent geometric saddle heat
capacity is its singular large-N approximation. The deficit-to-width ratio differs from the Gaussian
value 1/v/27 = 0.398942.. .. even after the variances are matched. Thus replacing the divergent saddle
heat capacity by a large finite Gaussian variance would miss the limiting shape.
The centered relation in (4.12) should not be used for the uncentered means. For the precise
measure (4.3), the normalization calculation in the proof gives

o(1). (4.16)

EK—ESZIOg{W:l _|_1+

2F) 4

This logarithmic displacement does not change the leading centered profile. A smooth density-of-states
prefactor likewise leaves (4.11) unchanged if its ratio to its value at r. tends to one locally uniformly
on the scale Xy = O(1) and its tails preserve moment convergence. Such a prefactor can change
subleading terms, including (4.16).

For the planar spectral model of section 2, the critical law also satisfies the spreading assumption
of Paper I [14]. At s = EK, the probability ws = P(K > s) tends to 1/2, so the difference between
the planar entropy and the diagonal Page approximation tends to (log2)/2 by proposition 2.1. This is
an additive comparison between those two specified approximations. It is not the complete next term
after (4.14): nonquartic terms in the thermodynamic action and the measure can produce corrections
larger than order one.

4.3 Temperature scaling and the Gaussian regime

Vary the bath temperature along the critical charge, writing T' = T,(1 +t). The exact action difference
obeys

Ie(R) — I.(1) — t[S(R) — N]

Is(R) — I5(1) = 4.17
o(R) = 15(1) = (2.17)
Consequently, if h = Lyt is fixed as N — oo, the limiting law becomes
e X HhX * xinx
X)=—~—— zZ = - X. 4.1
P =g 2m= [ XN (118)

The proof of proposition 4.1 extends to fixed h, with convergence uniform for A in compact intervals.
Put pp, = dplog Z(h) and v, = 97 log Z(h). At reference entropy s = EK + zLy, the two-variable
transition profile is

BN(ZLN)
Ly

1

ag
SEnle = X+l =4l 75— (4.19)

— Bn(z) In

This resolves both the temperature dependence of the width and the shape of the transition within the
window [t| = O(N—3/4).
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(a) Width (b) Central entropy deficit

Q —— Tilted quartic limit 0.7 1 —— Tilted quartic limit
\ — — Full RN-AdS,, N =10* = = Full RN-AdS,, N=10*

\

\
\
\

-6 -4 -2 0 2 4 6 -6 -4 -2 0 2 4 6
T=(T/Tc - 1)N34 T=(T/Tc—1)N3

Figure 2. Temperature dependence within the critical finite-size window for four-dimensional RN—AdS.
The full canonical model at N = 10* is compared with the quartic limiting law: (a) the standard
deviation o /N3/%; (b) the central deficit By (0)/N3/%. Both panels use the centered modular energy
K(E). The horizontal variable is 7 = tN3/%, for which h = 2¢/27 when d = 3. The limiting width
remains finite at 7 = 0. The finite-N curve retains the asymmetry of the full action and measure.

For large ||, the distribution in (4.18) concentrates near X, = (h/4)'/3, where the real cube root
is understood. The curvature is 12X?2, and vy, ~ (12X2)~!. Equivalently, put bg = (2d — 3)/6. In the
overlap region N3/ < |t| < 1, the stable saddle has z, ~ (t/bg)'/* and

(d

—~1N, _ d—1 -
1/3 |t| 2/37 OK ™~ v/ Cg,qC ~ 1/3 N1/2|t‘ 1/3' (420)
3bY 3b.

The quartic law matches this Gaussian saddle result and cuts off its apparent divergence. At the critical
temperature the width is O(N3/4), while its ratio to the extensive entropy is O(N~/4).

£,qc

4.4 An exact four-dimensional action

In four bulk dimensions, r. = ¢/v/6, q. = £/6, and N = 7£?/(6G). The reduced mass and entropy are

BM(R) R* 3R 1 S(R) _
N 12w Ny (421

Their difference factorizes exactly:

L(R) . (R—1) 2
felt) g W) > Rowt = | —1 4+ —. 4.22

Thus the full canonical density used in the numerical calculations is proportional to

3R2 31 N(R—1)*

on this physical domain. The factor in parentheses is .My, /N and vanishes at extremality. No fit to a
critical exponent is required to evaluate this integral.
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Table 2. Convergence of the four-dimensional critical canonical integral (4.23). Both columns use the
thermodynamic entropy S(E) = NR? and are centered at its exact numerical mean. The table does
not substitute S(FE) for the finite-N modular energy K(F).

N o0g/N3* Bgy(0)/N3/4

102 1.798150 0.748514
103 1.693747 0.709601
10*  1.660051 0.697147
105 1.649328 0.693196
10%  1.645930 0.691946

oo 1.644358 0.691367

(a) Critical entropy profile (b) Finite-size convergence
o
0.25 1 —— Quartic law g 107" 5 —— 0,5 —e B(0),S
= = Equal-variance Gaussian 9 == 0, K == B(0), K
&
8
0.20 A 3]
=)
5 1072 4
=
§ 0.15 E
g g
@ g
0.10 “: 1073 4
o
-
=
[}
0.05 A g
T g-a
< 107%4
0.00 T : : : : : T L : : : : : : :
-20 -15 -1.0 -0.5 0.0 0.5 1.0 1.5 2.0 102 103 104 10° 106 107 108
z=A/Ly Critical entropy N =S,

Figure 3. Critical rounding and its finite-size convergence. (a) The limiting deficit By(A)/Ly as a
function of z = A/Ly, given by (4.13), and a Gaussian with the same variance. (b) Relative errors of
the four-dimensional width and central deficit against their limiting coefficients in (4.24), computed
separately for S(E) and K (E). All finite-N values use the full energy measure e(F)=8FdFE on the
outer-horizon branch.

For comparison with (4.10), the variable y = N'/4(R — 1) has limiting density proportional to
e=v"/4 and (S — ES)/N3/4 tends to 2y. The resulting coefficients are

Bs,n(0)
N3/4

gs
N3/4

— 1.644357917 ..., — 0.691367339. .., (4.24)

where Bg y(0) = 3E|S — ES|. These are also the limiting coefficients for K, although the two finite-N
distributions are distinct. Table 2 and figure 3 evaluate the full measure rather than only its quartic
approximation.

The exponent 3/4 enters the entropy transition because the fluctuating branch has a nonzero
linear response to R — 1 at the critical point. More generally, a generalized-entropy difference whose
derivative there is of order IV inherits this scale if its fluctuations are described by the same canonical
law. If the linear responses of the competing branches cancel, the difference need not have an N3/4

width. An application to a specified gravitational entanglement transition must therefore identify both
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the probability measure and the coupling of its entropy difference to the critical mode.

5 Finite reservoirs and conserved energy

The canonical distribution in section 4 describes a system coupled to a reservoir whose temperature does
not change appreciably during an energy fluctuation. A finite reservoir changes both the distribution
and the entropy difference relevant to a transition. In particular, fixing the total energy of a black hole
and its radiation does not fix the black-hole energy. We first separate these two constraints and then
determine the reservoir size required to retain the critical distribution.

5.1 Energy exchange and the variance of an entropy difference

Let the black hole and reservoir have entropies Sp(Ep) and Sgr(ER), with Eg + Egr = Eiot. In a
density-of-states approximation, their energy distribution is

p(EB) dEB o<eXp[SB(EB) +SR(Etot —EB)] dEB (51)

At a stationary point, Tp = T = T. Write e = Egp — Ep« and let Cp and Cr denote the heat
capacities at this point, with all other conserved parameters held fixed. The entropy expansion is

€2 1 1
Sp(Ep)+ Sr(ER) =S — 505 | = + == | + O(é%). 5.2
w(Es) + Sw(Br) = 5. - 5 (5 + - ) + 06 (5.2
Consequently, whenever the quadratic approximation controls the distribution,

1

VarEp = T?Cep,  Cer = (C5' +Cx') . (5.3)

For positive capacities this is the familiar harmonic combination appearing in the entanglement of a
finite-energy chaotic system [2]. The condition for local stability is

Cz'+Cz' >0. (5.4)

It is a condition on the combined system. A negative black-hole heat capacity is therefore compatible
with local stability against energy exchange if Cr > 0 and Cg < |Cg|. This local statement does not
establish dominance over other phases.

To first order in the exchanged energy,
€ €

DL p— (5.5)

058 = 7> T

Thus the entropy of either subsystem and the difference between them have different variances:
Var Sg ~ C.g, Var(Sp — Sg) ~ 4C.s. (5.6)

The factor of four follows from the anticorrelation imposed by energy conservation. If the two competing
entropy branches are S and Sg, their leading averaged-minimum deficit at equal mean entropies is

B(0) ~ ,/QCT‘?“ (5.7)

in the Gaussian regime. For Cp = Cr = C, this is \/C/m, or 1/Ciot/(27) with Cioy = 2C. The result
agrees with the enhanced correction for an equal bipartition in the energy-eigenstate calculation of
ref. [2].

therefore
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The total entropy, by contrast, is stationary at equilibrium: its fluctuation starts at second order
in e. Appendix C gives the resulting gamma distribution of the entropy loss and explains why its
variance is distinct from the subsystem variances in (5.6).

Equation (5.6) is specific to this pair of branches. More generally, for branches Fy(Ep, Er) and
Fy(Ep, ER), the coefficient multiplying € is

(Ory — Opg)(F1 — F2), . (5.8)

The variance relevant to the transition is the square of this coefficient times Var Fgz. A fluctuation
shared by both branches can cancel from their difference. In particular, a heat-capacity singularity
alone does not establish an enhanced entanglement correction.

Several ensemble limits can now be distinguished. The canonical variance of Sg is recovered when
Cr/Cp — oo, with Cp > 0. If C'p grows while C§ is fixed, the reservoir limits the energy fluctuations;
the Gaussian formula approaches Var Sg >~ Cg only if the reservoir itself admits the required quadratic
approximation. A genuinely small reservoir generally requires its full density of states. Fixing Ep
directly removes this classical energy fluctuation altogether. It does not remove the order-one Page
correction inside an allowed energy sector, nor does it imply that every fixed-total-energy state has
only order-one rounding.

5.2 A reservoir coupled to the charged critical point

At the critical point of section 4, the quadratic term in the canonical black-hole action vanishes. A
finite reservoir restores a quadratic term whose competition with the quartic black-hole action can be
computed explicitly.

Write M, = M(r.) and Eg . = Eiot — M.. Choose Eio so that the reservoir has temperature 7T,
at Fp = M.. Let e = Eg — M, and assume that its heat capacity Cr there is positive. Expanding its

entropy gives

€ 62

T. 2T2Cg

We first consider a finite limit of L%,/(2Cg). Assume that Rz (T.LxX) = o(1) uniformly for bounded
X, and that the allowed reservoir energies contain every bounded interval on this fluctuation scale for
sufficiently large N.

Entropy moments require global tail control in addition to this local expansion. At the fluctuation
scale ay, define

Sr(ERr,. —€) = Sr(ER,) — + Rr(e). (5.9)

FEre—c¢€)— E
TE 7 ZR,N _ SR( R,c 6) SR( R,c). (510)
AN anN

We require Y2 to be uniformly integrable under the normalized composite distribution. For results
involving reservoir entropy, we also require uniform integrability of 212%, - Here uniform integrability
means, for example, lim4_,o supy E[Yl%l‘be 4] = 0. In the present finite-limit regime we take
any = L. These conditions exclude rare remote regions that carry a vanishing probability but a finite
or divergent entropy variance.

The local remainder condition holds, for example, for a smooth extensive reservoir with Cr = N3/2
and nonsingular intensive response functions: its cubic entropy term on this scale is O(N =3/ 4). The
tail conditions are separate assumptions; they do not follow from the local heat capacity.

The first law and the critical scaling give

Ti =LyX +o(Ly), Ly=(d—1)a; " N34 (5.11)
C
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where X = (aqgN)Y*(r/r.—1) and aq = (d — 1)(2d — 3)/24. Combining the canonical action with (5.9)
yields the limiting density

67X47uX2 4 2 L
pu(X) = ——, S / e " 7Y da, u= lim -2 >0. (5.12)
Zu R

The local expansion and tightness give this normalized limiting law. The energy-moment condition
also controls black-hole entropy moments: on the RN outer-horizon family, |Sg — S.|/[B:|Ep — M.|]
is bounded uniformly in N, extends continuously through r., and tends to zero at large radius.
Local linearization and uniform integrability therefore give the leading entropy width and central
averaged-minimum deficit for the fluctuating black-hole branch,

op ~ Ly {(X?), Bg(0) ~ L7N<|X|>u (5.13)
The subscript on Bp specifies that the other branch is deterministic at the mean black-hole entropy.
For two entropy branches exchanged under the fixed-total-energy constraint, the leading fluctuating
difference is 2Ly X, and both the width and central deficit are twice those in (5.13).

The reservoir must therefore satisfy Cr > N3/2 to reproduce the unrestricted canonical critical
law. If O < N3/2  both terms in (5.12) survive. In the reservoir-limited double limit Cz — oo with
Cr < N3/2, we impose the same moment conditions separately at the narrower scale ay = /Cg,
together with Rr(T.\/Cry) = o(1) uniformly on bounded y and an allowed energy range containing
those intervals. Then ¢/(T.1/Cg) tends to a standard Gaussian, and

Cr

oB ~ \/CRg, Bg(0) ~ o

(5.14)
The quartic black-hole action on this narrower scale is O(C%/N?3) = o(1), whereas the reservoir
contributes y?/2. The moment conditions at this scale justify the Gaussian entropy moments in (5.14);
conditions only on the broader canonical scale would not suffice. The crossover capacity N3/2 is the
square of the canonical critical entropy width. In a regular phase the corresponding scale is only order
N, and an asymptotically unperturbed canonical variance requires Cg/Cp — 0.

In four bulk dimensions, the alternative variable y = N'4(r/r. — 1) makes the coefficients
particularly simple. With b = Cr/N3/2,

4 2
Y 2y o
pp(y) o exp(— - ) ) NTB}AL — 24/ (y2)s. (5.15)

Figure 4 displays this interpolation and the associated ratio Bg(0)/op. That ratio approaches 1/v/27
in the Gaussian limit and 27%/4 in the canonical quartic limit. Thus the reservoir changes the shape of
the entropy crossover as well as its width.

5.3 Additional constraints and energy sectors

The Gaussian calculation extends to several conserved quantities without assigning an independent
variance to each entropy branch. Let z be a vector of centered Gaussian fluctuations with positive-
definite covariance ¥, and impose linear constraints Az = 0, with A of full row rank. The conditional
covariance is

Yeond =% — SAT(AZAT) AN (5.16)

It follows by completing the square in the joint Gaussian density, or by subtracting the linear regression
of z on Az. For an entropy difference whose linearization is v" z, the variance is v S¢onqv. This formula
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Figure 4. Finite-reservoir modification of the four-dimensional charged critical distribution, computed
from the normalized density in (5.15). Left: the black-hole entropy width as a function of b = Cr/N3/2,
with the small-b asymptote o /N3/4 ~ Vb and the canonical quartic limit. Right: the ratio of the
central deficit to this width, interpolating between Gaussian and quartic values. For the difference of
two entropies exchanged under a fixed-total-energy constraint, both the leading width and deficit are
twice their black-hole-branch values.

applies when the unconstrained Gaussian exists. A negative-capacity subsystem instead requires direct
analysis of the constrained entropy Hessian, as in (5.2).

Finally, energy conservation can also change the Hilbert-space structure. Suppose the radiation
and black-hole spaces decompose into mutually orthogonal energy sectors and a pure state has the form

[B) =" \Palta),  |¥a) € Hro® Hp.a (5.17)

Tracing out the black hole gives a direct sum, and hence the exact identity

S(pr) =H(p)+ Y _paS(pra),  H(p)=—_ palogpa. (5.18)

An averaged minimum can approximate the entropies within sectors, but the sector entropy H(p) must
also be retained at the accuracy where it contributes. Energy-eigenstate calculations similarly organize
the entropy by the energy assigned to each subsystem, with additional care for interactions and finite
energy windows [2, 4]. This differs from the canonically weighted random-state model of section 2.
In particular, the spectral correction for energy sectors cannot be inferred by transferring the planar
correction of that model without a separate calculation.

6 Spinodals and phase coexistence

The charged critical point is not the only place where a black-hole heat capacity becomes large. A
spinodal and a first-order coexistence point nevertheless require different probability distributions.
Schwarzschild-AdS provides a direct way to separate them, because the minimum black-hole temperature
and the Hawking—Page temperature are distinct.
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6.1 The minimum temperature of Schwarzschild—AdS

For a spherical Schwarzschild-AdS black hole in d + 1 dimensions,

. Qd_l’r’dil . dr? + (d — 2)52

=" TO="gm

dr? + (d — 2)¢?

Celr) = (d= DS G557

(6.1)

The temperature has a minimum at

ro = m/%, Ty = vdld=2) (6.2)

27l

The large-black-hole branch has positive heat capacity for r > rg; the smaller branch has negative heat
capacity. Their merger at Tj is a spinodal, the endpoint of local stability of the large-black-hole saddle.

Set No = S(ro), . =r/ro—1, and tg = (T —Tp)/Tp. The exact ratio Ty /To = 3[(1+2)+(1+z) 7}
and the first law imply

T M
I'(z) = S'(z) ( HT(JU) - 1) . I=7%-S. (6.3)
Consequently, in a neighborhood of the spinodal,
3
I(z) —I(0) = (d — 1)Ng <$6 — toz> + O(No[x4 + [to|x? + t(2)|x|]) . (6.4)

For small positive tg, the two stationary radii satisfy x4 = £1/2¢y + O(t), with the plus sign denoting
the locally stable saddle. The entropy width obtained by a quadratic expansion about this saddle is

o5~ \/Cy~ /(d—1)Ng (2t) /2, (6.5)
Its validity requires the radial fluctuation to remain small compared with the distance to the unstable
saddle. Equivalently, the action barrier

I(e_) = I(ws) ~ 43@@ — )Nt (6.6)

must be large. Both conditions give
to > Ny 2/, (6.7)

The divergent Gaussian width cannot be extrapolated through this range boundary. In particular,
equating (6.5) to the order-Ny entropy would require ¢, < N; 2, already far outside its regime of
validity.
The cubic normal form also explains why the critical-point argument does not carry over directly.
The function exp[—(d — 1)y?/6] is not integrable on the full real line. If one imposes a hard restriction
to the large-black-hole basin, then ¢y = 79N, 23 and © = Ny 1/ 3y give the formal conditioned density
3

pE(‘;"Sin(y) X exp [(d -1) <y6 — ToZJ)} ) y > —V2rm, 71020 (6.8)

It produces entropy fluctuations of order Ng /3 This is a statement about the specified basin restriction.
A dynamical quasistationary distribution need not equal (6.8), and the vanishing barrier prevents a
general inference of a long-lived metastable state at 79 = 0. We therefore do not assign the conditioned
scale to the equilibrium canonical Page transition.
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6.2 The Hawking—Page mixture

The Hawking—Page transition occurs instead at [7]

a-1
2ml

At this point the classical free energies of thermal AdS and the large black hole coincide. Between Tj
and Typ, the large black hole is only metastable in the canonical ensemble that includes thermal AdS.
At Typ, its conditional heat capacity is finite:

THp = g, Typ = > Tp. (69)

Conp = (d —1)*Sgp. (6.10)

Its within-phase entropy width is therefore of order 811{/13 , not divergent.
For an equilibrium model containing both phases, the additional fluctuation is the choice of phase.
Let w be the probability of the black-hole phase, and let up,ua and Vg, Va denote the conditional
means and variances of a chosen random variable in the black-hole and thermal-AdS phases. The law
of total variance gives
V=wVg+ (1 —w)Va+w(l —w)(up —pa)? (6.11)

For canonical modular energy K = SE + log Z, the mean separation at coexistence is SAM to leading
order. The equality of free energies gives SAM = AS < Syp. Thus a mixture with both weights of
order one has an order-Syp width. The dominant term in (6.11) is the separation of the phases, and
the distribution is bimodal rather than a Gaussian with a large variance.

The temperature range supporting both phases follows from their partition functions. Write
Z; = A;e i, where i = A, B and the factors A; include fluctuations around each phase. With
0 = (T — Tup)/Tup,

B 1

T T explls — Ia — log(Ap/AA)]

Ip — Iy = —ASH+ O(Supb?), (6.12)
The coexistence window has relative temperature width O(Sﬁé). A prefactor ratio whose logarithm
is O(log Sup) shifts the equal-weight temperature by O(log Sup/Sup), without changing that width.
The classical equality of actions should not be confused with exact equal probabilities at finite entropy.

The entropy model of section 2 can be applied to this mixture by retaining both components of the
modular-energy distribution. For illustration, two equally weighted narrow components separated by
D give a central deficit B(0) = D/4 at leading order. The crossover has two changes of slope separated
by D; replacing the mixture by a Gaussian would lose this structure. A gravitational application
requires more: the candidate generalized-entropy surfaces must be specified in each phase, and the
entropy of the phase mixture must be treated consistently. Equation (6.11) alone does not supply those
ingredients.

6.3 Charged coexistence below the critical point

The small/large charged-black-hole transition provides a further distinction between a first-order line
and its critical endpoint [5, 6]. In four bulk dimensions its coexistence curve is known analytically [15];
the following radius-ratio parametrization makes the equality of free energies explicit. For this paragraph
use the conventional geometric units G = 1, take the metric charge parameter ¢ > 0 without loss of
generality, and define P = 3/(87¢?). The temperature and Gibbs free energy at fixed P, q are

1 q> r 8tPr?  3¢°
T() = <1 + 87 Pr? — 702) o G =73 (1 -—5t) (6.13)
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Figure 5. Distinct thermodynamic mechanisms in four bulk dimensions. Left: the Schwarzschild-AdS
temperature curve separates the merger of black-hole saddles at T from coexistence with thermal
AdS at Tgp. The locally stable branch between these temperatures is metastable when thermal
AdS is included. Right: the charged small/large-black-hole coexistence curve, computed from the
equal-temperature, equal-free-energy solution (6.14), terminates at the charged critical point.

If \=rs/r; € (0,1] and Dy = A2 4+ 4) + 1, equal temperatures and Gibbs free energies are satisfied by

VD
rs = q\/ Dy, Tz=q A

A )
3\? A1+ A
P . - A+N (6.14)
87Tq2D>\ Wqu/z
Substitution into (6.13) verifies both equalities directly. With p = P/P, and ¢ = T /T,
362 3VO6A(1+ A 3 —
p=22 g VLN oy pB—VB) (6.15)
D3 D¥? 2
A

Figure 5 compares these phase boundaries. The first-order line has two distinct stable saddles. At
its endpoint the separation vanishes and the quartic distribution of section 4 replaces the two-saddle
approximation. The coexistence curve determines the relative saddle locations and actions; it does not
determine an entanglement transition without a state and entropy prescription. Island calculations for
charged AdS black holes address that additional geometric problem [12].

The resulting hierarchy is conditional on the stated ensemble. In an ordinary stable phase, the
width scales as the square root of the black-hole entropy. The charged canonical critical point instead
gives N3/%, while coexistence gives a width proportional to the latent entropy when both phase weights
remain finite. The formal Ng /3 spinodal scale additionally requires a restriction to a metastable basin.
These powers describe different distributions and cannot be inferred from one divergent Gaussian
heat-capacity formula.

7 Corrections away from criticality

Away from critical points and coexistence, a single stable canonical saddle produces Gaussian fluctuations
at leading order. The first corrections depend on which fluctuating observable is used. This matters
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even when the leading entropy variance equals the heat capacity: the thermodynamic entropy S(F) is
nonlinear in energy, whereas the canonical modular energy K(F) is affine.
7.1 Two cumulant formulae

Let Seq(T") = S(E«(T)) denote the entropy at the nondegenerate saddle S’(E,) = 1/T, and let

dE, dSe
c(T) = a7 =T qu.

(7.1)

All other thermodynamic variables are held fixed. Suppose the system is extensive in a large parameter
N, the saddle remains separated from boundaries and other saddles, and its derivatives admit the usual
regular Laplace expansion. In the density model (2.16), the leading extensive cumulants of S(E) are

1 dn—l Seq

KH[S(E)] =1"" d7n-1

+0(1), n=2 (7.2)

The remainder here presumes a smooth, regular prefactor; it is not a formula at a degenerate saddle.
To derive (7.2), introduce a source A for S(FE). The tilted exponent is (1+ A)S(F) — SE, and its saddle
is E.(T(1+ X)). Differentiating its stationary value once with respect to A gives Seq(T'(1 + A)); further
derivatives give the displayed result. In particular,

K2[S] = C'+0(1),

k3[S]=TC" — C + O(1),

K4[S] = T2C" — 2TC' 4 2C + O(1), (7.3)
where primes denote temperature derivatives.

For K = BE + log Z, no saddle approximation is needed. Let C.., = dEE/dT be the exact
canonical heat capacity of the model. The cumulant generating function gives

kn[K] = (=8)"05 log Z, n>2, (7.4)
and therefore

K2 [K] = CcaIu

k3|K] =TC!,, + 2Ccan,

k4| K] = T2CY 4 6TC.,,, + 6Cean- (7.5)

The leading terms of C.,, and C agree under the preceding saddle assumptions. Their common variance
does not make the higher cumulants interchangeable.

As a simple example, suppose Seq = AT™, with A > 0 large and m > 0 fixed. This includes the
leading large-radius AdS equation of state with m = d — 1. At leading extensive order,

Ko[S] = MSeq,  K3[S] =m(m —1)Seq, Ka[S] = m(m — 1)(m — 2)Seq,

(7.6)
Ko[K] = mSeq, K3[K]=m(m+2)Seq, ka[K]=m(m+2)(m + 3)Seq.

For instance, m = 2 gives vanishing leading fourth cumulant for S(E) but a nonzero leading fourth
cumulant for K(F). The equality of their broad Gaussian limits is consistent with this difference: their
standardized third and fourth cumulants still vanish as N~/2 and N~!, respectively.
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7.2 Integrating the Edgeworth expansion

Let £ be the centered entropy fluctuation of interest, with its actual standard deviation o, standardized

= r3¢] vy = Kal€] (7.7)

o3’ ot ’

cumulants

and a regular density expansion about a Gaussian. For a noncritical extensive family, y; = O(N~1/2)
and 72 = O(N~1). To this order the density of Y = ¢/o is

2
71 Y2 g
prl) = o0) |1+ Ea(0) + 2 ) + T o) + 7o) (78)
where H,(y) = (=1)"¢(y)"'d"¢(y)/dy™ are the probabilists’ Hermite polynomials. To use this
expansion for an entropy expectation, one needs an integrated remainder bound, not just pointwise
convergence of the density. For bounded z = A /o, the condition

/R (1+ lyDlrv(v)] dy = o(N~Y) (7.9)

is sufficient for the remainder below to be o(c/N). Such a bound is an additional regularity assumption
on the noncritical family.
Two integrations by parts give

/Rmin(z,y)gb(y)Hn(y) dy = —¢(2)Hp—2(2), n>2. (7.10)

Thus the entropy correction contains Hermite polynomials of two degrees lower than the density
correction: )

Mmpﬂm@ymwﬂgm@+ﬁm@+%m@%wwm. (7.11)

The squared-skewness term is the same order as the fourth-cumulant term and must be retained. At

the crossing of the means,
B@:"P+ﬁ_”+qNﬂ} (7.12)
V2T 24 .

The first-order skewness correction vanishes there. Away from the center it is generally of order one,
because oy, = O(1).

In the power-law example of (7.6), the leading entropy-variable cumulants give

i—v m-1

-2
24 24mSeq + 005 ). (7.13)

eq

whereas the modular-energy cumulants give —(m + 2)/(24mSeq) + O(S,2). This sign difference is a
direct consequence of using different random variables. In both cases an order-one correction to the
variance itself changes B(0) at the same absolute order as the displayed non-Gaussian term. Replacing
the actual o in (7.12) by its leading saddle value therefore loses part of that order.

Equations (7.11)—(7.12) concern the averaged minimum. They neither supply an order-one
gravitational correction nor replace the planar correction in Proposition 2.1. For the canonical random-
state model, one must use the cumulants of K, retain the specified diagonal kernel if that accuracy
is sought, and distinguish its entropy from Spianar. At the charged critical point the standardized
cumulants do not vanish, and the quartic law of Section 4 must be used directly.
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Table 3. Entropy standard deviations in the ensembles specified in the text. The first three rows
refer to a single fluctuating entropy branch, or to canonical K where appropriate. A general branch
difference also requires its response coefficient. Here S, is a regular saddle entropy, N = S., Ny = S(ro),
and Syp is the Hawking—Page black-hole entropy.

Regime Width Distribution and conditions

Regular canonical O(Si / 2) Gaussian; a single nondegenerate saddle with C' =<

phase S, and controlled tails.

Charged  critical O(N3/4) Quartic; critical charge and |T — T.|/T. =

point O(N—3/%), with an effectively infinite reservoir.

Reservoir-limited ~ +/Cg Gaussian when 1 < Cr < N3/2, subject to the

critical point local expansion and moment conditions of sec-
tion 5.

Hawking-Page mix- O(Syp) Two phases with nonvanishing weights and an ex-

ture tensive separation of their modular-energy means.

Conditioned spin- O(Ng / 3) Cubic law restricted to the prescribed large-black-

odal hole basin; a metastable conditioning, not a canon-

ical equilibrium prediction.

8 Discussion

The charged critical point admits a controlled entropy crossover after the Gaussian approximation has
failed. Within the Reissner—Nordstrom—AdS density-of-states model, the quartic saddle determines both
the S’f/ * scale and the limiting shape. The regular examples, critical calculation, and finite-reservoir
analysis identify how that result depends on thermodynamic stability, the preparation of the state, and
the entropy observable. We now compare these dependencies and their implications for gravitational
entropy transitions.

8.1 Distinct mechanisms of finite-size rounding

In a regular canonical phase, the entropy fluctuation is the linear response to an approximately Gaussian
energy fluctuation. Its standard deviation is v/C to leading order. The large-radius AdS relation
C ~ (d —1)S then fixes the coefficient, as illustrated in section 3. The square-root law follows from a
nondegenerate extensive saddle; the equation of state supplies the dimensional dependence. The exact
finite-radius expression and the BTZ example show which parts of that relation persist beyond the
large-radius approximation.

At the charged endpoint, the disappearance of the quadratic and cubic terms changes the radial
scale from N—1/2 to N=1/%, Since the entropy has a nonzero linear derivative of order N, its width
becomes N3/%. The resulting correction is enhanced but still subextensive: its ratio to N vanishes
as N~1/4. First-order coexistence has a different origin. There the phase label fluctuates between
two components whose means are separated extensively. A mixture with finite weights can retain an
extensive entropy deficit, even though the distribution within either phase remains narrow. Table 3
collects the scales and their distinct probability distributions.
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The profile contains information beyond its width. For example, the central ratio B(0)/o distin-
guishes the symmetric quartic law from a Gaussian of identical variance, while a two-phase mixture
produces two separated changes of slope. Equation (2.6) makes this distinction precise: varying the
reference dimension at fixed thermodynamic state gives the density of the centered modular energy
through the curvature of the leading averaged minimum. The integrated identities in appendix B
recover its moments. These statements concern a scan that translates the entropy difference while
holding its fluctuation law fixed. A temperature scan also changes that law and therefore requires the
two-variable profile (4.19).

8.2 Modular fluctuations and the response of an entropy difference

The modular-energy variance has a standard quantum-information interpretation. For a normalized
density matrix p, with tr p™ twice differentiable near n = 1, the capacity of entanglement is [31]

Cent(p) = trp[~logp— S(p)]* = 82 logtrp"| _, . (8.1)

For the canonical black-hole state pg = Z~1e PH | this is exactly Var K = 32 Var E = C,,. Thus the
critical law gives a finite capacity of order N3/2 for this state, with the coefficient in (4.14). This is
the capacity of the canonical input state, rather than a calculation of the capacity of the reference
state after the random-state construction. The distinction between K(E) and S(E) in section 7 also
persists: equality of their leading broad limits does not identify all their cumulants.

For two fluctuating branches, the relevant response is that of their difference. Let Dy = Fy — F5
denote a specified entropy difference and suppose its critical response has the form

Dy —EDy = Ney(R—ER)+ Ry,  ER% = o(N%/?), (8.2)

where ¢; # 0 has a finite, nonzero limit. If R has the canonical critical distribution of proposition 4.1,
its moment convergence gives

op ~ [erla; AN/ ?% (8.3)
At the crossing of the means, the averaged-minimum deficit for these branches has the same limiting
ratio Bp(0)/op — 275/%. Equation (8.2) states both the response and the moment control needed
for that inference. For the canonical model, F} = K and F; = s give ¢y = d — 1 at leading order. If
the two responses cancel, the nonlinear terms and any other fluctuating modes determine the result; a
heat-capacity singularity alone does not specify it.

This projection is also useful away from criticality. If z denotes several regular thermodynamic
fluctuations, D — ED ~ vz has variance v" Xv, with ¥ = Cov z. Conserved quantities replace ¥ by
the conditional covariance in (5.16). An extension allowing angular-momentum or charge exchange
would therefore require the susceptibility matrix in the chosen ensemble, its stable or critical directions,
and the response vector v. The scalar heat capacity at fixed angular momentum or charge supplies
only one part of that calculation. In particular, a critical direction contributes an enhanced transition
width only when the entropy difference has a nonzero component along it.

8.3 Relation to fixed-area states and quantum extremal surfaces

The geometric setting for this response calculation is the competition between extremal surfaces. The
Ryu-Takayanagi prescription and its covariant extension select an area extremum homologous to the
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boundary region [26, 27]. The quantum extremal surface prescription replaces area by generalized
entropy [8]. For candidate surfaces ;, the two branch values schematically take the form

A(i)

Fi = Sgcn(’yi) = 4G

+ Sbuik (74), D=F, - F;, (8.4)

with the area and bulk entropy combined in a consistent renormalization prescription. The response
in (8.2) would then include the change of each surface and of the associated bulk state as the
thermodynamic geometry fluctuates.

Fixed-area states provide a way to organize those fluctuations. Dong, Harlow and Marolf showed
that projecting appropriate semiclassical states onto a definite extremal-surface area yields a flat
entanglement spectrum at leading order in 1/G [28]. Akers and Rath obtained the corresponding
maximal-entanglement condition within area eigenspaces from the quantum-error-correction descrip-
tion [29]. These results separate the spectrum within a fixed geometric sector from the weights assigned
to different sectors. Marolf, Wang and Wang subsequently used joint fixed-area fluctuations and a
diagonal approximation to study enhanced corrections at entropy transitions [3]; Dong and Wang
derived an enhanced correction by including replica saddles in a chaotic holographic example [4]. In this
setting the covariance of the two areas, and of their bulk-entropy corrections, is essential. Replacing
it by two independent copies of a black-hole heat capacity would generally give a different entropy
difference.

The thermodynamic calculation here supplies a candidate non-Gaussian law for one critical
collective mode. To obtain a gravitational application, one can first identify the two quantum extremal
surfaces in a specified state, calculate their difference along the charged family, and test (8.2). One must
also establish that the state samples the critical mode with the assumed measure and that other saddles
or charged-matter instabilities do not dominate. If these conditions hold and the branch-averaging
prescription is valid at the enhanced order, the quartic profile follows without replacing the critical
mode by a Gaussian. Studies of islands in charged AdS geometries address the required surface
competition [12]; the fluctuation and state-preparation analysis is the complementary ingredient.

Replica-wormhole calculations establish the island mechanism for the entropy of Hawking radiation
in concrete gravitational models [9-11]; ref. [30] reviews the relation among these constructions. They
motivate comparing competing generalized entropies, while the treatment of fluctuations depends
on the state and replica calculation. Leading spectral flatness within a fixed-area sector does not
by itself determine the order-one interpolation between competing entropy branches. The weighted
random-state model in section 2 specifies that interpolation through its planar spectrum, allowing the
leading thermodynamic rounding and the spectral correction to be studied separately.

8.4 Reservoirs, isolation, and dynamical interpretation

A reservoir reproduces the canonical critical law only if it can exchange an energy of order T,N3/4
without an appreciable quadratic entropy cost. This requires Cz > N3/2. An ordinary extensive
reservoir with C'r < N instead gives a width of order N'/2 under the regularity conditions of section 5.
Consequently, the same mean critical geometry can have different leading entropy fluctuations in

Xt—ux? quantifies this difference rather than

different preparations. The crossover distribution e~
assigning a single width to the geometry.

Energy conservation also changes the observable. For energy exchange between two systems, the
first-order entropy variations are opposite, so the difference Sp — Si has twice the standard deviation
of either entropy separately. The first-order fluctuation of their sum vanishes. Its quadratic entropy

loss has the gamma distribution in appendix C, with variance 1/2 for one Gaussian mode. These three
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observables—a subsystem entropy, an entropy difference, and the stationary total entropy loss—can
therefore have parametrically different fluctuations in the same state.

The finite-reservoir analysis remains useful for negative heat capacities. For an asymptotically flat
Schwarzschild black hole in d + 1 > 4 dimensions, T oc 7" and S oc 74 imply C5 = —(d — 1)S. A
positive reservoir can yield a local entropy maximum against energy exchange if Cr < |Cg|, as follows
from (5.4); confinement and global phase dominance require separate physical specifications. Fixing the
black-hole energy itself removes the classical energy fluctuation in this model. Fixing only the energy
of the composite system permits exchange and need not do so. Neither constraint fixes the quantum
variance of area in an unspecified state, nor determines an evaporating black hole’s entropy profile.

A time-dependent application requires an evolution law in addition to a static ensemble. For a
prescribed, locally monotone mean entropy difference b(tphys) and a fluctuation law that varies slowly
across the crossing, an entropy width op corresponds locally to
oD

L (8.5)
|dD/dtphys |

Olphys ~
Using an equilibrium law along an evolving trajectory further requires equilibration on a timescale short
compared with the change of the control parameters. This condition deserves particular attention near
a critical point, where relaxation can slow down [13]. The equilibrium temperature window derived
here specifies where the quartic distribution is needed; the emission dynamics and relaxation rates
determine whether a given evaporation process samples that distribution.

8.5 Subleading corrections and numerical reproducibility

The leading entropy deficit, corrections to its thermodynamic distribution, and the planar spectral
correction enter at different stages. At the symmetric critical crossing, the planar entropy exceeds
the full diagonal Page approximation by (log2)/2 in the broad-distribution limit [14]. Obtaining this
bounded difference uses the same finite-size thermodynamic law in both expressions. It does not
amount to truncating the entropy expansion after the N3/4 term and adding a universal constant.
Nonquartic action terms, the density-of-states measure, and the displacement of the mean can give
larger intervening corrections. A gravitational calculation at order one must additionally include
bulk-field entropy and the appropriate fluctuations about the replica saddles.

All numerical results are deterministic quadratures or evaluations of the printed thermodynamic
formulas; no observational data or fitted phase diagrams enter the figures. In four dimensions we
integrate over the physical outer-horizon branch, using y = N'/4(r/r. — 1) and the measure dM. The
critical action is evaluated in its factored form to avoid cancellation. At nonzero reduced temperature
t, the action difference is computed as

4
o(R) — () = YEZDE
The entropy and modular-energy means are computed separately before their absolute deviations are
integrated. The finite-reservoir quadrature is rescaled by its Gaussian width when the reservoir is
small.

Be[M(R) — M(1)]. (8.6)

The numerical supplement preserves the computations and the figure programs, together with their
output.! Algebraic checks evaluate the critical action derivatives in dimensions d = 3, ..., 10, verify

'The active manuscript is assembled by scripts/build_paper_jhep2.sh. Critical results are generated
by figures/code/compute03_jhep2.py; the accompanying fig03, £ig04, and fig05 programs produce the
corresponding figures. Complete commands and dependency requirements are given in the project’s build
instructions.

— 28 —



equality of temperature and free energy on the charged coexistence curve, and check the integrated
Edgeworth polynomials. Numerical checks compare tighter quadrature tolerances and larger integration
intervals and verify the exact deficit moment identities on a centered asymmetric distribution. The
stated asymptotics are derived analytically; these calculations test their finite-size realization.

A Thermodynamic conventions and dimensional examples

This appendix collects the equilibrium formulas used in the fluctuation analysis. The neutral and

charged families share an area law and a first law, but their stability conditions and admissible

ensembles differ. We give the derivatives explicitly, distinguish a temperature minimum from phase

coexistence, and specify the relation between fixed AdS length and extended black-hole thermodynamics.

Throughout, h = ¢ = kp =1 and G = G441. The bulk dimension is d + 1, the boundary spacetime
dimension is d, and

27Td/2

Q _ = —-————

T/

is the area of the unit sphere. Except in the BTZ subsection, d > 3. All response functions below are

classical saddle quantities; the finite-size canonical heat capacity in section 4 is defined instead by the

(A1)

variance in the full partition function.

A.1 Neutral spherical black holes

The Schwarzschild-AdS metric and its horizon condition are

ds? = —f(r)dt® + ar +r2d03 firy=1- By ~ (A.2)
- f('l") d—1» - Td_Q 162’ .
2
=214 _ ([@= D8y
po=r (1+ €2>, M= el (A.3)

Here r is the horizon radius. The energy convention subtracts the global-AdS vacuum energy. Any
common, temperature-independent vacuum shift leaves the heat capacity and free-energy differences
unchanged. Euclidean regularity and the area law give

fliry)  (d—2)+dr? /e Qa1
Ty — — =+ A4
a 47 dmry ’ S 4G (A-4)
These are the standard spherical AdS thermodynamic functions [7, 23].
For fixed ¢ and G, differentiating the horizon mass verifies the first law directly:
dM  (d—1)Qq_r1® dr? ds
— =T (d-24+—"" | =Tyg—. A.
dr. 167G =2+ Tar, (A.5)
Consequently the fixed-¢ heat capacity is
oM dsS/d ATy dr? 0> —(d—2
o, = (OMY _p, dS/dry n_ dri/f-(d=2) (A.6)
oy ), dTy /dry dry 4mrs
dr? d—2)¢?
Co = (d—1)g =+ (d=2) (A7)

dr} — (d—2)¢%
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Table 4. Neutral spherical black holes in four, five, and six bulk dimensions. Here y = ri /0? and G is
the Newton constant in the indicated bulk dimension. The heat-capacity column applies away from its
pole and is positive only on the large-black-hole branch.

d+1 Qd—l S 47T’I“+TH Cg/S
4 4 ™2 /G 1+3y  2(1+4+3y)/By—1)
5 2t wi/(2G) 244y 3(1+2y)/(2y—1)
6 8r%/3 2r*ri/(3G) 345y 43+ 5y)/(5y —3)

In particular, the factor Ty in the first line is required. The on-shell free energy relative to thermal
AdS at leading classical order is

Q, d—2 2
F:M—THS:M’<1—T+>. (A.8)

Thermal excitations about the AdS vacuum give subleading contributions to this comparison and can
shift finite-entropy phase weights.
Equations (A.7) and (A.8) answer different stability questions. The heat-capacity pole occurs at

d—2 d(d — 2)

=fy/—= Ty=Y— ", A9
7o T 0 57 (A9)
For r; < rp, the black-hole saddle has negative heat capacity and is unstable to canonical energy
fluctuations. For rg < ry < £, it is locally stable within the black-hole family but has higher free
energy than thermal AdS. At r; = ¢, the two classical free energies agree; for ry > ¢, the black hole

dominates this two-phase comparison. Thus

d—1 Tup d—1

Typ = ——, =2 __ S 51 Cuup=(d—1)2Sup. A10
HP 271’£ TO d(d — 2) ¢,HP ( ) HP ( )

The inequality follows from (d — 1)? = d(d — 2) + 1. The spinodal and the Hawking-Page transition
remain distinct in every finite dimension, even though their temperature ratio tends to one as d — co.

Negative heat capacity of one saddle does not mean that the complete canonical ensemble is
undefined. It means that a quadratic expansion about that saddle cannot give a normalizable local
energy law. The stability statement also depends on the boundary conditions: a finite cavity at fixed
wall temperature and radius defines a different canonical problem and can stabilize a Schwarzschild
black hole [24]. No cavity response function is used here.

The large-radius expansion of the response is

Cy 2(d — 2) 2 Iz
st ztolaE) (A.11)

This expansion concerns 74 /¢ — co. It is not a consequence of large entropy alone: taking G — 0 at
fixed r4 /¢ makes the entropy large without changing Cy/S. For example, the ratio at r = 2¢ is 26/11,
27/7, and 92/17 in the three rows of table 4. These exact finite-radius values are the appropriate
coeflicients for a semiclassical sequence with that geometry held fixed.
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Table 5. Distinct neutral stability and coexistence scales. The spinodal is at rg and the Hawking—Page
radius is ¢ in every row. The two heat-capacity columns refer to the black-hole phase alone.

d+1 ro/t 2mlTy 2mlTyp Cypup/Sup  lim,, o0 Co/S
4 1/V/3 V3 2 4 2
5 1/vV/2 22 3 9 3
6 +/3/5 V15 4 16 4

A.2 BTZ and the vacuum energy

The nonrotating BTZ solution is most simply written with the massless BTZ geometry at zero energy

[19]:

r T T4 T4

= — —8G3M Mprz = —+— Ty = = . A.12
f(r) 12 sMprz, BYZ = G H=5 e (A.12)
Differentiation gives dMgty = TydS and, at fixed £ and angular momentum .J = 0,
ds
Cryj=Tyg—=25. A.13
s = Tu g (4.13)

The temperature is monotone; there is no positive-temperature spinodal on this branch. The equality
in (A.13) is a thermodynamic identity, not an identification of the BTZ entanglement problem with a
two-dimensional dilaton-gravity model.
The free-energy comparison requires a common vacuum convention. Global AdS3 has Maqs =
—1/(8G3) in (A.12), whereas Frz = —r3 /(8G3(?). Relative to thermal global AdS,
1 1—r% /e

E = Mgtz + —-, Fprz — Fags =

A.14
8G's 8G's ( )

The classical saddles therefore coexist at r = £ and Ty = 1/(27¢), despite the absence of a temperature
minimum. Indeed, setting d = 2 in the neutral metric (A.2) is consistent precisely when its mass is
interpreted as F, rather than Mpgtz. The additive shift explains why the temperature and capacity
specialize correctly while an unqualified comparison of absolute masses or free energies does not.

A.3 Charged spherical black holes and fixed charge

For the Einstein-Maxwell normalization with bulk Lagrangian (167G)~'(R — 2A — F,,, F*¥), the

charged metric is
2 2
B 1 q r _d(d—1)
fr)=1-amtsmte A=——5p
The metric charge ¢ has dimensions of length to the power d — 2. The conserved Maxwell charge and
the potential difference between infinity and the horizon are [5]

Q:«/Z(d—l)(d—Z)Qd_lq o_ | d-1 4 (A16)

871G ’ 2(d —2) p4-2

. (A.15)

These conventions give dM = TydS + ®dQ at fixed ¢,G. Thus fixing ¢ and fixing ) specify the
same ensemble within each fixed-G theory. Along the semiclassical sequence G — 0 at fixed geometry,
however, @) changes between theories as G~!; it is ¢ that remains fixed in section 4.
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The horizon condition, area law, and surface gravity give

@A=1)Q1 (400 T Qq1rf”!
M=——"" —= S=—"_ A17
G\t T’ rz ) iG (A-17)
1 dr2  (d—2)¢?
Ty = d—2+4+ -+ 2 2 A.18
H 4rry < + 02 rid*‘l ( )
Only the outer-horizon branch with T > 0 enters the density of states used here. Its extremal endpoint
obeys
2 2
q drext
—_— =14+ —=. A.19
R T (449

At fixed ¢, ¢, the derivative controlling local stability is

dr? d—2)(2d — 3)¢?
Th(re) = ;7 [~(d=2)+ T2+ 4 igH )" | (A.20)
+ +

Combining this expression with M’ = Ty S’ gives

(d—2) + dr2 /0% — (d — 2)g%/r2?~*
—(d—=2)+dri /> + (d—2)(2d — 3)q2/7ﬂ_2~_d—4'

Cog=(d—-1)S (A.21)
For 0 < |g| < ¢, the two zeros of the denominator bound the unstable intermediate branch. Each
zero is a spinodal; equality of free energies of the two stable branches determines coexistence. The
fixed-charge free energy is

Qi (a4 (2d-3)¢
F o=M—TyS = L amoe ) A.22
a 2= 16nG (” Zh =2 (A-22)

An extremal-reference subtraction shifts this expression by a constant at fixed charge and does not
alter the small/large-hole coexistence condition. Its absolute zero is not a Hawking-Page criterion:
uncharged thermal AdS is not a competing state at the same nonzero fixed charge. Additional charged
matter phases would require their own free energies.

For completeness, the critical geometry follows from two elementary derivative conditions. Write
n=d— 2. From T} (r.) = 0 and then T}, (r.) = 0 one obtains, respectively,

2

@ _ 1 e _ LR (A.23)
r2n (2n+1)(n+1)’ 2 (n+2)(n+1)
Substitution into the temperature yields
(d—2)? 3T (re)
T. = , = =2d—3>0. A.24
7(2d — 3)r, T, ” (A4.24)

The resulting cubic temperature variation produces the quartic canonical action proved in section 4.
At the critical point, (A.21) is a singular saddle response, whereas the finite-size canonical variance
remains finite. For |g| > g., there is no pair of spinodals in this spherical family.
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Table 6. Charged critical geometry at fixed AdS length. We take g. > 0; the geometry is invariant
under g, — —¢q.. The powers of £ in the charge and entropy columns depend on dimension.

d+1 r./¢ qc/fd_2 T, GSC/Zd_l
4 1/V6 1/6 V6/3 /6
5 1/V3 1/(3V15) 4V3/5 w%/(6V3)

A.4 Fixed AdS length and extended thermodynamics

The fixed-f ensemble in the main text varies the mass of black-hole states in one theory. Extended
thermodynamics additionally permits variations of the cosmological constant. At fixed G, define

A d(d—-1) oM Qq_1rd
P J—— — — —_— = . A.2
&G 16mGI2’ v ( opP )SQ d (4.25)
The expanded first law is
dM = TydS + ®dQ + VdP, (A.26)

so that M is interpreted as enthalpy in this enlarged variable space [6, 25]. Differentiating the r¢ /¢
term in (A.17) immediately verifies the volume in (A.25). A useful further check is the Smarr identity

(d—2)M = (d—1)TyS + (d — 2)®Q — 2PV. (A.27)

At fixed G, fixing £ is equivalent to fixing P, and fixing ¢ is equivalent to fixing (). Hence the
numerical response function used throughout the paper satisfies

oS
Coq=Cprq=Tn (8TH > o’ (A.28)

It is not the extended-thermodynamic Cy . For these static spherical solutions, both V' and S depend
only on r; at fixed G. Keeping V fixed therefore keeps S fixed, giving

oS
v,

This vanishing response does not imply vanishing fluctuations in the fixed-¢ canonical ensemble; the
constraints are different. Likewise, the thermodynamic volume V is not the boundary spatial volume
that is held fixed by specifying the asymptotic geometry.

In four bulk dimensions, setting G = 1 reduces (A.25) to P = 3/(87¢?), the convention used
for the coexistence curve in section 6. Rewriting that curve in pressure variables does not change
the fixed-charge stability analysis. The statistical model in section 4 continues to use the mass M
as its canonical energy at fixed ¢; no additional fluctuating volume or pressure degree of freedom is
introduced.

B Exact identities for averaged entropy branches

B.1 Integrated deficits

For a centered random variable £, equation (2.4) has the useful one-sided forms

B(A) = {E(é ~A)y, A0,

E(A - £) A<o uy = max(u, 0). (B.1)
- +> =Y,
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If E[¢|"*2 < oo, Fubini’s theorem applied separately to the positive and negative half-lines gives

E£n+2
/A”B(A)dA:—, n=0,1,2,.... (B.2)
R (n+1)(n+2)
Indeed, a fixed £ > 0 contributes fog A" (€ — A)dA = €2 /[(n + 1)(n + 2)]; integration from & to zero
gives the same formula for £ < 0. The absolute moment assumption also makes the signed integral
absolutely convergent. The first three identities are

2 3 4
/BdA:%, /ABdA:%, /AzBdA:%. (B.3)

The total integrated deficit measures the variance, while its asymmetry measures the third centered
moment. These statements assume a single fluctuation law translated by A; if the thermodynamic
distribution changes as the control parameter is scanned, its derivative must also be included.

The fixed-area Page correction changes these identities in a calculable way. Define

1 1
Myiag(A) = E [min(A,E) - 26'“} ) = e (B.4)
Here ¢ is a probability density with variance two. If £ has density p¢, differentiation in the sense of

distributions yields

The second equation follows from (1 — 93)¢ = . In particular,
o2
/ [min(A,0) — Maiag(A)] dA = 5 L (B.6)
R

The extra unit is the integrated fixed-area correction. It is not a lower bound on the variance of a
gravitational area operator, and (B.6) is not an identity for the exact planar entropy.
B.2 The full Gaussian diagonal profile
The Gaussian law also permits an exact evaluation of the exponential term in the diagonal approximation.
Let £ ~ N(0,0?), with o > 0, and set z = A/o. Splitting the expectation at £ = A and completing
the square gives
Qc(A, o) == Ee™1A~¢l

= 602/2_A‘I>(Z —o)+ 602/2+A(I)(—Z — o). (B.7)

For example, the first contribution is e~ fono e*¢(x/o)dx/o; the shift  +— x — o2 gives the first term

in (B.7). The complementary half-line gives the second term. Thus the full diagonal profile for this law
is

1
Matng0(A) = A®(=2) = 50(2) - 3Qa(A,0). B3)
At the crossing,
o 1 = o
— M - Zeo /2 .
Maiag,c(0) NGT: + 5€ erfc(\@) , (B.9)

where erfc is the complementary error function. The second term tends to 1/2 as ¢ — 0, recovering
the equal-dimension planar Page correction. At large o it equals
1 1

Nor - —+ 0(04)] ) (B.10)
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Thermodynamic broadening therefore suppresses the averaged fixed-dimension Page term algebraically.
This term is distinct from the order-one difference between planar and diagonal entropy in Proposition 2.1.
Formula (B.8) is exact for a prescribed Gaussian law; replacing an actual finite-size thermodynamic
law by that Gaussian remains an approximation.

B.3 The planar correction for broad distributions

We give the integral argument behind Proposition 2.1, using the resolvent representation established
in [14]. For a law P of a > 0, define

1

h(v) =Ep——
(v) P1+aev,

n(v) = e~ — h(v), (B.11)
and let vy be the first zero of 7 on [0, 00), or +oo if there is no zero. On this branch the negative-axis
resolvent m(n) = [(u+ n) 'v(du) is e¥; substituting w = —m in the equation z = 1/w + R, (w)
gives (B.11). Set

(I =h)(1—hev)(14 he)

Tw) = 1+ (1—h)ev

(B.12)

Changing variables in the resolvent integral for [ uloguv(du) and subtracting the diagonal answer
gives

Vo

Splanar - Sdiag = - / [J(U) - (1 - h(U))11,<0] dv

—0o0

1
—Elog(1 + e~ %) 4 51[-36_‘6‘7 § = —loga. (B.13)

The subtracted integrand is bounded in absolute value by ge” for v < 0, and by one for 0 < v < vg [14].
Under (2.14), h(v) — ws and A'(v) — 0 uniformly on compact intervals, while vy — —logws.
The last two terms of (B.13) vanish. The limiting subtracted integrand is

1— v
——( w>)e ol v <0,
_— 0< —1 .
1+(1—w>)67j W, Sv< og W~

The bounds just stated justify dominated convergence. Its two integrals are —log(2 — ws) and
log(2 — ws) + ws logws, respectively. Their negative sum is (2.15). The exclusion of a finite
probability mass within a bounded distance of § = 0 is essential: without it, the last two expectations
and the nonconstant part of h can survive.

As a numerical check for the non-Gaussian law relevant here, take § = LX with X distributed
as (4.11). Direct evaluation of (B.13) gives

L | 5 10 40 160 640
Splanar — Sdiag|0-211682 0.277945 0.329927 0.342451 0.345545

(B.15)

approaching %log2 = 0.346574 .... Here the input distribution is exactly quartic at each L. This
comparison isolates the spectral correction; finite-/N thermodynamic corrections to the RN distribution
are separately retained in section 4.
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C Quadratic entropy costs

A constant 1/2 can arise from the quadratic expansion of an entropy maximum, but it characterizes
a specific random variable. It is not a general variance of black-hole area. To make the distinction
precise, suppose the probability density of n real fluctuations z is proportional to exp[—U(z)], with

1
U(z) = S — Siot(2) = §ZTHZ, H >0, (C.1)

and with a constant measure in these coordinates. After the change of variables u = H'/?z, the
components of u are independent standard normal variables. Hence

U ~ Gamma(a, 1), a= g, EU = VarU = a. (C.2)
For one quadratic mode, the mean and variance of the total entropy loss are both 1/2. By contrast,
the individual subsystem entropies in (5.5) fluctuate to first order, and their variances are controlled
by heat capacities. The entropy loss in (C.1) is second order because the first-order changes cancel at
equilibrium.
Even within this quadratic model, replacing U by a Gaussian is not justified for a fixed small
number of modes. As an explicit calculation, take one competing branch to be the constant s and the
other to be S, — U. Let zyp = S, — s and define the regularized upper incomplete gamma function

_ ! Oou“_le_" U z
Q(a, z) = )/Z d (z>0). (C.3)

T(a)

Direct integration gives

S* —a, 20 S 07
Emin(s, S, —U) = (C4)
s+ 20Q(a, z0) —aQ(a+1,20), 2o >0.

At equal mean branch entropies, s = .S, — a, the deficit is

B(0) = . (C.5)

For a single mode this is 1/ \/%7 whereas a Gaussian fluctuation with the same variance 1/2 would
give 1/(24/m). The difference is an order-one effect because the shape of the distribution remains
non-Gaussian.

The dependence on the stationary-point order is equally explicit. If a single mode has density
proportional to e~¢*I"dz, with ¢ > 0 and p > 0, its entropy cost U = clz|P has a gamma distribution
with shape 1/p. A quartic mode therefore has EU = Var U = 1/4. These identities concern entropy
costs under the stated measure. Establishing a quantum variance of area or generalized entropy requires
the relevant operator, state, and renormalization prescription; it does not follow from the counting of
quadratic modes.
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