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ABSTRACT: In the west-coast model of black hole evaporation, the diagonal approximation computes
the entropy of the radiation near the Page time by averaging the entropy of fixed-area states over
the black hole’s fluctuating area. We show that this approximation, written level by level, misses an
order-one constant: as the area distribution becomes broad, whatever its shape, the exact entropy
exceeds it by —qlogq, where ¢ is the canonical probability that the black hole is larger than the
radiation. The constant arises because the radiation, which has no energy of its own, can resolve
area sectors only through the island, and so not those in which the black hole is larger than itself.
For a symmetric distribution the excess is half of log 2 at the Page point and largest after it, so the
exact transition is asymmetric. The proof reduces the entropy of the exact planar spectrum, a free
multiplicative convolution, to a single integral. We compute the first correction and evaluate the
constant in Jackiw—Teitelboim gravity. At fixed area, the two-saddle truncation misses the Rényi
moments by Catalan factors.

KEYWORDS: Page curve, black hole information, replica wormholes, diagonal approximation, entropy
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1 Introduction

Hawking’s calculation [17] gives black hole radiation a thermal spectrum, and with it an entanglement
entropy that grows until the black hole is gone. Unitarity requires instead that the entropy of the
radiation follow the curve described by Page [33, 34]: it rises with the number of emitted quanta, turns
over at the Page time, when the radiation and the black hole have equal Hilbert space dimension, and
returns to zero. Penington [35] and Almheiri et al. [3] derived this curve from the gravitational path
integral, using the quantum extremal surface prescription [12, 22, 38]: two extremal surfaces exchange
dominance at the Page time, and away from it the entropy is

SvN ~ min(Srad, SBH) (11)
This paper is about the transition itself, where neither surface dominates.

1.1 The transition and the diagonal approximation

Penington [35] observed that the exchange cannot be sharp: fluctuations of the horizon area, and of
the energy of the radiation, leave no single extremal surface within a window of order 3v/Sgy of the
Page time. The shape of the crossover was computed by Marolf et al. [28]. They decompose the state
into states of fixed area and replace its entropy by the expectation of the fixed-area entropy in the
ensemble the state defines, a prescription they call the diagonal approximation and offer as a conjecture.
It imports into holography a result of Murthy and Srednicki [30] for systems obeying the eigenstate
thermalization hypothesis: for an equal bipartition far from a critical point,

e
Sent = %S ~\ 5 + O(A), (1.2)

with S the thermodynamic entropy of the whole system, C' its heat capacity and A the area of the
boundary between the halves. Applied to a black hole whose entropy has variance o2 = CYy, the
diagonal approximation lowers the entropy at the Page time by ¢/v/27 and spreads the transition over
a range of order o, in agreement with the canonical-ensemble calculation of Penington et al. [37].

The diagonal approximation is accurate at the order at which it was formulated, O(G]_\,l/ 2). Below
that order it has not been evaluated. Marolf et al. [28] drop the entropy of mixing between area
sectors as O(log G) and leave the remainder at O(G%;); Akers and Penington [2], Cheng et al. [9] and
Penington and Rath [36] derive or bound the prescription to within O(log Gn) or O(logn), the last
for Rényi entropies. In one model the exact answer is available. In the model of Penington, Shenker,
Stanford and Yang [37], the west-coast model, the planar radiation spectrum in the canonical ensemble
is determined by a resolvent equation that they derive and solve numerically, and they observe that an
approximation to it agrees with the average of the microcanonical answer to within O(1). Wang [45]
and Cheng et al. [9] identify the spectrum as a free multiplicative convolution. This paper evaluates
the order-one difference between the exact planar entropy and the diagonal approximation.

1.2 The result

Write Spianar for the exact planar entropy of the radiation and Sgi.e for the diagonal approximation,
in the form in which each sector of the black hole carries its share of the black hole’s von Neumann
entropy (Section 4.2); this form is free of any choice of area windows and is correct well before and
well after the Page time. The windowed form of Marolf et al. [28] does not determine the terms of
order one, because the entropy of mixing that it drops depends on the windows at order log G . Both



are determined by the distribution of the black hole’s eigenvalue levels relative to the radiation. Let ¢
be the canonical weight of the levels larger than the radiation, those at which a fixed-area black hole
would have dimension greater than that of the radiation; ¢ falls from one to zero as the radiation grows.

Theorem (Section 5). As the area distribution becomes broad on the scale of one nat,
Splanar - Sdiag — - qug q. (13)

For a symmetric area distribution ¢ — % at the Page point and the correction is %log 2;
over all ¢ it is largest, equal to 1/e, at ¢ = 1/e, after the Page time.

The mechanism is simple. Levels in which the black hole is smaller than the radiation occupy
nearly orthogonal subspaces of the radiation, and the diagonal approximation counts their entropy
of mixing correctly. Levels in which the black hole is larger than the radiation each fill the whole
radiation space; the radiation cannot tell them apart, and together they lay a flat floor of height
g under its spectrum, whose entropy —qlog ¢ the diagonal approximation misses. Marolf et al. [28]
anticipate the distinction: the radiation states of different area sectors are guaranteed to be orthogonal
only when the black hole is smaller than the radiation, and they treat all sectors as orthogonal as an
additional assumption. The constant is the cost of that assumption. It arises because the radiation of
the west-coast model has no energy of its own and resolves area sectors only through the island, which
reconstructs the sector only when the black hole is the smaller of the two; where the radiation records
the sector directly, as for an energy eigenstate of a closed system, all sectors are orthogonal and no
floor forms [30]. The constant is implicit in the canonical-ensemble analysis of Penington et al. [37],
whose approximate entropy contains the block term, and in the two-component mixtures of Akers and
Penington [2]; the present paper evaluates it, proves that it is the limit of the error of the diagonal
approximation for every sufficiently broad area distribution, and computes the approach to the limit.

The specific results are these.

e A one-dimensional representation of the exact planar entropy (Proposition 5.1). On the
negative real axis the self-consistent equation for the Cauchy transform can be solved explicitly
for the spectral parameter, which reduces the entropy, and its difference from the diagonal
approximation, to a single quadrature with no fixed-point iteration and no Stieltjes inversion.

e The broad-distribution limit (1.3) (Theorem 5.2), for any family of area distributions that
spreads, with a counterexample showing that the spreading condition is needed.

e The first correction for area distributions with a smooth density: the gap falls short of
—qlogq by f(0) (7%/6 +logq + %1og2 q), where f is the density of the distance of a level from
the radiation (Section 5.4; derived formally, and confirmed numerically for Gaussian laws to
o = 400 and for the JT law). For a Gaussian distribution of width o at the Page point,
Splanar — Sdiag = %log2 — K/o+ O(c72) with K = (7%/6 — log2 + %log2 2)/+/27. The exact
deficit at the Page point is then —o/v/27 + 3log2+0(1/0): the diagonal approximation has the
leading term, misses the constant, and gets the 1/0 coefficient wrong by a factor of about 2.2.

e The JT model (Section 6). In the west-coast model with the JT area distribution, the correction
is 0.20 nats at 8 = 27 and approaches its limit at high temperature as 0.48/c, as the first
correction predicts. The area distribution is the JT one only when the brane tension is large,
p > 27 /8, and its pure-JT form needs in addition o/(8u) < 1.



The fixed-area input, assembled from known ingredients, also yields the following. Summing all
non-crossing permutations, rather than the two dominant saddles, gives the Marchenko—Pastur law,
and at the Page time the two-saddle truncation underestimates the nth Rényi moment by the factor
Cr/2, where C, is the nth Catalan number (Section 2.5); the ratio follows at once from the Catalan
count of Penington et al. [37] and Marolf et al. [28], and we record it because it measures what the
truncation discards. In consequence the Rényi entropies at genus zero broaden through the transition
as n grows, where the two-saddle answer would make them sharpen (Section 6.4). The fixed-area deficit
—%e"N is exact on the planar spectrum, as Penington et al. [37] observe; the value is classical, and
we give a short proof in the normalization used here (Proposition 3.2). The genus-one permutations
relative to a long cycle number (27:1__12) (n—1)(n —2)/12, a classical count [14], which bounds what the
planar analysis omits at O(e=2%).

1.3 Relation to prior work

The broadened curve. The correction set by the square root of the heat capacity was first seen in
quantum many-body systems. Vidmar and Rigol [43] proved, for random states at fixed particle number
divided into equal halves away from half filling, that an upper bound on the average entanglement
entropy falls below its maximal value by an amount growing as the square root of the subsystem
volume, and found numerically that eigenstates of chaotic Hamiltonians follow it; at half filling the
deviation vanishes. Murthy and Srednicki [30] derived (1.2) for generic systems obeying the eigenstate
thermalization hypothesis, together with the crossover function, the width ~ v/C and the generalization
to further conserved charges, under the explicit assumption that the system is far from a critical point.
They also note that the Marchenko-Pastur law contributes the Page correction —eSmin /2eSmax which
is the fixed-area deficit —%e"M of the present paper, and neglect it as being of order one. Marolf et al.
[28] brought the result into holography as the diagonal approximation; their Eq. (3.14), for a quadratic
area distribution, is the broadened curve recovered in Section 4.3. Penington et al. [37] obtained the
corresponding O(G]_\,l/ 2) correction in the west-coast model itself, and Penington [35] estimated the
width.

The exact planar spectrum. Penington et al. [37] derive the resolvent equation for the radiation
spectrum of their model in the canonical ensemble, exact at planar order (their Eq. (2.34)), solve
it numerically (their Fig. 7), and analyse the transition at small 8 in their Appendix F. Wang [45]
observes that the replica sum is combinatorially a free multiplicative convolution, vz = v, ¥ pu,,,
with the gravitational partition functions entering as the free cumulants of a free compound Poisson
law; he argues that the replica trick is then a well-posed Hausdorff moment problem and gives an
algorithm for the convolution. Cheng et al. [9] reach the same structure from random tensor networks:
their Theorem 3.4 gives MP(1) X 1, X 1, for two competing minimal cuts, and their Appendix A.3
sketches the JT computation with branes. At fixed area and with flat matter the law collapses to
Marchenko—Pastur, the case of Section 3. We use this description of the planar spectrum and do not
rederive it.

The error of the diagonal approximation. Marolf et al. [28] support the diagonal approxi-
mation by consistency with Murthy and Srednicki [30] and Penington et al. [37], flag the orthogonality
of sectors as an additional assumption, note that it need not hold for sectors in which the black hole is
larger than the radiation, and expect the prescription to fail for carefully chosen non-generic states.
Akers and Penington [2] derive it to within O(log Gn), and in their Section 4.3, with details in their
Appendix A, treat a two-component mixture whose entropy contains, in the appropriate regime, the
block term —glog q. Penington et al. [37] write the canonical radiation density matrix as its projection



onto the largest eigenvalues plus a multiple of the identity that collects the rest of the black hole
spectrum; their shifted thermal spectrum (their Eq. (F.56)), which they estimate to be accurate to
O(f3), contains the corresponding block, and they note that their approximation agrees with the average
of the microcanonical answer to within O(1), without evaluating the difference. Akers et al. [1] call the
weight of that remainder the pre-Page probability. Cheng et al. [9] show for random tensor networks
that the entropy is given by the diagonal formula up to O(logn), and Penington and Rath [36] derive
the diagonal approximation for Rényi entropies up to O(log G ). To our knowledge the order-one error
has not been evaluated: it is implicit in the shifted thermal spectrum of Penington et al. [37] but left
inside the O(1) remainder of their Page-point result. Its value, its independence of the shape of the
area distribution, and the proof that it is the limit for broad distributions are new here.

1.4 Outline

Section 2 reviews the west-coast model and its genus-zero replica sum, and quantifies the failure of the
two-saddle truncation. Section 3 identifies the fixed-area spectrum as Marchenko—Pastur, states the
exact fixed-area deficit, and states the exact planar spectrum in the canonical ensemble. Section 4
states the diagonal approximation, fixes the form in which it is compared, and records its closed form
for Gaussian area distributions. Section 5 contains the main results: the representation, the limit, its
mechanism and its first correction. Section 6 applies them to the JT model and records the Rényi
entropies at fixed area. Section 7 discusses what the correction means and what remains open. The
appendices give the permutation combinatorics, the free-probability derivations, the Gaussian integrals,
the proofs of Section 5, and the numerical methods.

2 The West-Coast Model and Its Genus-Zero Replica Sum

This section reviews the model of Penington et al. [37] and evaluates its replica sum at genus zero.
Retaining only the two distinguished saddles, the fully disconnected and the fully connected replica
geometries, discards the partially connected ones. At the Page time this underestimates the nth Rényi
moment by the factor C,, /2, where C,, is the nth Catalan number, so the two-saddle answer cannot be
continued to n — 1 at the transition. The full genus-zero sum runs over the non-crossing permutations
and is organized by the Narayana numbers.

2.1 Setup: JT gravity with end-of-the-world branes

The model of Penington, Shenker, Stanford and Yang [37], known as the west-coast model, couples
Jackiw—Teitelboim (JT) gravity [18, 39] to k flavors of end-of-the-world (EOW) branes. The black hole
interior is a disk whose boundary carries a brane of flavor ¢ € {1,...,k}. In the fixed-area version of
the model the black hole Hilbert space has dimension L = e

The state of the black hole and the radiation is

k
%) = % > 4o @ i (2.1)

where |¢;) is the black hole state with a brane of flavor 4, the |i);aq form an orthonormal basis of
the radiation Hilbert space of dimension k, and Z = )", (¢;[¢;). Tracing out the black hole gives the
radiation density matrix

k
Prad = Z %Wz . (22)



The overlaps (1;]1;) are computed by the gravitational path integral. On the disk, (1;|¢;) x d;5, so
that praq = W /k is maximally mixed; geometries with more boundaries correlate the overlaps and
carry the entanglement structure. The object of interest is the von Neumann entropy

SVN = _T\r(prad IOg prad)7 (23)
which the replica trick computes as Syn = — lim,,—,1 0, Tr(pll4)-
2.2 The replica path integral
For integer n > 2,
1
Tr(pfaa) = o D (Yialin) (Wi [iz) -+ (Wi s, ). (24)

i1,eerin
The gravitational path integral sums over all ways of connecting the n replicas by wormholes [4, 37],
and in the fixed-area model the result is [37]

Te(plhg) = (KL)™" Y k#00) L#(), (2.5)
oceS,

where 7 = (12 - -+ n) is the cyclic permutation fixed by the trace and #(-) is the number of cycles of a
permutation. The factor E#('9) counts the closed loops of radiation indices, and L#(?) counts the
black hole index loops, one for each disk of the replica geometry. Equation (2.5) is the moment formula
of a Haar-random pure state on Hy ® Hy, at leading order in 1/(kL) [24, 25, 33].

2.3 The genus expansion and non-crossing permutations

A permutation o contributes at genus

n+1—+#(0) —#(t710)

= 2.6
9(0) . , (26)
suppressed by L ™29 relative to genus zero. The genus-zero condition

Ho)+#(r7 o) =n+1 (2.7)

is the geodesic condition: it holds exactly when o lies on a geodesic from the identity to 7 in the
Cayley graph of S,, generated by transpositions. The permutations satisfying it are the non-crossing
permutations Snc(n), which are in bijection with the lattice NC(n) of non-crossing partitions of
{1,...,n} by sending a permutation to the partition into its cycles [7, 31]. There are C,, = n%rl (2:) of
them.

Write v = k/L for the ratio of the radiation and black hole dimensions. On Sxc(n) the condi-
tion (2.7) gives

(kL)_n k#(rfla)L#(o) _ ,yl—#(o) Ll—n _ kl—n,yn—#(o), (28)
and summing,
Te(pfaa) o = K 7" Ma(),  Ma(y)= Y " #. (2.9)
oc€Snc(n)

This holds for every value of «, on either side of the Page time. Section 3 identifies M, (y) as the nth
moment of the Marchenko-Pastur law of ratio v. At n =2, Tr(p%,) =k~ (1 +~) =1/k+ 1/L, the
standard purity.



2.4 Narayana decomposition

Exactly N(n,j) of the permutations in Syc(n) have j cycles, where
1/n n
N ) = — 2.1
wa =) (,") (2.10)

n

My(y) = N(n,j)v", (2.11)

J=1

is the Narayana number [31], so that

the decomposition used by Penington et al. [37] in their Appendix E. Table 1 lists N(n, j) for small n;
each row sums to C,.

Table 1. Narayana numbers N(n,j) for n = 2,3,4,5. Each row sums to the Catalan number C,,.

n | N(n,1) N(n2) N(n3) N(n4) N(nb5)|>, =Cy
2 1 1 — - _ 2
3 1 3 1 — — 5
4 1 6 6 1 — 14
) 1 10 20 10 1 42

The symmetry N(n,j) = N(n,n + 1 — j) is Kreweras complementation, o + o~ '7, which
maps Snc(n) to itself and sends j cycles to n + 1 — j [31]. In terms of the moments it reads
vy 1M, (1/7) = M,(v), which is the statement k'~"M, (k/L) = L*="M,,(L/k): the radiation and
the black hole of a pure state have the same Rényi moments.

At the Page time, v = 1, the moment is the Catalan number:

M,(1) = > N(n,j) = Ch. (2.12)

j=1
2.5 The two-saddle approximation and its failure

The saddle-point treatment keeps two of the C), non-crossing permutations: the identity, the fully
disconnected geometry with n cycles and weight v° = 1, and 7, the fully connected geometry with one
cycle and weight v"~1. It gives

Tr(prad) two-saddle = klin(l + 7n71> =k 4 Llinv (2.13)

the familiar exchange of dominance: the identity dominates for v < 1 and the cyclic permutation for
v > 1. At the Page time

Tr(p?ad)tWO—saddle|7:1 =2L'"", Tr(p?ad)|g:0’7:1 =C, L', (2.14)
so that
Tr(praa)| = C
red =0 —n (2.15)
Tr(prad )two—saddle 2
~y=1
with values o
7” =1, 2.5, 7, 21, 66, 214.5, ... (n=2,3,4,5,6,7,...), (2.16)



growing as 4" /(2/m n®/?). The two-saddle approximation is exact only for the purity, n = 2. The
C,, — 2 permutations it discards are the partially connected replica geometries, and at the Page time
their total weight exceeds that of the two extreme geometries for every n > 3. They are what turns the
cusp of the two-saddle Page curve into a smooth crossover; the planar resolvent of Penington et al. [37]
retains them by construction, and the ratio C,, /2 measures, moment by moment, what the truncation
discards. The ratio follows at once from the Catalan count of the planar geometries at the Page time,
which Penington et al. [37] give in their Appendix E and Marolf et al. [28] use in their Eq. (3.9) for the
Rényi entropies at equal areas; we record it because it quantifies the truncation.

Figure 1 summarizes the section: the entropy through the transition, its deficit from the saddle-

point answer min(log k, log L), the Rényi entropies with and without the partially connected geometries,
and the ratio C), /2.

704> ®)
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Rényi index n

Figure 1. The Page transition at fixed area. (a) The genus-zero von Neumann entropy against A =
logy = Syaa—SBH, with the saddle-point answer min(log k, log L). (b) The deficit Syx—min(log &, log L):
Page’s finite-dimensional formula for several L and the genus-zero limit —%e"A'. (c) Rényi entropies
at genus zero (solid) and in the two-saddle approximation (dashed); they agree for n = 2 and separate
for n > 3. (d) The ratio C,,/2 of the genus-zero to the two-saddle Rényi moment at the Page time.



3 Free Probability and the Planar Spectrum

The genus-zero moments of Section 2 are a sum over non-crossing permutations, which is the com-
binatorial setting of free probability [31, 44]. This section identifies the spectrum of the radiation at
fixed area as the Marchenko—Pastur law, records the exact value of its entropy, and then states the
exact planar spectrum in the canonical ensemble, in which the black hole energy, and with it the area,
fluctuates: it is determined by a resolvent equation of Penington et al. [37] and identified by Wang [45]
as a free multiplicative convolution. That planar spectrum is the exact side of the comparison carried
out in Section 5.

3.1 The moment—cumulant relation on NC(n)

The moments M, of a probability law and its free cumulants x,, are related by a sum over the

Mn = Z H H‘B|. (3.1)

weNC(n) Bem

non-crossing partitions [31]:

Under the bijection between Sxc(n) and NC(n) of Section 2.3, a permutation with #(o) cycles
corresponds to a partition with # (o) blocks, and the genus-zero weight v~ #(?) of (2.9) factorizes
over blocks as [[;7/Z/~!. The moments M, (v) therefore have free cumulants

K =™ 1 (m>1), (3.2)

with k1 = M; = 1 fixed by Trpaq = 1. A free Poisson law with rate A and jump size a has free
cumulants k., = A\a™; here k,, = (1/7)+™, so A =1/ and a = =, and the normalization kK1 = Aa =1
is automatic. The R-transform R(z) =Y - km2™ " is

1

T 12

R(z) =Y (yo)" " (3.3)

m=1
the free Poisson form Aa/(1 — az) in the density-matrix normalization.

Remark 3.1. The planar restriction reproduces the non-crossing moment—cumulant combinatorics
term by term, and the brane weights select the free cumulants y™~1. This is a statement about the
spectral law of a single operator; it does not by itself involve freeness, which is a relation between
subalgebras characterized by the vanishing of mixed free cumulants. Freeness proper enters in the
canonical ensemble of Section 3.6, where the radiation spectrum is a free multiplicative convolution of
the gravitational and matter spectra [45].

3.2 The Marchenko—Pastur law

Inverting the Cauchy transform of (3.3) (Appendix B) gives the Marchenko—Pastur law [26] of mean
one and ratio -,

Vias — )@ —a)

2myx

fuap(:7) = forzefoa), ar=(1%y7? (3.4)
together with an atom of mass 1 — 1/ at 2 = 0 when v > 1, which accounts for the k — L zero
eigenvalues of p.,q when k£ > L. It is the limiting spectral law of a normalized Wishart matrix: the
eigenvalues of kp.q are distributed as fyp(-;7y) in the limit of large k& and L at fixed =, as for a
Haar-random pure state [24, 25, 33].



Since praq is k x k with eigenvalues x;/k, where the z; are distributed as fyp including the atom,

Syn = — % log % =logk — /xlogzduy(z), (3.5)
where v, denotes the law (3.4). The atom contributes nothing to the integral. Equation (3.5) holds for
every ~; it is log k, and not log min(k, L), that appears, because the integral runs over all k eigenvalues.

3.3 Continuation in the Rényi index

The path integral defines Tr(p" ) = k' ="M, (7) at integer n > 2, while

S = = lim 0, Tr(praq) = logk — lim 8, My (7) (3.6)

requires a continuation in n. The Marchenko-Pastur moments M, (v) = [ 2™ dv.(z) supply one: the
integral agrees with the Narayana polynomials at positive integers, is analytic in a right half-plane,
and satisfies [Mj1.(7)| < af°# for Rez > 0, because v, has mean one and is supported on [0,a4];
in particular it is bounded on the line Rez = 0. Carlson’s theorem [8] asserts that a function of
exponential type in Re z > 0, whose type along the imaginary axis is less than m, and which vanishes at
the non-negative integers, vanishes identically. The continuation is therefore unique, for every 7, among
continuations of exponential type that are bounded on the line Ren = 1 (Appendix B.3). Wang [45]
argues more generally that the gravitational replica trick is a well-posed Hausdorff moment problem.
The Rényi entropies at real n > 0 are

Sp(y) = logk + log M, (7). (3.7)

1—n
3.4 The fixed-area deficit

Let A =log~y = S;aq — SBu be the distance from the Page time in entropy units, with S,,q = logk
and Sy = log L. The genus-zero entropy is

Syn = log min(k, L) + F(A), F(A) = —%e“N. (3.8)

The value is classical. It is the large-dimension limit of the average entanglement entropy of a random
bipartite pure state, studied by Lubkin [25] and Lloyd and Pagels [24], given in closed form at finite
dimension by Page [33] as a conjecture, and proved by Foong and Kanno [13], with simpler independent
proofs by Sénchez-Ruiz [40] and Sen [41]; see also Zyczkowski and Sommers [47]. The usual route takes
Page’s finite-dimensional formula, S ~ logk — k/(2L) for k < L, extends it to k > L by the pure-state
symmetry, and passes to the limit; at finite dimension the remainder is 1/(2kL) +O(L~2) for k < L. At
planar order the value is exact, as Penington et al. [37] observe in their Appendix E: the continuation
of the Narayana sum leaves only the contribution of the single transpositions (their Eq. (E.6)). We
state the identity on the planar spectral measure, in both regimes and in the normalization used here,
which is the form needed in Section 5.

Proposition 3.2 (Exact fixed-area deficit). Let v, be the free Poisson law with free cumulants
Km = 4™~ 1, that is the Marchenko—Pastur law (3.4) of mean one, including its atom at the origin
when v > 1. Then

; y<1

/ZClOg:)Sdl/,Y(l‘) = 1 (3.9)
2y

i
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With (3.5), Syx = logmin(k, L) — %e*m' exactly on the planar spectrum: for v < 1 the deficit is
—v/2 = —%eA, and for v > 1 the term log~y = logk — log L converts logk into logmin(k, L) = log L
and leaves —1/(2v) = —Fe 4.

The proof (Appendix B.4) is a three-line computation once the integral is written in the angular
variable. Two facts make it collapse: the Marchenko—Pastur centre and radius are 1+~ and 2,/7, so
the parameter of the Fourier expansion of the logarithm is exactly /7, and the constant term of that
expansion then vanishes identically for v < 1. Both branches agree with direct quadrature to 1016
(Appendix E).

The proposition and Page’s formula describe different objects. Page’s formula is a finite-dimensional
average and carries corrections of order 1/(kL); equation (3.8) is exact on the planar spectral measure,
where those corrections have been removed and the residual effects are the higher-genus terms of
Section 3.5. Their agreement at leading order is the quantitative form of the statement that the
genus-zero path integral reproduces random-state statistics. The function F is even in A, reflecting
the pure-state symmetry; it is everywhere negative, so the entropy lies below min(Syaq, Sn); its peak
value is F(0) = —% nats; and it decays as e~|2l, so the transition has a width of order one in entropy
units, independent of Sgg.

3.5 Genus-one corrections

Permutations of genus one, with # (o) + #(7710) = n — 1, are suppressed by L~2 relative to genus
zero. Their number is [14] (Appendix A)

2n—2\ (n—1)(n—2)
_ , 3.10
nim = (217 2) ==, (310)
giving ¢;(n) = 0,0, 1,10, 70, 420, 2310, 12012 for n = 1,...,8, and the ratio to genus zero is

gi(n) _nn—-1)(n-2)(n+1) n®
lcn - 24(2n — 1) VTR (8:11)

The correction to the von Neumann entropy is therefore O(e~2%0); numerically, the difference between

Page’s finite-dimensional formula and the planar value at v = 1 falls as L2 (Appendix E.4). For a

black hole of macroscopic entropy this is negligible, and all statements below are made at genus zero.
Figure 2 shows the Narayana moments, the decomposition of S,, by genus, and the ratio (3.11).

3.6 The canonical ensemble: the exact planar spectrum

In the canonical ensemble the black hole is not in a single fixed-area sector. Following Penington et al.
[37] and Wang [45], the JT density of states and the brane-modified Boltzmann factor are

E) - % sinh (27V2E)

2
)

_ —BE 91-2u 1
o 52 . y(B)=ePE2 ’r(u L +iV2E) (3.12)
where p is the brane tension. Put Z; = [dE p(E)y(E) and
y(E
oB) = B2 () = o) a(B), (313)

The black hole sector then has eigenvalues x(F) with density of states p(E), and p(F) is the canonical
probability density of the energy. Its von Neumann entropy is Sgu = — [ dE p(E)log z(E), and the
identity

f/dEplogx:/dEplogp — /dEplogp (3.14)
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Figure 2. (a) The genus-zero moments M, () against v = k/L; at v = 1 they are the Catalan
numbers. (b) The permutations of \S,, counted by genus relative to 7: genus zero (C,), genus one
(g91(n)), and higher. (c) The ratio g;(n)/C,, and its asymptote n3/48.

splits it into the mean microcanonical entropy and the entropy of mixing of the energy distribution.

The exact planar radiation spectrum in this ensemble is determined by the resolvent equation of
Penington et al. [37], exact at planar order (their Eq. (2.34)), which they solve numerically. Wang [45]
observes that the replica sum is combinatorially a free multiplicative convolution of the matter and
gravitational spectra, with the gravitational partition functions entering as the free cumulants of a free
compound Poisson law. Cheng et al. [9] reach the same structure from random tensor networks. For
the flat matter of the west-coast model, the law v of the eigenvalues of kp,,q is the free compound
Poisson law with R-transform

R(w) = /dE % —Ep [1 _1aw} , (3.15)

where P is the law of a = kz(F) when F is drawn from p. Equivalently, v is free compound Poisson
with Lévy measure a~! P(da), and its Cauchy transform G solves

1

RS CE)

(3.16)

In random-matrix terms v is the limiting spectral law of a Gram matrix whose population spectrum
is that of the black hole. At fixed area P is a single atom at a =y and (3.15) reduces to (3.3). The
entropy of the radiation is

Splanar = logk — /ulogu dv(u), (3.17)

by the argument of (3.5). Only the law P of the jumps enters: the radiation spectrum depends on the
black hole only through its eigenvalue distribution weighted by the canonical probabilities.

3.7 Relation to prior derivations of the spectrum

Penington et al. [37] obtain the same planar content by summing all planar geometries through a
Schwinger—Dyson equation for the resolvent of pr.q, at fixed area and in the canonical ensemble; the
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resolvent is the Cauchy transform of the spectral law whose moments are computed here. Their
Appendix E counts the planar geometries by Narayana numbers and shows that at planar order the
von Neumann entropy of the smaller of two subsystems of a random state, of dimensions d < d’, is
exactly logd — d/(2d’). The moment form makes the two-saddle truncation visible moment by moment,
through the ratio C,, /2, which the resolvent does not display because it keeps all planar diagrams by
construction. The random-state half of the identification is classical [24, 25, 33].

Several recent works approach the same circle of ideas. Liu and Vardhan [23] derive replica-
wormbhole entropies for equilibrated pure states through sums over permutations in which non-crossing
terms dominate; Urbach [42] treats typical pure states; Jindal and Hosur [20] develop generalized free
cumulants for quantum chaotic systems. Miick [29] identifies the Marchenko—Pastur law in a different
gravitational object, the Gram matrix of semiclassical ensembles of black hole microstates. Closest to
the transition region, Kudler-Flam and Rath [21] find that subdominant replica-wormhole saddles are
enhanced near entanglement transitions; the Catalan ratio of Section 2.5 is the same enhancement seen
in the Rényi moments.

4 The Diagonal Approximation and the Broadened Page Curve

Proposition 3.2 describes the transition at fixed area, where the black hole entropy Sy = log L is a
parameter. In gravity the area of the quantum extremal surface fluctuates, and so does Sy = A/4G y [6].
The standard way to include this is the diagonal approzimation of Marolf et al. [28]. This section states
it, fixes the precise form in which it is compared with the exact planar spectrum in Section 5, and
records the closed form it produces for a Gaussian area distribution.

4.1 Area fluctuations

Penington [35] observed, in Section 4.4 of that work, that O(y/Gx) fluctuations in the horizon area
and O(\/§ ) fluctuations in the energy of the Hawking radiation leave no single well-defined quantum
extremal surface near the Page time, and estimated that the transition is smeared over a window of
O(B+/Spn) in time. The phenomenon is not specific to gravity: Vidmar and Rigol [43] and Murthy
and Srednicki [30] showed that an entanglement transition between nearly equal subsystems acquires a
correction set by the square root of the heat capacity in systems obeying the eigenstate thermalization

hypothesis.
In JT gravity [18, 39] the canonical partition function is
-3/2 2m?

Z(B) x B exp N +S8y |, (4.1)

and since 5 = 0 F at fixed 3, the variance of the entropy is the heat capacity:

0? 4r? 3

=5 ((AE?) =B —logZ=Cy = — + = 4.2
7 = B (ABP) = 6 s log Z = Cy = T+, (12)

the constant coming from the 8 —3/2 prefactor. The Gaussian closed form below uses the leading value
0? = 47?2 /B3, which at 3 = 27 gives 0 ~ 2.51; Section 6 uses the exact distribution. The width o is
independent of Sy and comparable with the width of order one of the fixed-area transition, so the
fluctuations reshape the transition rather than merely shifting it.
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4.2 The diagonal approximation

Marolf et al. [28] decompose the state into fixed-area states, |¢) = >, \/P(A)|¥)a, so that the
radiation density matrix splits into a diagonal part ) , P(A)pr(A) and an off-diagonal remainder.
Treating the pr(A) as supported on mutually orthogonal subspaces, which they flag as an additional
assumption, the entropy of the diagonal part is

S, P ZP ZP )log P(A), (4.3)

the second term being the entropy of mixing. Their diagonal approximation keeps the first term: the
entropy is the expectation of the fixed-area entropy in the ensemble the state defines (their Eq. (1.2)).
They offer it as a conjecture, supported by consistency with Murthy and Srednicki [30] and Penington
et al. [37], and bound the neglected entropy of mixing by the logarithm of the number of area values,
of order log Gy, which is small compared with the O(G_l/ 2) effect they study.

Both terms of (4.3) depend on how finely the area is resolved: refining the windows lowers each
S(pr(A)) and raises the entropy of mixing. The dependence cancels, at the order of interest here, in
the form we use. Label the black hole eigenvalue levels by their value x and weight each by its canonical
probability; in the notation of Section 3.6 the levels are z(E) with weights p(E). Treat each level as a
fixed-area black hole of dimension 1/z, whose radiation entropy is given exactly by Proposition 3.2,
and average:

Sdiag = /dE p(F) {min(log k, —logx(E)) — %e_‘logk+1°gx(E)‘} (4.4)

This is the diagonal approximation in which each sector’s entropy is its contribution —logz to the
black hole’s von Neumann entropy, so that the entropy of mixing is carried inside the sector entropies.
It has three properties that fix it as the right comparison. It does not depend on any choice of area
windows. It reduces to log k well before the Page time and to the black hole’s von Neumann entropy
Sgu = — [ plogz well after it, both of which the exact answer obeys. And it agrees with the diagonal
approximation of Marolf et al. [28] at the order G;\,l/ % at which they formulate it, differing from their
window-resolved versions only in the bookkeeping of the entropy of mixing, which is O(log Gy). That
bookkeeping is not small at order one. For a Gaussian distribution of width ¢ at the Page point,
Eq. (1.2) of Marolf et al. [28] evaluated with area windows of width w, without the entropy of mixing,
lies below the exact planar entropy by 2.37 nats at ¢ = 10, w = 1 and by 5.47 nats at 0 = 640,
w = 0.1, an amount that grows logarithmically, about as 3 log(o/w); the right-hand side of (4.3),
with the full entropy of mixing, lies above it instead (Section 5.3). Cheng et al. [9], reviewing the
holographic argument, make the same point: order-one Marchenko—Pastur effects are irrelevant at the
precision of the windowed form, since the entropy of mixing already leads to O(log Gx) deviations
(their Appendix A.2.2). Statements about the diagonal approximation at order one therefore require a
window-free form, and (4.4) is the natural one. Its first term is the entropy functional H, of Section 4
of Cheng et al. [9], which under their assumptions reproduces the exact entropy to within O(logn);
Penington and Rath [36] derive the diagonal approximation for Rényi entropies, for two extremal
surfaces, up to O(log G ).

We write § = —log(k x) for the signed distance of a level from the radiation, so that —loga =
logk + 6, and

1
SWC(Srad7 SBH) = min(srad7 SBH) - §€_|Smd_SBH| (45)
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for the fixed-area entropy with Sy = —logz. Equation (4.4) is then the average of (4.5) over the
distribution of Sgy induced by p:

Sdiag (Srad) = /dSBH P(SBH) Swe(Srad, SBH). (4.6)

The error of the diagonal approximation is not controlled by the genus expansion. Genus-one
effects enter the fixed-area kernel at O(e~2%) (Section 3.5); the diagonal approximation is a statement
within the planar sector, about replacing the entropy of a superposition of sectors by an average
over sectors, and its error is a planar effect. Because the exact planar answer is known in this model
(Section 3.6), that error can be computed, and Section 5 computes it.

4.3 Gaussian broadening: the closed form

For a Gaussian distribution of the black hole entropy,

B 2
P(Spn) = \/21?0 exp <(SBH Q(ffBH” ) (4.7)

the average (4.6) splits into two elementary integrals, one for each term of (4.5) (Appendix C). Write ®
and ¢ for the standard normal distribution function and density, and A = S;.q — (Sr). The minimum

averages to!
A A
Errlin(Aya) = <SBH> +A¢)(_> —U¢<O') ) (48)

g

and the fixed-area correction to
1 A —o? —A — o2
buatsor= L () e 22)]
2 o o

o*/2 arising from the Gaussian moment generating function. The diagonal approximation is

the factor e
then

Sdiag(Aa 0) = Emin(A7 U) + Ecorr(Aa 0)7 (410)

and we write F,(A) = Sqiag — Min(Srad, (Seu)) for its deficit.
Epnin is Eq. (3.14) of Marolf et al. [28] in different notation. Their crossover function, in the
notation of Murthy and Srednicki [30], is ®yg(z) = e~ + /7 || (erf |z — 1), and

Pags (u/V2) = VT [6(u) — ful B(~[u])]. (4.11)

so that their —(a/\/ﬁ) Dyig (A/(aﬁ)) is Fy(A) without the Egop term. The same leading behaviour
is in Penington et al. [37]: in the canonical ensemble at the Page point, for p > 1/3, they find
S =logk — \/27/B + O(1), which is —o/v/27 with 02 = 47%/p.

The E.o term is what the diagonal approximation produces when the exact fixed-area kernel,
rather than the minimum alone, is averaged. At the Page point it decays as |Ecor(0,0)| = 1/(0v/2m).
Section 5 shows that the exact planar answer differs from (4.10) by an amount that tends to a constant,
and that its own 1/0 term has a different coefficient. The E.,,, term is therefore a property of the
approximation, not of the broadened Page curve, and we keep it in the closed form only for completeness.

1Up to sign and constants, this Gaussian expectation of a minimum coincides with the classical price formula
for a put option in the arithmetic-Brownian-motion model of Bachelier [5]; beyond this identity of integrals,
nothing from that setting enters the derivation.
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4.4 Properties of the broadened curve

Peak deficit. At the Page time,

Fol0) = = 7= — " 20 (-0), (4.12)

which tends to —% as 0 — 0, recovering the fixed-area value, and to —o/v/27 as 0 — oo. The two

terms are equal at o = 0.75; above it the broadened minimum dominates and the fixed-area correction
is an algebraically decaying perturbation.

Width. The deficit is appreciable over a range of A of order o. With A ~ §t/, the window in time
is

5t ~ Bo = B/Cy. (4.13)

In JT gravity at fixed 3, Cy = 472/ is independent of Sy and the window is O(3). For black holes
whose heat capacity grows with their entropy, as for large AdS—Schwarzschild black holes, o ~ +/Sgu

and
ot ~ (+/SBH, (4.14)

which agrees with Penington’s estimate.
Rescaled form. With u=A/o,
]:U (A) T—00
R

g

~[o(u) — ul B(~[u])], (4.15)

a single curve with peak —1/v/2m at u = 0 and tails falling as ¢(u)/u?. Figure 3 shows the deficit for
several o and the collapse onto (4.15).

(a) (b)

0.00 0.0 -
—0.25 =0.1+
~ —0.50 A —-0.2 A
g
£ —0.75 - % —-0.3 1
a | N
;E 1009 __ fixed area —049 — ;-1
— 0 =0.5 —_— =2
i ::1 iy — ::4
—1.50 4 =— o0=2 —0.6 - o=38
o=4 —_— 00
_1'75 a T T T T T T T T T T T T
-10 -5 0 5 10 -3 -2 -1 0 1 2 3
A Ao

Figure 3. The diagonal approximation for a Gaussian area distribution. (a) The deficit F,(A) for
o =0 (fixed area), 0.5, 1, 2 and 4. (b) The same curves rescaled, F, /o against A/o, approaching the
limit (4.15) (dashed) as o grows.
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4.5 Dependence on the fluctuation width

The closed form gives the response of the curve to the heat capacity directly. Differentiating (4.8) with
¢'(z) = —2¢(2),

ala‘min A
_ (A 41
o —-o(2), (4.16)
and differentiating (4.9), with the identity o’ /2FA o((£A — 0?) /o) = ¢(A /o),
ECOI‘I‘ A
OBcor _ UECOH+¢(). (4.17)
0o o
The two ¢(A /o) terms cancel, leaving
asdiag
— < 4.1
o UEcorr(A7J) >~ 07 ( 8)

which at the Page time is —06‘72/2@(—0), rising in magnitude from 0 at ¢ = 0 to 1/v/27 as 0 — .
Within the diagonal approximation, larger area fluctuations always deepen the deficit.

5 The Exact Correction to the Diagonal Approximation

This section compares the exact planar entropy Spianar of Section 3.6 with the diagonal approximation
Sdiag Of (4.4). Both are determined by a single probability law. Let P be the law of a = kK« when the
black hole level x is drawn with its canonical weight, and put

d =—loga = —log(kz), q=P(6>0)=P(—logz > logk). (5.1)

A level with ¢ > 0 is larger than the radiation, in the sense that a fixed-area black hole of dimension
1/x would exceed k; the number ¢ is the canonical weight of such levels, and it falls from one to zero as
the radiation grows. It is close to the pre-Page probability of Akers et al. [1], the weight 1 — pj of the
black hole spectrum beyond its k largest eigenvalues in the notation of Penington et al. [37], and the
two coincide in the broad-distribution limit, but slowly: they differ by an amount of order log o /o, and
for a Gaussian law at the Page point the pre-Page probability is 0.37 at 0 = 10 and 0.48 at ¢ = 100,
against ¢ = % At the Page point, where log k equals the mean of —logx, ¢ is the probability that
—log x exceeds its mean. It tends to % when the median and the mean of —logz differ by o(c), as
for symmetric laws and for the JT law of Section 6, but not for laws whose skewness persists as they
broaden.

The result is that the difference between the two entropies tends to —glogq when the area
distribution is broad on the scale of one nat, and so to %log 2 at the Page point when ¢ tends to %
there. Section 5.1 reduces Spianar t0 & one-dimensional integral; Section 5.2 proves the limit; Section 5.3
explains it and relates it to earlier work; Section 5.4 gives the first correction; Section 5.5 draws the
consequences.

5.1 A one-dimensional representation

The exact spectrum is defined by the fixed point (3.16). On the negative real axis that fixed point can
be solved explicitly for the spectral parameter, which removes both the fixed-point iteration and the
Stieltjes inversion.
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Proposition 5.1 (Representation). Let P be a probability law on (0,00) with Epa] < oo, let v be the
free compound Poisson law with R-transform R(w) = Ep[(1 — aw) 1], and define

1
1+ae?

h(v) = Ep { ] . sv) =e " — h(v), (5.2)

with vy € [0, 00| the first zero of s on [0,00), and

B (1 - h) (1 — he“) (1 +n e“)
() = 1+ (1-h)e '

Then v
/ulogu dv(u) = /700 J(v) dv, (5.4)

and

Vo

Splanar — Sdiag = —/ [J(v) -(1- h(v))H‘KO} dv — E[log(1+e "] + LE[e .  (5.5)

— 00

The proof is in Appendix D. Its content is that e’ = [dv(u)/(u + s) inverts to the explicit
curve s(v), so that the identity [ulogudy = [[°[1/(1+4 s) — 1+ se¥(*)] ds becomes an integral in v;
subtracting fi)oo(l — h)dv = E[log(1 + e~?)] removes the part of the integrand that grows with the
width of P. The integrand of (5.5) is bounded by 2¢? for v < 0 and by 1 on [0,v0), so the gap is a
single quadrature over an interval whose length does not depend on the width of P. At fixed area, P is
one atom and (5.4) reproduces Proposition 3.2 to machine precision.

5.2 The broad-distribution limit
Theorem 5.2. Let (P,) be jump laws with Ep_[a] < co such that, for every M > 0,

P, (6] < M) — 0, (5.6)

and ¢, = P,(6 > 0) = g€ (0,1). Then

‘ Splanar - Sdiag — —qugq ‘ (57)

The condition (5.6) says that the area distribution becomes broad compared with one nat around
the radiation entropy, so that no finite fraction of the canonical weight stays near the transition.
It cannot be dropped: if a fixed fraction of the weight remains at |§| = O(1), the limit is different
(Appendix D).

The proof (Appendix D) uses only (5.5). Under (5.6) the two expectations vanish, h tends to ¢
uniformly on compact sets, h’ tends to zero, and vy tends to —logq. Dominated convergence then
reduces the integral to that of the limiting integrand

1— v
_li(li);)ev’ v<0,
Joo(v) = (1 = @)oo = ) (5.8)
4 0<wv<-1
T _ge ¢ 0Sv<—loug

whose two pieces integrate to —log(2 — ¢) and log(2 — ¢q) + qloggq.
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Corollary 5.3. If —logx is normally distributed with mean (Spg) and variance o2, and A =
logk — (Sgu), then as o — oo with Ajo — 0,

Splanar - Sdiag — —q IOg q, q= @(70) (59)

At the Page point the limit is %1og2 ~ 0.3466 nats. Over all 0 it is largest, equal to 1/e, at ¢ = 1/e,
that is 0 = ®~1(1 — 1/e) =~ 0.337, after the Page time.

In the JT model the width is 02 = Oy = 47%/8+ %, so the limit is approached at high temperature;
Section 6 shows that it is. The theorem does not assume a Gaussian law: it holds for any family
that spreads in the sense of (5.6), and we have checked it numerically for uniform, skew-normal and
two-sector families (Appendix E). The shape of the law enters the limit only through ¢, but that
includes the value at the Page point: for a skew-normal law of shape parameter 4, with logk at its
mean, ¢ tends to 0.439 and the limit is 0.361 rather than % log 2. The theorem is a statement about the
free compound Poisson law of Section 3.6, and it applies to the radiation of any model whose planar
spectrum takes that form; Section 7.1 discusses which models these are.

5.3 Mechanism, and relation to earlier work

The limit has a transparent origin, which the simplest case exposes. Let the black hole have two
groups of levels: weight ¢ on levels far larger than the radiation, § > 1, and weight 1 — ¢ on levels
far smaller, § < —1. The levels of the first group number far more than k; their contributions to p;aq
are random rank-one terms on the same k-dimensional space, and together they average to a multiple
of the identity, a flat floor ¢ /k under the spectrum. The levels of the second group occupy nearly
orthogonal subspaces of the radiation and sit on top of that floor. The entropy is then

Splanar =~ qlogk — glogq + (1 — q)E[ —logx ‘ o< O] +..., (5.10)
—_————
floor levels below 1/k

where the second term is — Y xlog x over the levels of the second group, whose eigenvalues are their
canonical weights x, so that the entropy of mixing among them is already included. The diagonal
approximation assigns logk to each level of the first group, for glogk in total, and to the second
group the same entropy, through the sector entropy —logx. The difference is —qlog ¢, exactly: the
radiation resolves the levels smaller than itself but not those larger, so the entropy of mixing among the
larger ones collapses into the single block term —glog ¢g. Numerically the two-group model reproduces
—qlog q to six digits once the groups are separated by e (Appendix E). Theorem 5.2 says that a
broad distribution behaves in the same way, because the levels within O(1) of the radiation, the only
ones whose contribution is neither of these two, carry vanishing weight.

The mechanism is not new, and the constant is implicit in earlier work. Penington et al. [37]
identify the flat floor in the canonical ensemble: they write the radiation density matrix as the black
hole density matrix projected onto its k largest eigenvalues, plus a multiple (1 — px)/k of the identity
that collects the remaining states of the spectrum. Their shifted thermal spectrum (their Eq. (F.56)),
which they estimate to be accurate to O(f), contains this block, whose contribution to the entropy,
—(1 —pg)log ((1 - )/ k;), they write out in their discussion of that equation; and they note that their
approximate entropy agrees with the average of the microcanonical answer to within O(1). They do
not evaluate that difference: their Page-point result S = logk — 1/27/8 + O(1), obtained from a cruder
approximation at a single value of k, leaves it inside the remainder. The shifted thermal spectrum
is in fact more accurate than an order-one statement: for Gaussian laws at the Page point it differs
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from the exact planar entropy by 0.025 nats at ¢ = 10 and by 1.8 x 10~% nats at o = 200, well below
the first correction K /o of Section 5.4, so both the constant and the first correction are implicit in it.
Akers and Penington [2] treat a black hole whose bulk state is a mixture of two components at fixed
area (their Section 4.3, with details in their Appendix A); in the regime where one component has
crossed the transition and the other has not, their entropy contains the block term of (5.10), and in the
regime where both have crossed they note that the Shannon term is absent. What the present section
adds is their evaluation, the identification of the constant as the limit of the error of the diagonal
approximation for every spreading family, and a proof from the exact planar spectrum rather than
from an approximation to it. For random tensor networks with two competing minimal cuts and
continuous link spectra, Cheng et al. [9] show that the entropy is H., the first term of (4.4), up to
O(logn); Penington and Rath [36] derive the diagonal approximation for holographic Rényi entropies
up to O(log Gy). In the present setting the theorem determines the remainder at order one.

Marolf et al. [28] anticipate where the orthogonality assumption behind (4.3) can fail. The density
matrices of their sectors are orthogonal for different values of the area A; of the surface nearer the
region, but, they note, “the same need not always hold for As since it can be reconstructed on R only
for Ay < Ay” (their Section 3.2). For the radiation of the west-coast model A; /4G corresponds to
log k and A3 /4Gy to the entropy of the black hole, so the sectors that need not be orthogonal are those
larger than the radiation, up to the difference —logp between the area and the sector entropy — log x
of (3.14), which moves the boundary by an amount of order log . They treat all sectors as orthogonal,
as an additional assumption. The theorem measures the cost: sectors smaller than the radiation are
supported on nearly orthogonal subspaces of it, and for them the assumption holds; sectors larger than
the radiation all fill the same space, and the entropy of mixing among them, which the assumption
counts in full, collapses to the block term. Write Sp for the right-hand side of (4.3) with area windows
of any fixed width, and H (P |large) for the entropy of mixing among the windows larger than the
radiation, which carry total weight ¢’. Then

Splanar = Sp — ¢ H(P |large) + o(1) (5.11)

for laws with a smooth density of width ¢. The argument, in Appendix D.4, is heuristic, and we
state (5.11) on the strength of it and of the numerics: for Gaussian laws at the Page point and windows
of unit width, Sp — ¢'H (P |large) — Spianar is 0.305, 0.124, 0.044 and 0.020 at ¢ = 10, 40, 160 and
640. The window dependence of Sp and of the subtracted term cancel, but the approach is slow, with
corrections of order (loga)?/o; the level-resolved form (4.4) avoids windows altogether and converges
as 1/o0.

5.4 The first correction

When § has a smooth density, the approach to the limit can be computed. Let f be the density
of §, and suppose that near § = 0 it is of order 1/o and varies on the scale o: f(0) = O(c~!) and
/= O(c7?). Expanding (5.5) to first order in 1/0 at fixed ¢ gives (Appendix D.3)

7.‘.2

1
Splanar - Sdiag = —qlogq - f(O) (6 + 1qu + 5 1Og2 Q> + 0(0_2)' (512)

For a Gaussian law of width o, with 6 = A/o, ¢ = ®(—0) and f(0) = ¢(9)/o, this reads
2

0) (m 1
Splanar - Sdiag = _qlogq - @ (6 + logq + 5 10g2 Q) + 0(0_2)7 (513)
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and at the Page point

1 K 2/6 —log2 + Llog?2
Splanar — Sdiag = 3 log2 — — +0(07?), K=" / \g;/% 2298 % 0.4755. (5.14)

The derivation controls the remainder only formally, and we state (5.12) as an expansion confirmed
numerically rather than as a theorem. For Gaussian laws the confirmation is close: at the Page point
o [% log 2 — (Splanar — Sdiag)] is 0.4772, 0.4764 and 0.4760 at o = 100, 200 and 400, extrapolating to
0.4756; away from it, at o = 400, the formula predicts the departure from —qlog ¢ to within 0.6% for
every 6 in [—1.5,1.5] (Table 2). The remainder multiplied by o2 settles near —0.17 at the Page point,
with no sign of a logo term. For the skewed JT law, with f(0) read off the exact distribution, the
formula predicts the departure to within 1.5% at 3 = 5= (Section 6.2).

Combined with the expansion Sgiag — logk = —0/v271 — 1/(0v/27) + O(0=3) of (4.12), the exact
planar deficit at the Page point is

+O0(c™?). (5.15)

o 1 14+ 72/6 —log2 + +log®2
Silanar — logk = ——— + —log 2 — 2
plana g /7271' 2 g oo

The diagonal approximation reproduces the leading term, the /C/27 of Murthy and Srednicki [30]; it
misses the constant %log 2; and its own 1/0 term, Ecoy, has coefficient 1 where the exact coefficient is
1+72/6 —log2 + 4 log” 2 ~ 2.19.

Table 2. Gaussian area distributions: the gap Splanar — Saiag computed from (5.5), against the limit
—qlog ¢ and the first-order formula (5.13). Upper block: the Page point, for several widths. Lower
block: o =400 at several § = A/o. All values in nats.

o 0 q Splanar — Sdiag —¢qlogq first order
2.507 0 0.5 0.17877 0.34657  0.15686
6.283 0 0.5 0.27039 0.34657  0.27089
8.886 0 0.5 0.29224 0.34657  0.29306

20 0 0.5 0.32248 0.34657  0.32280

100 0 0.5 0.34180 0.34657  0.34182

400  —-1.5 0.93319 0.06402 0.06452  0.06401
400 —-0.8 0.78814 0.18660 0.18764  0.18660
400 0 0.5 0.34538 0.34657  0.34538
400  0.337 0.36806 0.36680 0.36788  0.36680
400 0.8 0.21186 0.32783 0.32877  0.32783
400 1.5 0.06681 0.17994 0.18078  0.17993

5.5 Consequences

The error is additive. The diagonal approximation is accurate to a constant, not to a fixed
fraction. Relative to the deficit, of order o, its error vanishes as ¢ — oo, and for a macroscopic black
hole, with & ~ v/SgH, the diagonal approximation is relatively exact. At the widths of the JT model
at moderate temperature the constant is not small: at 8 = 27 the gap is 16% of the deficit (Section 6).
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The broadened curve is not symmetric. For a Gaussian area distribution the diagonal
approximation is even in A. The exact curve is not: the correction —qlog ¢ is largest after the Page
time, at ¢ = 1/e, and it vanishes like 1 — ¢ on the early side, where ¢ — 1, but only like glog(1/q) on
the late side, where ¢ — 0. Figure 4(a) shows the correction in the JT model at three temperatures,
where it is asymmetric in the same way; there the diagonal approximation is itself slightly asymmetric,
because the JT law is skewed (Section 6.3).

A corrected prescription. Adding the limit and the first correction to the diagonal approximation,

w2 1
S &~ Sdiag — qlogg — f(0) <6 +logq + 3 log2 q) , (5.16)

reproduces the exact planar entropy at the Page point to 0.02 nats at o = 2.5 and to 5 x 10™% nats
at 0 = 6.3 for Gaussian laws; the limit term alone leaves an error of 0.17 and 0.08 nats at the same
widths.

The fixed-area correction is not a prediction. Within the diagonal approximation the
fixed-area kernel contributes Egorr ~ —1/(0v/27) at the Page point. Equation (5.15) shows that the
true 1/o term is larger by a factor of about 2.19, and that both lie below the constant %log2 once
o 2 2.5. The structure of the diagonal approximation below order one should not be read as structure
of the Page curve.

(@) (b)

0.40 7 o 035 e
- g log2
0.35 1 f=2m = zlog
g=1 o, 0.30 1 .
w 0.30 2 g
5 — 5L & 0.25
g 1y, [
\':D 0.25 9 —_. limit 7qlogq// o)
3 /) S 0.20 o7
0‘3 0.20 A = 7
" J /
£0.154 g 015 /
0.10 4 5 0.10 —_ %log27K/o'
0.05 4 U;Z 0.05 - Gaussian area distribution
e JT, pure-]JT limit
OOO - T T T T T OOO T T T
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AJo width o of the area distribution (nats)

Figure 4. The exact correction to the diagonal approximation. (a) Spianar — Sdiag 8gainst A/o for the
pure-JT area distribution at 8 = 2, % and % (solid), with the broad-distribution limit —¢qlog g of the
same law, ¢ being the JT weight of the levels larger than the radiation (dashed, same colour). The
vertical dotted line marks A/o = ®71(1 — 1/e) ~ 0.337, where the limit is largest for a Gaussian law.
(b) The gap at the Page point against the width o: Gaussian area distributions (line), the pure-JT
model (points), the first-order formula (5.14) (dashed) and the limit 3 log?2 (dotted).
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6 The JT Model

This section applies the results of Section 5 to the area distribution of the west-coast model itself.
It states the condition on the brane tension under which that distribution is the JT one, gives the
exact correction at several temperatures, separates it from the effect of the non-Gaussian shape of the
distribution, and records the Rényi entropies through the transition at fixed area.

6.1 The area distribution

With the density of states and the brane-modified Boltzmann factor of (3.12), the canonical weight
of the black hole levels is p(F) = p(E)y(E)/Z1, and the entropy assigned to a level by the diagonal
approximation (4.4) is —logz(E) = —logy(F) +1log Z;. In the pure JT case, where y(E) = e #F this
is BE + log Z;. Its mean is the black hole’s von Neumann entropy and its variance is exactly the heat
capacity,

_ 472 3
=7 4 3
the constant coming from the 3~3/2 prefactor of (4.1). The distribution is skewed to the right, with
skewness 0.77, 1.01 and 1.24 at § = 7, 27 and 4, falling to zero as  — 0, where it becomes Gaussian.
The sector entropy — log - differs from the microcanonical entropy Sy + 27v/2E, the area variable of
Marolf et al. [28], by —logp(E), as in (3.14); the microcanonical entropy is much closer to Gaussian,
with skewness 0.05, 0.13 and 0.26 at the same temperatures.

Var( — logz) = 3? Var(E) = Cy (6.1)

The brane-tension condition

The pure-JT weight requires the brane factor in (3.12) to act as a constant over the canonical window,
where V2E ~ 27/B. For v2E > p the factor |I'(x — 3 + iv2E)|? decays as e~ ™V2E, which halves
the coefficient of v/2E in the exponent of p(E)y(E), and with it the mean entropy above extremality,
from 472/83 to 2x2/B. For V2E < p it is, up to a constant, e=2E¥'(1=1/2) ~ ¢=2B/i_ with ¢/ the
trigamma function, so it shifts the inverse temperature from S to about § 4 2/u. The JT form of the
area distribution therefore requires the large-tension regime

p>2m/p, (6.2)

which is, up to the factor 27, the condition pu > 1/8 assumed by Penington et al. [37] in their
Appendix F; its pure-JT parameters require in addition that the shift be negligible. Since the shift
changes the width by about o/(fu), quantities of order one at the Page point require o/(Su) < 1. At
§ = 27 the mean of 2mv/2F runs from 3.87 at p = 0.6 to 7.27 at p = 200, against 272/3 = 3.14 and
47?2 /3 = 6.28, while its standard deviation moves only from 2.05 to 2.30. All results below are for the
pure-JT distribution, the limit g — co. The exact planar entropy depends on p more strongly than its
difference from the diagonal approximation: at S = 1 and the Page point, lowering p from oo to 20
reduces o from 6.40 to 6.13 and moves Splanar — log & from —2.33 to —2.22, while the gap moves only
from 0.280 to 0.277.

6.2 The exact correction in the JT model

Table 3 gives the exact planar entropy and the diagonal approximation at the Page point, log k = Sy,
for the pure-JT distribution, computed from Proposition 5.1. The gap rises from 0.196 at § = 27
to 0.333 at B = % and approaches —qlog ¢, the difference falling as about 0.48/0. The first-order
formula (5.12) accounts for the rate: with the density f(0) read off the JT law, it predicts the departure
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from —qlog q, at the Page point and at A = o, to within 6% at 8 = 27 and to within 1.5% at 8 = %
At the Page point ¢ is somewhat below %, because the right skew of —log z puts its median below its
mean; as S — 0 the skew vanishes and ¢ — % Relative to the deficit the gap falls from 16% at 8 = 2«
to 3% at 8 = %: the error of the diagonal approximation is a constant, and its relative size vanishes as
the distribution broadens. Figure 4 shows the gap across the transition.

Table 3. The pure-JT model at the Page point. o is the standard deviation of —log z, equal to /Cy;
q is the weight of levels larger than the radiation. Entropies are deficits from log k, in nats.

B g q Splanar - log k Sdiag - log k gap —q IOg q gap/’Sdiag - log k‘
2 2.790 0.4321 —1.0271 —1.2233 0.1962  0.3626 0.160
1 6.401 0.4690 —2.3270 —2.6065 0.2795 0.3551 0.107
% 8.970 0.4778 —3.3177 —3.6166 0.2989  0.3529 0.083
i 12.63 0.4841 —4.7515 —5.0644 0.3129  0.3512 0.062
% 19.91 0.4898 —7.6338 —7.9592 0.3254  0.3496 0.041
% 31.44 0.4935 —12.2205 —12.5537 0.3332  0.3485 0.027

6.3 The non-Gaussian shape

The skew of the JT distribution changes the diagonal approximation itself. Comparing (4.4) for the
JT distribution with the Gaussian of the same mean and variance, the difference at the Page point
is 40.014, +0.019 and +0.022 nats at § = 7, 27 and 47, and its largest value within three standard
deviations of the Page point is 0.12, 0.10 and 0.09 nats. The skew breaks the symmetry A — —A of
the Gaussian curve: at § = 2m, relative to the Gaussian of the same mean and variance, the deficit is
smaller on the early side, by up to 0.10 nats near A = —o, and larger on the late side, by up to 0.08
nats near A = +o0. At the Page point this refinement is an order of magnitude smaller than the gap to
the exact answer; away from it the two are comparable. Table 4 summarizes the three descriptions of
the transition.

Table 4. The Page transition at fixed area, in the diagonal approximation with a Gaussian area
distribution of width o, and exactly in the planar limit, for broad distributions.

Fixed area Diagonal approximation Exact planar

Width in A O(1) O(o) O(o)
o 1 o 2.19
Deficit at the Page point -1 —_— - ——— 4+ 1log2 - =
sep 2 V2 oV2w V2T 2708 oV 22w
Symmetry under A — —A  yes yes no
Shortfall Spianar — S 0 — —qlogq 0

6.4 Rényi entropies through the transition

At fixed area the Rényi entropies follow exactly from (3.7). The deficit at the Page point deepens with
the index: it is —% forn =1, —log2 for n = 2, —0.805 for n = 3, —1.081 for n = 10, and tends to
—log4 as n — oo, where the min-entropy is So, = logk — 2log(1 + /7), set by the upper edge of the
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Marchenko—Pastur law. The transition also broadens: the range of A over which the deficit exceeds
1/e of its peak value grows from 2 at n = 1 to 2.47, 2.78, 3.18 and 3.68 at n = 2, 3, 5, 10, and to 4.95
for the min-entropy.

The two-saddle approximation predicts the opposite. Its Rényi entropy, S, = ﬁ log (kl’" +
Llfn), has a deficit at the Page point of —log2/(n — 1), which vanishes as n grows, and a transition
that sharpens as 1/(n — 1), with widths 2.47, 1.24, 0.62 and 0.27 at n = 2, 3, 5, 10. The two agree
only at n = 2, where C5/2 = 1. The sharpening is an artifact of discarding the C,, — 2 partially
connected geometries of Section 2.5, whose weight at the Page time grows with n; at genus zero the
higher Rényi entropies are controlled by the largest eigenvalues of p,,q, which vary smoothly with ~.
Figure 5 compares the two.

With fluctuating area the Rényi entropies are not averages of fixed-area Rényi entropies: for
orthogonal sectors it is Trp™ =3 , P(A)™ Tr p’y that is additive, and for n # 1 the sum is dominated
by a single area rather than averaged over the distribution [11, 28]. We do not pursue the Rényi
entropies with area fluctuations here.

(a) (b)
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Figure 5. Rényi entropies through the transition at fixed area. (a) The genus-zero deficit S,, —
logmin(k, L) for n =1,2,3,5 and the min-entropy (n = 00): it deepens and broadens with n. (b) The
two-saddle approximation for n = 2, 3,5, 10: it sharpens with n, an artifact of the truncation.

7 Discussion

7.1 What the correction means

The diagonal approximation rests on one physical assumption: that the radiation can tell the area
sectors apart, so that their contributions to its density matrix are supported on orthogonal subspaces.
Marolf et al. [28] flag this as an additional assumption, guaranteed only for sectors in which the black
hole is smaller than the radiation. Theorem 5.2 and its mechanism show what the assumption costs. A
sector in which the black hole is smaller than the radiation occupies a subspace of the radiation of its
own dimension, and different such sectors are nearly orthogonal; the radiation distinguishes them, and
the entropy of mixing among them is a genuine part of its entropy. A sector in which the black hole
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is larger than the radiation fills the whole radiation space, as do all the others like it; the radiation
cannot distinguish them, and their mixing entropy collapses into the single term —qlog ¢ for the block
as a whole.

Given this distinction, the size of the correction in the broad limit does not depend on the shape
of the area distribution: it is a function of one number, the canonical weight ¢ of the sectors larger
than the radiation, and it is of order one in entropy units. Where the theorem applies, the correction is
negligible relative to the broadening for a macroscopic black hole, with area fluctuations of order v/Sgq,
so the diagonal approximation is relatively exact; it is not exact. For a Gaussian area distribution of
width o = +/Cy the exact planar deficit at the Page point is —/Cy /27 + 1 log2 + 0(0;1/2), with
the leading term the /C/27 of Murthy and Srednicki [30] and the constant missed by the diagonal
approximation; for other laws the leading term is E[min(0, 6)], which is —/C'v /27 only in the Gaussian
case.

Whether the radiation can tell the sectors apart is a property of the model, not of the area
distribution. In the west-coast model the radiation is a reference system entangled with the flavor of
the end-of-the-world brane and has no energy of its own. It resolves area sectors only through the
island, by reconstructing the sector of the black hole, and the island belongs to its entanglement wedge
only for sectors in which the black hole is smaller than the radiation; every sector larger than the
radiation fills the same space of radiation states. The situation is different when the radiation also
records the sector directly. In the idealization in which the energy of each subsystem is sharp, as for an
energy eigenstate of a closed system whose parts interact weakly, the energy of one subsystem fixes that
of the other, the reduced density matrix of either subsystem is block diagonal in its own energy, and
the sectors are orthogonal on both sides; the entropy is then the average of the fixed-energy entropies
together with the full entropy of mixing, as in Eq. (15) of Murthy and Srednicki [30], and no floor forms.
Their result carries an uncertainty of the order of the boundary area, from the interaction between the
parts, which is larger than the constant at issue here; the statement therefore concerns the idealization.
Marolf et al. [28] reach the corresponding conclusion for holographic energy eigenstates, for which the
off-diagonal terms vanish and the diagonal approximation should hold (their Section 6). The constant
—qlog q is the entropy of mixing that is lost when the radiation does not resolve the sectors larger than
itself. For an evaporating black hole the energy of the Hawking radiation fluctuates by O(v/Sgn) [35]
and, by energy conservation, is correlated with that of the black hole, so the radiation may resolve
these sectors in part; its spectrum is then not the free compound Poisson law of Section 3.6, and the
theorem does not apply.

7.2 Why free probability

Three facts combine to make the planar replica sum a free-probability computation. The gravitational
path integral is organized by topology, with genus g suppressed by e =299 so the leading order is
planar. A permutation has genus zero relative to 7 = (12 --- n) exactly when it is non-crossing,
by the geodesic condition (2.7), so the planar sum runs over Syc(n) = NC(n), the index set of the
free moment—cumulant formula. And in the west-coast model every connection between replicas is
equivalent, so a block of size m carries weight v™~1: the free cumulants are k,, = Y™~ !, and the
spectrum is free Poisson. None of this involves freeness in the technical sense, which concerns several
variables. Freeness enters when the black hole spectrum is itself spread out, in the canonical ensemble:
the radiation spectrum is then the free multiplicative convolution of the gravitational and matter
spectra [45], and the correction of Section 5 is a property of that convolution. Models with several
brane types change the law P of Section 3.6 but not the planar combinatorics; bulk matter with a
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non-flat spectrum contributes a further free multiplicative factor [45], which lies outside the scope of
Theorem 5.2.

7.3 Implications for the Page transition

The transition is smooth and wide. In the west-coast model the crossover from the Hawking
saddle to the island saddle has a width of order /Cy in entropy units. For an evaporating black hole
Penington [35] estimates the width from the fluctuations of order v/Spy in the energy of the Hawking
radiation, which give a window of order 8v/Sgy in time; the estimate does not use the heat capacity,
which for an asymptotically flat Schwarzschild black hole is negative (Section 7.4). For a solar-mass
black hole, with Sgy ~ 1077, the window spans some 103® nats, large in absolute terms and a vanishing
fraction of the black hole’s lifetime.

No sharp transition. The saddle-point answer has a discontinuous first derivative at the Page
time; the fixed-area planar answer log min(k, L) — %e“M still has a cusp there; once the area fluctuates,
the cusp is smoothed on the scale 0. The smoothing is a property of the exact planar answer, not only
of the diagonal approximation.

Partially connected geometries are essential. At fixed area the smooth crossover requires
all C), non-crossing permutations, not only the identity and 7. At the Page time the ratio of the
full genus-zero sum to the two-saddle truncation is C,, /2, growing as 4" /(2y/7 n%/2); and the Rényi
entropies at genus zero broaden with n, where the truncation would make them sharpen (Section 6.4).

The entropy lies below the minimum. Both the fixed-area deficit and the broadening of the
minimum lower the entropy below min(S;.q, (Spm)). The exact correction raises it by —qlogq < 1/e,
while at the Page point the deficit itself is of order o. The exact planar entropy never exceeds log k:
by (3.17) the deficit is — [ wlogu dv, which is non-positive by Jensen’s inequality because v has mean
one.

7.4 Toward higher dimensions

The calculations here are in JT gravity, but several results do not depend on it. The planar combinatorics,
the Marchenko—Pastur spectrum at fixed area, and the fixed-area deficit —%e"m follow from the
replica structure alone. Proposition 5.1 and Theorem 5.2 depend only on the law P of the black hole
levels relative to the radiation, given that the radiation spectrum is the free compound Poisson law
of Section 3.6, and the theorem requires only that P be broad on the scale of one nat. A model of
the west-coast type built on a higher-dimensional black hole, with the radiation again a reference
system entangled with brane flavors, has radiation that resolves the area only through the island, by
construction; it would have a radiation spectrum of the form of Section 3.6 if its planar replica sum
has the same structure, which has not been established. For a large AdS—Schwarzschild black hole
Cy x Sgg, so 0 ~ /Sy and the hypothesis of the theorem would hold at any fixed temperature in
the semiclassical limit. We therefore conjecture that the broadened Page curve of such a model carries
the correction —glogq on top of the diagonal approximation. Whether the broadened Page curves of
the companion paper [46] carry it depends in addition on whether their radiation resolves the area
directly (Section 7.1). For asymptotically flat Schwarzschild black holes the canonical heat capacity is
negative, Cyy = —2Sgy in four dimensions, and the analysis must be carried out microcanonically.
The full distribution of the area in higher dimensions is not known. In JT gravity it is set by the
Schwarzian mode; in four dimensions the near-horizon fluctuations of Schwarzschild or Kerr black holes
involve many more modes, and computing P(Sgn) exactly remains open. The theorem needs only its
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breadth, the first correction (5.12) needs its density near the radiation entropy, and the remaining

corrections are of order 0'_2.

7.5 Open questions

The approach to the limit. The first correction (5.12) is derived formally and confirmed
numerically for Gaussian laws and for the skewed JT law; a bound on the remainder would make the
corrected prescription (5.16) a controlled approximation.

Radiation that records the area. The constant arises because the radiation cannot resolve
the sectors larger than itself, and it is absent when the radiation resolves every sector (Section 7.1).
How the correction interpolates between these cases, when the radiation carries part of the information
about the black hole’s energy, is open; the radiation spectrum is then not the free compound Poisson
law used here.

Rényi entropies. With fluctuating area, the Rényi moments of a mixture are dominated by a single
area for n # 1 [11, 28|, and Penington and Rath [36] derive the corresponding diagonal approximation
up to O(log Gy). Whether the Rényi entropies carry an analogue of the constant —glog ¢ is not known.

Beyond genus zero. The genus-g contribution involves permutations with #(o) + #(7710) =
n + 1 — 2g, whose number grows rapidly with g; the genus expansion is presumably asymptotic. The

genus-one correction is O(e~2%) and does not affect the planar statements of this paper.

Evaporating black holes. The model fixes the ensemble of the black hole. For an evaporating
black hole Spy changes as radiation is emitted, the width of the area distribution evolves along the
trajectory, and the transition is traversed dynamically.

The entanglement spectrum. At fixed area the spectrum is Marchenko-Pastur, with a gap
below a_ = (1 — \ﬁ)2 for v < 1, square-root edges, and an atom at zero for v > 1. With fluctuating
area the exact planar spectrum is the free compound Poisson law of Section 3.6; the flat floor of
Section 5.3 is its signature near the transition. The evolution of its edges through the transition is not
worked out here.

Factorization and typicality. The calculation computes the annealed entropy, —8, (Tr(p™))|n=1.
The quenched entropy differs by connected contributions to the variance of Tr(p™) across the ensemble,
suppressed by e~ relative to the leading moments; bounding them uniformly near n = 1 would make
the results statements about typical black holes rather than ensemble averages [27, 39].

8 Conclusion

The broadened Page curve has been computed by averaging the entropy of fixed-area states over the
distribution of the area, following Marolf et al. [28] and, before them, Murthy and Srednicki [30]. That
prescription is correct at the order at which it was formulated. This paper determines its error at the
next order, written level by level so that it does not depend on a choice of area windows, in the model
where the exact planar answer is known.

The error tends to —qlog g, whatever the shape of the area distribution, where ¢ is the canonical
weight of the black hole levels larger than the radiation; at the Page point of a symmetric distribution
it is %log 2. The constant has a simple origin. The radiation distinguishes the sectors in which the
black hole is smaller than itself, which occupy nearly orthogonal subspaces of it, but not those in which
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the black hole is larger, which all fill the same space; the entropy of mixing among the latter collapses
into a single block term. The constant is implicit in earlier work: the shifted thermal spectrum of
Penington et al. [37] contains the block term, the two-component mixtures of Akers and Penington
[2] exhibit it, and Marolf et al. [28] anticipate that the sectors larger than the radiation need not be
orthogonal. What is established here is the value of the constant, a proof that it is the limit of the error
for every area distribution that is broad on the scale of one nat, the rate of approach, derived formally
and confirmed numerically, and a representation of the exact planar entropy as a single integral that
makes all of these computable. The constant requires radiation that cannot tell the larger sectors apart,
as in the west-coast model; where the radiation records the area, as for energy eigenstates of a closed
system, the sectors are orthogonal and the entropy of mixing is fully counted.

Three consequences follow, within the class of models to which the theorem applies. The error of
the diagonal approximation is additive, so its relative size vanishes for macroscopic black holes, whose
area fluctuations are of order v/Spy; the approximation is relatively exact but not exact. The exact
curve is not symmetric about the Page time, even when the area distribution is: the correction is
largest, equal to 1/e, after the Page time. And the structure of the diagonal approximation below order
one, including the term FE... produced by its fixed-area kernel, is not structure of the Page curve: the
exact 1/0 term at the Page point is larger by a factor of about 2.2. The corrected prescription (5.16),
the diagonal approximation plus the limit and its first correction, reproduces the exact planar entropy
of a Gaussian area distribution at the Page point to 0.02 nats at 0 = 2.5 and to 5 x 10~ nats at
o =06.3.

The fixed-area ingredients are of independent use. At the Page time the two-saddle truncation of
the replica sum misses the nth Rényi moment by the factor C),/2, and the genus-zero Rényi entropies
broaden with n rather than sharpen. The open questions are the analogue of the constant for Rényi
entropies with fluctuating area, a rigorous control of the first correction, the size of the correction when
the radiation records the area in part, and the corresponding statement for models built on black holes
in higher dimensions, where the area distribution is not known exactly.

A Permutation Combinatorics

This appendix records the combinatorics behind the genus expansion of Section 2: the non-crossing
permutations for small n, the identification of genus zero with the non-crossing condition, and the
count of genus-one permutations.

A.1 Non-crossing permutations for small n

Let 7= (12 --- n) and write #(o) for the number of cycles of o € S,,. A permutation is non-crossing
if its cycles, drawn as polygons on n points placed clockwise on a circle, do not cross, and each cycle is
traversed in increasing cyclic order; equivalently, no two cycles (aq ---) and (by ---) contain elements
with a; < b; < ap < by. For n = 3, with products composed from left to right:

o #(o) | 7710 | #(r7 o) | Sum | Non-crossing
id 3| (132) 1 1 yes
12) | 2 | @3) 2 4 yes
23 | 2 | (2 2 4 yes
(13) 2 (23) 2 4 yes
(123) 1 id 3 4 yes
132) | 1 |(@23) 1 2 1o
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Five permutations satisfy #(c) + #(7 10) =4 = n + 1, and they are the non-crossing ones: one
with three cycles, three transpositions, and 7 itself, matching N(3,5) = 1,3,1. The sixth, (132), has
genus one. The Narayana numbers for n < 5 are in Table 1.

A.2 Genus zero is non-crossing

Theorem A.1. Foro € S, let

n — g)— T lg
o(o) = 1 #(2) #(1""0)

Then g(o) > 0, and g(o) = 0 if and only if o € Sxc(n).

(A1)

This is the geodesic characterization of non-crossing permutations due to Biane [7]; see also Nica
and Speicher [31, Lecture 23]. We sketch the topological argument. Put w = o~'7, the Kreweras
complement, so that cw = 7 and #(w) = #(771¢). The factorization defines a bipartite ribbon graph:
a black vertex for each cycle of o, a white vertex for each cycle of w, an edge for each i € {1,...,n}
joining the cycles that contain it, and the cyclic orders at the vertices given by the cycles. The faces
correspond to the cycles of ow = 7, so there is exactly one. With V' = #(0) + #(w), E=nand F =1,
the Euler characteristic is

X =#(0)+#(r 7o) —n+1=2-29(0), (A.2)

which is (A.1) and the classical genus formula for a factorization of an n-cycle into two permutations [19].
The graph is planar exactly when its cycles can be drawn without crossing on the disk bounded by the
single face, which is the non-crossing condition. Consequently #(c) + #(7 1) < n + 1, with equality
exactly on Sxc(n), and 0 < g(o) < [(n—1)/2].

A.3 The genus-one count

Proposition A.2 (14). The number of o € S,, with g(o) = 1, that is with #(o) + #(77 o) =n—1, is

a(n) = (2:_—12) W (A3)

The count is classical. A permutation o with # (o) + #(77 o) = n + 1 — 2g is a factorization
7 =0 (6717) of the long cycle of genus g, equivalently a rooted bicolored unicellular map with n edges,
and Goupil and Schaeffer [14] enumerate these for every genus; (A.3) is their genus-one case. Cori
and Hetyei [10] rederive it, refined by the number of cycles of o, and the sequence is A002802 of the
OEIS [32], with g;(n) its term of index n — 3. Equivalently, by the moment formula of Hanlon et al.
[15] for complex Gaussian matrices, g1(n) is the coefficient of N=2 in the normalized nth moment of
an N x N complex Wishart matrix. Harer and Zagier [16] give the analogous count for gluings of a
2n-gon, which is a different family. We have checked (A.3) against direct enumeration of all of S, for
n < 9. The full decomposition by genus is:
The ratio of genus one to genus zero is
gi(n) n(n—1)(n—2)(n+1) N n?

C, 24(2n — 1) 48"

(A4)

For n > 5 the genus-one permutations outnumber the genus-zero ones, but each is suppressed by
L2 = ¢725% 50 their total contribution, of order n®L~2/48 relative to genus zero, is small whenever
L > n®/2. The non-crossing permutations are a vanishing fraction of S,,, since C,, ~ 4"/( /7 n>/?)
while n! ~ v/27n (n/e)", and they nonetheless carry the whole planar limit.
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Table 5. Permutations of \S,, counted by genus relative to 7 = (12 --- n), by direct enumeration. The
genus-zero column is C,, and the genus-one column agrees with (A.3).

n|lg=0 g=1 g=2 ¢g=3 g=4 n! | g1(n)/Cy
3 5 1 6 0.200
4 14 10 24 0.714
5 42 70 8 120 1.667
6| 132 420 168 720 3.182
7| 429 2310 2121 180 5040 5.385
8 | 1430 12012 20790 6088 40320 8.400
9 | 4862 60060 174174 115720 8064 | 362880 12.353

B Free Probability Derivations

This appendix provides detailed derivations supporting the free probability framework used in Section 3.
We establish the equivalence between the Narayana moment formula arising from the gravitational path
integral and the free Poisson distribution, derive the Marchenko-Pastur density from the R-transform,
and verify the conditions of Carlson’s theorem that guarantee uniqueness of the analytic continuation
within the bounded-exponential-growth class.

B.1 From Narayana Moments to Free Cumulants

The genus-0 gravitational result for the radiation density matrix moments is the Narayana polynomial
n
My(7) =Y N(n, i)y, (B.1)
j=1
with My (y) = Tr(p) = 1 by density-matrix normalization.

Non-crossing moment—cumulant relation and identification of x,,

In free probability [31, 44], moments {M,} and free cumulants {k,,} are related by a sum over

non-crossing partitions:
Mn = Z H H|B\~ (BQ)
TeNC(n) BET
A convenient way to match (B.1) is to choose
fm = A (> 1), (B.3)
so in particular k1 = 4° = 1 agrees with M; = Tr(p) = 1.
With (B.3), each block B contributes x5 = v/Z!=1, hence for a partition  with || blocks we get
H KiB| = A Z5(BI=1) = yn=Inl,
Bern

Grouping the non-crossing partitions by their number of blocks |7| = j then yields
M, = - (#m e NCO) i Il = j}) "7 = 3 N j)r"
j=1 j=1

which matches the gravitational Narayana formula (B.1) exactly. This is the precise sense in which the
genus-0 gravitational moments define a (parameterized) free Poisson / Marchenko—Pastur law.
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Equivalent standard free-Poisson parameterization
A standard free-Poisson variable with rate A\ and jump size a has free cumulants k,, = Aa". Match-
ing (B.3) gives
A=—, a=-, (B.4)
Y

m—1

SO Ky = Aa™ =1y as required. (Equivalently, one may rescale variables to adopt the convention

“all cumulants equal A\”; the present normalization is fixed by Tr(p) = 1 and is the one relevant for
density-matrix moments.)

R-transform

The R-transform generating function for free cumulants is

R(z) = Z 2™ L (B.5)
m=1
Using Kk, = 7™ ! gives
= 1
R(z)=) ()" ' = — = (B.6)
m=1

which is equivalent to the standard free-Poisson form R(z) = Aa/(1 — az) with (B.4). This R-transform
leads (via Stieltjes inversion in the next subsection) to the Marchenko—Pastur density with support
la_,ay] where ay = (1+ ,/7)? under the normalization Tr(p) = 1.

B.2 From R-Transform to Marchenko-Pastur via Stieltjes Inversion

The derivation is standard [26, 31], and we record it in the normalization used here. The Cauchy
transform G(z) = [ f(z)dxz/(z — x) of a law with R-transform R satisfies

1

“E) = TRew)y

(B.7)

For R(w) = 1/(1 — yw), the free Poisson law with rate 1/ and jump size 7, so that x; = 1, this is the
quadratic 72 G? — (z +v — 1) G + 1 = 0. Its discriminant is (z — ay)(z — a_) with

ax = (1£/7)? (B.8)
and the branch with G(z) ~ 1/z at infinity is G(z) = [(z+7—1) —/(z — a3)(z — a_)] /(27z). Stieltjes
inversion, f(z) = —7~!lim._,o+ Im G(z + ic), gives the Marchenko-Pastur density

@ -G —a)
fMP(x/Y) = \/ + 27T'}/.1' ’ T e [a*7a+]a (Bg)

together with an atom of weight 1 — 1/v at = 0 when v > 1, which reflects the rank deficiency of
pPrad When k > L.
B.3 Carlson’s Theorem: Statement and Verification

Carlson’s theorem [8] provides a uniqueness result for analytic continuation from the positive integers
within the bounded-exponential-growth class, which justifies the replica method’s continuation from
integer n to real n.
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Statement of Carlson’s Theorem

Theorem B.1 (Carlson, 1914). Let f(z) be a function satisfying:
(i) f is analytic in the closed right half-plane {z € C : Re(z) > 0};

(i) f is of exponential type, |f(2)| < Ae™*l for some constants A, 7 > 0, and on the imaginary azis
|f(iy)| < Ae! for some ¢ < 7;

(i11) f(n) =0 for all non-negative integers n € Z>g.

Then f(z) =0 for all z in the right half-plane.

The condition ¢ < 7 is sharp: the function f(z) = sin(wz) is analytic, vanishes at all integers, and
has type exactly 7 along the imaginary axis. No condition is placed on the type along the real axis
beyond its finiteness.

Verification for the Marchenko-Pastur Moments

Define the moment function: -
M(n) =/ z" fap(7;7) da (B.10)
0

We verify that this function satisfies the hypotheses of Carlson’s theorem, so that it is the unique
analytic continuation of the Narayana polynomial moments among continuations of exponential type
that are bounded on the line Re(n) = 1.

Condition (i): Analyticity. The integral (B.10) is analytic in n for Re(n) > —3, uniformly in ~.

For v # 1 the continuous part of the law is supported away from the origin, where z™ is entire in n; for

~1/2 at £ = 0, so 2™ fyp is integrable exactly when Re(n) > —3. The

~ =1 the density behaves as z
atom at the origin present for v > 1 contributes nothing for Re(n) > 0. By dominated convergence M (n)
is analytic in Re(n) > —%. Agreement at the positive integers then suffices: n+— M(n+1) — M(n+1)

is analytic on Re(n) > 0 and vanishes at n =0,1,2,....

Condition (ii): Growth Bound. For Re(z) > 0 the shifted moment is bounded by

at

ay
IM(1+2)| < /0 g1 TReG) f e (2) da < aie(z) /0 x fup(z) doe = aﬁe(z), (B.11)

since the law has mean one and < a4 on its support. Hence M(1 + z) has exponential type at most

logay = log(1 4+ v/7)* = 2log(1 + /), (B.12)

and on the imaginary axis |M (1 + iy)| < 1, so its type there is zero. The hypotheses of Carlson’s
theorem hold for every ~.

Condition (iii): Agreement at Positive Integers. At positive integers n =1,2,3,..., the
moment integral M(n) computes the n-th moment of the Marchenko-Pastur distribution. By the free
probability derivation (Section B.1), these moments equal the Narayana polynomial:

n

M(n) = Z N(n,j)y"™7 for n € Zsg (B.13)

j=1
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Uniqueness Conclusion. Suppose M(n) is another analytic continuation of the Narayana
moments, of exponential type in Re(n) > 1 and bounded on the line Re(n) = 1. Then f( ) =
M (1 + z) — M(1 + z) satisfies all conditions of Carlson’s theorem, hence f = 0, implying M = M.
That is, the continuation is unique within this class, for every ~.

Therefore, the Marchenko—Pastur moment integral (B.10) is the unique analytic continuation of
the gravitational Narayana moments to real (and complex) Rényi index n within that class, for every ~.

At the Page time, v = 1, the exponential type is log4; there M,, = C,, ~ 4™/(y/mn3/?), so M, /a’t
decreases to zero, and Mygo/41% = 5.58 x 10~%.

B.4 Proof of Proposition 3.2: the Exact Deficit
We prove the identity (3.9). Write the Marchenko—Pastur density of mean 1 as

(b—2z)(xz—a)
2myx

v, (z) = , a=(1-y7)?2 b=01+7)> (B.14)

on [a,b], supplemented for v > 1 by an atom of mass 1 — 1/~ at the origin. The atom contributes
nothing to [ zlogx dv,, so in both cases

\/ —z)(z — a) logx dx =: I— (B.15)

27r’y ™Y

/zlogzduy(

Note that the factor of = in the numerator has cancelled the z in the denominator of (B.14); this is
what makes the integral elementary.

Set ¢ = 1(a+b) and r = % (b—a) and substitute z = c+rcosf, 0 € [0, 7], so that /(b — z)(z —a) =
rsinf and do = —rsinfdf. Then

I, = 7“2/ sin? @ log(c + r cos 0) df. (B.16)
0

Writing ¢ + rcos = 5 (1 + 2t cos @ + ¢?) with ¢ the root of t* — 2(¢/r)t + 1 = 0 inside the unit disc,

c— Ve —r?
t=——— B.17
c-r (B.17)
and using the standard expansion log(1 — 2scos @ + s2) = —2 27«21 % cosnf at s = —t,
n+1tn
log(c+ 7 cosf) = log(%) + 22 cos nd. (B.18)
Since fo sin?@df = 7/2 and fo cos(nf) sin® 0 df = — T0n,2, only the n = 2 term of the sum survives,
contributing (—#2)(—m/4) = 7t?/4. Hence
271 r t2
L= Tlog( ) + 3] logadv, = - |Slog( )+ |- B.1
,Yr2og2t+4 , xlog x dv., 2fy2og2t+4 (B.19)

It remains to insert the Marchenko—Pastur values. From a = (1 — /7)? and b = (1 + ,/7)?,
c=14n7, r =27, A —rt=(1-~)>~% (B.20)
For v <1 we have V&2 —r2 =1—1~,s0t = [(1+7) — (1 —7)]/2/7 = /7 and therefore

2
oAV g (B.21)
2% 2
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so the logarithm in (B.19) vanishes identically and

4
/xlogdeW:%~%:%. (B.22)

For v > 1 we have V¢ —r2 =y —1,s0 t =1/,/7, 7/2t = v and t* = 1/, giving

/xlogmdz/w:;% Blog’y—i— 417} zlogv—&-%. (B.23)
This is (3.9). The two branches agree at v = 1, both giving 3.

For the deficit, recall Syx = — [z logz dv, +logk and A =log~y. When v < 1, min(k, L) = k and
F=—v/2=—2%e* When v >1, min(k,L) = L and logk — log L = log~, so F = —logy — 1/(2v) +
logy = —1/(2y) = —3e~2. Both cases are F(A) = —3e~4l, with no remainder. O

The collapse is what distinguishes the identity from the asymptotic statement: the Marchenko—
Pastur law is precisely the distribution for which the Fourier parameter ¢ equals /7, and for v < 1 that
is exactly the value making r/2t = 1. A perturbation of the spectrum away from Marchenko-Pastur
reinstates the logarithm and with it a correction of order one. The canonical spectrum of Section 3.6 is
such a perturbation, which is one way to see why the broadened curve does not inherit this exactness.

B.5 Summary: The Derivation Chain

We have established the complete chain:

1. Gravitational path integral (the west-coast model at genus-0) produces the Narayana moment
formula (B.1).

2. Narayana moments are equivalent to free cumulants k,, = y™~! (with 1 = 1 from Tr(p) = 1),
i.e. a (parameterized) free Poisson / Marchenko—Pastur law.

3. Free Poisson R-transform R(z) = 1/(1 — vz) yields, via Stieltjes inversion, the Marchenko—
Pastur density (B.9).

4. Carlson’s theorem implies, for every -, uniqueness of the analytic continuation among
continuations of exponential type that are bounded on the line Re(n) = 1; within this class, the
MP moment integral gives the continuation of the gravitational Rényi moments to real index n.

5. The n — 1 limit of S,, = logk + (1 — n)~*log M,, yields the von Neumann entropy of the
radiation subsystem.

This establishes that the Page curve transition function computed from the gravitational path
integral matches the entanglement entropy of a random pure state drawn from the Haar measure at
genus-0, with the analytic continuation controlled (under Carlson-type hypotheses) by the Marchenko—
Pastur moment representation.

C Gaussian Broadening Integrals

This appendix derives the closed form (4.8)—(4.9). Let X ~ N (p,0?), with g = (Spn), and K = Spaq,
A=K-—pu,z=A/o.
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C.1 The broadened minimum

Splitting at X = K,
Emin(X,K)]=E[X; X < K]+ K P(X > K). (C.1)

The truncated mean is E[X; X < K] = p®(z) — 0 ¢(z), from ffoo(u + ot)p(t) dt and f_zoo to(t)dt =
—¢(2), and P(X > K) = ®(—z). Hence

Emin(X,K)] = pu®(2) + K®(—2) —0¢(z) = p+ AD(—2) — 0 ¢(2), (C.2)
which is (4.8).

C.2 The fixed-area correction

With Y = X — i ~ N(0,02), Ecorr = —3 E[e”127YI]. Splitting at ¥ = A,
E[e”2 Y] = e 2E[e"; Y < A] + 2 E[e™; Y > A (C.3)

Completing the square, e*¥¢(y/o)/o = e’ /2 d)((y F 02)/0) /o: the weight e*Y shifts the Gaussian to

mean 02 and multiplies it by e /2. Therefore
. A — 2 —A— 2
E[e"; Y < A] =7/ <1><"> . Bl Y >A] =€ q><"> . (C4)
o o
and A ) A )
1 _ _ _
Ecorr(A,a) = _5 602/2 |:€_A (I)<O> + eA @(0)] ) (C5)
o o

which is (4.9).

C.3 Limits

As 0 — 0, E[min(X, K)] — min(y, K), and the arguments of ® in (C.5) tend to +oo according to the
sign of A, s0 Ecorr — —%e"A‘: the fixed-area result is recovered. At the Page point, A =0,

o 2 1 1

Emin(X,K)] —p=———,  Feon = —¢" 2®(—0) = — (1—+0 4), C.6

min(X, K)] ~p =~ (o) =——= (1= +0(™).  (©8)

the last by the asymptotic expansion of ®(—o). The two terms are equal at o a2 0.75. For large o at fixed

u=A/o, Ecory = O(1/0) and the deficit of (C.2) from min(u, K) is o [u®(—u) — ¢(u) — min(u,0)] =
—o[p(u) — |u| ®(—|ul)], which gives (4.15).

D Proofs for Section 5

Throughout, P is a probability law on (0, 00) with Ep[a] < oo, § = —loga, v is the free compound
Poisson law with R(w) = Ep[(1 —aw)™1], and h, s, v, J are as in Proposition 5.1. Note that 0 < h < 1
and

h’(v)E{(lfiﬂ)Q} e[-10). (D.1)
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D.1 The representation

Step 1: a resolvent formula. For u > 0, logu = fooo [(1+s)7! = (u+ s)~"]ds. Multiply by u and
integrate against v. The integrand u(u — 1)/((1 + s)(u + s)) has a constant sign on {u > 1} and
on {u < 1}, so Tonelli’s theorem applies to each piece, and both are finite because f ullogu|dv <
e '+ [u?dv =e"' + 1+ Ep[a]; the second moment of a free compound Poisson law is 7 + k2, and
here k1 = 1, ko = Ep[a]. With g(s) = [dv(u)/(u+s) and [u/(u+s)dv=1—sg(s),

e 1
1 = — =1 . D.2
/u ogudv /0 [1+s +sg(s)| ds (D.2)

Step 2: the fized point on the negative axis. The Cauchy transform G(z) = [dv(u)/(z — u)
satisfies G(2)(z — R(G(z))) = 1 for z in an open subset of the upper half-plane; this is the fixed-point
characterization of the free compound Poisson law [31, 45]. G is analytic on C \ [0, c0) and takes no
value in [0, 00) there: it maps the upper half-plane into the lower one, the lower into the upper, and
the negative axis into the negative axis. R is analytic away from the set {1/a: a € supp P} C (0, 00)
together with its closure, which lies in [0,00). Both sides of the identity are therefore analytic on
the connected open set C \ [0,00), and the identity theorem extends it there. At z = —s, with
g(s) = —G(—s) >0, |
s+ h(logg(s)) '

Step 3: inversion. g is continuous and strictly decreasing on (0,00), with g(s) ~ 1/s as s = oo
and g(0%) = [dv/u € (0,00]. Write A = Ep[1/a] for the total mass of the Lévy measure; then
v({0}) = max(0,1 — \), and ¢g(0") = oo exactly when A < 1. The map s — v(s) =logg(s) is a strictly
decreasing bijection of (0, 00) onto (—o0,log g(07)), and by (D.3) its inverse is v — s(v) = =¥ — h(v).
Hence s > 0 on (—o0,logg(07)) and s — 0 at the right end, so log g(0") = vy, the first zero of s on

g(s) = (D.3)

[0,00); vg = 00 exactly when A < 1. Directly: with g = e?,
(W) =e U+ W (v) = e (1 — *E[a/(1+ ag)zD7 (D.4)

and ¢g?Ela/(1+ag)?] = gE[liig . 1+1ag] < gE[ﬁ] =gh=1-sg <1 wherever s > 0, so s is strictly
decreasing there.
Step 4: change of variables. Substitute s = s(v) in (D.2). Using sg = 1 — he",
1 1 _e’(1—h)(1—he’)

14sg=—— —he' = D.5
1+s tsg 1+s € 14+ (1—h)er (D-5)

and multiplying by —s'(v) = e~"(1 4+ h’e”) gives J(v). This is (5.4).
Step 5: the subtraction. By Tonelli,

0 0 ae”
/_ (1—h(v)) dv= E[/_ o dv} =E[log(1+a)] = E[max(0,-6)] +E[log(1+e~°)]. (D.6)

Since Splanar — logk = — [ J by (3.17) and (5.4), and Sqiag — log k = E[min(0, §)] — %E[e"‘s'} by (4.4),
subtracting gives (5.5). O

Bounds. For v < 0, the numerator of J/(1 — h) minus its denominator is e”(h'(1 — he¥) — 1), of
modulus at most 36”7 and the denominator is at least 1; hence

|[J(v) = (1=h()|<2e”  (v<O0). (D.7)

For 0 < v < vg, he” < 1 because s > 0, and 1+ h'e? = —s'(v)e” >0, s0 0 < J(v) < 1.
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D.2 The broad-distribution limit

Proof of Theorem 5.2. Fix € > 0 and write m, (M) = P,(|d| < M), which tends to zero for each M.
The two expectations. B, [log(1+e~1°N] < 7, (M) log 2-+log(1+e~M) and E, [e~1%!] < 7, (M) +eM;
choosing M large and then n large makes both smaller than e.
Convergence of hy, and hl,. Let |v] < V. On {6 > M}, logistic(§ — v) > logistic(M — V); on
{6 < =M}, logistic(d — v) < logistic(V — M). Hence

| (V) = gn| < (M) + 2logistic(V — M), (D.8)

s0 hy, — ¢ uniformly on [~V V]. In the same way |k}, (v)| < 7, (M) + eV~ so hl, — 0 uniformly on
compact sets.

The endpoint. s,(v) — e~ ¥ — ¢ uniformly on compact sets. The limit is positive on [0, — log q),
vanishes at —log ¢, and is negative beyond it. For > 0 and n large, s,, > 0 on [0, —logg — 1] and
sn(—logg+n) <0, so vy(n) = —logg; in particular vo(n) < co.

Dominated convergence. On v < 0 the integrand of (5.5) converges pointwise to the first line
of (5.8) and is dominated by %e”, by (D.7). On [0, —log g + 1] write the second part as [ Jn ¥,<uy(n);
the integrand is bounded by 1 and converges for almost every v to the second line of (5.8) times
Woc_togq- With u = (1—q)e”,

/O —(1—q)e” d log(2 —q) /logq {1 dv =log(2 —¢q) +gqlogg, (D.9)
v=— —q), —q|dv= - , (D.

oo L+ (1 —q)ev & q 0 14+ (1—gq)e? ¢ & ?Taioed

so the integral in (5.5) tends to glog ¢ and the gap to —qloggq. O

The spreading condition is needed. If a fixed fraction of the weight remains at |§| = O(1), the
limit changes. For example, put weight m on a normal law of width 0.3 centred at § = 0 and split the
remaining weight equally between two normal modes of unit width at 6 = +L. Then ¢ = % for every L,
and as L — oo the gap tends to 0.2869 for m = 0.2 and to 0.1919 for m = 0.5, against %logQ = 0.3466
for m = 0 (Appendix E).

D.3 The first-order term
Let 6 have a density f with f(0) = O(c™!) and f’ = O(c~2) near 0, and ¢ = P(§ > 0). Since
h(v) = Eflogistic(6 — v)] and [ (logistic — ¥ (0,0)) = 0, for v = O(1)

h(v) = q—v f(0) +O(c™?), B (v) = —£(0) + O(c™?), (D.10)

the logistic smoothing entering first at O(o~2), through f’. For a Gaussian law, § ~ N'(—A, 02) with

A = 0o, one has f(0) = ¢(0)/o and ¢ = ®(—0). The endpoint contributes nothing at first order,

because J(vg) = 0. With r =1 — g and u = e?, the derivatives of the integrand at h = ¢, b’ = 0 are
oJ r(l—qu)u 0J 717(2q71)u+r2u2 O(J—(1—h)) u

7 == = = D.11
on’ L+ru oh (1+ru)? ’ oh (1 +ru)?’ ( )

so the integral in (5.5) changes at first order by f(0) I; with

11:/0 [_( vu T(l_q“)“] dv+/_logq [U(l—(QQ—l)u+r2u2) r(1 — qu)u o
0

1+ ru)? 1+ru

(14 ru)? 1+7ru

— 00

(D.12)
After the substitution v = logu the integrands are rational times logu, and partial fractions give
q for the first integral and %log2 q+logqg+ 1 — g for the second, so I; = 1+ logq + %log2 q. The
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two expectations in (5.5) contribute —f(0)72/6 and +£(0), since [log(l + e~!*l)dx = 7?/6 and
fe"””‘ dx = 2, the terms in f’(0) vanishing because both integrands are even. Collecting terms
gives (5.12), and (5.13) for Gaussian laws. The expansion is formal: the remainder is not bounded
here, and the numerical confirmation is described in Section 5.4.

D.4 The form with area windows

Divide the range of § into windows A of width w, with probability P4 and black hole eigenvalue level x 4,
so that the window has dimension Ny = P4/x 4. Its fixed-area entropy is log k + min(0,d4) — %e"d”
with dy = log Ny — logk = 64 + log P4. For a window smaller than the radiation, dg < 0, the
contribution of the window to Sp = ", PaS(A) — 3", Palog P4 is Pa(logk + 54) + O(Pye~ldal):
the entropy of mixing cancels log P4 and leaves the level-resolved entropy —logx 4. For a window
larger than the radiation the contribution is P4 logk — Palog Py + O(Pae~!%4l). Writing ¢ for the
total weight of the larger windows, — Zlarge Pylog Py = —q¢'logq + ¢’ H(P |large), and therefore

Sp — ¢ H(P |large) = logk + Z Pada—q'logq +o(1). (D.13)
da<0

Suppose now that § has a smooth density f of width o. Then log P4 = log(wf(d4)) is close to a
constant —A over the transition region, with A ~ log(o/w), so the cut d4 < 0 is the cut d4 < A.
The weight between the two cuts is O(A/o) and contributes O(A? /o) to the sum, so ¢’ — ¢ and the
right-hand side tends to log k +E[min(0, 6)] — g log ¢, which by Theorem 5.2 is the limit of Spianar. This
is (5.11). The argument is heuristic: the remainders O(Pae~!%4l) and the variation of log P4 across
the transition region are estimated, not bounded. Section 5.3 gives the numerical check.

E Numerical Methods

Every number and figure in the paper is produced by the scripts that accompany its source:
exact_correction/gap.py implements Proposition 5.1 for Gaussian and for discrete laws P;
exact_correction/jt.py builds the JT law, in the pure-JT limit or with the brane factor of (3.12);
exact_correction/paper_numbers.py prints every value in Sections 5 and 6, the windowed com-
parison of Section 4.2, and the values of Section E.3; exact_correction/paper_figures.py draws
the figures and computes the permutation counts of Appendix A and the fit of Section E.4; and
exact_correction/validate.py runs the checks of Section E.2, one of which uses an independent
solver for the planar spectrum, free_convolution_check.py, in the directory above.

E.1 The planar entropy

The exact planar entropy is computed from (5.4) and the difference from the diagonal approximation
from (5.5), by adaptive quadrature in v on [—70,0] and [0, vo]; the integrand of (5.5) is below 10730
at the lower limit for every law used. The endpoint vg is bracketed by stepping up from v = 0 until
s(v) changes sign, and refined by bisection; whether vy is finite is decided in advance from the total
Lévy mass Ep[l/a], which is available in closed form. For discrete laws h and i’ are finite sums. For a

Gaussian law of § with mean m and variance o2,

h(v) = @(m - v) + / (logistic(y) — ¥y=o) iqﬁ(W) dy, (E.1)

g

whose second term is localized within |y| < 40 by the decay of the logistic function and is evaluated on
a fixed grid; this keeps the cost independent of o, and the computations of Section 5.4 run to o = 400
in seconds.
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The JT law is built on the variable v = +2E, in which the measure p(E)y(E)dE =
sinh(2mu) we=Pu*/2 du/(272) is smooth, on a grid extending to 27/8 + 40/+/B. With Sy = 0, which
only shifts log k, each grid point is a level with § = SE + log Z; — log k and weight p(F) dE.

E.2 Validation
The representation is checked against four independent computations.

1. Fized area. For a single atom, (5.4) reproduces Proposition 3.2 on both branches, at v = 0.05,
0.3,1,2 and 7, to 10716,

2. The fized point in s. Solving (D.3) for g(s) on a logarithmic grid of 4001 points in s € [10710,1019]
and integrating (D.2) directly agrees with (5.4) to 1076 for discrete and Gaussian laws.

3. Finite random matrices. For a black hole with a discretized spectrum of 21 levels and k = 400 to
500, the entropy of pyaq = C diag(x) CT/Tr(-), with C' a complex Gaussian matrix, averaged over
six samples, agrees with the planar value to 1.2 x 1074, 9.1 x 10~% and 1.0 x 102 at widths 0.6,
1.2 and 1.8, consistent with corrections of order 1/k.

4. An independent solver. free_convolution_check.py solves the fixed point (3.16) by iteration on
the negative real axis and integrates (D.2) on a logarithmic grid, after binning the JT and brane
measure into 4000 atoms in log(kx). At the same binning it agrees with (5.4) to 7 x 1075 on the
JT measure, at § = 27 with g = 20 and at 8 = 1 with u = 200, over A € {—2,0,2}; the residual
is the uniform discretization error of its grid, the same 7.3 x 10~ it shows against Proposition 3.2
at fixed area. Its own checks reproduce the moments mo = 1+ v and ms = 4% + 3v + 1 to five
decimals, and the identity Spg = (log p) + H(p) of (3.14) to 4 x 10716,

E.3 Broad laws and the spreading condition

Theorem 5.2 is checked on non-Gaussian families of growing width W. For § uniform on [—0.6W, 0.4WV],
so that ¢ = 0.4 and —qlog q = 0.3665, the gap is 0.1394, 0.3058 and 0.3520 at W = 5, 20 and 80. For
a skew-normal law of shape parameter 4 and scale W, with ¢ = 0.9221 and —qlogqg = 0.0748, it is
0.0268, 0.0508 and 0.0675. In both the approach is at the rate ||f||o o< 1/W. For two groups of levels
with weights ¢ and 1 — g at § = £L, the gap differs from —qloggq by —6.8 x 1074, —8.5 x 10~* and
—5.0 x 10* at L = 8 for ¢ = 0.2, 0.5, 0.8, and by at most 5.1 x 10~7 at L = 16. The example of
Appendix D.2 in which a fraction m of the weight stays near § = 0 gives 0.3466, 0.2869 and 0.1919 for
m =0, 0.2 and 0.5 at L = 32, independent of L beyond that.

E.4 Genus-one corrections

At k = L, Page’s finite-dimensional formula is ¢(L* + 1) — (L + 1) — (L — 1)/(2L) = logL — % +
%L‘Q +O(L™%), so its departure from the planar value log L — % is of genus-one order. Figure 6 shows
the departure for 10 < L < 1000; a fit gives the exponent —2.000.

E.5 Permutation counts

The counts of Table 5 are obtained by enumerating all of S,, for n <9 and computing g(o) from (A.1);
the genus-zero counts reproduce the Catalan numbers and the genus-one counts reproduce (A.3).
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Figure 6. The difference between Page’s finite-dimensional entropy and the planar value at k = L,

against L, with a power-law fit of exponent —2.000.
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